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ABSTRACT 

The e q u a t i o n s of mot ion of t h e s t a r -members of t h e c l u s ­
t e r ave raged on t h e e l l i p t i c o r b i t s a r e o b t a i n e d . These equa ­
t i o n s t a k e i n t o account t h e t i d a l f o r c e s of t h e Galaxy . The 
g e n e r a l i z a t i o n of t h e L a g r a n g e - J a c o b i e q u a t i o n and Sundman 
i n e q u a l i t y fo r n o n - c l a s s i c a l scheme of t h e many-body problems 
i s r e v i s e d . The dynamical e v o l u t i o n of t h e moment of i n e r t i a 
i s s tudied.Some theorems which determine .the type of the s t a r mo­
t i o n i n t h e c l u s t e r a r e f o r m u l a t e d . 

INTRODUCTION 

In t h e frameworks of a c l a s s i c a l t h e o r y of t h e g r a v i t a ­
t i o n some dynamical a s p e c t s of n o n - c l a s s i c a l scheme of t h e 
n-body problem i s i n v e s t i g a t e d . P a r t i c u l a r l y t h e s tudy of t h e 
e v o l u t i o n behav iour of t h e s t e l l a r c l u s t e r s and a s s o c i a t i o n s 
in t h e g r a v i t a t i o n a l f i e l d of t h e Galaxy be longs t o t h i s s c h ­
eme. Let u s c o n s i d e r t h e g a l a c t i c a l sys tems s t e l l a r c l u s t e r s 
and a s s o c i a t i o n s and assume t h a t t h e c e n t e r of mass of t h o s e 
o b j e c t s moves a s a m a t e r i a l p o i n t on t h e Kep le r i an e l l i p s e s 
r e l a t i v e l y t o t h e c e n t e r of t h e Ga laxy . In such a approach 
t h e r e g u l a r g r a v i t a t i o n a l f i e l d of t h e Galaxy, which i s 
t a k i n g i n t o account t h e t i d a l f o r c e and t h e proper g r a v i t a ­
t i o n a l f i e l d of c l u s t e r s and a s s o c i a t i o n s i n f l u e n c e t h e i n d i ­
v i d u a l members of s t e l l e r c l u s t e r s and a s s o c i a t i o n s . 

Accord ing t o [ 4 ] , i n such s t a t emen t of t h e problem, t h e 
e q u a t i o n s of t h e mot ion of t h e i - t h member of a c l u s t e r in 
t h e p u l s a t i n g c o o r d i n a t e system with t h e e c c e n t r i c anomaly E 
a s an independen t v a r i a b l e , have t h e f o l l o w i n g form: 
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r 2 P - " (1o6 > ' V * 

1 dE^ ( l - e > dE r ( l - e Z ) c X 

p 2 an 
2,.. 2 . a c . ( i ) 

r e ( 1 - e ) i 

where n i s t h e f o r c e f u n c t i o n of t h e system in t h e p u l s a t i n g 
c o o r d i n a t e s and 

a = ( ^—s- ) , r = g- (1 -e c o s E) , 0 <_ e < 1 . 
3z 1-e 

The r e l a t i o n between E and t i s de te rmined by K e p l e r ' s equa ­
t i o n 

E - e s i n E = n ( t - r ) , n = c o n s t . (2) 

To o b t a i n maximum i n f o r m a t i o n about t h e dynamical e v o l u ­
t i o n of s t e l l a r c l u s t e r s , one can s i m p l i f y t h e system of 
e q u a t i o n s (1) i n t r o d u c i n g t h e a v e r a g i n g v a l u e of an a r b i t ­
r a r y 2IT p e r i o d i c a l f u n c t i o n f ( £ , n , c f E ) over t h e argument E, 
by u s i n g formula [ 2 ] 

r = 2 T r f ( E ) d E 

The o b t a i n e d averaged e q u a t i o n s of mot ion p o s s e s t h e J a c o b i 
i n t e g r a l 

T - B£2 - AJ = h = c o n s t . , (3 ) 

and t h e i n t e g r a l of a n g u l a r momentum i n £ , r i , t a x e s 
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\ = fm.a.r, ' - n .q) + | m . ( ^ + n J ) # q = ^ , (4 ) 

where 

6 = ;—— . A = 
3q? P 4 ( 2 + e 2 ) q c 

* 2 , , . 2 . 2 , . 2" 0 / 1 2" 4c* ( 1 - e ) 
c / 1 - e 2 / 1 - e v ' 

J 5 = q^J , J n = q n J , J^ = q^J , J = ? m, (£ 2 + n 2 + C
2 ) . 

l 

On t h e b a s i s of t h e i n t e g r a l s ment ioned above t h e Lag range -
J a c o b i e q u a t i o n , where we t a k e E i n s t e a d of t h e independent 
v a r i a b l e t , can be w r i t t e n a s 

„2 
d + 4yJ = 2 (K5 + 2H), H = h + L = c o n s t . , (5 ) 

dE 

where 

A J. x 2 /1 Ze 2 -3 A a P 4 ( 2 + e 2 ) Y = A + q + q = q + q 2 9 ^ ^r • 
2 / 1 3 7 4c2 (1-e2)3 5 

q f , q and q a r e p o s i t i v e l e s s t h e n u n i t y . They r e p r e s e n t 

f l a t t e n i n g of t h e c l u s t e r s and a s s o c i a t i o n s . The c o e f f i c i e n t 
Y may be p o s i t i v e or n e g a t i v e . If f l a t t e n i n g of t h e c l u s t e r 
in £ and n a x e s i s l a r g e r t h a n i n ? a x i s , t h a t i s , i n f l u e n c e 
of t h e t i d a l f o r c e of t h e Galaxy i s s i g n i f i c a n t l y s tonge r in 
£ and n a x e s t h a n in z, a x i s , t h e n y i s p o s i t i v e . O the rwi se 
Y i s n e g a t i v e . 

In o r d e r t o r e c e i v e i n f o r m a t i o n about p r o p e r t i e s of t h e 
mot ion of c l u s t e r ' s and a s s o c i a t i o n ' s members, a s c o n s i d e r e d 
in e q u a t i o n ( 5 ) , we i n t r o d u c e a c c o r d i n g t o [ 5 , 7 ] "mean quad­
r a t i c d i s t a n c e " , f o r each member of t h e c l u s t e r . In t h i s c a s e 
t h e moment of i n e r t i a of t h e system J and f o r c e f u n c t i o n i2 
a r e d e f i n e d a s 

J = !f~ R 2 , " = TT" * M* = E m < m - i ' M = Z m* ( 6 ) 

T h i s app roach may be a p p l i e d in t h e i n v e s t i g a t i o n of t h e 
e v o l u t i o n of t h e s t e l l a r c l u s t e r s and a s s o c i a t i o n s w i th in a 
Galaxy: i . e . t h e components a r e of t h e same o r d e r . Such s y s ­
tems a r e c a l l e d t h e m u l t i p l e sys tems of t h e Trapesium t y p e . 

n 
E m .m . , 

i< j 1 J 

n 
M = I mjL 

i 
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According t o [ 1 ] such o b j e c t s a r e f r equen t in t h e Galaxy . As 
an example we can i n d i c a t e t h e s t e l l a r c l u s t e r NGC-1981 T r a ­
pezium. 

EVOLUTION OF THE MOMENT OF INERTIA FOR THE MULTIPLE SYSTEMS 
OF THE TRAPEZIUM TYPE 

The G e n e r a l i s a t i o n of t h e Lagrangej-Jacobi e q u a t i o n (5) 
fo r n o n - c l a s s i c a l schemes of t h e n-body prob lems i s an e f f e c ­
t i v e way fo r s t u d y i n g t h e dynamics of t h e G a l a c t i c a l g r a v i ­
t a t i n g s y s t e m s . Below, we g i v e t h i s e q u a t i o n fo r m u l t i p l e 
s t e l l a r a s s o c i a t i o n s and c l u s t e r s i n t h e f i e l d of t i d a l f o r ­
ce of t h e Ga laxy . In such a c a s e e q u a t i o n (5) t o g e t h e r wi th 
t h e e q u a t i o n s ( 6 ) , has t h e form 

d—£• + 4YJ = ^ + 2H 

d? ^ 
( 7 ) 

The form of the equation (7) i s s imilar to t h e form of 
equation previously presented in our papers [ 5 , 6 ] , The only 
di f ference i s a physical i n t e r p r e t a t i o n of coe f f i c i en t s .The ­
re fo re , we shal l use the same mathematical a n a l y s i s for the 
study of equation (7) as in [ 6 ] . 

1. The equation (7) y > 0 i s inves t iga ted . The equation(7) 
posseses the socalled " in tegra l of t h e energy of i n e r t i a " 
[8] : 

C = \ ( f | ) 2 + 2YJ2 -2b/J 2HJ ( 8 ) 

Line C ( J , J ' ) = const , completely def ines phase t r a j e c t o r i e s 
of systems of the phase plane ( J , J ' ) and i t i s equal to 

c = I < a r >0
2 + 2 Y J o 2b/J - 2HJ , o o' (9) 

where index "0" means, tha t t h e value J and dJ/dE must be 
taken a t E = 0 (t = T ) . Consequently, C may be l a rge r , equal 
or smaller than ze ro . 

Introducing in (8) instead of J i t s value from equation 
(6) and separat ing a v a r i a b l e we have from the equation (8) 

i / 
72 f 

dR' 

R-,̂  /N(R) 

where polynomia l N(R) has t h e form 

N(R) = -2YR4 + 2bLR + 2HJLR2 + C >_ 0, 

(10) 

(11) 
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and 

t^ = 2BG/M+M, ^ = gj- H 

As shown in t 7 ] , t he evolut ion behaviour of s t e l l a r c l u s t e r s 
and a s s o c i a t i o n s under cons idera t ion depends on exis tence of 
the r o o t s of the polynomial (11) . 

In the case at Y > 0 polynomial (11) has two rea l and 
two complex r o o t s , i . e . R^ > 0, R2 > 0, Rg, R4 - complex.For­
mally the expression (7) may be t r ea t ed as equation of motion 
for a t e s t s t a r under ac t ion of t h e force 

F(E) = -4yJ2 + bJ~* + 2H 

Consequently a t e s t s ta r on the semiplane (J >̂  0, dJ/dE) moves 
between two c i r c l e s with r a d i i R̂  and R„ the cen t r e s of which 
coincide with t h e s t e l l a r c l u s t e r center .Accordingly the mo­
ment of i n e r t i a of the system i s bounded tha t i s i t pu l sa t e s 
between J . _ and J„„^.. mm max 

2. Let us consider t h e case Y < 0 and H, > 0. In t h i s case 
elementary inves t iga t ion of the r o o t s of the equation (11) 
shows t h a t in the phase semiplane (J >̂  0, dJ/dE), in tegra l 
curves descr ibe o s c i l l a t i o n s with increasing ampli tude.There­
fore s t e l l a r c l u s t e r s and a s s o c i a t i o n s with p o s i t i v e t o t a l 
energy are in s t a t e of sway o s c i l l a t i o n s . 

If in the i n i t i a l moment of time t = T (E = 0) at H > 0 
i t determines condi t ion 

% ( % ) 2 < -2YJ2 + 2b/J~ + 2HJ , 2 v dE o o o o ' 

then according to (9) , i n t eg ra l energy of the i n e r t i a C < 0. 
In t h i s case polynomial (11) has t h e following poss ib le com­
binat ions of the r o o t s : 
a) R̂  > 0, R„ < 0, Rg, R4 - complex. This corresponds to 
the previous case . In other words, we have s t ab l e systems. 
b) R^ > 0, R„ < Rg < R. < 0. In t h i s c a s e t h e r e a r e t h r e e 

r e g i o n s of r e a l s t a r mo t ion : R >R., R < R2 and R < R,< R. . 

I n s i d e c i r c l e w i th r a d i u s R„ c l u s t e r i s c o n t r a c t e d , o u t s i d e 

c i r c l e w i t h r a d i u s R, c l u s t e r i e expanded, but between c o n c e ­

n t r i c c i r c l e s w i th r a d i i R3 and R. system o s c i l l a t e s . 

THE SJMJMAN INEQUALITY FOR NON-CLASSICAL SCHBIE OF THE MANY-
BODY PROBLEM AND THEOREMS 

Sundman i n e q u a l i t y p l a y s a g r e a t r o l e in a n a l y s i s of the 

n-body problem t o d e t e r m i n e t h e p r o p e r t y of t h e m o t i o n . Below 
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t h e i n e q u a l i t y would be g e n e r a l i z e d fo r n o n - c l a s s i c a l scheme 
of g r a v i t a t i n g problem fo r t h e many-body. The problem i s an 
a p p l i c a t i o n of t h e Sundman i n e q u a l i t y fo r t h e e v o l u t i o n a l b e ­
haviour of t h e s t e l l a r complex i n e x t e r n a l g r a v i t a t i o n a l f i e ­
l d of t h e Ga laxy . 

According t o [ 3 ] i t i s not d i f f i c u l t t o w r i t e t h e f o l l ­
owing: 

n d p . _ 
2T = K + I m1( j g i r , (12) 

1 n d ? i 2 dT1i 2 d ? i 2 
where T = \ I m±L ( ^ f + ( —± f + ( —± )*1 - t o t a l 

->• 
k i n e t i c ene rgy of t h e c l u s t e r s and a s s o c i a t i o n s , p ^ - i s r a d ­
i u s v e c t o r of t h e i - t h body i n t h e a x e s r e l a t i v e to c e n t e r of 
mass of t h e sys tems and 

n m. „ n m. 2 

K = i 4 a±n[ - ^ \ t + z -J- (n^ i - c±ni) 
1 p i 1 p i 

n m i 2 

+ i -4 (c.ci - M i * d3) 
. p 2 i l i l 

Using i n t e g r a l of t h e a n g u l a r momentum of averaged system of 
e q u a t i o n (1) and a p p l y i n g r u l e s of Lagrange m u l t i p l i e r s d e ­
t e rmined c o n d i t i o n a l minimum of t h e sum ( 1 3 ) : 

2 
K I jjf- - 2 L ? ( q c + q n ) + (q? + qn ) 2 J , L 2 = l | + L 2 + L 2 , (14) 

S u b s t i t u t i n g e x p r e s s i o n (14) in (12 ) , we have 

2 d"* 
2T > J_ _ 2L c (q c + q n ) + ( Q g + q ^ J + £ m.( ^ ) 2 (15) 

Then, by u s i n g J a c o b i i n t e g r a l ( 3 ) , L a g r a n g e - J a c o b i e q u a t i o n 
(5) and i n e q u a l i t y (15 ) , we f i n d 

-* 
ri2T T 2 * d f 5 i 9 
J J + 4 Y J - 2 1 ^ 1 I " > i ( d F - ) 2 . (16) 
dji i = l 

where 

Y = | A + i- (q c + q r ) ) ( l - q c - q T i ) , H = L c ( 2 - q ^ - q n ) + 2 h (17) 
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On t h e o t h e r hand i t i s not d i f f i c u l t t o show t h a t , [ 3 ] , 
- > • 

T m < d f > i \ 2 •> X i d J \ 2 na^ 

if1
 m i ( dt~ ) - 4 T ( d l > • ( 1 8 ) 

Consequen t ly from t h e i n e q u a l i t y (16 ) , we have 

d 2 J 1 , d J ,2 . ~ ~ „ L 2 

^ " - 4 J ( d E > + 4 Y J " 2 H - — (19) 
T h i s i n e q u a l i t y i s a g e n e r a l i z a t i o n of t h e Sundman i n e q u a l i t y 
fo r s t e l l a r c l u s t e r s i n g r a v i t a t i n g f i e l d of t h e Ga laxy . 

I n t e g r a l of t h i s i n e q u a l i t y can be w r i t t e n i n t h e form: 

J d I 

/ •• • >_ E, C1 = c o n s t . (20) 
J o /- | YJ2 + 8HJ + C ^ J ^ L 2 

I n v e s t i g a t i o n of above i n e q u a l i t y w i l l be s t u d i e d l a t e r o n . 

THEOREM 1 . If t h e J a c o b i i n t e g r a l h = 0 in (9 ) and a t 
t •*• co (E ->• oo) s a t i s f y c o n d i t i o n 

- * • 

d p i 
iim a_ ( _ i )=«> o, 
t + » d E / T 

(E+co) 
t hen t h e moment of t h e i n e r t i a of t h e system has u n r e s t r i c t ­
ed growth in 

J -\- s h 4 / 3 ( 3 / | - + §- ) , C = c o n s t . 

Proof: C o r r e s p o n d i n g t o [ 9 ] 

y m r a r P i M 2 _ 8 T J - ( d J / d E ) 2 

.£. miC dE ( 7= ) ] " TT *— ' 
1=1 / J J 

s i n c e 
l im Z m,i[ $ = ( - i - ) 3 2 * 0 . 

t h e 

t — i = 1 i dE / y 

(E-*») 

8TJ - ( | | ) 2 * 0 . (21) 

From J a c o b i i n t e g r a l we have 
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T = 30 + AJ. 

Substituting this expression in (21) and using (C), we find 

/ / R d R = E , 6 = BGM, 
Ro /B^TAR3 

for which 

J * s h 4 / 3 ( 3 / f + | ) 

THEOREM 2. If total mechanical energy of a stellar clus­
ter in field of the tidal force of the Galaxy, 

T - B« 1 0 

and Jacobi integral h < 0, then V t >_ 0, function 

pmin = »in<Pu>. 

is satisfied following inequality 

„ /21-rif 
min — / AM 

Proof . From J a c o b i i n t e g r a l i t f o l l o w s 

T - &U = h + AJ <_ 0, 

or 

£• z m.m. p . . < | - h | . 
M i < ; j . l J " l j - ' ' 

This inequality may be written 

P i j ff J j mimJ i l - h l ' ( 2 2 ) 

a s well a s 
n M2 
1 m.m. < £ -

i<J X J - 2 

Then inequality (22) will be written as 

p m in - / AM 

190 

https://doi.org/10.1017/S0252921100066057 Published online by Cambridge University Press

https://doi.org/10.1017/S0252921100066057


THEOREM 3 . For any t i m e T > 0 and small E > 0, 3 T ' , 

T ' > T , such t h a t 

P . ( T . ) < _ _ J M ! 

m i n 2 [ 2 | h | - 2 L - e ] 

Proof : For any l a r g e t i m e t > 0, one can f i n d x '> t such t h a t 

en + 2E > - e 
If n o t , l e t f o r d e f i n i t e 3 a v a l u e T such t h a t 

en + 2H <_ - c , v t > T 

Let u s s o l v e L a g r a n g e - J a c o b i e q u a t i o n (5) in i n t e g r a l from 
t t o t > T ( t - c o r r e s p o nds E = 0) fo r Y > 0 

(dJ /dE) 
J <_ (J Q + 2 7 ) c o s 2YE + ^ — ° - s i n 2YE - gi- . 

From t h i s e q u a t i o n we can o b t a i n t h a t for E»» the.nrxnent of iner t ia 
p e r i o d i c a l l y r e a c h e s t o n e g a t i v e v a l u e ( i f (d J /dE) < 0 or 
(d J /dE) < e ) . EUt 1(E) must be p o s i t i v e . Hence, t h e r e exis ts 
T ' > T (E ' > E) such t h a t 

en + 2 H > - e. 

Since H = h+I , t h e n 

en > - e + 2 | h | - 2L 

making t h i s i n e q u a l i t y s t r o n g e r we o b t a i n 

p . < P " 2 

m i n 2 [ 2 | h | - 2L - e ] 
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