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Abstract. Let d be a positive integer, ¢ = (¢j)axa be a d x d matrix, C, be
the quantum torus algebra associated with ¢. We have the semidirect product Lie
algebra g = Der(C,) x Z(C,), where Z(C,) is the centre of the rational quantum torus
algebra C,. In this paper, we construct a class of irreducible weight g-modules V*
(V, W) with three parameters: a vector « € C?, an irreducible gl,-module ¥ and a
graded-irreducible gly-module W. Then, we show that an irreducible Harish Chandra
(uniformaly bounded) g-module M is isomorphic to V¥*(V, W) for suitable «, V, W, if
the action of Z(C,) on M is associative (respectively nonzero).

2000 Mathematics Subject Classification. 17B10, 17B20, 17B65, 17B66, 17B68.

1. Introduction. The classification of simple weight modulesis a classical problem
in the representation theory of Lie algebras. Simple weight modules with finite-
dimensional weight spaces (also called Harish Chandra modules) are classified for
several classes of algebras, including simple finite-dimensional Lie algebras [26] and
various generalized Virasoro algebras [24, 25, 27]. For complete classification of
irreducible weight modules (not necessarily Harish Chandra modules), however, it
is solved only for the Lie algebra sl, (P. Gabriel, Lectures at the Seminaire Godement,
Paris, unpublished notes, 1959; see [28, chapter 3] for details).

Let ¢ = (gj)axa be a d x d complex matrix satisfying ¢, = 1, ¢, = q;l with all g;
being roots of unity. In this paper, we consider the rational quantum torus algebra C,
associated with ¢, and its derivation algebra Der(C,). The algebra C, is an important
algebra, since it is the coordinate algebra of a large class of extended affine Lie algebras
(see [3]) and shows up in the theory of non-commutative geometry (see [13]). When all
gj = 1, the algebra Der(C,) is the classical Witt algebra W, i.e. the derivation algebra
of the Laurent polynomial algebra 4 = C[xfl, xfl, ..., X1 (see [31]). In particular,
when d = 1, Der(C,) is the centreless Virasoro algebra which has been widely used in
many mathematics and physics branches (see [17]).

Modules over Witt algebra are used in the classification of irreducible Harish
Chandra modules over finite-dimensional Lie algebras [26], also closely connected
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with extended affine Lie algebra theory [1], toroidal Lie algebras [4, 11, 12] and physics
[19-23].

In recent years, representations for Witt algebras have attracted much attention
from many mathematicians and physicists (see[7, 9, 10, 14, 15, 18-22, 29], and [33]). The
result in [29] asserted that any irreducible Harish Chandra W;-module is either dense
(with uniformly bounded weight spaces) or punctured (also with uniformly bounded
weight spaces) or is an irreducible quotient of some generalized Verma module induced
from the previous two classes of modules. Some of the latter classes of modules are
constructed in [8] (hopefully all), which depend completely on the first two classes of
weight modules. Some dense and punctured modules were introduced and studied in
[9, 32], which are called Shen’s modules or Larsson’s modules. It is generally considered
that Shen’s modules exhaust dense or punctured modules over W, (see [10, 15]).

Irreducible Harish Chandra modules over the semidirect product Lie algebra
Der(C,) x C, withallg; = 1 were classified in [10] and [14]. This paper generalizes these
results to the semidirect product Lie algebra Der(C,) x Z(C,) for rational quantum
torus C,, where Z(C,) is the centre of C,.

This paper is organized as follows. In Section 2, we recall some known Lie algebras
and results for later use. In particular, the Lie algebra g = W, x C, is isomorphic to
Der(C,) x Z(C,). In Section 3, we construct 79-graded modules V(W) over the Lie al-
gebra C, for any I'-graded gly-module W (not necessarily finite dimensional), where I’
is defined in Section 2.2 and N is defined in Section 3.1, and show that they are all
Z-graded modules over the Lie algebra C, with associative action of the centre Z(C,).
In Section 4, we construct irreducible Harish Chandra g-modules V*(V, W) and F*(V)
for any irreducible gl;,-module V', graded-irreducible gly-module W = ;- W5, and
a € C?. We show that if the action of Z(C,) is associative on an irreducible Harish
Chandra g-module M, then M has to be isomorphic to V¥(V, W) for suitable a, V, W
(Theorem 4.4). We also prove that any uniformly bounded irreducible g-module with
the nonzero action of Z(C,) has to be isomorphic to V*(V, W) for suitable o, V, W
(Theorem 4.6). We use the main results of [10] and the density theorem from ring theory.
The technique in the main proof of this paper is to construct a finite-dimensional
representation for a solvable subalgebra so that the Lie theorem can be applied.

2. Notation and preliminaries.

2.1. Witt algebras 17,;. We denote by Z, Z,, N, Q and C the sets of all integers,
nonnegative integers, positive integers, rational numbers and complex numbers,
respectively. For a Lie algebra g, we denote its universal enveloping algebra by U(g).

We fix a positive integer d > 1 and denote by W, the derivation Lie algebra of

the Laurent polynomial algebra 4 = C[xf', xfl, oo X3 Forie{1,2,...,d}, set
0; = xi%; and for any a = (a1, as, ..., ay)" € Z¢ (considered as column vectors), set

a _ a4 yax o dd
XT =X Xy Xd .

We fix the vector space C? of d x 1 matrices. Denote the standard basis by
{e1,ea,...,eq}. Let (-]-) be the standard symmetric bilinear form such that (u|v) =
u'v e C, where u” is the matrix transpose of u. For u € C¢ and r € Z?, we denote
D(u,r)y=x" Z?:l u;0; € Wy. Then we have

[D'(u,r), D'(v,s)] =D(w,r+s), u,v e C¢, r,s € 7,
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where w = (u|s)v — (v|r)u. Note that for any u, v, z, y € C?, both uv” and xp” are
d x d matrices, and (uvT)(zy7) = (v|2)uy?.

2.2. Rational quantum torus. Letg = (qg.)jszl be a d x d matrix over C satisfying
g9, =1,q, = q;l, where g; are roots of unity for all 1 <i,j < d. We will call such a
matrix g rational. The rational quantum torus C, (see [30]) is the unital associative

algebra over C generated by tfl, ..., 5! and subject to the defining relations #;1; =
gititi, tit7 =171, = 1forall 1 <i,j<d.
Similarly, = £{'#% - - -t forany n = (ny, ..., ng)" € Z¢.

For any n, m € Z¢, we define the functions o (n, m) and f(n, m) by
" = o(m, )", ' = f(n, m)e"t".

It is well known that

d
om.my= [ ¢™. fmy=]]4q".

I<i<j<d ij=1
and f(n, m) = o(n, m)o(m, n)~'. We also define
rad(f) = {(n € Z% | f(n, 2%) = 1}, T = 79 /rad(f).

Since C, is an associative algebra, it is naturally a Lie algebra defined by the usual
brackets. For each n € Z¢, we denote its image in I" by 7. Then, C, is a I'-graded Lie

algebra with the decomposition C, = @; -(Cy)s, where (Cy)s = > Cr"*.
rerad(f)
From the results in [30], we have the following lemma.

LEMMA 2.1. Up to an isomorphism of C,, we may assume that qaipi—1 = qi, qai—1,2i =
q7!, for 1 <i < z, and other entries of q are all 1, where z € N with 2z < d and the orders
ki of i, 1 < i< zasroots of unity satisfy ki 1lk;, 1 <i < z. Then

z d
rad(f) = @(kizezi—l @ kiley) ® @ Ze;.

i=1 j=2z41

If ¢ has the form in Lemma 2.1, then o (r, n) = 1 (i.e. /*#" = ') for all r € rad(f)
and n € Z¢. This will be used many times later.

2.3. The bigger derivation algebra of the rational quantum torus C,. Let g=
Der(C,) x Z(C,) be the semidirect product Lie algebra, where Z(C,) = @®reraa)Ct" 1s
the centre of C,. Note that Der(C,) acts on Z(C,) as derivations. Let g, be the set of
homogeneous elements of g with degree n. Then, from Lemma 2.48 of [3], we have

B ~ [cadm, if n ¢ rad(f),
s=Do 0.= Cr' @i, Cr'y;, if n € rad(f).

neZd

Recall that 8;(¢") = n;" for any n € Z¢. We will simply denote ad(¢") in g by " for
n ¢ rad(f).
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For n € rad(f), u € C?, we still denote D(u, n) = " Zle u;0;. Lie brackets of g are
given by

D) [£, 1= (o(s,5) —o(s, )T,V 5,5 € 79

() [D(u, r), £] = (uls)o (r, )",V s € 79, r € rad(f), u € CY;

(3) [D(u, ), D', ¥)] = D(w, r+ ), ¥ r, ¥ € rad(f), u, ' € C,
where w = o (r, ¥)((u|r )’ — (' | r)u).

We can see that gy = span{t°, D(u, 0) | u € C?} is the Cartan subalgebra of g, and
the subalgebra of g spanned by {#* | s € Z¢} is isomorphic to the Lie algebra C, which
will be identified with C,. Let us also denote by W, the subalgebra span{D(u, r) |
r € rad(f), u € C?}, which is indeed isomorphic to the corresponding Witt algebra
(see Lemma 2.3). Thus, g = W, x C,. For convenience, we denote the subalgebra
Wi x Z(C,) of g by g.

A g-module V is called a weight module provided that the action of gy on V is
diagonalizable. For any weight module V, we have the weight space decomposition

V=, (2.1)

ArEg;
where gi = Home(go, C) and
Vi={veV]|dv=Ar0)vforall d € go}.

The space V), is called the weight space corresponding to the weight A. The support
supp(V) of the weight module V is defined as the set of all weights A for which V;, # 0.
If V' is a weight g-module and dim¢ V) < oo for all 1 € g§, the module V is called
a Harish Chandra module. If there is an integer k € N such that dim¢ V) < k for all
A € g;, the module V is called a uniformly bounded module.

If V is an irreducible weight module over g, then the central element /° acts on
V' as a scalar. In this case, a weight A of V' can be determined by (A(3;), ..., A(d4)).
Then, we consider weights as elements in C¢. For example, Z¢ is the weight set of
the adjoint representation of g (i.e. @(d;) = «; for all @ € Z¢). Furthermore, if V is
a weight g-module, then for all @ € Z¢ and A € gy we have g, V) C Vj4o. From this,
it follows that if V" is an indecomposable weight module (in particular, simple), then
supp(¥) C A + Z¢ for some A € g;.

2.4. Other preliminary results. The following result is well known. For a proof,
see Lemma 2.2 in [23].

LEmMA 2.2, If C = [Cy, Cy] # 0, then it is a 7%-graded-simple Lie algebra.

Let L =Der(A4)x A, where A is the Laurent polynomial algebra C[xfl,
x:tl x:l:l]
PRI I B
LEMMA 2.3. As Lie algebras, ¢ = L.

Proof. We may assume that ¢ has the form in Lemma 2.1. Then rad(f) =

D1 kiZex-y & kiZex) & D, Zej. Let

B:diag(kl,kl,kz,kz,...,kz,k_,, 1,..., 1)
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be the d x d diagonal matrix. Note that B is generally not in GL(d, Z). Then it is easy
to check the linear map

p:g— L,
tBn'_)xn’

D(u, Bn) — D'(BTu, n),

where D'(u, n) = x" Z?:l uix,»%, ueC? ne7 isa Lie algebra isomorphism. ]
The following theorem was proved in [14].

THEOREM 2.4. Let V' be an irreducible uniformly bounded weight L-module. Let
x% = cv for any v € V, where ¢ € C. Then, ¢ # 0 if and only if AV # 0. Moreover,
when ¢ # 0, we have

foranym, s € 7 v e V.

Let us recall the Schur’s lemma and density theorem in ring theory, which will be
used in the following sections.

LEMMA 2.5. Let M = @,eg M, be a G-graded-irreducible module over a G-graded
associative C-algebra R of countable dimension, where G is an abelian group. Then,
Endp(M)o = {f € Endpr(M) | f(M,) € M, forall g € G} =

Proof. Since M = @4c6M, is a G-graded-simple module over the G-graded
associative algebra R, Endg(M), is a division algebra over C. If Endg(M)y # C,
then it contains a subfield isomorphic to the field C(x) of rational functions
of an indeterminant x. On the other hand, dimcEndg(M)y <dimcR, thus
dimcEndg(M), is finite or countable. However, dim¢cC(x) is uncountable. Hence,
EndR(M)() =C. ]

THEOREM 2.6. (Density theorem)

(1) (See [16], p. 197) Let M be a completely reducible module over a ring R. Let
R = Endr(M), R’ = Endg(M). Let {w; | i € I} be a finite subset of M, a' an
element of R'. Then there exists an a € R such that aw; = a w;, for all i € I.

(2) (See Theorem A.1in[6]) Let M = @qe6 Mg be a G-graded-completely reducible
module over a G- graded associative C-algebra R, where G is an abelian group.
LetR = EndR(M)o, R = EndR/(M)o Let{w; | i € I} beafinite subset ofM for
someg € G, a anelement of R'. Then there exists ana € R such that aw; = a w;,
foralliel

3. Z¢-graded modules over the Lie algebra C,y. Inthis section, we assume that g is
of the form as Lemma 2.1. In this case, we know that ' = &7_, (Z/(kiZ)) ® (Z/(k;Z))).

3.1. A realization of C,. LetZ = span{/"t" —"|n ¢ 74, r € rad(f)}, which is an
ideal of the associative algebra C,. Then from [30] and [34], we know that C,/T ~
®7_,0l;, > gly as associative algebras with N = []_, k;. It is well known that gl ,
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1 <i < z, as the associative algebra My, (C), is generated by X»;_;, X»; with

X1 =Ei 1 +qiEay+ -+ ¢ E i,

Xoi=Eio+Es+ -+ E—1k + Ei 1,

which satisfy Xé(l' = XZL] = 1, X2iX2i—1 = QiXZi—leb We denote ®IZ:1XZZ':11 Xgl-zi by X"
for each n € Z¢. 1dentifying gly with ®7_, gli, as associative algebras, gly is spanned
by X", n € Z¢ and X" equals the identity matrix E in gl for each r € rad(f).

LEMMA 3.1. (see [2]) As associative algebras,

C, = @(@X" ® x"),

nez4

where the right-hand side is a 7-graded subalgebra of the associative algebra gly ®
CIxt', x5, .. x3and ClxT', x5!, ..., x5! is the Laurent polynomial algebra.

Proof. It is easy to see that the linear map
¢:C,—> PECx ®x",

nezd

"= X" X",

is an isomorphism of the associative algebras. O

3.2. Construction of a class of Z?-graded C,-modules. We continue the notation
in Section 3.1. Clearly, gly is a I'-graded Lie algebra with the gradation

gly = @(QIN)E,

nel’

where (gly)z = span{X” € gly}. In the following, by I'-gradation of the Lie algebra
gly we shall always mean the above gradation.

A module W over the Lie algebra gl is called a I'-graded gl -module if W has a
subspace decomposition

W = @ Wi
nel’

such that (gly)s Wi C Wiys forallm, n € T. If W is a T'-graded gl-module with the

above gradation, then for any m € T', W = @; . Wiy is also a I'-gradation of W.
For a I'-graded module W = @, W5 over the Lie algebra gly, we can define

Z%-graded module V(W) = @ Wi(n) over the Lie algebra C, by the following actions

nezd

Mwi(n) = (X" wi)(n+m), wp € Wy, mne 7.

PROPOSITION 3.2. If W = @;.1r Wi is a nontrivial T-graded-irreducible gly-module,
then V(W) is a Z%-graded-irreducible module over the Lie algebra C,
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Proof. Let N' = @ N, be a nonzero Z¢-graded C,-submodule of V(W), where
nez4

N = span{w; € W5 | wa(n + r) € N for each r € rad(f)},

and N = @;, . N;. It is easy to check that N is a I'-graded gly-submodule of W.
Since W is irreducible, then N' = 0 or W. Fix 0 # w;;(m) € N. Since W is nontrivial,
there exists X" € gly such that X" wy # 0. From

07 " wi(m) = (X" wa)om +n' +1) €N,V r € rad(f),

we can see that N7 #£ 0. So N' = W, hence N' = V(W). O

COROLLARY 3.3. If W = @; . Wi is a nontrivial T'-graded-irreducible gly-module,
then the Cy-module L(W) = W ® C, defined by

Mw(n) = (X"w)n+m),w e W, mneZ9

is a 79-graded-completely reducible C,-module and all irreducible submodules are
isomorphic to V(W).

Proof. For in € T, we define Z¢-graded C,-modules

ZUARE @ Wism(n).

nez4

It is easy to verify that L(W) = @, .« VIW™), and V(W™) = V(W). Then we
complete the proof. ]

3.3. Characterization of Z?-graded modules over the Lie algebra C,. Let / be
the idea of the associative algebra Z(C,) spanned by ¢ — ¢ where r, s € rad(f). If the
action of Z(C,) on a Z?-graded module M = @,_,« M, over the Lie algebra C, is
associative, we define M’ = IM which is a C,-submodule of M. Let MF=M/M',
which is a I'-graded C,-module with homogeneous space M} = 7(ED, ¢ a5y M+ for
n e 79, where 7 is the corresponding canonical map (also module homomorphism)
from M to MF. The following result will be used several times later.

LEMMA 3.4. Let M =, .« M, be a 79-graded Cq-module with all finite-
dimensional homogenous subspaces. If the action of Z(C,) on M is associative,

(a) the restriction w : M,, — MY is a vector space isomorphism for any n € 74;
(b) if M is Z%-graded irreducible over C, then M¥ is T'-graded irreducible over C,.

Proof. (a) Let My = @remd(/.) M. Obviously r is surjective. It suffices to check

that M,, and M}: have same dimension. Indeed, it is easy to check that M; = ZF =
Z x Z x ---x Z, as modules over the associative algebra Z = Z(C,), where k is the
dimension of M,,. So MY = 7k /17F = (Z/I)* = CF as vector spaces, i.e., M,, and MY
have same dimension.

(b) is clear. ]
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THEOREM 3.5. Let M = P, .50 M, be a 7%-graded module over the Lie algebra C,
with all finite-dimensional homogenous subspaces. If it satisfies that

Pv=v,v="r"v,YneZreradf), veM. (3.1)

Then there exists a finite-dimensional T'-graded gl -module M* such that M is isomorphic
to V(MF).

Proof. From (3.1) we know that the action of Z(C,) on M is associative. For the
above defined M’ and M ¥, from (3.1) we see that ZM* = 0. Then M* isa C,/Z-module,
i.e.,, a gly-module whose module structure is given by X"n(v,) = 7w (¢"v,) for m,
n € 7%. Obviously, the identity matrix E has identity action on M*.

Since M and M’ have the obvious I'-gradation, the sum M* = Y. . MF is direct.
So M* is a I'-graded gly-module with gradation M¥ = @, ME.

We define the following linear map:

o M—> VM, v, — 7(v)n),Yv, € M, neZ.

For any m € 7¢,v, € M, we have ¢(t"v,) = ("v,)(m + n) = (X" (v,))(m + n) =
" (vp)(n)) = "p(vy), e, ¢ is a C;-module homomorphism. By Lemma 3.4, ¢ is
bijective. So ¢ is a C,-module isomorphism. Il

EXAMPLE 1. Consider the adjoint Z¢-graded C,-module M = C,.- Let W be the
adjoint representation of gly on sly. We can verify directly that M = V(W).

4. g-modules with nonzero action of Z(C,) .

4.1. Defining irreducible weight modules over g. In this section, we still assume
that ¢ is of the form in Lemma 2.1. For any gl;-module V', any I'-graded gl,-module
W = @;.r Wa, and any a € C, let V¥V, W) = V @ V(W), F*(V) = V ® C,. Then
Ve(V, W) becomes a g-module if we define the following actions

(1) £(v ® wi(n) = v Q (X wz)(n + 5);

(2) D(u, r)(v ® wx(n)) = (u|n+ ) + (ru")v) ® wa(n +r);
where ueC?, veV, wye W; and rerad(f),s e Z? X* € gly (as defined in
Section 3.1).

And F¥(V) becomes a g-module if we define the following actions

(1) v(n) = o(s, n)v(n + s);

(2) D(u, ryv(n) = ((uln 4 a)v + (ru"yv)(n +1);
whereu e C4, v e V,rerad(f),s,neZ% v(n)=v 1.

We note that the action of C, on F¥(V') is associative. Moreover, we can check
that F*(V) = V¥(V, My(C)), where M y(C) is the left regular module over gl,,, which
is I'-graded simple. Note that in the above definitions, we do not assume anything
(irreducible, or weight modules) on the modules V" and W, but the modules V¥(V, W),
F¥(V') are weight modules over g.

PROPOSITION 4.1. If V is an irreducible gl;-module and W is a nontrivial T'-graded-
irreducible gly-module, then V*(V, W), F*(V) are irreducible weight g-modules.

Proof. We first prove that V*(V, W) is an irreducible weight g-module. Choose a
basis {w; | i € I} of W5. Suppose M is a nonzero g-submodule of V*(V, W). Since M
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is a weight g-module, it contains a nonzero element of the form »_,_; v; ® w;(n) for
some n € Z9 with nonzero w; € Wy, jel', where I' is a finite subset of index set 1.
We can consider W as a I'-graded-irreducible C,-module since C,/Z = gly (see
Section 3.1). Fix an element k € I’. By Lemma 2. 5 we see that Endyc)(W)o =
Then from Density theorem, there exists an a € U(C,) such that aw; = 8wy, j € I’.
Then, we know that vy ® wy (1) € M forsomen’ € Z?. Considering the action of C,on
v ® wr(n') € M,weseethatv, @ V(W) C M.Denote V' ={ve V]|v V(W) C M}.
Clearly, V' #£ 0, since vy ® V(W) C M. From the definition of V*(V, W), we can see
that 7’ is a gl ;-submodule of V. Thus V' = V. It follows that M = V*(V, W). Then
VY(V, W) is irreducible.

The irreducibility of F*(V) follows from the isomorphism F¥(V)=
VvV, My(C)). O

If VVis a glj-module and W is a I'-graded gly-module, then LYV, W) =
V'® W ® C, becomes a g-module via

(D) Flv @ w(n) = v (X 'w)n +s);

(2) D(u, r)(v ® w(n)) = (uln + )v + (ru? )v) @ w(n + r);
whereu e C/,v e V,w e Wandr e rad(f), s € Z¢.

COROLLARY 4.2. If V' is an irreducible gl;-module and W is a nontrivial T'-graded-
irreducible gly-module, then the g-module L(V, W) is a completely reducible g-module.

Proof. This easily follows from Corollary 3.3 and Proposition 4.1. ]

4.2. Weight modules over g with associative action of Z(C,).

PROPOSITION 4.3. Suppose that the action of Z(C,) is associative on an irreducible
Harish Chandra g-module M. For a fixed nonzero r € rad(f), we define linear operators
on M by

g(m, k) = Z( 1) < ) M me 7% k e N. 4.1)

Then there exists an | € N such that

gm, H(M) =0,V me 7% 4.2)
Proof. For any m € rad(f) (or r = 0) and k € N, we have
k Ik
gm. k(M) = Z(—l)l(l.)tmw) = (1= A" M) =0,
i=0

i.e. (4.2) holds for any m € rad(f). If (D’ M =0, (4.2) is also clear. Thus we need only
to consider (4.2) for m € 74\ rad(f) w1th C,M # 0 (which also implies C/ # 0).

If there exists an m € Z9 \ rad(f) such that "M = 0, since C is 74- graded simple,
then C;, M = 0, contradicting the assumption. So

"M #0, Vm € 79\ rad(f). 4.3)
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For a fixed m € 7% \ rad(f), since M" (see Section 3.3 for the definition) is finite di-

mensional, there exist integers /;, < I,,, and scalarsa; € C, [, < i < I,,, withay a;, # 0,

such that Y-, @, ~r(MF) = 0. By Lemma 3.4, ", a;#"+"t~"(M) = 0. Then

lm [’7'
Z ail_r71+i)‘t—irtl,’”r(M) — Z aiZm-&-l,’,lr-ﬁ-(i—/,’n)rt—(i—l,’")r(M) =0.
i=l, i=l

m

Replace m by m + [, r, we can assume /;,

=0,/, € Z,.So we have

In

Z " (M) = 0 (4.4)
=0

for this m € Z% \ rad(f). We assume that / is the minimum /,, for m € Z% \ rad(f)
that have the property (4.4) with apa;, # 0. We fix such an m € Z¢ \ rad(f) satisfying
S @t i (M) = 0 with aga; # 0.

Then for any ne Z9\rad(f), we have [/, Zﬁ:o a "t (M) =0, e,
S palt’, e (M) = 0. Since C, is 7%-graded simple, we have

1
> @ (M) =0,V m' e 77, (4.5)
i=0

By (4.3), we see that / > 0.

For an m € 7%\ rad(f), choose u € C%\ {0} such that (ulm) =0 and (u|r) # 0.
Then

i i
0= D(u,—r) Y @t " (M) = Y [D(u, —r), ait” (M)

i=0 i=0

! !
= <Z(H |m+ l'r)githr(i—l)rt—ir _ Z(u | r)iaitm+irt(l‘+l)r> (M)

i=0 i=0

l /
— (u | l’)< Z l-al_tm+(i—l)rt—i)‘ _ Z l-ail.in+irt—(i+l)r) (M)

i=1 i=1

! I+1
= (u | r)(Z iai[er(ifl)r[fir _ Z(l _ I)Cli_ltmﬂil)"t"‘) (M)
=2

i=1
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— (u | V) (altmtr _ Zaltm+lrt7(/+1)r

1
+ Z(ia[ —(i— 1)a,~_1)f”+<"—1>fz—"> (M)

P
= u|r)(at" = la™r e

li
+ Z(iai _ (l _ l)ai_1)tm+(i7l)rtf(ifl)r)(ler)
i=2

-1
= (ul|r) <a1 " — L™ e 4 Z((z’ + Dajr — ia,~)l”’+i"t_i"> (M).
i=1

So

-1
(altm — a4 Z((z’ + Daiy1 — iai)tm’L[’l_i") (M) =0. (4.6)

i=1

Comparing (4.5) with (4.6), using the minimality of / we obtain

a —la;  (i+ Dajyy — ia;

)

ao a ai

ie (i4+ Dayy = (i—Da;, 0 <i<[—1. Thus, we can assume a@; = (—1)"(5), 0<i<l
By (4.5) and the definition of g(m, /), (4.2) follows. ]

THEOREM 4.4. Let M be an irreducible Harish Chandra g-module. If the action of
Z(C,) on M is associative, then there exist a finite-dimensional irreducible gl ,-module V,
a finite-dimensional T'-graded-irreducible gly-module W with identity action of identity
matrix E in gly, and a € C? such that M ~ V*(V, W).

Proof. Since M is an irreducible Harish Chandra g-module, there exists o € C*
such that M = @, _j« Mqy is the weight space decomposition of M, where

Myin={ve M| Du,0)w = (ula + n)v, forallu e C}.

This decomposition is also a Z?-gradation as C,-module.

If there exists a nonzero v € M such that C v =0, let B be the g-submodule
generated by v. Then C, B = 0. Consequently, M = Bis an irreducible Harish Chandra
g-module with associative action of Z(C,). In this case, by the isomorphism between g
and L in Lemma 2.3, using Eswara Rao’s theorem in [10] or [5], we obtain our theorem
with W being one-dimensional gly-module. So, in the following we always assume
that (EQ] does not annihilate any nonzero vectors in M.

Since M is a nontrivial uniformly bounded Z¢-graded module over the Lie
algebra C,, it contains a nontrivial Z¢-graded-irreducible C,-submodule N =
D,c7¢ Ny with N, C My.,. From Lemma 3.4, we know that N'¥ is a I'-graded-
irreducible C,-module (see Section 3.3 for N'F).

We define a Lie subalgebra of the finite-dimensional Lie algebra Endc(NF) by

S = span{g(m, k) | m € 7, k € N}.
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From

[g(m. k). g(m', k)]

[Ertyree g

- Z Z( 1)l+]( >< >[ m+ir’ tm,+jr]l7(i+j)r

i=0 j=0
Kk K Ny
i=0 j=0
k+k' Y
= (o(m,m") — o(m', m)) Z( 1y Z < >< )tmﬂﬂ,,tpr
p=0 i+j=p J

e ,
= (o(m, m’) — o(m’, m)) Z( 1)”<k +k > Frntprg—pr
p=0
=(oc(m,m')—o(m ,m)gm+m', k+k)

and Proposition 4.3, we know that S is a solvable Lie subalgebra of Endc(NT). By
Lie’s theorem, there exists a nonzero vector v* € N* such that g(m, 1)v* = A(m)v* with
M(m) € C for any m € Z¢. In particular, A(r) = 0, for any r € rad(f). Let N” = U(C,)v*
which is not necessarily equal to A’F" since v* may not be homogenous. It is easy to
check that

g(m, DI"v* = A(m)t"v* + (o (m, n) — o (n, m))A(m + n)v*. 4.7
Since the C,-module N is generated by v*, it follows from (4.7) that the matrices of
all gim, 1) € S ( relative to a suitable basis of A ) will be triangular, with A(m) the

only diagonal entry. Since C/ is Z9-graded-simple, for any m € Z% \ rad(f), there exist
an e Z%\ rad(f) such that a(m n) — o(n, m) # 0. Then

gm, 1) = (a(m—n,n) —o(n,m —n))"'[gm —n, 1), "]. (4.8)
So g(m, 1) has zero trace, this forces A(m) = 0. Therefore,
gm, Hv* =0, inNF,Vvm e 7¢. (4.9)
Since g(m, 1) is a homogeneous operator of degree m, we can assume v* is a
homogeneous element in the I'-graded C,-module N7, However, N'* is a T'-graded-
irreducible C,-module, by (4.7), g(m, HDNT =0, for any m € 7. By Lemma 3.4,
w(g(m, DN) = g(m, N (N) = g(m, )N = 0, consequently g(m, 1)V =0, for any
me 74

Denote

={veM|Lv=n""v="7"7v forall n e 7 rr e rad(f)}.
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Obviously, V' C U. Then, it is easy to check that U is a nonzero g-submodule of M by
the following calculation:

(ln-'rr _ l”t")t‘yv — (O’(l’l, S) _ O‘(S, n))(tn+s+r _ tn+str)v + l,.S‘(tf’l+I‘ _ l‘nl(r)v7
(l‘n+r - tnl‘r)D(u, r’)v = —(u|l’l)(l‘n+r+r, - l‘n+r/l‘r)v

—@|P)(@ = T Yo + D(u, ) = ).

By the irreducibility of g-module, we can see that U = M, i.e, M satisfies the condition
(3.1) in Theorem 3.5. Therefore, by Theorem 3.5, as C,-module, M is isomorphic
to V(W) for some I'-graded gly-module W' = ;- W; with identity action of the
identity matrix E subject to the following action:

nel’

Mwi(n) = (X"wi)(n + m), wy € Wi, m,n € Z7¢, (4.10)

n°

Note that My, = W;(n).

Forany s € Z%, let M5 = D cradry Matstr = DByeraay Wils + 1), which is a Harish
Chandra g-module with the associative action of Z(C,). By the isomorphism between g
and L, using Eswara Rao’s Theorem [10], MG has an irreducible g-submodule of the
form V' ® Z(C,) for some finite-dimensional irreducible gl;,-module V(a subspace
of W) with the following action:

D(u, (r) = (ula + W +r)+ uD( +r), o) = v +7r)

forall 7, r € rad(f),v e V.
We use 7 to denote the Lie subalgebra of Endg(M) generated by operators
T(u,r) = t"D(u, r) — D(u, 0), r € rad(f), u € C?. It follows that, on M,

D(u,r) = 1'T(u,r)+ t'D(u,0), ¥ rerad(f), u e C’.

Clearly V' (or more precisely, (0)) is a 7-module (in fact, gl,; is a quotient algebra of 7,
see [10]). For any s € Z¢, r € rad(f), wj € W, using (4.10) we have
T(u, r)t'wy(n)

= (t"D(u, r) — D(u, 0))Fw;(n)

= [(t7"D(u, r) — D(u, 0)), £'lwy(n) + £*(t"D(u, r) — D(u, 0))w;(n)

= ((uls)t™" " = ()Y wi(m) + (7" D(u, r) — D(u, 0))wy(n)

= ("D, r) — D(u, 0))w;(n)

= 'T(u, rywj(n).
Consequently, on V,

T, X* = X*T(u,r), VseZrerad(f). 4.11)

Let W =@;. Homs(V, W;) which is obviously nonzero. Denote W; =
Homy(V, W;). Define the action of gly on W:

(X*gn)(v) = X°ga(v), ¥ g& € Homp(V, Wp).
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From
(Xgai)(T(u, rv) = X°gi(T(u, r)v)
X*T(u, r)ga(v)
= T(u, r)(X°g7)(v), (by formula (4.11))

for each v e V,s € Z9, gz € W;, we know that W becomes a gly-module. From the
fact that X* W C Wiy we know that W = @, _ W5 is a I'-graded gly-module.
We define the following linear map:

nel’

o VIV, W)—> M, v®gi(n) > gi(v)(n).

Since V' C Wé, if we take gj to be the imbedding map, we see that (v ® g5(0)) = v(0)
forany v € V. So ¢ # 0. It is easy to check that

o(F(v ® ga(n)) = p(v @ (X’gs)(n + 9))
= X°gi(v)(n + 5) = *(ga(v)(n))
= r'o(v ® ga(n));

@(D(u, (v ® ga(n)))
= o((uln + a)v ® ga(n + 1) + ru’ v ® ga(n + 1))
= (uln + a)ga()(n + 1) + ga(ru” v)(n + r);

D(u, (v ® ga(n))
= D(u, r)(ga(v)(n))
= 1" T(u, r)(ga(v)(m)) + 7" D(u, 0)gn(v)(n)
= 'ga(T(u, ryv(n)) + ' (uln + a)ga(v)(n)
= 'ga(ru"v)(n) + ' (uln + @)ga(v)(n)
= gi(ru" v)(n + 1) + (uln + a)ga(v)(n + r).
So, ¢ is a g-module homomorphism. Since M is an irreducible g-modules and ¢ # 0, ¢

is surjective.
Let {v; | i € I} be a basis for V. Suppose

<0< 3 w@gf?(n)): Y glw)m =0,

nez4, icl neZd, iel

where gi-l') € W are 0 except for finitely many. Then ) ", _, gﬁ-;) (v;)(n) = O foreachn € Z4.
Since V is an irreducible gl;-modules, we know that End (V) = C. For any k € I, by
the Density Theorem, there exists an a; € U(7), the universal enveloping algebra of 7,
such that aiv; = 8;;vr. Then

@Y gl w) = g @) =g () =0, ¥ n ez,

iel iel
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By the irreducibility of 7-module V, gi-,k) (V)=0,ie, gi-,k) =0foreachne Z kel
Therefore ¢ is injective. From the irreducibility of g-module M, we know that W is a

I'-graded-irreducible gl-module. Now, we complete the proof of this theorem. O

EXAMPLE 2. For any irreducible gl;-module V, G*(V) =V ® C, becomes a
g-module by the following actions:

D) v M) =ocrnlve )

2 Fet")=oa(s,n)(1 - f(n ) ");

(3) D(u, r)v ® " = o(r, n)(u|n + a)v + (rul v) @ "*";
where u € C/, v e V, w € W and s, n ¢ rad(f), r € rad(f). From Theorem 4.1 in [23],
G*(V)is anirreducible Harish Chandra g-module. Let 7 be the adjoint representation
of sly. Using Example 1, we can see that G¥(V) = V¥(V, W).

In[10], Eswara Rao classified irreducible Harish Chandra modules over g assuming
that all g; = 1 with the associative action of Laurent polynomials C,. He proved that
any such module is a tensor module F*(V'). We will use Theorem 4.4 to give a quantum
version of this result in the following corollary.

COROLLARY 4.5. Let M be an irreducible Harish Chandra g-module. If the action
of C, on M is associative, then there exist an irreducible finite-dimensional gl;-module
V, and o € C¢ such that M ~ F*(V).

Proof. By Theorem 4.4, there exist a finite-dimensional irreducible gl;,-module V7,
a I'-graded-irreducible gly-module W = @, W5 with identity action of identity
matrix E in gly and a € C¢ such that M is isomorphic to V*(¥V’, W) subject to the
following actions:

(1) £(v' @ wa(n) = v' @ (X'wa)(n + 5);

(2) D(u, (v’ ®@ wx(n)) = (u|n+ )’ + (ru")v) ® wx(n +r);
where u € C?, v € V', wy € Wy and r € rad(f), s € Z%. By (1) and associative action
of C,, we cansee that o (s, m)X* " w; = X* X" wy, foreach s, m € 74,50 Wis I'-graded-
irreducible module over the associative algebra gly. Actually, ¥ is isomorphic to the
left regular module gl,y. We may think W = gly, and V(W) =}, Wa(n) = C,asa
module over the Lie algebra C, with the left associative multiplication action. We see
that M ~ Fe(V). O

4.3. Uniformly bounded g-modules with nonzero action of Z(C,).

THEOREM 4.6. Let M be a uniformly bounded irreducible g-module with nonzero
action of Z(C,). Then there exist an irreducible finite-dimensional gl,;-module V, a
nontrivial finite-dimensional T-graded-irreducible gly-module W (no restriction on the
action of identity matrix E in gly ) and a € C? such that M is isomorphic to V*(V, W).

Proof. Let U ={v e M | Z(C,)v = 0} which is obviously a g-submodule of M.
Since Z(C,)M #0, U is a proper g-submodule of M. By the irreducibility of
g-module M, we see that U = 0. Since M is a uniformly bounded weight g-module, it
must contain a nontrivial irreducible weight g-submodule N. From U = 0, we know
that Z(C,)N # 0.So N is a nontrivial irreducible weight g-module with nonzero action
of Z(C,). By Theorem 2.4 and the fact that g = L, we know that there exists a scalar
¢ € C* such that

Pv=cv,cf™v—1"v=0YveN,Vrr erad{).
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So the subspace
U=weM| v=cv,cf*v—71v=0,forallr,/ € rad(f)}

of M is nonzero. It is easy to check that U’ is a g-submodule of M. By the irreducibility
of g-module M, we can see that U’ = M. Let #;; = ¢"/c for each r € rad(f). Then we
have

4, 4] =0,[D(w, 1), th] = ()t vV r, ¢ € rad(f).
By U’ = M, we can see that
tgv =, t6+’/v = tgtgv, Yve M, Vr 1 €rad(f).

Then by Theorem 4.4, there exist an irreducible finite-dimensional gl;-module V,
a nontrivial I'-graded-irreducible gly-module W with scalar multiplication by ¢ of
identity matrix E in gly and « € C such that M is isomorphic to V¥*(V, W). O

It is reasonable to expect that any irreducible uniformly bounded module over g
is of the form V*(V, W).
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