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Abstract. Let d be a positive integer, q = (qij)d×d be a d × d matrix, �q be
the quantum torus algebra associated with q. We have the semidirect product Lie
algebra g = Der(�q) � Z(�q), where Z(�q) is the centre of the rational quantum torus
algebra �q. In this paper, we construct a class of irreducible weight g-modules Vα

(V, W ) with three parameters: a vector α ∈ �d , an irreducible gld-module V and a
graded-irreducible glN-module W . Then, we show that an irreducible Harish Chandra
(uniformaly bounded) g-module M is isomorphic to Vα(V, W ) for suitable α, V, W , if
the action of Z(�q) on M is associative (respectively nonzero).

2000 Mathematics Subject Classification. 17B10, 17B20, 17B65, 17B66, 17B68.

1. Introduction. The classification of simple weight modules is a classical problem
in the representation theory of Lie algebras. Simple weight modules with finite-
dimensional weight spaces (also called Harish Chandra modules) are classified for
several classes of algebras, including simple finite-dimensional Lie algebras [26] and
various generalized Virasoro algebras [24, 25, 27]. For complete classification of
irreducible weight modules (not necessarily Harish Chandra modules), however, it
is solved only for the Lie algebra sl2 (P. Gabriel, Lectures at the Seminaire Godement,
Paris, unpublished notes, 1959; see [28, chapter 3] for details).

Let q = (qij)d×d be a d × d complex matrix satisfying qii = 1, qij = q−1
ji

with all qij

being roots of unity. In this paper, we consider the rational quantum torus algebra �q

associated with q, and its derivation algebra Der(�q). The algebra �q is an important
algebra, since it is the coordinate algebra of a large class of extended affine Lie algebras
(see [3]) and shows up in the theory of non-commutative geometry (see [13]). When all
qij = 1, the algebra Der(�q) is the classical Witt algebra Wd , i.e. the derivation algebra
of the Laurent polynomial algebra A = �[x±1

1 , x±1
2 , . . . , x±1

d ] (see [31]). In particular,
when d = 1, Der(�q) is the centreless Virasoro algebra which has been widely used in
many mathematics and physics branches (see [17]).

Modules over Witt algebra are used in the classification of irreducible Harish
Chandra modules over finite-dimensional Lie algebras [26], also closely connected
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with extended affine Lie algebra theory [1], toroidal Lie algebras [4, 11, 12] and physics
[19–23].

In recent years, representations for Witt algebras have attracted much attention
from many mathematicians and physicists (see [7, 9, 10, 14, 15, 18–22, 29], and [33]). The
result in [29] asserted that any irreducible Harish Chandra Wd-module is either dense
(with uniformly bounded weight spaces) or punctured (also with uniformly bounded
weight spaces) or is an irreducible quotient of some generalized Verma module induced
from the previous two classes of modules. Some of the latter classes of modules are
constructed in [8] (hopefully all), which depend completely on the first two classes of
weight modules. Some dense and punctured modules were introduced and studied in
[9, 32], which are called Shen’s modules or Larsson’s modules. It is generally considered
that Shen’s modules exhaust dense or punctured modules over Wd (see [10, 15]).

Irreducible Harish Chandra modules over the semidirect product Lie algebra
Der(�q) � �q with all qij = 1 were classified in [10] and [14]. This paper generalizes these
results to the semidirect product Lie algebra Der(�q) � Z(�q) for rational quantum
torus �q, where Z(�q) is the centre of �q.

This paper is organized as follows. In Section 2, we recall some known Lie algebras
and results for later use. In particular, the Lie algebra g = Wd � �q is isomorphic to
Der(�q) � Z(�q). In Section 3, we construct �d-graded modules V(W ) over the Lie al-
gebra �q for any �-graded glN-module W (not necessarily finite dimensional), where �

is defined in Section 2.2 and N is defined in Section 3.1, and show that they are all
�d-graded modules over the Lie algebra �q with associative action of the centre Z(�q).
In Section 4, we construct irreducible Harish Chandra g-modulesVα(V, W ) and Fα(V )
for any irreducible gld-module V , graded-irreducible glN-module W = ⊕

n̄∈� Wn̄, and
α ∈ �d . We show that if the action of Z(�q) is associative on an irreducible Harish
Chandra g-module M, then M has to be isomorphic to Vα(V, W ) for suitable α, V, W
(Theorem 4.4). We also prove that any uniformly bounded irreducible g-module with
the nonzero action of Z(�q) has to be isomorphic to Vα(V, W ) for suitable α, V, W
(Theorem 4.6). We use the main results of [10] and the density theorem from ring theory.
The technique in the main proof of this paper is to construct a finite-dimensional
representation for a solvable subalgebra so that the Lie theorem can be applied.

2. Notation and preliminaries.

2.1. Witt algebras Wd . We denote by �, �+, �, � and � the sets of all integers,
nonnegative integers, positive integers, rational numbers and complex numbers,
respectively. For a Lie algebra g, we denote its universal enveloping algebra by U(g).

We fix a positive integer d > 1 and denote by Wd the derivation Lie algebra of
the Laurent polynomial algebra A = �[x±1

1 , x±1
2 , . . . , x±1

d ]. For i ∈ {1, 2, . . . , d}, set
∂i = xi

∂
∂xi

; and for any a = (a1, a2, . . . , ad)T ∈ �d (considered as column vectors), set
xa = xa1

1 xa2
2 · · · xad

d .
We fix the vector space �d of d × 1 matrices. Denote the standard basis by

{e1, e2, . . . , ed}. Let ( · | · ) be the standard symmetric bilinear form such that (u|v) =
uTv ∈ �, where uT is the matrix transpose of u. For u ∈ �d and r ∈ �d , we denote
D′(u, r) = xr ∑d

i=1 ui∂i ∈ Wd . Then we have

[D′(u, r), D′(v, s)] = D′(w, r + s), u, v ∈ �d, r, s ∈ �d,
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where w = (u|s)v − (v|r)u. Note that for any u, v, z, y ∈ �d , both uvT and xyT are
d × d matrices, and (uvT )(zyT ) = (v|z)uyT .

2.2. Rational quantum torus. Let q = (qij )
d
i,j=1 be a d × d matrix over � satisfying

qii = 1, qij = q−1
ji

, where qij are roots of unity for all 1 � i, j � d. We will call such a
matrix q rational. The rational quantum torus �q (see [30]) is the unital associative
algebra over � generated by t±1

1 , . . . , t±1
d and subject to the defining relations titj =

qijtjti, tit−1
i = t−1

i ti = 1 for all 1 � i, j � d.
Similarly, tn = tn1

1 tt2
2 · · · tnd

d for any n = (n1, . . . , nd)T ∈ �d .
For any n, m ∈ �d , we define the functions σ (n, m) and f (n, m) by

tntm = σ (n, m)tn+m, tntm = f (n, m)tmtn.

It is well known that

σ (n, m) =
∏

1≤i<j≤d

qnjmi

ji , f (n, m) =
d∏

i,j=1

qnjmi

ji ,

and f (n, m) = σ (n, m)σ (m, n)−1. We also define

rad(f ) = {n ∈ �d | f (n, �d) = 1}, � = �d/rad(f ).

Since �q is an associative algebra, it is naturally a Lie algebra defined by the usual
brackets. For each n ∈ �d , we denote its image in � by n̄. Then, �q is a �-graded Lie
algebra with the decomposition �q = ⊕

n̄∈�(�q)n̄, where (�q)n̄ = ∑
r∈rad(f )

�tn+r.

From the results in [30], we have the following lemma.

LEMMA 2.1. Up to an isomorphism of �q, we may assume that q2i,2i−1 = qi, q2i−1,2i =
q−1

i , for 1 � i � z, and other entries of q are all 1, where z ∈ � with 2z � d and the orders
ki of qi, 1 � i � z as roots of unity satisfy ki+1|ki, 1 � i < z. Then

rad(f ) =
z⊕

i=1

(ki�e2i−1 ⊕ ki�e2i) ⊕
d⊕

j=2z+1

�ej.

If q has the form in Lemma 2.1, then σ (r, n) = 1 (i.e. tntr = tn+r) for all r ∈ rad(f )
and n ∈ �d . This will be used many times later.

2.3. The bigger derivation algebra of the rational quantum torus �q. Let g =
Der(�q) � Z(�q) be the semidirect product Lie algebra, where Z(�q) = ⊕r∈rad(f )�tr is
the centre of �q. Note that Der(�q) acts on Z(�q) as derivations. Let gn be the set of
homogeneous elements of g with degree n. Then, from Lemma 2.48 of [3], we have

g =
⊕
n∈�d

gn, gn =
{

�ad(tn), if n �∈ rad(f ),

�tn ⊕d
i=1 �tn∂i, if n ∈ rad(f ).

Recall that ∂i(tn) = nitn for any n ∈ �d . We will simply denote ad(tn) in g by tn for
n �∈ rad(f ).
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For n ∈ rad(f ), u ∈ �d , we still denote D(u, n) = tn ∑d
i=1 ui∂i. Lie brackets of g are

given by
(1) [ts, ts′

] = (σ (s, s′) − σ (s′, s))ts+s′
,∀ s, s′ ∈ �d ;

(2) [D(u, r), ts] = (u|s)σ (r, s)tr+s,∀ s ∈ �d, r ∈ rad(f ), u ∈ �d ;
(3) [D(u, r), D(u′, r′)] = D(w, r + r′),∀ r, r′ ∈ rad(f ), u, u′ ∈ �d ,

where w = σ (r, r′)((u|r′)u′ − (u′ | r)u).
We can see that g0 = span{t0, D(u, 0) | u ∈ �d} is the Cartan subalgebra of g, and

the subalgebra of g spanned by {ts | s ∈ �d} is isomorphic to the Lie algebra �q which
will be identified with �q. Let us also denote by Wd the subalgebra span{D(u, r) |
r ∈ rad(f ), u ∈ �d}, which is indeed isomorphic to the corresponding Witt algebra
(see Lemma 2.3). Thus, g = Wd � �q. For convenience, we denote the subalgebra
Wd � Z(�q) of g by ġ.

A g-module V is called a weight module provided that the action of g0 on V is
diagonalizable. For any weight module V, we have the weight space decomposition

V =
⊕
λ∈g∗

0

Vλ, (2.1)

where g∗
0 = Hom�(g0, �) and

Vλ = {v ∈ V | ∂v = λ(∂)v for all ∂ ∈ g0}.

The space Vλ is called the weight space corresponding to the weight λ. The support
supp(V ) of the weight module V is defined as the set of all weights λ for which Vλ �= 0.
If V is a weight g-module and dim� Vλ < ∞ for all λ ∈ g∗

0, the module V is called
a Harish Chandra module. If there is an integer k ∈ � such that dim� Vλ < k for all
λ ∈ g∗

0, the module V is called a uniformly bounded module.
If V is an irreducible weight module over g, then the central element t0 acts on

V as a scalar. In this case, a weight λ of V can be determined by (λ(∂1), . . . , λ(∂d)).
Then, we consider weights as elements in �d . For example, �d is the weight set of
the adjoint representation of g (i.e. α(∂i) = αi for all α ∈ �d). Furthermore, if V is
a weight g-module, then for all α ∈ �d and λ ∈ g∗

0 we have gαVλ ⊂ Vλ+α. From this,
it follows that if V is an indecomposable weight module (in particular, simple), then
supp(V ) ⊂ λ + �d for some λ ∈ g∗

0.

2.4. Other preliminary results. The following result is well known. For a proof,
see Lemma 2.2 in [23].

LEMMA 2.2. If �′
q = [�q, �q] �= 0, then it is a �d-graded-simple Lie algebra.

Let L = Der(A) � A, where A is the Laurent polynomial algebra �[x±1
1 ,

x±1
2 , . . . , x±1

d ].

LEMMA 2.3. As Lie algebras, ġ ∼= L.

Proof. We may assume that q has the form in Lemma 2.1. Then rad(f ) =⊕z
i=1(ki�e2i−1 ⊕ ki�e2i) ⊕ ⊕d+1

j=2z+1 �ej. Let

B = diag(k1, k1, k2, k2, . . . , kz, kz, 1, . . . , 1)
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be the d × d diagonal matrix. Note that B is generally not in GL(d, �). Then it is easy
to check the linear map

ρ : ġ → L,

tBn �→ xn,

D(u, Bn) �→ D′(BT u, n),

where D′(u, n) = xn ∑d
i=1 uixi

∂
∂xi

, u ∈ �d, n ∈ �d , is a Lie algebra isomorphism. �
The following theorem was proved in [14].

THEOREM 2.4. Let V be an irreducible uniformly bounded weight L-module. Let
x0v = cv for any v ∈ V, where c ∈ �. Then, c �= 0 if and only if AV �= 0. Moreover,
when c �= 0, we have

xmxsv = cxm+sv,

for any m, s ∈ �d, v ∈ V.

Let us recall the Schur’s lemma and density theorem in ring theory, which will be
used in the following sections.

LEMMA 2.5. Let M = ⊕g∈GMg be a G-graded-irreducible module over a G-graded
associative �-algebra R of countable dimension, where G is an abelian group. Then,
EndR(M)0 = {f ∈ EndR(M) | f (Mg) ⊆ Mg for all g ∈ G} = �.

Proof. Since M = ⊕g∈GMg is a G-graded-simple module over the G-graded
associative algebra R, EndR(M)0 is a division algebra over �. If EndR(M)0 �= �,
then it contains a subfield isomorphic to the field �(x) of rational functions
of an indeterminant x. On the other hand, dim�EndR(M)0 �dim�R, thus
dim�EndR(M)0 is finite or countable. However, dim��(x) is uncountable. Hence,
EndR(M)0 = �. �

THEOREM 2.6. (Density theorem)
(1) (See [16], p. 197) Let M be a completely reducible module over a ring R. Let

R′ = EndR(M), R
′′ = EndR′(M). Let {wi | i ∈ I} be a finite subset of M, a

′′
an

element of R
′′
. Then there exists an a ∈ R such that awi = a

′′
wi, for all i ∈ I.

(2) (See Theorem A.1 in [6]) Let M = ⊕g∈GMg be a G-graded-completely reducible
module over a G-graded associative �-algebra R, where G is an abelian group.
Let R′ = EndR(M)0, R

′′ = EndR′(M)0. Let {wi | i ∈ I} be a finite subset of Mg for
some g ∈ G, a

′′
an element of R

′′
. Then there exists an a ∈ R such that awi = a

′′
wi,

for all i ∈ I.

3. �d-graded modules over the Lie algebra �q. In this section, we assume that q is
of the form as Lemma 2.1. In this case, we know that � = ⊕z

i=1 (�/(ki�)) ⊕ (�/(ki�))).

3.1. A realization of �q. Let I = span{tn+r − tn | n ∈ �d, r ∈ rad(f )}, which is an
ideal of the associative algebra �q. Then from [30] and [34], we know that �q/I �
⊗z

i=1glki
� glN as associative algebras with N = ∏z

i=1 ki. It is well known that glki
,
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1 � i � z, as the associative algebra Mki (�), is generated by X2i−1, X2i with

X2i−1 = E1,1 + qiE2,2 + · · · + qki−1
i Eki,ki ,

X2i = E1,2 + E2,3 + · · · + Eki−1,ki + Eki,1,

which satisfy Xki
2i = Xki

2i−1 = 1, X2iX2i−1 = qiX2i−1X2i. We denote ⊗z
i=1Xn2i−1

2i−1 Xn2i
2i by Xn

for each n ∈ �d . Identifying glN with
⊗z

i=1 glki
as associative algebras, glN is spanned

by Xn, n ∈ �d and Xr equals the identity matrix E in glN for each r ∈ rad(f ).

LEMMA 3.1. (see [2]) As associative algebras,

�q ∼=
⊕
n∈�d

(�Xn ⊗ xn),

where the right-hand side is a �d-graded subalgebra of the associative algebra glN ⊗
�[x±1

1 , x±1
2 , . . . , x±1

d ] and �[x±1
1 , x±1

2 , . . . , x±1
d ] is the Laurent polynomial algebra.

Proof. It is easy to see that the linear map

ϕ : �q →
⊕
n∈�d

(�Xn ⊗ xn),

tn �→ Xn ⊗ xn,

is an isomorphism of the associative algebras. �

3.2. Construction of a class of �d-graded �q-modules. We continue the notation
in Section 3.1. Clearly, glN is a �-graded Lie algebra with the gradation

glN =
⊕
n̄∈�

(glN)n̄,

where (glN)n̄ = span{Xn ∈ glN}. In the following, by �-gradation of the Lie algebra
glN we shall always mean the above gradation.

A module W over the Lie algebra glN is called a �-graded glN-module if W has a
subspace decomposition

W =
⊕
n̄∈�

Wn̄

such that (glN)m̄Wn̄ ⊂ Wm̄+n̄ for all m, n ∈ �. If W is a �-graded glN-module with the
above gradation, then for any m̄ ∈ �, W = ⊕

n̄∈� Wn̄+m̄ is also a �-gradation of W .
For a �-graded module W = ⊕

n̄∈� Wn̄ over the Lie algebra glN , we can define
�d-graded module V(W ) = ⊕

n∈�d
Wn̄(n) over the Lie algebra �q by the following actions

tmwn̄(n) = (Xmwn̄)(n + m), wn̄ ∈ Wn̄, m, n ∈ �d .

PROPOSITION 3.2. If W = ⊕
n̄∈� Wn̄ is a nontrivial �-graded-irreducible glN-module,

then V(W ) is a �d-graded-irreducible module over the Lie algebra �q.
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Proof. Let N = ⊕
n∈�d

Nn be a nonzero �d-graded �q-submodule of V(W ), where

Nn ⊂ Wn̄(n). Let

N ′
n̄ = span{wn̄ ∈ Wn̄ | wn̄(n + r) ∈ N for each r ∈ rad(f )},

and N ′ = ⊕
n̄∈� N ′

n̄. It is easy to check that N ′ is a �-graded glN-submodule of W .
Since W is irreducible, then N ′ = 0 or W . Fix 0 �= wm̄(m) ∈ N . Since W is nontrivial,
there exists Xn′ ∈ glN such that Xn′

wm̄ �= 0. From

0 �= tn′+rwm̄(m) = (Xn′
wm̄)(m + n′ + r) ∈ N , ∀ r ∈ rad(f ),

we can see that N ′ �= 0. So N ′ = W , hence N = V(W ). �

COROLLARY 3.3. If W = ⊕
n̄∈� Wn̄ is a nontrivial �-graded-irreducible glN-module,

then the �q-module L(W ) = W ⊗ �q defined by

tmw(n) = (Xmw)(n + m), w ∈ W, m, n ∈ �d

is a �d-graded-completely reducible �q-module and all irreducible submodules are
isomorphic to V(W ).

Proof. For m̄ ∈ �, we define �d-graded �q-modules

V(W (m̄)) =
⊕
n∈�d

Wn̄+m̄(n).

It is easy to verify that L(W ) = ⊕
m∈�d V(W (m̄)), and V(W (m̄)) ∼= V(W ). Then we

complete the proof. �

3.3. Characterization of �d-graded modules over the Lie algebra �q. Let I be
the idea of the associative algebra Z(�q) spanned by tr − ts where r, s ∈ rad(f ). If the
action of Z(�q) on a �d-graded module M = ⊕

n∈�d Mn over the Lie algebra �q is
associative, we define M′ = IM which is a �q-submodule of M. Let MF = M/M′,
which is a �-graded �q-module with homogeneous space MF

n̄ = π (
⊕

r∈rad(f ) Mn+r) for
n ∈ �d , where π is the corresponding canonical map (also module homomorphism)
from M to MF . The following result will be used several times later.

LEMMA 3.4. Let M = ⊕
n∈�d Mn be a �d-graded �q-module with all finite-

dimensional homogenous subspaces. If the action of Z(�q) on M is associative,
(a) the restriction π : Mn → MF

n̄ is a vector space isomorphism for any n ∈ �d;
(b) if M is �d-graded irreducible over �q then MF is �-graded irreducible over �q.

Proof. (a) Let Mn̄ = ⊕
r∈rad(f ) Mn+r. Obviously π is surjective. It suffices to check

that Mn and MF
n̄ have same dimension. Indeed, it is easy to check that Mn̄ ∼= Zk =

Z × Z × · · · × Z, as modules over the associative algebra Z = Z(�q), where k is the
dimension of Mn. So MF

n̄
∼= Zk/IZk ∼= (Z/I)k ∼= �k as vector spaces, i.e., Mn and MF

n̄
have same dimension.

(b) is clear. �
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THEOREM 3.5. Let M = ⊕
n∈�d Mn be a �d-graded module over the Lie algebra �q

with all finite-dimensional homogenous subspaces. If it satisfies that

t0v = v, tn+rv = tntrv,∀ n ∈ �d, r ∈ rad(f ), v ∈ M. (3.1)

Then there exists a finite-dimensional �-graded glN-module MF such that M is isomorphic
to V(MF ).

Proof. From (3.1) we know that the action of Z(�q) on M is associative. For the
above defined M′ and MF , from (3.1) we see thatIMF = 0. Then MF is a �q/I-module,
i.e., a glN-module whose module structure is given by Xmπ (vn) = π (tmvn) for m,

n ∈ �d . Obviously, the identity matrix E has identity action on MF .
Since M and M′ have the obvious �-gradation, the sum MF = ∑

n̄∈� MF
n̄ is direct.

So MF is a �-graded glN-module with gradation MF = ⊕
n̄∈� MF

n̄ .
We define the following linear map:

ϕ : M → V(MF ), vn �→ π (vn)(n),∀ vn ∈ Mn, n ∈ �d .

For any m ∈ �d, vn ∈ Mn we have ϕ(tmvn) = π (tmvn)(m + n) = (Xmπ (vn))(m + n) =
tm(π (vn)(n)) = tmϕ(vn), i.e., ϕ is a �q-module homomorphism. By Lemma 3.4, ϕ is
bijective. So ϕ is a �q-module isomorphism. �

EXAMPLE 1. Consider the adjoint �d-graded �q-module M = �′
q. Let W be the

adjoint representation of glN on slN . We can verify directly that M ∼= V(W ).

4. g-modules with nonzero action of Z(�q) .

4.1. Defining irreducible weight modules over g. In this section, we still assume
that q is of the form in Lemma 2.1. For any gld-module V , any �-graded glN-module
W = ⊕

n̄∈� Wn̄, and any α ∈ �d , let Vα(V, W ) = V ⊗ V(W ), Fα(V ) = V ⊗ �q. Then
Vα(V, W ) becomes a g-module if we define the following actions

(1) ts(v ⊗ wn̄(n)) = v ⊗ (Xswn̄)(n + s);
(2) D(u, r)(v ⊗ wn̄(n)) = ((u | n + α)v + (ruT )v) ⊗ wn̄(n + r);

where u ∈ �d , v ∈ V , wn̄ ∈ Wn̄ and r ∈ rad(f ), s ∈ �d, Xs ∈ glN (as defined in
Section 3.1).

And Fα(V ) becomes a g-module if we define the following actions
(1) tsv(n) = σ (s, n)v(n + s);
(2) D(u, r)v(n) = ((u|n + α)v + (ruT )v)(n + r);

where u ∈ �d , v ∈ V , r ∈ rad(f ), s, n ∈ �d, v(n) = v ⊗ tn.
We note that the action of �q on Fα(V ) is associative. Moreover, we can check

that Fα(V ) ∼= Vα(V, MN(�)), where MN(�) is the left regular module over glN , which
is �-graded simple. Note that in the above definitions, we do not assume anything
(irreducible, or weight modules) on the modules V and W , but the modules Vα(V, W ),
Fα(V ) are weight modules over g.

PROPOSITION 4.1. If V is an irreducible gld-module and W is a nontrivial �-graded-
irreducible glN-module, then Vα(V, W ), Fα(V ) are irreducible weight g-modules.

Proof. We first prove that Vα(V, W ) is an irreducible weight g-module. Choose a
basis {wi | i ∈ I} of Wn̄. Suppose M is a nonzero g-submodule of Vα(V, W ). Since M
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is a weight g-module, it contains a nonzero element of the form
∑

j∈I ′ vj ⊗ wj(n) for
some n ∈ �d with nonzero wj ∈ Wn̄, j ∈ I ′, where I ′ is a finite subset of index set I .
We can consider W as a �-graded-irreducible �q-module since �q/I = glN (see
Section 3.1). Fix an element k ∈ I ′. By Lemma 2.5, we see that EndU(�q)(W )0 = �.

Then from Density theorem, there exists an a ∈ U(�q) such that awj = δjkwk, j ∈ I ′.
Then, we know that vk ⊗ wk(n′) ∈ M for some n′ ∈ �d . Considering the action of �q on
vk ⊗ wk(n′) ∈ M, we see that vk ⊗ V(W ) ⊂ M. Denote V ′ = {v ∈ V | v ⊗ V(W ) ⊂ M}.
Clearly, V ′ �= 0, since vk ⊗ V(W ) ⊂ M. From the definition of Vα(V, W ), we can see
that V ′ is a gld-submodule of V . Thus V ′ = V . It follows that M = Vα(V, W ). Then
Vα(V, W ) is irreducible.

The irreducibility of Fα(V ) follows from the isomorphism Fα(V ) ∼=
Vα(V, MN(�)). �

If V is a gld-module and W is a �-graded glN-module, then Lα(V, W ) =
V ⊗ W ⊗ �q becomes a g-module via

(1) ts(v ⊗ w(n)) = v ⊗ (Xsw)(n + s);
(2) D(u, r)(v ⊗ w(n)) = ((u|n + α)v + (ruT )v) ⊗ w(n + r);

where u ∈ �d , v ∈ V , w ∈ W and r ∈ rad(f ), s ∈ �d .

COROLLARY 4.2. If V is an irreducible gld-module and W is a nontrivial �-graded-
irreducible glN-module, then the g-module Lα(V, W ) is a completely reducible g-module.

Proof. This easily follows from Corollary 3.3 and Proposition 4.1. �

4.2. Weight modules over g with associative action of Z(�q).

PROPOSITION 4.3. Suppose that the action of Z(�q) is associative on an irreducible
Harish Chandra g-module M. For a fixed nonzero r ∈ rad(f ), we define linear operators
on M by

g(m, k) =
k∑

i=0

(−1)i
(

k
i

)
tm+irt−ir, m ∈ �d, k ∈ �. (4.1)

Then there exists an l ∈ � such that

g(m, l)(M) = 0, ∀ m ∈ �d . (4.2)

Proof. For any m ∈ rad(f ) (or r = 0) and k ∈ �, we have

g(m, k)(M) =
k∑

i=0

(−1)i
(

k
i

)
tm(M) = (1 − 1)k(tmM) = 0,

i.e. (4.2) holds for any m ∈ rad(f ). If �′
qM = 0, (4.2) is also clear. Thus we need only

to consider (4.2) for m ∈ �d \ rad(f ) with �′
qM �= 0 (which also implies �′

q �= 0).
If there exists an m ∈ �d \ rad(f ) such that tmM = 0, since �′

q is �d-graded-simple,
then �′

qM = 0, contradicting the assumption. So

tmM �= 0, ∀ m ∈ �d \ rad(f ). (4.3)
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For a fixed m ∈ �d \ rad(f ), since MF (see Section 3.3 for the definition) is finite di-
mensional, there exist integers l′m ≤ lm, and scalars ai ∈ �, l′m ≤ i ≤ lm, with al′m alm �= 0,
such that

∑lm
i=l′m

aitm+irt−ir(MF ) = 0. By Lemma 3.4,
∑lm

i=l′m
aitm+irt−ir(M) = 0. Then

lm∑
i=l′m

aitm+irt−irtl′mr(M) =
lm∑

i=l′m

aitm+l′mr+(i−l′m)rt−(i−l′m)r(M) = 0.

Replace m by m + l′mr, we can assume l′m = 0, lm ∈ �+. So we have

lm∑
i=0

aitm+irt−ir(M) = 0 (4.4)

for this m ∈ �d \ rad(f ). We assume that l is the minimum lm for m ∈ �d \ rad(f )
that have the property (4.4) with a0alm �= 0. We fix such an m ∈ �d \ rad(f ) satisfying∑l

i=0 aitm+irt−ir(M) = 0 with a0al �= 0.
Then for any n ∈ �d \ rad(f ), we have [tn,

∑l
i=0 aitm+irt−ir](M) = 0, i.e.,∑l

i=0 ai[tn, tm+ir]t−ir(M) = 0. Since �′
q is �d-graded simple, we have

l∑
i=0

aitm′+irt−ir(M) = 0,∀ m′ ∈ �d . (4.5)

By (4.3), we see that l > 0.
For an m ∈ �d \ rad(f ), choose u ∈ �d \ {0} such that (u|m) = 0 and (u|r) �= 0.

Then

0 = D(u,−r)
l∑

i=0

aitm+irt−ir(M) =
l∑

i=0

[D(u,−r), aitm+irt−ir](M)

=
(

l∑
i=0

(u | m + ir)aitm+(i−1)rt−ir −
l∑

i=0

(u | r)iaitm+irt−(i+1)r

)
(M)

= (u | r)

(
l∑

i=1

iaitm+(i−1)rt−ir −
l∑

i=1

iaitm+irt−(i+1)r

)
(M)

= (u | r)

(
l∑

i=1

iaitm+(i−1)rt−ir −
l+1∑
i=2

(i − 1)ai−1tm+(i−1)rt−ir

)
(M)
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= (u | r)

(
a1tmt−r − laltm+lrt−(l+1)r

+
l∑

i=2

(iai − (i − 1)ai−1)tm+(i−1)rt−ir

)
(M)

= (u | r)
(
a1tm − laltm+lrt−lr

+
l∑

i=2

(iai − (i − 1)ai−1)tm+(i−1)rt−(i−1)r)(t−rM)

= (u | r)

(
a1tm − laltm+lrt−lr +

l−1∑
i=1

((i + 1)ai+1 − iai)tm+irt−ir

)
(M).

So (
a1tm − laltm+lrt−lr +

l−1∑
i=1

((i + 1)ai+1 − iai)tm+irt−ir

)
(M) = 0. (4.6)

Comparing (4.5) with (4.6), using the minimality of l we obtain

a1

a0
= −lal

al
= (i + 1)ai+1 − iai

ai
,

i.e. (i + 1)ai+1 = (i − l)ai, 0 ≤ i ≤ l − 1. Thus, we can assume ai = (−1)i
(l

i

)
, 0 ≤ i ≤ l.

By (4.5) and the definition of g(m, l), (4.2) follows. �
THEOREM 4.4. Let M be an irreducible Harish Chandra g-module. If the action of

Z(�q) on M is associative, then there exist a finite-dimensional irreducible gld-module V,
a finite-dimensional �-graded-irreducible glN-module W with identity action of identity
matrix E in glN, and α ∈ �d such that M � Vα(V, W ).

Proof. Since M is an irreducible Harish Chandra g-module, there exists α ∈ �d

such that M = ⊕
n∈�d Mα+n is the weight space decomposition of M, where

Mα+n = {v ∈ M | D(u, 0)v = (u|α + n)v, for all u ∈ �d}.
This decomposition is also a �d-gradation as �q-module.

If there exists a nonzero v ∈ M such that �′
qv = 0, let B be the ġ-submodule

generated by v. Then �′
qB = 0. Consequently, M = B is an irreducible Harish Chandra

ġ-module with associative action of Z(�q). In this case, by the isomorphism between ġ

and L in Lemma 2.3, using Eswara Rao’s theorem in [10] or [5], we obtain our theorem
with W being one-dimensional glN-module. So, in the following we always assume
that �′

q does not annihilate any nonzero vectors in M.
Since M is a nontrivial uniformly bounded �d-graded module over the Lie

algebra �q, it contains a nontrivial �d-graded-irreducible �q-submodule N =⊕
n∈�d Nn with Nn ⊂ Mα+n. From Lemma 3.4, we know that N F is a �-graded-

irreducible �q-module (see Section 3.3 for N F ).
We define a Lie subalgebra of the finite-dimensional Lie algebra End�(N F ) by

S = span{g(m, k) | m ∈ �d, k ∈ �}.
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From

[g(m, k), g(m′, k′)]

=
[

k∑
i=0

(−1)i
(

k
i

)
tm+irt−ir,

k′∑
j=0

(−1)j
(

k′

j

)
tm′+jrt−jr

]

=
k∑

i=0

k′∑
j=0

(−1)i+j
(

k
i

)(
k′

j

)
[tm+ir, tm′+jr]t−(i+j)r

= (σ (m, m′) − σ (m′, m))
k∑

i=0

k′∑
j=0

(−1)i+j
(

k
i

)(
k′

j

)
tm+n+(i+j)rt−(i+j)r

= (σ (m, m′) − σ (m′, m))
k+k′∑
p=0

(−1)p
∑

i+j=p

(
k
i

)(
k′

j

)
tm+n+prt−pr

= (σ (m, m′) − σ (m′, m))
k+k′∑
p=0

(−1)p
(

k + k′

p

)
tm+n+prt−pr

= (σ (m, m′) − σ (m′, m))g(m + m′, k + k′)

and Proposition 4.3, we know that S is a solvable Lie subalgebra of End�(N F ). By
Lie’s theorem, there exists a nonzero vector v∗ ∈ N F such that g(m, 1)v∗ = λ(m)v∗ with
λ(m) ∈ � for any m ∈ �d . In particular, λ(r) = 0, for any r ∈ rad(f ). Let N ′ = U(�q)v∗

which is not necessarily equal to N F since v∗ may not be homogenous. It is easy to
check that

g(m, 1)tnv∗ = λ(m)tnv∗ + (σ (m, n) − σ (n, m))λ(m + n)v∗. (4.7)

Since the �q-module N ′ is generated by v∗, it follows from (4.7) that the matrices of
all g(m, 1) ∈ S ( relative to a suitable basis of N ′ ) will be triangular, with λ(m) the
only diagonal entry. Since �′

q is �d-graded-simple, for any m ∈ �d \ rad(f ), there exist
a n ∈ �d \ rad(f ) such that σ (m, n) − σ (n, m) �= 0. Then

g(m, 1) = (σ (m − n, n) − σ (n, m − n))−1[g(m − n, 1), tn]. (4.8)

So g(m, 1) has zero trace, this forces λ(m) = 0. Therefore,

g(m, 1)v∗ = 0, inN F ,∀ m ∈ �d . (4.9)

Since g(m, 1) is a homogeneous operator of degree m, we can assume v∗ is a
homogeneous element in the �-graded �q-module N F . However, N F is a �-graded-
irreducible �q-module, by (4.7), g(m, 1)N F = 0, for any m ∈ �d . By Lemma 3.4,
π (g(m, 1)N ) = g(m, 1)π (N ) = g(m, 1)N F = 0, consequently g(m, 1)N = 0, for any
m ∈ �d .

Denote

U = {v ∈ M | t0v = v, tn+rv = tntrv, for all n ∈ �d, r ∈ rad(f )}.

https://doi.org/10.1017/S0017089512000845 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089512000845


IRREDUCIBLE HARISH CHANDRA MODULES 689

Obviously, N ⊆ U. Then, it is easy to check that U is a nonzero g-submodule of M by
the following calculation:

(tn+r − tntr)tsv = (σ (n, s) − σ (s, n))(tn+s+r − tn+str)v + ts(tn+r − tntr)v,

(tn+r − tntr)D(u, r′)v = −(u|n)(tn+r+r′ − tn+r′
tr)v

−(u|r)(tn+r+r′ − tntr+r′
)v + D(u, r′)(tn+r − tntr)v.

By the irreducibility of g-module, we can see that U = M, i.e, M satisfies the condition
(3.1) in Theorem 3.5. Therefore, by Theorem 3.5, as �q-module, M is isomorphic
to V(W ′) for some �-graded glN-module W ′ = ⊕

n̄∈� W ′
n̄ with identity action of the

identity matrix E subject to the following action:

tmwn̄(n) = (Xmwn̄)(n + m), wn̄ ∈ W ′
n̄, m, n ∈ �d, (4.10)

Note that Mα+n = W ′
n̄(n).

For any s ∈ �d , let Ms̄ = ⊕
r∈rad(f ) Mα+s+r = ⊕

r∈rad(f ) W ′
s̄(s + r), which is a Harish

Chandra ġ-module with the associative action of Z(�q). By the isomorphism between ġ

and L, using Eswara Rao’s Theorem [10], M0̄ has an irreducible ġ-submodule of the
form V ⊗ Z(�q) for some finite-dimensional irreducible gld-module V (a subspace
of W ′

0̄
) with the following action:

D(u, r)v(r′) = (u|α + r′)v(r′ + r) + (ruT )v(r′ + r), trv(r′) = v(r′ + r)

for all r′, r ∈ rad(f ), v ∈ V.

We use T to denote the Lie subalgebra of End�(M) generated by operators
T(u, r) = t−rD(u, r) − D(u, 0), r ∈ rad(f ), u ∈ �d . It follows that, on M,

D(u, r) = trT(u, r) + trD(u, 0), ∀ r ∈ rad(f ), u ∈ �d .

Clearly V (or more precisely, V (0)) is a T -module (in fact, gld is a quotient algebra of T ,
see [10]). For any s ∈ �d, r ∈ rad(f ), w′

n̄ ∈ W ′
n̄, using (4.10) we have

T(u, r)tsw′
n̄(n)

= (t−rD(u, r) − D(u, 0))tsw′
n̄(n)

= [(t−rD(u, r) − D(u, 0)), ts]w′
n̄(n) + ts(t−rD(u, r) − D(u, 0))w′

n̄(n)

= ((u|s)t−rts+r − (u|s)ts)w′
n̄(n) + ts(t−rD(u, r) − D(u, 0))w′

n̄(n)

= ts(t−rD(u, r) − D(u, 0))w′
n̄(n)

= tsT(u, r)w′
n̄(n).

Consequently, on V ,

T(u, r)Xs = XsT(u, r), ∀ s ∈ �d, r ∈ rad(f ). (4.11)

Let W = ⊕
n̄∈� HomT (V, W ′

n̄) which is obviously nonzero. Denote Wn̄ =
HomT (V, W ′

n̄). Define the action of glN on W :

(Xsgn̄)
(
v
) = Xsgn̄(v), ∀ gn̄ ∈ HomT (V, W ′

n̄).
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From

(Xsgn̄)
(
T(u, r)v

) = Xsgn̄
(
T(u, r)v

)
= XsT(u, r)gn̄(v)

= T(u, r)(Xsgn̄)(v), (by formula (4.11))

for each v ∈ V, s ∈ �d, gn̄ ∈ Wn̄, we know that W becomes a glN-module. From the
fact that XsWn̄ ⊂ Wn̄+s we know that W = ⊕

n̄∈� Wn̄ is a �-graded glN-module.
We define the following linear map:

ϕ : Vα(V, W ) → M, v ⊗ gn̄(n) �→ gn̄(v)(n).

Since V ⊂ W ′
0̄
, if we take g0̄ to be the imbedding map, we see that ϕ(v ⊗ g0̄(0)) = v(0)

for any v ∈ V . So ϕ �= 0. It is easy to check that

ϕ
(
ts(v ⊗ gn̄(n))

) = ϕ(v ⊗ (Xsgn̄)(n + s))

= Xsgn̄(v)(n + s) = ts(gn̄(v)(n)
)

= tsϕ(v ⊗ gn̄(n));

ϕ
(
D(u, r)(v ⊗ gn̄(n))

)
= ϕ

(
(u|n + α)v ⊗ gn̄(n + r) + ruTv ⊗ gn̄(n + r)

)
= (u|n + α)gn̄(v)(n + r) + gn̄(ruTv)(n + r);

D(u, r)ϕ
(
v ⊗ gn̄(n)

)
= D(u, r)

(
gn̄(v)(n)

)
= trT(u, r)

(
gn̄(v)(n)

) + trD(u, 0)gn̄(v)(n)

= trgn̄
(
T(u, r)v(n)

) + tr(u|n + α)gn̄(v)(n)

= trgn̄
(
ruTv

)
(n) + tr(u|n + α)gn̄(v)(n)

= gn̄
(
ruTv

)
(n + r) + (u|n + α)gn̄(v)(n + r).

So, ϕ is a g-module homomorphism. Since M is an irreducible g-modules and ϕ �= 0, ϕ

is surjective.
Let {vi | i ∈ I} be a basis for V . Suppose

ϕ

( ∑
n∈�d , i∈I

vi ⊗ g(i)
n̄ (n)

)
=

∑
n∈�d , i∈I

g(i)
n̄ (vi)(n) = 0,

where g(i)
n̄ ∈ Wn̄ are 0 except for finitely many. Then

∑
i∈I g(i)

n̄ (vi)(n) = 0 for each n ∈ �d .
Since V is an irreducible gld-modules, we know that Endgld

(V ) = �. For any k ∈ I , by
the Density Theorem, there exists an ak ∈ U(T ), the universal enveloping algebra of T ,
such that akvi = δikvk. Then

ak

∑
i∈I

g(i)
n̄ (vi) =

∑
i∈I

g(i)
n̄ (akvi) = g(k)

n̄ (vk) = 0, ∀ n ∈ �d .
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By the irreducibility of T -module V , g(k)
n̄ (V ) = 0, i.e., g(k)

n̄ = 0 for each n ∈ �d , k ∈ I .
Therefore ϕ is injective. From the irreducibility of g-module M, we know that W is a
�-graded-irreducible glN-module. Now, we complete the proof of this theorem. �

EXAMPLE 2. For any irreducible gld-module V , Gα(V ) = V ⊗ �′
q becomes a

g-module by the following actions:
(1) tr(v ⊗ tn) = σ (r, n)(v ⊗ tn+r);
(2) ts(v ⊗ tn) = σ (s, n)(1 − f (n, s))(v ⊗ tn+s);
(3) D(u, r)v ⊗ tn = σ (r, n)((u|n + α)v + (ruT )v) ⊗ tn+r;

where u ∈ �d , v ∈ V , w ∈ W and s, n �∈ rad(f ), r ∈ rad(f ). From Theorem 4.1 in [23],
Gα(V ) is an irreducible Harish Chandra g-module. Let W be the adjoint representation
of slN . Using Example 1, we can see that Gα(V ) ∼= Vα(V, W ).

In [10], Eswara Rao classified irreducible Harish Chandra modules over g assuming
that all qij = 1 with the associative action of Laurent polynomials �q. He proved that
any such module is a tensor module Fα(V ). We will use Theorem 4.4 to give a quantum
version of this result in the following corollary.

COROLLARY 4.5. Let M be an irreducible Harish Chandra g-module. If the action
of �q on M is associative, then there exist an irreducible finite-dimensional gld-module
V, and α ∈ �d such that M � Fα(V ).

Proof. By Theorem 4.4, there exist a finite-dimensional irreducible gld-module V ′,
a �-graded-irreducible glN-module W = ⊕

n̄∈� Wn̄ with identity action of identity
matrix E in glN and α ∈ �d such that M is isomorphic to Vα(V ′, W ) subject to the
following actions:

(1) ts(v′ ⊗ wn̄(n)) = v′ ⊗ (Xswn̄)(n + s);
(2) D(u, r)(v′ ⊗ wn̄(n)) = ((u | n + α)v′ + (ruT )v) ⊗ wn̄(n + r);

where u ∈ �d , v′ ∈ V ′, wn̄ ∈ Wn̄ and r ∈ rad(f ), s ∈ �d . By (1) and associative action
of �q, we can see that σ (s, m)Xs+mwn̄ = XsXmwn̄, for each s, m ∈ �d , so W is �-graded-
irreducible module over the associative algebra glN . Actually, W is isomorphic to the
left regular module glN . We may think W = glN , and V(W ) = ∑

n∈�d Wn̄(n) = �q as a
module over the Lie algebra �q with the left associative multiplication action. We see
that M � Fα(V ). �

4.3. Uniformly bounded g-modules with nonzero action of Z(�q).

THEOREM 4.6. Let M be a uniformly bounded irreducible g-module with nonzero
action of Z(�q). Then there exist an irreducible finite-dimensional gld-module V, a
nontrivial finite-dimensional �-graded-irreducible glN-module W (no restriction on the
action of identity matrix E in glN) and α ∈ �d such that M is isomorphic to Vα(V, W ).

Proof. Let U = {v ∈ M | Z(�q)v = 0} which is obviously a g-submodule of M.
Since Z(�q)M �= 0, U is a proper g-submodule of M. By the irreducibility of
g-module M, we see that U = 0. Since M is a uniformly bounded weight ġ-module, it
must contain a nontrivial irreducible weight ġ-submodule N . From U = 0, we know
that Z(�q)N �= 0. SoN is a nontrivial irreducible weight ġ-module with nonzero action
of Z(�q). By Theorem 2.4 and the fact that ġ ∼= L, we know that there exists a scalar
c ∈ �∗ such that

t0v = cv, ctr+r′
v − trtr′

v = 0,∀ v ∈ N,∀ r, r′ ∈ rad(f ).
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So the subspace

U ′ = {v ∈ M | t0v = cv, ctr+r′
v − trtr′

v = 0, for all r, r′ ∈ rad(f )}

of M is nonzero. It is easy to check that U ′ is a g-submodule of M. By the irreducibility
of g-module M, we can see that U ′ = M. Let tr

0 = tr/c for each r ∈ rad(f ). Then we
have

[tr
0, tr′

0 ] = 0, [D(u, r), tr′
0 ] = (u|r′)tr+r′

0 ,∀ r, r′ ∈ rad(f ).

By U ′ = M, we can see that

t0
0v = v, tr+r′

0 v = tr
0tr′

0 v,∀ v ∈ M,∀ r, r′ ∈ rad(f ).

Then by Theorem 4.4, there exist an irreducible finite-dimensional gld-module V ,
a nontrivial �-graded-irreducible glN-module W with scalar multiplication by c of
identity matrix E in glN and α ∈ �d such that M is isomorphic to Vα(V, W ). �

It is reasonable to expect that any irreducible uniformly bounded module over g

is of the form Vα(V, W ).
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