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INDUCTION AND RESTRICTION OF 77-SPECIAL 
CHARACTERS 

I M. ISAACS 

1. Introduction. The character theory of solvable groups has undergone 
significant development during the last decade or so and it can now be 
seen to have quite a rich structure. In particular, there is an interesting 
interaction between characters and sets of prime numbers. 

Let G be solvable and let 77 be a set of primes. The "77-speciar 

characters of G are certain irreducible complex characters (defined by 

D. Gajendragadkar [1] ) which enjoy some remarkable properties, many of 

which were proved in [1]. (We shall review the definition and relevant facts 

in Section 3 of this paper.) Actually, we need not assume solvability: that 

G is 77-separable is sufficient, if we are willing to use the Feit-Thompson 

"odd order" theorem occasionally. We shall state and prove our results 

under this weaker hypothesis, but we stress that anything of interest in 

them is already interesting in the solvable case where, of course, the "odd 

order" theorem is irrelevant. 
Gadjendragadkar's paper proves a number of results concerning the 

behavior of 77-special characters with respect to induction and restriction, 
but it leaves some questions unanswered. For instance, suppose G is 
77-separable, H Q G and x e Irr(G) is 77-special. Gadjendragadkar shows 
that if \G:H\ is a 7r'-number, then Xu is necessarily irreducible and 
77-special. Without the assumption on the index of // , of course, there is no 
reason to expect X// to be irreducible. If we assume Xu *s irreducible, 
however, must it be 77-special? The answer is "no" in general, but "yes" if 
2 <£ 77. 

THEOREM A. Let G be IT-separable with 2 <£ 77 and let x G Irr(G) be 
IT-special. If H Q G and xp = Xu G Irr(//), then \p is m-special. 

There are two difficulties which arise when considering the analogous 
question about induced characters. If x = ^° e Irr(G) is to be 77-special, 
where \p e Irr(//), the definition requires x(l) be a 77-number, and this 
forces H to have 77-index. The other problem is more subtle, since the 
definition requires x to have 77-determinantal order and yet extra minus 
signs occasionally appear in the computation of determinants of induced 
representations. These signs can introduce a factor of 2 into the 
determinantal order, and this causes difficulties if 2 £ 77. 
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77--SPECIAL C H A R A C T E R S 577 

In order to resolve this sign problem, Gadjendragadkar introduced 
a certain linear character of H (with values ± 1 ) and he called this 
somewhat mysterious sign character csn^i (H on G). Section 2 of this 
paper serves two purposes. The first of these is to give an exposition of 
Gadjendragadkar's sign character which includes a description of its 
definition and key properties (with proofs). Also, at the suggestion of E. C. 
Dade, we have extended the definition of this character (which in our 
notation is written S^G.H)) to include the case where \G\H\ is not 
necessarily a 77-number. In fact, in all but Section 7 of this paper, this 
extension of the definition is irrelevant and we only use 5 ^ : / / ) when H has 
77-index. In Section 7, however, we give (our proof of) a theorem of Dade 
for which the extended definition is essential. 

Suppose N <3G and 6 e Irr(TV) and let H = IG(0), the inertia group. In 
this situation, character induction defines a bijection (called the Clifford 
correspondence) from lrr(H\0) onto Irr(G|#). If \G\H\ is a 77-number, 
Gadjendragadkar showed (in Theorem 5.10 of [1] ) that for \p e Irr(//|0), 
\pG is 77-special if and only if v\p is 77-special, where 

v = S ( 6 : / / ) if 2 £ 77 and v = \H if 2 G 77. 

Our Theorems B and C generalize Gadjendragadkar's result to the 
situation where H is not necessarily an inertia group (except that we 
require the assumption 2 £ 77 to make the "if" part of the result go 
through.) 

THEOREM B. Let G be ir-separable with 2 £ 77 and suppose H Q G has 
m-index. Suppose xp e Irr(H) and \p = x e Irr(G). Then x ^ ^-special if 
and only if S(6://)i^ is ir-special. 

The "only if" part of Gajendragadkar's theorem generalizes for all TT 
and we can even weaken the hypothesis that \pG is irreducible. 

THEOREM C. Let G be IT-special and let H Q G. Suppose \p G lrr(H) and 
that every irreducible constituent of\p is TT -special. Then \G\H\ is a TT-number 
and p\p is TT-special, where 

v = 1// if 2 e m and v = $(C:H) iJ ^ & <n-
We mention that the part of Theorem C which asserts that \G\H\ is 

a 77-number was needed (and proved) in [5]. 
What is left of Theorem B if we drop the condition that \G\H\ is a 

77-number? In this case, E. C. Dade, in a private communication, pointed 
out that if we consider a certain larger set of irreducible characters of G 
than the 77-special characters, then Theorem B generalizes to this situation. 
We write D^(G) to denote the set of x G Irr(G) of the form x = ^ 6 where 
\p G lrr(H) and 8^G.H)\p is 77-special for some subgroup H of G. 

THEOREM D (Dade). Let G be TT-separable with 2 £ TT and let H Q G. 
Suppose \p G lrr(H) and \pG = x G Irr(G). Then x G D<rr(G) if and only if 

https://doi.org/10.4153/CJM-1986-029-5 Published online by Cambridge University Press

file:///G/H/
file:///G/H/
file:///G/H/
file:///G/H/
file:///G/H/
https://doi.org/10.4153/CJM-1986-029-5


578 I. M. ISAACS 

With Dade's permission, we include our proof of this result. We also 
present a few related properties of the set D^G). 

The final question we consider is the following. Suppose H Q G and 
\p e lrr(H) is 77-special. If \p is extendible to G, must it necessarily have 
a 77-special extension? The answer is "yes" if 2 £ 77 or if \G\H\ is a 
^-number, but we have not been able to settle the general case. 

THEOREM E. Let G be u-separable with 2 £ 77 and let H Q G. Suppose 
xp e lrr(H) is 77-special and extendible to G. Then \p has a m-special extension 
to G. 

For the case that \G:H\ is a Tr'-number, we get an even stronger result in 
that we do not have to assume that \p is extendible to G. It suffices that it 
be "invariant" on 77-elements. 

THEOREM F. Let G be ir-separable and suppose H Q G has IT'-index. Let 
\p G lvv(H) be Tr-special, and assume \p(x) = \p(y) whenever x and y are 
G-conjugate tn-elements of H. Then \p has a m-special extension to G. 

In particular, if H is a Hall 77-subgroup of G, then \p G Irr(//) is 
automatically 7r-special and we have the following. 

THEOREM G. Let H be a Hall m-subgroup of the m-separable group G and 
let \p e lrv(H). Then \p extends to G if and only if it is invariant in the sense 
that \p(x) = \p(y) whenever x, y e H are G-conjugate. 

Note that although Theorem G is proved using 7r-special characters, its 
statement is independent of Gajendragadkar's definition. In fact, this 
result is a generalization of Gallagher's theorem which is precisely the case 
where H <3 G. (See Corollary 8.16 of [4] ). 

We mention that using the deeper techniques of [8], it is possible to 
prove Theorem G even without the assumption that \p is irreducible. A 
proof of this will appear in [9]. 

We close this introduction by referring the reader to the papers [1], [2], 
[5] and [8] where further applications and properties of 77-special 
characters can be found. 

2. Sign characters. Suppose H Q G and xp e Char(//). We wish to 
explore the connection between the linear characters X = det(^) of H and 
ju = det(^ ) of G. These linear characters are related via the transfer 
map 

V<G:„yG -+ H/H' 

and in fact we shall see that 

li(g) = ±X(V(G:H)(g)) 

where the ± sign depends on the particular element g ^ G. (For instance, 

https://doi.org/10.4153/CJM-1986-029-5 Published online by Cambridge University Press

file:///G/H/
https://doi.org/10.4153/CJM-1986-029-5


77-SPECIAL C H A R A C T E R S 579 

if *// = \H, then X = \H but ju = det((l7/) ) is the permutation sign 
character associated with the action of G on the right cosets of H.) 

Often, the sign problem can be corrected by introducing an appropriate 
sign character 8 of the subgroup H. (By a sign character, we mean a linear 
character with values ±1.) It was for this purpose that Gadjendragadkar 
[1] introduced his sign character csn™ (H on G). The principal goal of this 
section is to give an exposition of, and to expand upon, Gadjendragad-
kar's sign character. (The treatment we present here was influenced by 
helpful comments of the referee and by the suggestion of E. C. Dade that 
the case where the index \G\H\ is not necessarily a 77-number should be 
considered too.) 

Suppose H Q G and let À be a linear character of H. We define the 
function /x on G by setting 

/1(g) = X(V(G.H)(g)). 

Since the transfer map is a homomorphism, /A is a linear character of G and 
in fact, /x = X® \ the "tensor induced" character. (Readers unfamiliar 
with tensor induction may take this as the definition for linear X.) 

(2.1) LEMMA Let H Q G and let ^ e Char(//). Then 

d e t ( ^ ) - € det(;//)0G 

where e = det( (1//) ) if^W is odd and e — \G otherwise. In any case, e is a 
sign character of G. 

Proof. Let ^ b e a representation of H affording \p and let T be a right 
transversal for H in G. Then ^G is afforded by the "block monomial" 
representation ®J J with block positions indexed by pairs (t, s) e T X T. 
For g e G, the (t, s)-block of WG(g) is zero unless tg e Hs in which case 
the block equals (&{tgs~x). 

To compute det ®JG(g), permute the rows of ^G(g) so as to rearrange the 
blocks and put the matrix into block diagonal form. It follows that for 
some sign function e(g) = ± 1 , we have 

c(g)det(^G(g) ) = I I det ^tgs~v) 

where in each factor on the right, s e T is uniquely determined by / e T 
so that tg <= Hs. 

This yields 

det(*c)(g) = e(g)det(M^C : / / )(g)) 

and 

det(i//;) - e det(^)0 ( 7 

as required. 
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What remains is to compute e. If \p(\) is even, the blocks in the matrix 
^ 6 ( g ) have even size and there is no sign penalty for their rearrangement. 
If ^(1) is odd, however, e(g) is the sign of the permutation of T induced by 
g. This equals det( (l^)G)(g). 

We can sometimes eliminate the sign character e in 2.1 by multiplying \p 
by an appropriate sign character of H before inducing to G. We say that a 
sign character 8 of H Q G has the induction determinant property in G if 

det( (Srpf) = de t (^) 0 ( ; 

for every \p E Char(7/). 
We mention that there does not always exist a sign character of H 

having the induction determinant property nor is it necessarily unique if it 
does exist. 

(2.2) LEMMA. Let H Q G and let ^ e Char(#). Then o(^G) divides 2o{^) 

and if 8 is a sign character of H having the induction determinant property, 

then o( (&//) ) divides o(\p). 

Proof Write X = det(i//) and m = o(\ft = o(\) so that X(hm) = 1 for all 
h e H. We have 

de t (^ ) (g w ) = ±X(V(G:H)(g
m)) = ± 1 

since the transfer map V^G.H) is a homomorphism. It follows that 

detW(g2m) = 1 

as required. 
If 8 has the induction determinant property, then 

det(Wf)(g",) = \(V(G:M)(g
m))= 1 

and the proof is complete. 

Our next task is to produce sign characters which do, in fact, have the 
induction determinant property. 

(2.3) LEMMA. Suppose H Q G has odd index and let 

8 = det(( l / 7)G) 

so that 8 is the permutation sign character of the action of G on the right 
cosets of H. Then 8H has the induction determinant property for H in G. 

Proof We have (8H\pf = 8xpG and so 

det( (8Hxpf) = Ô^(1)det(^G). 

Since \G\H\ is odd, we have 
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where e is as in Lemma 2.1. We now have 

det( (8Hxpf) = e det(i//G) = d e t ( ^ ) 0 ( ; 

by 2.1. 

Now suppose a group H acts on some set fi. We shall write o ^ to 
denote the associated permutation sign character of H. In particular, if 
H Q G and an / /-composit ion series for G is chosen, then each 
composition factor F in this series determines a sign character a ^ of H. 

(2.4) Definition. Let H Q G where G is 77-separable and fix an 
/ /-composit ion series for G. We define sign characters of H. Write 

a) °(G:H) = I I 0[F] 
F 

where F runs through the / /-composit ion factors of G which are 77-groups. 
Also, write 

b ) à(G:H) = 0(G:H)°(H:Hy 

We call 8(G:H) the ir-standard sign character of H with respect to G. 

Note that by the Jordan-Holder theorem, o,G.H) and £ ( 6 : / / ) are 
independent of the choice of the composition series. In general, however, 
they do depend on 77 and not just on the groups H and G. In the case that 
2 £ 77 and |G:/ / | is a 77-number, we shall see that 5 ( G : / / ) is exactly 
Gajendragadkar 's sign character c s n ^ i ( / / on G). Also, by Theorem 2.11, 
near the end of this section, we give another formula for S ( G : / / ) in this 
case. 

The next result lists some essential properties of the 77-standard sign 
character 8^G.Hy 

(2.5) T H E O R E M . Let G be 77-separable with 2 ^ IT. 

a) If H Q G and \G:H\ is a m-number, then 8^G.If, has the induction 
determinant property in G. 

b) If H ç K Q G, then 

8(G:H) = (8(G:K))HS{K.H). 

c) If H Q G and \G:H\ is a IT'-number, then 

à(G:H) = !//• 

d) IfN Q H Q G and N <d G, then 

N ç ker(ô ( G : / / )) . 

é)IfG = XY and either X or Y is of the form N(X n Y)for some N <3 G, 
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We mention that in the situation of Theorem 2.5(a), Lemma 2.3 suggests 
that perhaps 

8 ( C : / / ) = d e t ( ( ( l l / )
c ) / / ) . 

As we shall see at the end of this section, this is not necessarily true. 
To prove Theorem 2.5 we accumulate a few preliminary results. The 

first of these is fairly well known and the others are essentially trivial. 

(2.6) LEMMA. Let H act by automorphisms on a group X and suppose 
Y Q X admits H. 

a) If( |//|, \X\ ) = 1, then each H-invariant right coset of Y in X contains 
exactly \CY(H) | //-fixed elements. 

b)IfY<\X and \X\ is odd, then 

°[X] = °[Yf[X/Y]-

Proof. To prove (a), let Yx be //-invariant. Then Y acts transitively on 
Yx via z • y = y~~ z for z e Yx. This action is compatible with the action 
of H on Y (in the sense of Glauberman's lemma 13.8 of [4] ). Since one of 
H or y is solvable by the "odd order" theorem, we conclude by 
Glauberman's lemma that Yx contains //-fixed elements, and these 
constitute a single orbit under C y ( / / ) . It follows that these elements form 
one right coset of CY(H) and (a) is proved. 

For (b), it suffices to check that the sign characters behave as 
stated when restricted to a Sylow 2-subgroup of / / and so, without 
loss of generality, we may assume that H is a 2-group and hence 
(\Hl\X\) = 1. 

Let a be the permutation character of H on the elements of X and let 
P and y be the permutation characters on Y and XI Y respectively. For 
h e //, application of (a) to the group (h) yields that a(h) = /3(h)y(h) and 
so a = ySy. We have 

o[x] = det(a) = de t (^ ( 1 ) de t (y / ( 1 ) = a[Y]a[x/Y] 

since y(l) and /?(1) are odd. 

We can now replace the //-composition series in Definition 2.4 by an 
arbitrary //-invariant subnormal series for which each factor is either a 
77-group or a 77r-group. We shall refer to such a series as a good //-series 
in G. 

For the rest of this section we assume that G is 77-separable and 
2 <£ 77. 

(2.7) COROLLARY. Let H Q G and choose any good II-series in G. 
Then 

°\Cr.H) = I I 0[F] 
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77-SPECIAL CHARACTERS 583 

where F runs over the <n-factor s of the given series. 

Proof. Refine the given good //-series to an //-composition series and 
apply Lemma 2.6(b) repeatedly. 

(2.8) LEMMA. Let H Q G and suppose a good H-seriesfor G is given with 

the property that each ir-factor is either covered or avoided by H. Then 

à(G:H) = 1 1 °[F] 

where F runs over those m-factors (if any) avoided by H. 

Proof. We can write 

°(G:H) = I I <J[F] l l 0[E] 
F E 

where E runs over the 7r-factors covered by H. These are //-isomorphic to 
all of the 7r-factors in a good //-series for H and so the second product 
equals a( / / : f / ) and the result follows since (o^H:H))

2 is trivial. 

Note that in an //-composition series for G, each 77-factor is abelian by 
the "odd order" theorem and it follows that each is either covered or 
avoided by H. It follows via Lemma 2.8 that our 77-standard sign character 
S(G:/f) agrees with Gadjendragadkar's sign character csn^(H on G) 
whenever his is defined. 

(2.9) COROLLARY. Suppose H Q G is maximal and has ir-index. Then 
a)« ( C : W ) = d e t ( ( ( l l / )

c ) l / ) . 
b) S(c:/7) has the induction determinant property in G. 

Proof. Let V = coreG(//) and let U/V be a chief factor of G. Then 
U % H and so HU = G and U/V is a 77-group. It follows that U/V is an 
//-composition factor of G which is avoided by H. (Using 2 £ 77 and the 
"odd order" theorem.) In fact, Ul V is the only //-composition factor (in a 
suitable series) avoided by H and so 

à(G:tI) = °[U/Vy 

To prove (a) it suffices to show that the actions of H on its own set of 
right cosets by right multiplication and on U/V by conjugation are 
permutation isomorphic. We have a natural bijection from the elements of 
U/ V onto the set of right cosets of H in G via the map which takes Vu to 
H (Vu) = Hu. Since this carries (Vu)h to H(Vu)h = Huh for h e H, part 
(a) follows. 

Now (b) is immediate from (a) via Lemma 2.3. 

Proof of Theorem 2.5. We start with (b) and so we assume H Q K Q G 
and we fix a AT-composition series for G and observe that this is 
automatically a good //-series in G. It follows via Corollary 2.7 that 
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°(G:H) — (°(G:K))H 

and similarly 

°(K:II) =
 (°(K:K))H-

Therefore 

(8(G:K))lI8(K:H) = (0(G:K)0(K:K))u0{K:H)°{H:H) 
= 0(G:H)0(K:H)°(K:H)0(H:H) 
= "((7://) 

since (o{K.H)) is trivial. This proves (b). 
We work by induction on \G\H\ to prove (a). The case where H = G is 

trivial and the result follows by 2.9(b) when H is maximal in G. In the 
remaining case, we choose K with H < K < G and observe that by 
the inductive hypothesis, 8^G:K) and 8^K:H) have the induction determinant 
property in G and K respectively. Let \p e Char(//) and compute 

(8(G:H)^)G = (((8(G:K))H8(K:H)^ff = (S(G:K)(8(K:H)^f)C• 

Therefore 

de t (S ( C : / / ) ^ = ((demfKfG = (detW)®c; 

where the last equality follows, for instance, by the transivity of the 
transfer map. This proves (a). 

Part (c) is immediate by Lemma 2.8 because H covers every 
//-composition factor which is a 77-group when \G\H\ is a 77r-number. 

For (d), choose an //-composition series for G through N and note that 
the only factors which H avoids lie above TV and so TV acts trivially on each 
such factor. For all these factors F, we have (0[p~\)N = \N and hence 

(°(G:I1))N = 1/V 

by 2.8. 
Now for (e), assume first that X = N(X D Y). Choose a Y-composition 

series for G through TV and note that by intersecting the terms of this series 
with X, we obtain a good (X D Y)-series for X through TV. Since TV Q X, 
the terms of this series below TV are the terms of the original series below TV 
and since 

Y n TV = (X n Y) n N, 

a 77-factor of this series below TV is covered or avoided by X Pi Y. All 
factors of the original series above TV are covered by Y and all factors 
above TV in the intersected series are covered by X n Y. Lemma 2.8 now 
yields that 

(°(G:Y))xnY = 8(X:XnY) 

as required. 
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7T-SPECIAL CHARACTERS 585 

Finally, assume Y = N(X n Y) in (e). By (b), we have 

(°(G:Y))xnY°(Y:XnY) = ^(G.XnY) = (^(G:X))xnY^(X:XnY)' 

Since 

($(G:X))xnY = à(Y:XnY) 

by the part of (e) already done, substitution and cancellation yield the 
result. 

We close this section with some further observations about 
the 77-standard sign character which will not, in fact, be needed in the 
remainder of this paper. Although it is not true in general (or even under 
the assumption that \G\H\ is a 7r-number) that 

8 (C : / / ) = de t ( ( ( l w ) c ) f f ) , 

we have the following. 

(2.10) LEMMA. Let S be a TT-complement in G. Then 

S(G:s> = de t ( ( ( l x ) c ) s ) . 

Proof. Let a be the permutation character of S on its right cosets so 
that 

By Theorem B of [6], we can write 

a = I I «[/T] 

where F runs over the m-iactors in an ^-composition series for G and a ^ is 
the permutation character of S in its action on F. 

Since each «rFi(l) is odd, we have 

°(G:S) = I l o[F] = I T det(a[F] ) = det(a). 
F F 

However, o^s.S) = \ s since S has no 7r-factors, and thus 

8(G:S) = °(G:S) = d e t ( « ) -

Lemma 2.10 enables us to produce a formula for S(G.S) (when \G\H\ is a 
77-number) which does not involve the choice of an //-series for G. 

(2.11) THEOREM. Let H Q G with \G\H\ a ir-number. Let S Q H be a 
77-complement. Then 

S(C.H) = det(((lsf)H)det((\sf). 

Proof. Since both sides of the asserted equality are sign characters of H 
and \H:S\ is odd, it suffices to show that both sides have the same 
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restriction to S. By 2.10, the right side yields 8(G:S)S{H:S) and the left side 
gives (8(G:H))S. By Theorem 2.5(b), we have 

and the result follows. 

We close by sketching an example which shows that the equation 

«(C:,/) = d e t ( ( ( l / / )
c ) / / ) 

does not necessarily hold even when \G\H\ is a 77-number. 
Let 77 be the set of all odd primes and let G be solvable with S e Syl2(G) 

and G = 02(G). Suppose we can find a subgroup H Q G with S Q //, 
\H:S\ = 3 and S <l H. Since G = 02(G) can have no nontrivial sign 
character, we have 

d e t ( ( l s ) c ) = l c 

and so 8(G.H) = det( (l^)77) by 2.11. Now (\S)
H is a permutation character 

of degree 3 and 

|///core /7(S) I > 3 

and it follows that 8,G.H) is nontrivial. On the other hand, 

det ( ( l„ ) c ) = l c 

and so we cannot have 

«,<;:,/) = det( ( ( l„) C )„) . 

To construct an explicit example where all this happens, let 

G = 0 2 ( 2 4 ~ Z3) 

so that G = B X I Z3 and B has index 2 in 2 4 X 2 4 X 2 4 . Take 

H = (Z4 X D X D) n B 

where D G Syl2(24). Note that S = (D X D X D) n B is not normal 
in / / or else it would be normal in (//, Z3) = G and thus contained in 
0 2 ( 2 4 X 2 4 X 24). This is not the case since 

| 0 2 (2 4 X 2 4 X 24) I = 26 < 28 = |S|. 

3. 77-special characters. In this section, we review the definition and 
some of the key properties of 77-special characters. 

(3.1) Definition. Let G be ^-separable and let x Œ Irr(G). Then x is 
^-special provided that its degree xO) 1S a ^-number and that the 
determinantal order 0(6) is also a 77-number for every irreducible 
constituent 9 of the restriction of x to every subnormal subgroup of G. 
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Note that if x is 77-special, then every irreducible constituent of the 
restriction of x to a normal subgroup is 77-special. 

One of the most striking properties of 77-special characters is the 
following. 

(3.2) THEOREM. (Gadjendragadkar) Let G be ir-separable and lei 
X, ^ e Irr(G) be 77-special and TT'-special respectively. Then x^ is if reducible. 

Furthermore, if x^ = x'41' where x' and ^ are also ir-special and m'-special, 

then x = x ' and *P = ^''• 

Proof. This is Proposition 7.1 of [1]. 

In particular, if 2 £ 77 and x G Irr(G), then there is at most one 
character 8 such that 8 = l ç and ôx is 77-special. This follows since 
X = (X^) ' ^ i s the 77 — 77' factorization of x- This proves a kind of 
uniqueness in our Theorems B and C. 

How can one tell if x G Irr(G) is 77-special? Choose a maximal normal 
subgroup N <3 G and let 6 be an irreducible constituent of X/v- If X i s 

77-special then so is 6. Conversely, suppose we can establish somehow 
(perhaps via an inductive hypothesis) that 6 is 77-special. The following 
result is then useful. 

(3.3) L E M M A . Let N <3 G (where G is IT-separable) and let 6 e Irr(A^) be 
77-special. 

a) If G/N is a TT-group, then every irreducible constituent of 0 is 
ir-special. 

b) If G/N is a IT''-group and 6 is invariant in G, then 6 has a unique 
extension x to G with o(x) a 77-number. This extension is ir-special. 

Proof. See Propositions 4.3 and 4.5 of [1]. 

An easy consequence of Lemma 3.3(b) which we shall need is the 
following, which appears as part of Lemma 2.10 of [5]. 

(3.4) L E M M A . Let N Q H Q G with G/N a ir'-group and let 0 G I r r ( / / ) . 
Suppose every irreducible constituent of 0 is TT-special. Then H = G. 

Next, we mention the following result on restrictions. 

(3.5) T H E O R E M . (Gadjendragadkar) Let G be m-separable and suppose 
H Q G has IT'-index. Then restriction defines an injection of the set of 
ir-special characters of G into that of H. 

Proof. This is Proposition 1.6 of [1]. 

Finally, we give a useful criterion for establishing that a character has a 
7T — TT' factorization in the sense of Theorem 3.2. In particular, this will 
show that every quasiprimitive character factors. 

(3.6) T H E O R E M . Let G be ir-separable and suppose x e Irr(G). Assume 

there exists a normal series 
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1 = G0 ç G, ç . . . ç Gm = G 

such that each factor of the series is either a m-group or a IT''-group and each 
restriction xG

 /5 a homogeneous character. Then \ = &$ for some it-special 
character a and TT'-special character ($. 

Proof This follows by repeated application of Lemma 2.5 of [5]. 

4. Induced characters. In this section, we prove Theorem C. 

(4.1) THEOREM. Let G be m-separable. Suppose H Q G and \p e Irv(H) 
and assume that every irreducible constituent of ^ is ir-special. Then 

a) \G\H\ is a m-number. 
b) vty is m-special, where v=\Hif2^TT and v = 8^G.H) if 2 £ IT. 

Proof. Working by induction on |G| we may assume |G| > 1. Let N <3 G 

be a maximal normal subgroup and write K = N n H. Let <p be an 

irreducible constituent of \pK and observe that <p is a constituent of (\p J)N. 

Since N <3 G, it follows that all irreducible constituents of <pN are 77-special 

and the inductive hypothesis applies. We conclude that |iV:A |̂ is a 

77-number and that /x<p is 77-special, where \i = l^if 2 e 77 and /x = 8{N.K) if 

2 £ 77. 

H xj, 

K <p 

Now consider the case where G/N is a 77-group. Here, (a) is clear since 
\G:H\ divides \G:K\ = \G\N\ \N:K\, a 77-number. 

We claim that vK = /x. This is clear if 2 G 77 so assume 2 £ TT. Then 

V = "(6: / / ) = °(NH:H)(°(G:NH))H 

by Theorem 2.5(b). However, TV ç ker(8,G.NH)) by 2.5(d) and so 

à(G:NU) = ^NH 

since NH/N has odd order because 2 £ TT. Therefore 

VK = (8(NH:H))K = à(N:K) ^ M 

by Theorem 2.5(e). 
We now know that the 77-special character ju<p is a constituent of (inp)K. 

Since H/K is a 77-group, Lemma 3.3(a) implies that vxp is 77-special, as 
desired. 
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In the remaining case, GIN is a 77r-group. Let T = IH{y), the inertia 
group, and let TJ e Irr(T) with i\H = \p. Let £ be any irreducible 
constituent of i)NT. Then if is a constituent of r]G = t//G and so all 
irreducible constituents of if are 77-special. By Lemma 3.4, we conclude 
that JVT = G and it follows that NH = G and T = H so that <p is invariant 
in // . In particular, \G:H\ = \N:K\, a 77-number, and (a) is proved. 

In this case too, we have vK = JU. Again, this is trivial if 2 e 77 and 
otherwise 

^ = (S(G:H))K = à(N:K) = M 

by Theorem 2.5(e). It follows that /x is invariant in H and thus JLKJP is an 
//-invariant 77-special character of K. By Lemma 3.3(b), jiup has a 77-special 
extension y e Irr(//). Since v\p e Irr(i/) lies over juup, it follows by 
Gallagher's lemma (6.17 of [4] ) that v^ = /?y for some j8 e I r r ( / / /#) . It 
now suffices to show that ft = \H. 

By Lemma 3.3(b), restriction defines an injection from the set of 
77-special characters of G to that of N. Since all irreducible constituents 
of ^G are 77-special, it follows that if x is any one of these we have 

bPG, x l = [ <sl>G)N, x N \ = t WK)N> x N l 
Now \pK = fi(\)<p and this yields 

W-C,x] = M)lvN,XN] = mivG,x\-

However, \p is a constituent of qo and we have 

WG, X] = 0(l)fo>c, x] ^ j8(l)W,c, X ] . 

Since [*//G, x] > 0, we conclude that /}(1) = 1. 
Now y8 is a character of HIK and so there exists a (linear) character 

X e Irr(G/iV) with X/7 = /2. We compute 6>(X^G) in two ways. 
First, 

XXPG = ( ^ ) C = (i7)C 

since vxp = /?y and /?(1) = 1. If 2 £ 77, then v = S(G.H) has the induction 
determinant property by Theorem 2.5(a) and so Lemma 2.2 yields that 

o( (py) ) divides o(y). 

Since y is 77-special, we conclude that o(X^ ) is a 77-number. If 2 e 77, 
however, then *> = 1^ and 

o(y ) divides 2 • 6>(y) 

by Lemma 2.2. Thus, in any case, we have that o(X\p ) is a 77-number. 
On the other hand, 

det(X^) = Xmdet(^G) 

where 
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m = ^ ;(1) = \G:HW) = \G:H\<p(\) 

is a 77-number. Also, o(\pG) is a 77-number since all of its irreducible 
constituents are 77-special. Now o(X) is a ^'-number since A G hv(GIN). It 
follows that o(X) divides o(X\pG) which we have established is a 77-number. 
Therefore X = \G and thus yS = 17/, as desired. 

5. Irreducible induction and restriction. In order to prove Theorems A 
and B, we need the following result. 

(5.1) PROPOSITION. Let G be p-solvable with p ^ 2, and let K/L be a 
p-chief factor of G. Suppose HK = G and H n K = L and assume 
C„(K/L) = L.LetK Q X Q G and write Y = X n H. Let 9 G Irr(^) and 
cp G Irr(L) w/Y/z [flL, <p] 7̂  0. 

6 K^ Y 

a) 7/ there exists x e Irr(G) such that XH is irreducible and XK *S a 

multiple of 6, then restriction defines a bijection 

\xx(X\6) -> Irr(7|v). 

b) If there exists \p G lrr(H) such that \p is irreducible and \pj is a 
multiple of <p, then induction defines a bijection 

Irr(F|<p) -> lrr(X\6). 

Proof In situation (a), it suffices to show that 0L = <p since the result 
then follows by Lemma 10.5 of [3]. Similarly, in situation (b), it suffices to 
show that cpA = 6 since then IK(<p) = L and hence IXM == Y and the 
result follows by the standard Clifford correspondence (Lemma 10.4 of [3] 
or Theorem 6.11 of [4] ). 

Under the hypotheses of either (a) or (b), we claim that it is not possible 
for 6 and cp to be "fully ramified" with respect to K/L. This follows from 
Theorem 1.6 of [7], together with the observation that the hypotheses 
guarantee that every complement for K/L in GIL is conjugate to 
HIL. (We are using the /^-solvability here and the assumption that 
Cn(KIL) = L.) 

Now assume we are in situation (a). Then 6 is invariant in G and since 0 
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is not fully ramified with respect to K/L, there are two possibilities by the 
"going down" theorem (6.18 of [4] ). Either 0L = y and we are done, or 0L 

is a sum of \K\L\ distinct irreducible constituents. In the latter case, 
let T = IG(<p). Then T n K = L and since 6 is invariant in G, we have 
TK = G. Therefore, TIL is a complement for K/L in GIL and thus T is 
conjugate to H. It follows that Xr *s irreducible, and this is impossible 

since T < G and x is induced from T. This completes the proof of (a). 
Under the hypotheses of (b), cp is invariant in H and the "going up" 

theorem (Problem 6.12 of [3] ) applies. Since we know that <p is not fully 
ramified with respect to K/L , there are just two possibilities. One is that 
<pK = 0, in which case we are done. What remains is to eliminate the 
possibility that cp is a sum of \K:L\ distinct irreducible constituents. 

In that case, G permutes these irreducible characters transitively since 
\pG is irreducible and <p is a constituent of (\p ) K . In particular, K < G and 
we let M/K be a chief factor of G. Since CG(K/L) = K and G is 
/^-solvable, we conclude that M/K is a pf-group. It follows that M/K acts 
trivially on any set of /?-power size on which G/K acts transitively. We 
conclude that M stabilizes all of the irreducible constituents of <p . In 
particular, 6 is invariant in M. 

Now 

\K.L\6{\) = < / ( l ) = \K:L\q{l) 

and so 0(1) = <p(l) and 6L = <p. The other irreducible constituents of <p 
are precisely the characters \0 as X runs over Irr(AVL). Since these must be 
distinct for distinct À, and all of them are invariant in M, it follows that M 
stabilizes each X and so M Q C(K/L). This is a contradiction, and 
completes the proof. 

We remark that part (b) of this result has a nontrivial intersection with 
Proposition 3.6 of [5]. 

6. More induced characters. We are now ready to prove Theorem B 
which we restate here. 

(6.1) THEOREM. Let G be m-separable with 2 ^ IT, and let H Q G with 
\G:H\ a IT-number. Suppose \p G lrr(H) and assume \pG' = x e Irr(G). Let 
8 = 8(G:Hy Then x is ir-special if and only if 8^ is IT-special. 

Proof. Since the "only if" part follows from Theorem 4.1, we need to 
prove "if". Work by double induction: first on \G\ and then on 
\G.coreG(H) |. Note that if H = G, the result is trivial and so the 
inductions are suitably initialized and we may assume H < G. Let L O G 
be maximal with the property that LH < G. Write U = LH and suppose 
U > H. Let 

X = Ô(U:H) a n d M = 8(G:U) 
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and observe that 8 = JXHX by Theorem 2.5(b). 
Write ^u = i) G Irr([/). We have 

Mf = M ^ lrr(U) 

and 

Ml̂ /WO = fy is 77-special. 

Since U < G, the inductive hypothesis yields that fir] is 77-special. Also, 
r)J = x and a second application of the inductive hypothesis yields that x 
is 77-special. (Note that 

coreG((7) = L > coreG(H) 

by the maximality of L and the assumption that U > H.) 
We may now assume L Q H (and thus L = coreG(H) ). Let K/L be a 

chief factor of G so that KH = G by the maximality of L. Then \G:H\ 
divides \K/L\ which is therefore a 77-group. 

Since 2 £ 77, the "odd order" theorem implies that G is 77-solvable and 
in particular, A7L is an elementary abelian/?-group and/? ¥^ 2. Also, G is 
/^-solvable since/? E 77. Furthermore, H n K = L since K/L is abelian, 
and CH(K/L) = L since this centralizer is necessarily normal in G. 

Let <]D be an irreducible constituent of \\JL and write T = IH(<p) and 
S = KT. Assume T < H and let TJ G Irr(r|<p) with TJ77 = 1// and let £ = rf\ 
Since £ ' = 17 = \p = x, we see that £ is irreducible. 

Since 8^ is 77-special, ip(l) is a 77-number and thus \G:S\ = |//:T| is a 
77-number. Write y = 8^G.S) and observe that yT = 8{H.T) by Theorem 
2.5(e). Now 

(8T7i)H = 8^ 

is 77-special, and thus yT(8T7]) is TT-special by Theorem 4.1. Also, 

(ytnf = y£ e Irr(S) 

and S r = S(£:r) by Theorem 2.5(e). Since 8T(yfq) is 77-special, the 
inductive hypothesis yields that y£ is 77-special. (Since we are assuming 
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T < H, we have S < G and the inductive hypothesis does apply.) 
Finally 

coreG(S) 2 K > L = core6(7/) 

and the inductive hypothesis implies that x is 77-special, as desired. 
We are now reduced to the situation where <p is invariant in H. If K = G, 

then H = L O G. In this case, 8 = \H by Theorem 2.5(d), and thus ^ is 
77-special and it follows that x is 77-special by Lemma 3.3(a). We may now 
assume K < G and we let K Q N <3 G where TV is a maximal normal 
subgroup. Let M = N C\ H. 

Let i] be an irreducible constituent of \pM and write £ = riN. Observe that 
£ <E Irr(jV) by Proposition 5.1(b) and that 

XN = WGh = ttMf 
so that £ is a constituent of XN- Also note that 

°(N:M) = °A/ 

by Theorem 2.5(e). 
Since 8\p is 77-special and M <3 H, we have 8̂ 77 is 77-special and thus £ is 

77-special by the inductive hypothesis applied in N. If G/N is a 77-group, 
then x is 77-special by Lemma 3.3(a). 

Finally, suppose G/N is a 77/-group. Since xO) = \G:H\\^(\) is a 
77-number, we conclude that XN 1S irreducible and thus XN = £• By Lemma 
3.3(b), it suffices to show that o(x) is a 77-number. We have, however, 

X = (8(8^) f 

and thus 

o(x) divides o(8\p) 

by Theorem 2.5(a) and Lemma 2.2. Since 8\p is 77-special, the result 
follows. 

That 2 £ 77 was used in the above proof in order to apply the "odd 
order" theorem and conclude that G is 77-solvable. Even if we assume G is 
solvable, however, there seems to be no analogous result when 2 e 77 as 
the following example will show. It is in Proposition 5.1 where oddness is 
used in a fundamental way. 

(6.2) Example. There exists a solvable group G with subgroup H and 
^ <= lrr(H) such that 

a) \G\H\ is a {2}-number. 
b) +G = x e Irr(G). 
c) X\^ is (2}-special for every linear character X of H. 
d) x is not {2}-special. 
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Proof. Take G = GL(2, 3) and H of index 4. Then H = Z X K where 
Z = Z(G) and we take \p = T X 1^, where T is the nontrivial linear 
character of Z. The stated properties are easy to establish. 

7. 77-induction and D^G). In this section we prove a result of E. C. Dade 
[private communication] which extends Theorem B to the case where 
\G\H\ is not necessarily a 77-number. We present this material here with his 
permission. 

Suppose G is 77-separable and 2 £ 77. Theorems B and C can be 
conveniently restated if we define a twisted form of character induction 
which we shall call 77-induction. If H Q G and \p is any class function of // , 
we write 

VC' = (S(G://)*WG-

Note that if \H\ is odd, then -fG = ^G. 

(7.1) THEOREM. Let G be ir-separable with 2 £ m and let H Q G and 
xP <= lrr(H). 

a) Suppose xp77 J = x G Irr(G) and \G\H\ is a ir-number. Then \p is 
77-special ij and only if x is m-special. 

b) Suppose that every irreducible constituent of'fG is m-special. Then \p 
is IT-special and \G\H\ is a TT-number. 

Proof. To obtain (a) apply Theorem B to the character 

8{G:H)rP G lTT(H) 

and for (b), apply Theorem C to this character. 

Our object will be to consider the situation of Theorem 7.1(a) if we drop 
the hypothesis that \G:H\ is a 77-number. We define 

DW(G) = {x e Irr(G) |X = V° where 

\p is a 77-special character of 

some subgroup of G}. 

This definition, essentially due to Dade, of course only applies when G is 
77-separable with 2 £ 77. 

As a preliminary result, we mention the following. 

(7.2) COROLLARY. Let G be ir-separable with 2 £ 77 <3/?J to x e Irr(G). 
77z<?>7 x is TT-special if and only if x ^ DJfi) and x(l) is a ir-number. 

Proof. Since ô (6 :G) = \G by Theorem 2.5(d), we have x77"6 = X a n d s o if X 
is 77-special, then x e DJ&) a n d certainly xO) is a 77-number. 

Conversely, suppose x e DJfi) and write x = ^ G where \p e Irr(/7) is 
77-special and H Q G. Then 

X(l) = |G://hKl) 
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and if this is a 7r-number, then x is ^-special by Theorem 7.1(a). 

Our principal result is the following, which, in view of 7.2, generalizes 

7.1(a). 

(7.3) THEOREM (Dade). Let G be ir-separable with 2 £ IT and suppose 

fG = x where $ e \n(H) andx e Irr(G). Then $ e D„(H) if and only if 

X e DJiG). 

We present some preliminary results which are the analogs for 
77-induction of well known facts about ordinary induction. 

(7.4) LEMMA. Let G be 77-separable with 2 £ 77 and let H Q G. Suppose \p 
is a class function of H. 

z) If H Q K Q G, then (^K)fG = ^G. 
b) If M ^ G, then (^MH)M = ttMnHfM. 
c) / / > e Char(//) and N Q H with N O G, then \pN is a (not necessarily 

irreducible) constituent of (^ ) N . 

Proof For (a), we have 

( ( ^ Y C = (^G:if)(V://)^)C 

= ( ( (8(G:K))fAK:II)^)Kf 

= (S(G:H)^)G = V° 

using Theorem 2.5(b). 
To prove (b), use 2.5(e) to compute 

0T )M = ( ^(MH.H)^) )M = ((S(M//://)^)Mn//) 

= ( " (M:Mn/ / )^Mn/ / ) = W'A/n//) 

Finally, for (c), note that 

(à(G:H) )N = U 

by 2.5(d) and so 

^N = (8(G:H)MN-

Since S(G:II)\p is a constituent of (\p7rG)H, we conclude that \pjy is a 
constituent of (^'ïïG)N. 

Next, we have the 77-induction analog of the Clifford correspondence. 

(7.5) LEMMA. Let G be ir-separable with 2 £ 77 and let N O G and 
6 e Irr(TV). Let T = IG(6), the inertia group. Then the map ^ ^ $*G defines 
a bijection 

lrr(T\6) -> Irr(G|0). 

Proof Since TV ç kerô (C. r ) by 2.5(d), the map 

https://doi.org/10.4153/CJM-1986-029-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1986-029-5


596 I. M. ISAACS 

defines a bijection of lrv(T\0) onto itself. (In fact, this map is self-inverse.) 
The map \p I—> \p is the composition of this bijection with the standard 
Clifford bijection 

Irr(7|0) -> hr(G\0) 

defined by character induction. 

We now begin work towards the proof of Theorem 7.3. 

(7.6) LEMMA. Let G be ir-separable with 2 £ m. Suppose x E D^G) and 
N O G and that the irreducible constituents of Xyv are especial. Then there 
exists H 2 N and ir-special \p e hr(H) such that ^ 6 = x-

Proof. Since x G ^ ( G ) , we have x = ff*G for some 77-special 0 e Irr(/Q, 

where KQG.UiH = NK and put ^ = 0*{NK). By 7.4(a), fG = X and so 

^ is irreducible and we will show that \p is 77-special. 

Since $ = ff*H, we have 1// E /)„(//) and by Corollary 7.2 it suffices to 
show that i//(l) is a 77-number. Now 

>K1) = 0(1)|M| 

and 0(1) is a 77-number since 0 is 77-special. What remains, is to show that 
\H:K\\H:K\ = \N:N n # | is a 77-number. 

Now (0NnKyN = x^N by 7.4(b). By 7.4(c), all of its irreducible con­
stituents are constituents of XN and so are 77-special. By Theorem 7.1(b), it 
follows that \N:N n K\ is a 77-number. 

(7.7) LEMMA. L^/ G be IT-separable with 2 <£ m and suppose x G D<rr(G) 
but that x ^ not m-special. Then there exists N -O G such that the number of 
irreducible constituents of XN is not a 77-number and all of these constituents 
are m-special. 

Proof. Let Â  < G be maximal with the property that the irreducible 
constituents of XN are 77-special. By hypothesis, N < G and we can choose 
a chief factor M/N of G. Since the irreducible constituents of XM a r e n o t 

77-special, it follows by Lemma 3.3(a) that M/N is not a 77-group and so it 
is a 77r-group. 

By Lemma 7.6, choose H ^ N and 77-special \p e lrr(H) so that 
^ 6 = x- Let 6 be an irreducible constituent of \pN so that by 7.4(c), 6 is 
also a constituent of Xyy. Let T = Iç(0). Our object is to show that \G\T\ 
is not a 77-number and so we assume that it is and work toward a 
contradiction. 

Since M/N O G/N is a 77/-group, we have M Q T and 0 has a unique 
77-special extension 6 e Irr(M) by Lemma 3.3(b). Also, (0)MnH is the 
unique 77-special character of M D H over 0 and so (0)Mnu is a constit­
uent of *pMnH and therefore 0 is a constituent of (ipMnH) . 
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Since \M:M O // | is a 77'-number, we have 

" ( A / : M O / / ) = ^MC\H 

by Theorem 2.5(c) and thus 6 is a constituent of 

(^nnf = 0W/fM = WiMHX 
by 7.4(b). However, 

X = V = (V ) 

and it follows that 6 is a constituent of XM ^Y 7.4(C) applied to \p7T{MH\ 
This contradicts the choice of N since M > N. 

Proof of Theorem 7.3. We have i//70 = x where ip e Irr(//). Suppose first 
that i// G £„(#)• Then i// - (T77 for some 77-special 0 <= Irr(A:) with 
K Q H.By 7.4(a), we have 

and so x ^ Ar(G), as required. 
Now assume x e D^G). We prove that i// <= D^{H) by induction on |G|. 

If x is 77-special, then |G://| is a 77-number and by Theorem 7.1(a) we 
conclude that \p is 77-special and so \p <= DJfi). We assume, therefore, that 
X is not 77-special so that by Lemma 7.7 we can fix a subgroup TV <l G such 
that the irreducible constituents of XNsucn tnat tne irreducible constituents 
°f XN a r e ^-special and the number of such constituents is not a 
77-number. 

First we consider the case where N Q H. Let 6 be an irreducible 
constituent of ^N and let T = IG(0) and £ G lrr(r|0) with CG = X (by 
Lemma 7.5). By 7.6, we can choose U ^ N and y e Irr(£/) such that 
y77^ = x and y is 77-special. By 7.4(c), the irreducible constituents of y^ 
and of \pN lie under x and so we may, if necessary, replace the pair ( £/, y) 
by a G-conjugate pair and assume that y lies over 0. Therefore, y = TJ7™ for 
some 

7] €= lrr(U n T\6) 

and since y is 77-special, so is 77 by Theorem 7.1(b). Also, 

(v*uTG = y"G = x 

and thus 

( O?)7 7 7 ) 7^ = x 

and so ifT = £. Since K] is 77-special, we conclude that £ G AX^O-
Now ,// =• / T " for some j8 G Irr(T n #|0) and 

(prHyrG = ^G = ^ 

Therefore (^rfc - x and so 
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jTT = £ e DJT). 

However, T < G by the choice of N and so by the inductive hypothesis 
applied to 7, since £ G DJJT\ we conclude that 

j8 G DV(T n / / ) . 

Since /T77 = \p, we have /̂ G D„(H) as required (by the first part of the 
proof). 

Now suppose N £ H but that 7V7/ < G. We have 

and so since Af// 3 A/", we have 

^NU G £ „ ( # / / ) 

by the part of the proof we have already done. Since we are assuming 
NH < G, the inductive hypothesis yields that \p G DJ^H). 

Finally, we assume NH = G and we write M = N n H. Let <p be an 
irreducible constituent of \pM and write S = IjjM- By 7.5, choose 

7] G Irr(S|<p) with TJ7777 = f 

Then TJ770 = x and hence TJ77^ is irreducible. We have 

tfSNrG = X e Z>W(G) 

and since SW 3 Af, the part of the proof already completed yields that 

T,"SN e D^SN). 

If SN < G, the inductive hypothesis yields that 17 G D^S) and so it 
follows that 1// = T]7777 lies in Dm(H) as required. 

We may therefore assume that SN = G and hence S = H and <p is 
invariant in H. We can thus write \pM = e<p for some integer e and we 
have 

XN = OP )N = \WM)
 = e<P ' 

Also, 

XA' = / 2 0, 

where the 0i are distinct 77-special characters of N and t is not a 77-number. 

It follows that 

and, in particular,//e is an integer. Since the 6i are all 77-special, Theorem 
7.1(b) yields that <p is 77-special and \N\M\ is a 77-number and so 
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<Al) = \N:M\d\) 

is a 77-number. However, 

A l ) = {f/e)te,(\) 

and thus / divides y1 (1). This is a contradiction and completes the 
proof. 

An interesting application of Theorem 7.3 is the following. 

(7.8) C O R O L L A R Y . Let G be solvable of odd order and let \ G Irr(G). 
Suppose x = A = M where X and /x are linear characters of subgroups. 

Then the multiplicative orders of X and /x involve exactly the same sets of 

primes. 

Proof. Write 77(A) and 77(JU) to denote the respective sets of primes and 

note that X is 77(A)-special. Since \G\ is odd, 77(A)-induction is just ordinary 

induction and hence x ^ Ar(A)(^) since x = XG. 

Since x = M , Theorem 7.3 yields that /x is a Z^-character and by 7.2, for 
instance, fi is 7r(A)-special. This implies that 7r(jii) Ç 77(A). The reverse 
inclusion follows symmetrically. 

We mention another easy consequence of Lemma 7.7. 

(7.9) C O R O L L A R Y . Let G be ir-separable with 2 £ 77. Let x G A X ^ ) and 
suppose x factors as a product of a m-special character and a TT''-special 
character. Then x Is itself TT-special. 

Proof. If x is not 77-special, use Lemma 7.7 to choose TV <3 G such that 
X̂ v has t distinct 77-special irreducible constituents, where t is not a 
77-number. Write x = afi where a is 77-special and /3 is 77/-special and 
choose an irreducible constituent 6 of Xyv = aN^N- Then 6 is a constituent 
of a0p0 where a0 and /30 are irreducible constituents of aN and f$N and so 
are 77-special and 77r-special respectively. It follows by Gajendragadkar 's 
theorem (3.2) that a0/30 G Irr(A/) and so 6 = a0fi0. By 3.2 again, since 6 is 
77-special and 6 = 6 • \N, we have 0 = a0 and so the number t of distinct 
G-conjugates of 0 must divide a ( l ) . Since a(\) is a 77-number, we have a 
contradiction. 

Our final result on D^G) concerns restrictions to normal subgroups. 

(7.10) T H E O R E M . Let G be m-separable with 2 £ TT and let x G D^(G). If 

N <1 G, then the irreducible constituents of XN ^e m ^ T X ^ ) -

Proof. It is clearly no loss to assume that N is a maximal normal 
subgroup of G. If for every M <3 G with M Q N we have that XM is 
homogeneous, then by Theorem 3.6, x factors as a product of a 77-special 
and a 77r-special character and so by 7.9, x is 77-special and the result 
follows in this case. 
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Now let M Q N with M O G such that XM *S n o t homogeneous and 
choose an irreducible constituent 6 of XM- Let T = IG(0) < G and take 
xP <= Irr(T|0) with ^G = X. By Theorem 7.3, ^ G DW(T) and so, working 
by induction on |G|, we know that the irreducible constituents of ^NnT 

lie in Z)ff(iV n T). One of these, say £, lies over 0 and thus £ ^ ^ Irr(TV) 
and, in fact, ^N e DJ^N). It suffices to show that CN is a constituent of 

Now ^ is a constituent of 

and since 

(y ) = y = x» 

and it follows by 7.4(c) that ^ is a constituent of x# a s desired. 

Readers familiar with [8] may suspect the existence of a connection 
between DJ^G) and the set BJ^G) Q Irr(G) defined there. There are indeed 
connections, and for groups of odd order, the sets are in fact identical. 
This is not the place, however, to explore this further. 

8. Restricted characters. We can now prove Theorem A which we 

restate below. Although this result does not mention the sign character 
5 ( 6 : / / ) , the proof depends on our previous theorems. 

(8.1) THEOREM. Let G be ir-separable with 2 £ 77 and let x G Irr(G) be 
TT-speciaL Suppose H Q G and XH = *P G lrr(H). Then \p is Tr-special. 

Proof. Observe that it is no loss to assume that H is a. maximal subgroup 
of G. Let L = coreG(H) and let K/L be a chief factor of G so that 
KH = G. Now \G:H\ = \K:K n H\ divides \K:L\ and so if K/L is a 
77r-group, then H has 77'-index and the result follows by Theorem 3.5. 

We may assume that K/L is a 77-group and since 2 £ 77, it follows from 
the "odd order" theorem that K/L is an elementary abelian /7-group for 
some odd prime/?. Also, L = K n H. 

Let 6 be an irreducible constituent of XK a n d ^et ^ = A ^ ) - Take 
£ e Irr(T) with f = x and write S = T n H and TJ = £5. Then 

* = «<% = (èsf = vH 

and 17 is irreducible. Note that \G\T\ is a 77-number. 
By Theorem 4.1, we conclude that ô£ is 77-special where 8 = 8{G.T). If 

T < G, then working by induction on |G|, we can conclude that 8SKI is 
77-special. However, 85 = 8^H:S) by Theorem 2.5(e) and so by Theorem 6.1, 
we have that \p is 77-special, as required. We may therefore assume that 
T = G and so 0 is invariant in G. 

If / / <3 G, then certainly 1// is 77-special and so we can assume L < H 
and thus K < G. Let AT ç ^ <l G with X maximal normal, and write 
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Y = X n H. Let £ be any irreducible constituent of Xx an(^ ^ T\ = £y. 
Then £ is 77-special and by Proposition 5.1, 7] is irreducible. By the 
inductive hypothesis, we have that 77 is 77-special. 

If G/X is a 77-group, then so is El Y and thus i// is 77-special by Lemma 
3.3(a). The only remaining possibility is that G/X is a 77r-group. In that 
case, \^y is irreducible since 

OKI), \H:Y\) = (X(l), |G:* | ) = 1-

Also, o(\p) divides o(x) a n d s o is a 77-number and the result follows by 
Lemma 3.3(b). 

As was the case in Section 6, the principal significance of the hypothesis 
that 2 £ 77 in Theorem 8.1 is so that Proposition 5.1 could be applied. 

(8.2) Example. There exists a solvable group G with subgroup H and 
X G Irr(G) such that 

a) x is (2}-special. 
b) x// = * e Irr(//). 
c) ^ is not {2}-special. 

Proof. As in Example 6.2, take G = GL(2, 3) and / / of index 4. Let x be 
either of the two faithful characters of G of degree 2. 

9. 77-special extensions. If / / Q G and /̂ G Char(//), we shall say ^ is 
invariant in G if \p(x) = \p(y) whenever x, y e H are conjugate in G. This 
generalizes the usual context of this word, where H O G. It is obviously 
necessary that \p be invariant in G if we hope to extend ^ to a character 
of G. 

If ^ e Char(iJ) and g e G, then ^ e Char(//*) is the function defined 
by 

^ ( x ? ) = iK*) for x G //. 

If ^ is invariant in G, then 

(V)HCMI* = W0//n//s-

(9.1) THEOREM. Let H be a Hall ir-subgroup of the ir-separable group G, 
and let \p e Irr(H) be invariant in G. Then \p extends to some ^-special 
character of G. 

Note that by Theorem 3.5, there can be only one 77-special extension 
of xp. 

Proof of Theorem 9.1. We use induction on \G\. Let 

N = Ow(G) and M = 0^(N) <l G. 
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If M = N, then N = 1 and H = G and there is nothing to prove and we 
may therefore assume that M < N. Let K = N Pi H and observe that K is 
a Hall 77-subgroup of N so that K Q M. Also, since G/N is a 77-group, we 
have NH = G. (Note that we are not assuming that N < G.) 

1) N 

Since MH n N = M < JV, we have MH < G and by the inductive 
A 

hypothesis, \p extends to 77-special \p <E Irr(MH). Let 17 e Irr(Af) be a 
constituent of (\p)M so that i) is 77-special (since M <3 A///). 

We will show that 77 is invariant in N. Assuming this for now, we can 
extend 77 to 77-special 77 e Irr(Af) by Lemma 3.3(b). Now 

A A ^ 

and ^ is a constituent of this character. It follows that (77) has some ir-
A 

reducible constituent x e Irr(G) which lies over xp. By Lemma 3.3(a), x 
is 77-special since 77 is and thus Xu *s irreducible by Theorem 3.5. It follows 
that Xu = ^ » a s required. 

What remains, is to show that 77 is invariant in N. Let U = N G (# ) so 
that TV = M (N Pi (7) by the Frattini argument (using the "odd order" 
theorem). It therefore suffices to show that TV n U stabilizes 77. 

Let <P = T]K and observe that <p is irreducible by Theorem 3.5 and also, 
the pair (K, <p) uniquely determines 77. We will show that N n U stabilizes 
<]P in order to complete the proof. 

We have H Q U and we claim that H acts transitively on the (/-orbit 
containing <p in the action on lrv(K). Note that <p is a constituent of $K and 
by hypothesis, 

for all u e (/.It follows that <pu is also a constituent of \pK and thus, since ;p 
is irreducible, qpw is conjugate to qp in //, as claimed. 

Let T = IfjM. Then \U:T\ = \H:H n T| is a 77-number and it follows 
(since N n U <3 U) that |TV n (/:TV n T| is a 77-number. How­
ever, K Q N n T and AT is a Hall 77-subgroup of TV. This forces N n U 
= N Pi T and so iV n U does stabilize <p. The proof is now complete. 
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In particular, Theorem G of the introduction is now proved. The next 
result is a restatement of Theorem F. 

(9.2) COROLLARY. Let G be ir-separable and suppose H Q G has TT''-index. 
Let \p e lrr(H) be IT-special and assume that \p(x) = \p(y) whenever x and y 
are G-conjugate m-elements ofH. Then \p extends to some TT-special character 
ofG. 

Proof. Let U Q H be a Hall 7r-subgroup and observe that \pa is 
irreducible by Theorem 3.5 and \pu is invariant in G by hypothesis. By 
Theorem 9.1, \pu has a ^-special extension x ^ Irr(G) and by Theorem 3.5 
X// ^ Irr(H) is 7r-special. 

Since \H a n d $ a r e t w o ^-special characters of H with equal restrictions 
to U, Theorem 3.5 implies that XH = *P-

Finally, we prove Theorem E. 

(9.3) COROLLARY. Let G be ir-separable with 2 £ TT and let H Q G. 
Suppose \p G lrr(H) is TT-special and extends to G. Then \p has a TT-special 
extension to G. 

Proof. Let V Q H be a Hall 77-subgroup of H and let V Q U where U is a 
Hall 77-subgroup of G. By 3.5, \pv is an irreducible character of V and it 
extends to £ G Irr(G). Let 77 = £^ so that 17 is invariant in G and thus has a 
7r-special extension x e Irr(G). Since 

Xv = Vy = iy = ^y 

is irreducible, certainly X// is irreducible and thus X// ls ^-special by 
Theorem 8.1. Now \p and X// a r e ^-special characters of H with equal 
restrictions to V and so X// = ^ by 3.5. 

The author has been unable to settle whether or not Corollary 9.3 would 
remain true if the hypothesis that 2 £ TT were dropped. 

We mention that at the end of [1] there is a result of Dade which 
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characterizes the image of the restriction map from the set of 77-special 
characters of G into Irr(//), where H is a Hall subgroup of G. Our 
Theorem 9.1 provides a simpler characterization: the image is the set of 
invariant irreducible characters. 

Theorem 9.1 is also somewhat related to Theorem 1 of [10] where the 
hypothesis is that any two G-conjugate elements of the Hall 77-subgroup H 
are already //-conjugate. The conclusion (for 77-separable G) is that there 
is a normal 77-complement. Our 9.1 at least proves that all \p e ln(H) 
extend to G in this situation. 
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