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Mixed Norm Type Hardy Inequalities

Alberto Fiorenza, Babita Gupta, and Pankaj Jain

Abstract. Higher dimensional mixed norm type inequalities involving certain integral operators are
characterized in terms of the corresponding lower dimensional inequalities.

1 Introduction

Consider the reverse mixed norm type Hardy inequality

(L1) (/ vm(/ v2<y>fP2(x,y>dy>“dx>“g
0 0
c( / U1<x>< / Us(y)(H f)qz(x,y)dy> g dx>
0 0

where 0 < p;,q; < 1, i = 1,2, and H, is the two dimensional Hardy operator

(H2f)(x,y) :/x/yf(s,t)dtds, x,y €(0,00), f=>0.
0 0

First of all, in this paper, we characterize (I.I)) in terms of two one dimensional
reverse Hardy inequalities. The precise weight conditions for these one dimensional
inequalities for various choices of indices are known, e.g., [2,[4}[12,[16,[19], and con-
sequently the conditions for (1)) are obtained.

In [1]], Appell and Kufner studied the reverse inequality of (L) for the case 1 <
pi < 00,0 < q; <o0,i=1,2,ie, they studied the inequality

(1.2) ( / Ul(x>< / Us(y)(H f)qz(x,y)dy> g dx> "
0 0
C</ Vl(x)</ VZ()’)fpz(X,y)dy> pzdx> P
0 0

in terms of two one dimensional Hardy inequalities. However, their result was not
a characterization. Their necessary condition differs from that of the sufficient one.
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We show, using the techniques used to characterize (L), that the result of Appell and

Kufner can be strengthened to give a characterization for (I.2) for the case 1 < p; <

00, 0 < q; < 00, i = 1,2 also. Inequalities (I.I) and (L2]) are studied in Section 2.
Next, consider the operator

(Herf)(x, y) = / / fG,0dtds,  x€E yeF
Smx 7 SNy,

and the corresponding reverse mixed norm inequality

il

(1.3) ( / vl(x)< / Vz(y)fpz(x,y)dy> " dx) "
E F
C H, ©(x,y)d Ed 57
</Eu1(X)</Fuz(y)( )% (x, 7) y> x)

where E, F are multidimensional spherical cones that, along with other symbols, are
defined in Section 3. Note that in (I3]) x and y are multidimensional vectors, whereas
in they are real numbers, but there should be no confusion since it is clear
from the context. The other aim of this paper is to study (L3). We show that (L.3)
holds if and only if (I.I) holds under the suitable range of parameters. In fact, this
equivalence is also new for the inequalities considered in the usual direction. These
results are collected in Section 3.

Such reductions from higher dimensional problems to the corresponding one di-
mensional situations were first considered in [5,/8-10,(17,/18]. In [[17,[18], Sinna-
mon studied the boundedness of the Hardy operator (Hf)(x) = [ s. f(y)dy and the
Hardy-Steklov operator (T f)(x) = fb(\x\)s\a(\xpsf()’)dy in terms of the boundedness
of the corresponding one dimensional operators

b(x)

(Hf)(x) = / fdy and (TH@ = [ FOdy,
0

a(x)

respectively, while the compactness property has been studied in [5,9]. Let us men-
tion that the boundedness of T has been characterized in [6]], while its compactness
was studied in [7]. We also point out in this paper (see Section 4) that the equiv-
alence of inequalities (L)) and (L.3) is still valid if the Hardy operators in the two
inequalities are replaced by the corresponding Hardy—Steklov operators.

. . . . / _ P
Throughout, primes over constants denote conjugate indices, e.g., p’ = =1
Primes are also used over variables, e.g., x’, y’ etc., but these are just real numbers

(not conjugate to x, y). In fact, the usage of primes will be clear from the context.

etc..

2 Mixed Norm Type Inequalities in Two Dimensions

Let us fix some notation and terminology that will be used throughout the paper.
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The symbols w, wy, w,, Uy, Uy, V1, V, will denote weight functions on (0, co) (or,
simply, weights), i.e., Lebesgue measurable, locally integrable, not identically zero,
a.e. finite, and positive functions on (0, co).

Let 0 < p < oo, p # 0. We denote by L}, the weighted Lebesgue space that
consists of all Lebesgue measurable, real functions f on (0, co) such that

1l = ( / w(y)lf(y)de> " < oo

It is known that for p > 1, L% is a Banach space, and for 0 < p < 1,itisonlya
normed linear space. We will omit the symbol w in L in the case w = 1. Moreover,
we have not used the interval (0, 00) in the notation L%. We will be writing L% (a,b)
only when (a, b) is an interval other than (0, c0).

Let 0 < py, p» < oo. The Lebesgue space with mixed norm [LF LF2] consists of
all Lebesgue measurable, real functions f = f(s,t) on (0, c0)? such that

(2.1) flx,-) e Ll Vx e (0,00) a.e.
and the function

22) 900 = fx, e € L2}

and for any such function f we set

I £ Cx, )

(Lo 12 = ([l Cx, ')||L5§

wy

P1
i

=( / wl(x)( / Wz(y)|f(x,)/)|p2dy>pzdx>
0 0

The unweighted Lebesgue space with mixed norm was introduced by Benedek and
Panzone [3]. The general construction of mixed norm spaces built using two normed
spaces is now considered classical, we refer the reader to Maligranda [14,[15]].

The next theorem deals with inequality (LI]). Before the statement, let us make
a few considerations, which will suggest some natural assumptions to be made, to
avoid trivial cases.

Remark 2.1 Let us emphasize that inequality (L.I)) is interesting for those functions
f for which its right hand side is finite, i.e., when the following conditions are both

true (compare with (2.1)), (Z.2))):

(2.3) H,f(x, ) € L?}z Vx € (0,00),

(2.4) 12 f (e, )l € LG,

We stress that in (2.3]) we should have considered x € (0, c0) almost everywhere, but

we wrote “for all x” because inequality (II)) has been considered for non-negative f,
and in such case H; f(x, y) is a non-decreasing function in x.
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The nontriviality assumptions to be made when considering inequality (I.1]) will
be clear after the proof of the following two propositions.

Proposition 2.2 Assume that there exists a function f > 0, not identically zero, such
that @.3) holds. Then U, € L'(k, 00) Yk > 0.

Proof Let A > 0andlet E C (0, 00)? be a bounded set of positive measure such that
f(s,t) > Axg(s, 1) VY (s,t) € (0,00)%.
Of course from (2.3) we get
(2.5) Hyxe(x, y) € L?fz Vx € (0,00).
Let k; > 0 be such that E C (0, k;)>. We have
x>k, y>k = Hxek,y)=Hxgk,k)=|El >0,

and therefore

1

o) i 1 o) o
(/k1 Uz()’)d}’> = <|qu/k1 U (y)|E|* d}’)
- L (/ Uz(}’)H2XE(x7}’)qzd}’) N
|EI'\ Jk,

< 1(/ Uz(}’)HZXE(xy)’)qzd)’)
|E| \ Jo

1
= m||H2XE(9C,)/)\|L§}22 Vx> k.
From (23] we get that the last term of the previous chain must be finite, and this
implies that U, € L!(k;, co) and obviously also that U, € L!(k, 00) Vk > k;.
On the other hand, if 0 < k < k;, taking into account that U, is a weight and
therefore U, € L!(k, k;), we have again U, € L!(k, o), and the proposition is proved.
|

Mutatis mutandis it is possible to prove the following.

Proposition 2.3 Assume that there exists a function f > 0, not identically zero, such
that Z4) holds. Then U, € L'(k, o) for all k > 0.

Propositions 2.2 and [2.3] make clear a basic assumption when studying inequal-
ity (LI): the existence of a single function f for which the right-hand side is finite
implies (2.3) and (2.4)), which in turn imply U, U, € L' (k, 00) Vk > 0.

We are now ready to prove the following result.
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Theorem 2.4 Let0 < p;,q; < 0o, i = 1,2, and let Uy,U,, V1, V, be weight func-
tions on (0,00). Assume furthermore that Uy, U, € L'(k,00) for allk > 0. Then a
necessary condition for the validity of the inequality (1)) is that the following inequali-
ties hold for all measurable functions g and h on (0, c0):

[e'e) ﬁ [e'e] X 9 il
(2.6) ( / v1<x>gpl<x>dx) sc( / U1<x>< / g(t)dt) dx) ,
0 0 0

[e’e] é e’} X 92 1
(2.7) (/ Vz(x)hpz(x)dx) < C(/ Uz(x)</ h(t)dt) dx)
0 0 0

Proof Suppose (.I) holds for all non-negative measurable functions f on (0, 00)?.
Then it also holds, in particular, for f(s,t) = g(s)h(t), where g and h are non-negative
measurable functions on (0, 00). Inequality (1)) then reduces to

(2.8) (/00 Vi(x)gh (x)dx> " (/OO Vz(x)hPZ(x)dx) " <
0 0

c(/ooo Ul(x)(/oxg(t)dt) qldx) (/Ooo Uz(x)(/oxh(t)dt> qzdx) 7

Since U, is a weight, let A, > 0 and let F, C (0,00), infF, > 0, be a
bounded set of positive measure such that U,(x) > A,xr, (%), so that xp, € L?}z
and fF“ U, (x)dx > 0. Since V, is a weight, let A, > 0 and let F, C (0, 00), inf F, > 0,
be a bounded set of positive measure such that V,(x) > A, xr, (x), so that xr, € L\’;zz
and fF Vo (x)dx > 0.

Now set k = inf F,, U F, and observe that 0 < k < 0o, and let h = hy = xp,up, In
(2.8). Of course we have

0< / Vy(x)dx < /OO Vz(x)hgz(x)dx
k

Fy

)

IS}

max(sup F,,sup F,)
< / Vz(x)dx < ||V2||L1(k,oo) < 00,
k

0</ U, (x)](0,x) N F,|dx
F

u

< /F Uz(x)(/kx ho) qzdx < /koo Uz(x)(/kx h0> qzdx

u

oo
</ U,(x)|F, UF,|%dx
k

= |F, U E|®(|Ua |11 (k,00) < 00

The previous chains of inequalities show that Ay is such that

0< /OO Vz(x)hgz(x)dx = /00 Vz(x)hg2 (x)dx < o0
0 k
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oo X q2 ) X 92
0< / U2(x)</ h0> dx :/ U2(x)</ h0> dx < oo.
0 0 k 0

Now, dividing both sides of (2.8) by ( fooo Vz(x)hg2 (x)dx)'/P2, we get (with a
different constant C). Similarly, choosing the corresponding ¢ = g we get that (2.7)
holds as well, and the assertion follows. [ ]

and

Following the proof of Appell and Kufner [1] and taking into account the fact that
Minkowskii’s inequality holds in the reverse direction for index less than 1, we at once
obtain the following result giving a sufficient condition for inequality (1)) to hold.

Theorem 2.5 Let0 < p;,qi < 1,i=1,2,andletU,,U,, V,,V, be weight functions
on (0,00). Assume in addition that either q < p, < p1orq1 < q» < p1. Thena
sufficient condition for the validity of (L)) is that both and [2.7) hold.

In view of Theorems[Z.4land 2.5] we immediately obtain the following characteri-
zation for the inequality (T1)) to hold.

Theorem 2.6 Let0 < p;,q; < 1,i=1,2,andletU,,U,, V1, V, be weight functions
on (0,00) with Uy, U, € L'(k,00) for all k > 0. Assume in addition that either
Q1 < pr < prorqi < qa < p1. Then inequality (LI) holds for all measurable
functions f defined on (0,00)? if and only if inequalities (2.6) and @.7) hold for all
measurable functions g and h defined on (0, 00).

Remark 2.7 Forthecasel < p; < 00,0 < g; < 00, i = 1,2, Appell and Kufner
[1]] proved that a necessary condition for the validity of inequality is that at
least one of the inequalities and (2.7) in opposite direction holds; i.e., one of the
following inequalities hold:

[e'e] X q1 7 [e'e] P
2.9 U dr) d <C 1% Pl (x)d ,
(2.9) (/0 1(x)</0 g(t) t) x) < (/0 1(0)g?" (x) x)

o) X q2 1
(2.10) (/ Uz(x)</ h(t)dt) dx)

0 0

9 0 2
<C </ V,(x)hP? (x)dx) )
0
However, depicting the proof of Theorem 2.4 with obvious modifications, it can be
shown that the validity of both and is necessary for inequality (L.2)) to
hold. Already, for certain choices of indices, both and are sufficient for
(L2) (see [1]). Summarizing, we have the following characterization for inequality

(2.

Theorem 2.8 Letl < p; < 00,0 < gq; < 00,q; # 1,1 = 1,2, and let
Uy, Uy, Vi,V be weight functions on (0, 00) with V1, V, € L' (k,0) for all k > 0.
Assume in addition that either p1 < p, < q1 or p1 < q2 < q1. Then inequality
holds for all measurable functions f defined on (0, 00)? if and only if inequalities (2.9)
and (2ZIQ) hold for all measurable functions g and h defined on (0, c0).
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In the literature, the one dimensional Hardy inequality

(2.11) (/Oo U(x)(/x f(t)dt) qu) "< c(/oo V(x)fP(x)dx> '
0 0 0

and the corresponding reverse inequality

(2.12) (/Oo V(x)fP(x)dx> "< c(/oo U(x)(/x f(t)dt) qu>
0 0 0

have been studied extensively for their weight conditions. Using those conditions and
Theorem [2.6] (and also Theorem 2.8)), precise weight conditions for inequality (1))
(and also (I.2)) can be obtained. With regard to inequality (L2)), we use the weight
characterization of (ZI1) from any of the standard monographs [ITHI3] and apply
Theorem[2.8to obtain the following.

Theorem 2.9 Let1 < p; < 00,0 < ¢q; < o0, q; # 1,1 = 1,2, and let
Uy, U,, V1, Vs, be weight functions on (0, 00) with Vi, V, € L'(k,00) for all k > 0.
Assume in addition that either p1 < p, < q1 or p1 < q2 < q1. Then a necessary and
sufficient condition for the validity of inequality (L2) is the following:

(a) Incase p, < q

oo 1/qi o 1/p}
Bi:= sup < / U,—(t)dt) ( / v, b (t)dt) < 003
0<x<oo x 0

(b) Incaseq, < p,

%) oo 1i/qi X , ri/p! , 1/r;
( / ( / Ui(t)dt) ( / vir (t)dt) v (t)dt) :
0 X 0

where L = L — 1,
Ti qi pi

In order to obtain weight conditions for inequality (1), we mention that Beesack
and Heinig [2] studied inequality (Z12) for the case 0 < p,q < 1. Applying their
results to Theorem[2.6] we can state the weight conditions for (I.1).

Fori = 1,2, denote

B; = inf Ji(x),
x>0

o0 1/4i 00 , 1/p!
L(x)( / Ui(t)dt) ( / Vil_P’(t)dt> .

Theorem 2.10 Let0 < p;,q; < 1, and let U;, V; be weight functions on (0, co) with

U, Uy € LN0,00) and forall x > 0,0 < [ Ui(t)dt < oo, [V} P (H)dt <
00, i = 1,2. Then a necessary condition for (1)) to hold is that min(By, B,) > 0.

where
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Theorem 2.11 Let0 < p;,q; < 1, and let U;, V; be weight functions on (0, co) and

forallx > 0,0 < fxoo U;(t)dt < oo, fxoo Vil_p" (H)dt < o0, i = 1,2. Assume in

addition that either q; < p, < p1orqy < q2 < p1. Then a sufficient condition for the

validity of (L)) is the following:

(a) In case g, < p,, we have that J;(x) is non-increasing and B; > 0, i = 1, 2.

(b) In case p, < qa, we have that J,(x) is non-increasing, By > 0, and any of the
following equivalent conditions is satisfied:

(1)
) 00 —12/p2 SS] , —n/p;
/ Uz(x)( / Uz(t)dt) < / v, P (t)dt) dx < oo
0 X X

and, in addition, fooo Vzlipzl(t)dt < 00 1'ffoOO U, < oo.
(ii)

oo , S ; —n/q; S —n/e
/ v, h (x)< / v, Z(t)dt) ( / Uz(l‘)dl‘> dx < 00,
0 x x

(iii)

oS X , S py—1 —n/p;
/ Uz(x)< / v, P (t)( / Uz(s)ds> dt> dx < o0,
0 0 t

1 —

where .- = T

Remark 2.12 1In [4], Bennett studied inequality (Z12) for the case 0 < p < 1, p <

q < o0. One can use his results in Theorem [2.6] to obtain a different set of weight
conditions for inequality (IL.I)).

Remark 2.13 Tt would also be of interest to study Theorems 2.4} and for
negative indices. Also one could consider these theorems as well as Theorem 2.8
for general measures. The one dimensional inequalities for negative indices have
been studied by Prokhorov [16] and for all range of indices with general measure by
Sinnamon [19]. Using their results, the precise weight conditions for (1) and
can be obtained.

3 Higher Dimensional Inequalities

In this section, we will study inequality (I.3) and its variants in terms of inequality

(L1) and its corresponding variants. We first give some notation and terminology.
Let >, be the unit ball in RM, ie., >, = {x € RM : |x| = 1}. Let By be a

measurable subset of >, and let E C RM be the corresponding spherical cone, i.e.,

E={xcRM:x=50,0<s<00, 0 € By}
Let Sy, x € E denote the part of E with ‘radius’ < |x|, i.e.,

S, ={y eRM:y=50,0<s<|x|, 0 €By}.
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Further, we denote by aSy, a > 0, the part of E with radius < «. Note that
E =J,-0 @Sum. For x € E\ {0}, we denote by [Sy,| the volume of Sy;,. The symbols
By, F, SN,, and |Sy, | are defined similarly for an N-dimensional setting.

Now, we give a characterization of inequality (T3] in terms of (II).

Theorem 3.1 Let0 < p;, qi < 00,1 = 1,2, let uy, v be weight functions on E and
let uy, v, be weight functions on F. Then inequality (L3) holds for all { > 0 if and only
if the inequality

il

(3.1) ( / Vl(xo)< / vz(yo>gpz<xo,yo>dyo> “dxo) "<
0 0
c( / Ul(xo)( / Us (7o) (Hag)® (o, )’o)d)’o> § dxo)
0 0

holds for all g > 0 with

(3.2) U, (xp) :/ uy (xox )x) " ldx!, x>0
Bm
(3.3) Uz(yo)=/ w(yoyyy "'y’ yo >0
By
/ 1-p
(3.4) Vilxo) = (/ v}_P‘ (xox’)xé/f_ldx’> , x>0
Bm
Ly 1—p>
(3.5) Va(yo) = (/ v, 7 (yoy’)yé“dy'> . Yo >0,
By

Moreover, the constants in (I3) and (3.1)) are the same.
Proof Suppose (B) holds. Let x’ € By and y’ € By. Fix a locally integrable
function f : E x F — R. Define

(3.6) g(xo7yo)=/ Flxox!, yoy )ty tdy'dx",  xo,y0 > 0.
By J By

For x € E, we use polar coordinates x = xpx’, xo € (0,00), x’ € By so that
xo = |x|. Similarly, we use y = yoy’, s = sos’, t = fot’. Thus, we have

X0 Yo
(37) (HEﬁpf)(x, )/) = / / / / f(S()S/,tot/)Sg/Iilté\IildtldS,dtodS()
0 0 By /' By

X0 Yo
= / / g(s0, to)dtodsy = (Hag)(x0, yo).
o Jo
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Therefore, using (3.4), Holder’s inequality, Minkowskii’s integral inequality, (3.3]),
again applying Holder’s inequality to the inner integral and using (3.6), we get

(/Vl(x)(/vz(y)fpz(& y)dy> : dx> "

E F

(/m/ (/fpz(xoxl7}’)vz()’)d}’) szl(Xoxl)xg/I_ldx’dx()) "
0 JBy \JF

(/ Vixo) (/f"z(xoxﬂy)Vz(y)dy) : vi(xox")xy ' dx’
0 By F

’ pl_l P1

X (/ v}_p‘(xox’)xg/[_ldx) dxo)

Bm

o0 ;7 P ?

s( / Vl(x0)< / ( / fP2<xox’,y>vZ<y>dy) xé“‘dx’) dxo>

0 By F
(/ Vl(x0)</ </ P2 (xox’, yoy Walyoy”)
0 By 0 By

Lo\m o o\E
X yév—ldy’o«é”*)mdyo) p dx/) dx°> P

< </ Vl(x0)</ (/ ( fpz(xoxﬁyoy’)Vz(yoy’)yév‘ldy’) :
0 0 Bum By

n

P ; o
X xf)WIdx’) dy()) I dx0> !

=( / Vl(x0)< / Vz()’o)( / ( / fpz(xox/7}’o}’/)V2(J’0)’/)}’oNld)’/> "
0 0 By Byn

pan 1

, o P : i
X (/ v;_pz(yoy’)yé\]_ldy’> ! xf)w_ldx') dy()) ’ dx0> ’
By
< (/ Vl(xo)(/ Vz()’o)(/ fxox', yoy")
0 0 By /By

141 1

b2 n o
X yON_ldy’xg/I_ldx/) dyo) ' dxo) '
P1 1

= (/ V1(xo)</ Vz()'o)gpz(X07Y0)d}/o) " dxo) "
0 0
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Next, we use (3.1), (32), (3.3) and (3.7 to get

Py

B\ o
(/vl(x)(/vz(y)fpz(x,y)dy) dx)
E F

< c(/oo U (%) (/m Us(30)(Hag)™ (xo, yo)dyo) deo) o
0 0

= c(/ / ul(xox’)(/ / w0y ) (Fhg)® (xo, 7o)
0 By o By

q.

1
X yglfldy/dyo) 2xg/lfldxldxo) !

—c ( /b () ( A () (Hir ) (x, y)dy> de) "

Conversely, now assume that (L3) holds. Fix a locally integrable function
g:(0,00) x (0,00) — R and define f: E x F — R by

Flxox", yoy") = g(x0, yo)VE " (ro)vy P2 (oy W ™ (xo)vy Pt (o),

where xg, yo > 0, x’ € By, ¥’ € By.
Then (3.4) and (B.35) give

/ Faox!, yoy )xg " yy = dy’dx’ = g(xo, yo)
By Y By

and consequently, we get

4l 1

</ Vl(xo)(/ Vz()’o)gpz(xo,)’o)d}’o) : dxo) )
0 0
- (/OO Vf{(x0)</ vi_p{(xox')xf)WIdx)
0 Bum

1

X (/ gpz(XOJ’o)Vz()’o)d)/o) ’ dx()) !
0
= </ / V1(x0x/)</ gpz(xo,yo)vfz/()’o)
o JBy 0

Jal

!’ B ’ _ !’ ﬁ
x/ v;_pz(yoy’)yév_ldy’dy0> VI (x0)v, p‘(xox’)xé/l_ldx’dxo>
By

P1
[e'e] [S°] 23
= (/ / Vl(xox’)</ / Vz()/o}//)fpz(xox/7Y0}’/)yoNld}’/d)m)
0 By 0 By

P

M—1 /
X x5 dx dx0>
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_ ( / " (x)( / va() [P (x, y)dy) ” dx> "
E F
< c( / ul(x)( / 1y (y) (Hp p ) (x, y)dy> " dx) h
E F
_ c( / Ul(x())( / Uz()’o)(Hzg)qz(x07YO)d)’o> i dxo)
0 0

and we are done. |

Using Theorems 210}, Z.T1] and 311 precise weight conditions can be given for
inequality (T3) to hold. We state the results.
Denote

1/q _ 1/p{
Ji(x) = </ ul(y)dy> </ v, D (y)dy> , X€E
E\Swm, E\Sws,
1/q2 L 1/p;
Ja(x) = (/ uz(y)dy> (/ v, 7 (y)dy> , YEF
F\Sn, F\Sx,

B, = irelggl(x)’ B, = )i,relggz()/)

Theorem 3.2 Let0 < pi,q; < 1, piyqi # 0,1 = 1,2, let uy, v; be weight functions
on E, and let u,, v, be weight functions on F, u; € LY(E), u, € L'(F)

(3.8) 0< / u(z)dz < o0, 0< / vi_P{(z)dz < 0 x €E,
E\Sn, E\Sw,

and

39 0< / Uy (2)dz < o0, 0< / viipzl(z)dz < 00 y €F
F\Sx, F\Sn,

Then a necessary condition for inequality (L3)) to hold is that min(B, B,) > 0.

Theorem 3.3 Let0 < pi,q; < 1,1 = 1,2, let uy, v, be weight functions on E, let

uy, v, be weight functions on F, and let (3.8), (B.9) be satisfied . Assume, in addition,

that either q1 < p, < p1orq1 < gz < p1. Then a sufficient condition for the validity

of (L3 is:

(a) In case gy < po, we have that J;(x) is non-increasing in |x| and B; > 0, i = 1, 2.

(b) In case p; < qy, we have that J,(x) is non-increasing in |x|, By > 0, and any of the
following equivalent conditions is satisfied:

(i)

—n/p . —n/p;
/Mz(J’)(/ Mz(Z)dZ) (/ v, 72 (Z)dz) dy < o0,
F F\Sw, F\Sx,

and, in addition, fF v;_PZ/ (2)dz < o0 1ffF 1y (2)dz < 005
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(ii)

, , —n/q —n/q
/V;_pz (}/)(/ v, P (Z)d2> </ uz(z)dz> dy < oo;
F F\Sw, F\Sx,
(iii)
ot pi—1 N —n/p;
/uz(y)</ v, 7 (Z)</ Mz) dZ) dy < oo,
F Sny F\Sx,

where L =
n

1 _ 1
P2 Q@

Remark 3.4 A result similar to Theorem [3.J] can be obtained for the range 1 <
pi < 00,0 < g; < 00, i = 1,2. The proof is identical to that of Theorem BT with

the obvious change in the direction of the inequalities where Holder and Minkowskii
inequalities are used. We state the result below.

Theorem 3.5 Let0 < q1, o < 00, 1 < py, pa < 00, let uy, vy be weight functions
on E, and let uy, v, be weight functions on F. Then the inequality

(3.10) ( / ul(x)< / () (I )% x, y)dy) ; dx) "
E F
C(/vl(x)(/Vz(y)f"Z(xJ)dy) ” dx) '
E F

holds for all f > 0 if and only if the inequality

a

(3.11) ( / U1(x0>( / Uz()’o)(Hzg)qz(Xo,)/o)dY()) ”dxo) .
0 0

C(/ Vl(x0)</ Vz(}’o)gpz(xo#o)d)’o) ’ dx0> )
0 0

holds for all g > 0 with U;, V; as given in Theorem[3.1l Moreover, the constants in the
two inequalities are the same.

Remark 3.6 Inequality (B.I1)) is the one characterized in Theorem [2.9]in terms of
two one dimensional standard Hardy inequalities. Consequently, the precise weight
conditions for (B.I0) can be written accordingly.

4 Final Result and Remarks

If we consider 1 < ¢q;,q> < oo in Theorem [35] then both the sides of inequalities
(BI0) and (BI1) can be regarded as norms in certain mixed normed spaces. Conse-
quently, we immediately obtain the following deduction from Theorem[3.5
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Corollary 4.1 Let1 < py,p2,q1,q2 < 00, uy, v be weight functions on E, u,, v, be
weight functions on F. Then the operator Hg p is bounded between the mixed normed
spaces [LP'(E, vy), LP2(F,v,)] and [L1(E, uy), L (F, uy)] if and only if the operator H,
is bounded between the mixed normed spaces [LP'((0, 00), V1), L*((0, 00), V3)] and
[LT((0,00),U;), L%((0, 00), Up)] with the weights Uy, U,, V1,V as given in Theo-
rem[B.11

Throughout the paper, we have considered the operators Hg r and H,. As a matter
of fact, we can consider more general operators

(Terf)(x, y) = /

/ f(s,t)dtds, x € E, y € F
bllxDSu\a(|xDSu Jd(lyD)Sn\e(ly)Sn

and
b(x)  pd(y)

(T f)(x, y) = / f(s.0)dtds, x, y € (0,00),

a(x) Je(y)

where a, b, ¢, d are strictly increasing differentiable functions on [0, co] satisfying

a(0) =b(0) =0, a(x) <blx) for 0<x<oo0, a(co)=>blx)=0c0
and

c(0) =d0) =0, c(x)<dx) for 0<x<o0o, c(oc0)=d(x0)=0c.

Remarks 4.2 (i) Theorem is still valid if the operator H, is replaced by T,.
In that case inequalities (2.6) and (2.7) will be replaced by the ones involving the
Hardy-Steklov operator (T f)(x) = fgh(g) f(t)dt. But the corresponding inequalities
have not been studied in the literature to our knowledge (Heinig and Sinnamon [5]]
studied these inequalities for p; > 1, g; > 0). Once these inequalities are studied,
one can write the results corresponding to Theorems and2.111

(ii) In Theorem B.I} Hgr and H, can be replaced respectively by T and T5.
However, in view of the above remark, the precise weight conditions for the operator
Tg r cannot be written unless we know the corresponding conditions for T5.

(iii) Finally, in Theorem as well, the operators Hg r and H, can be replaced
respectively by Tg ¢ and T,. The corresponding inequality has already been studied,
see [8, Corollary 3], [9) Proposition 2.5], and thus the precise weight conditions for
the two inequalities are already known. This result shows that the two inequalities
can be studied in terms of each other.

References

[1] ). Appell and A. Kufner, On the two dimensional Hardy operator in Lebesgue spaces with mixed
norms. Analysis 15(1995), no. 1, 91-98.

[2]  P.R.Beesack and H. P. Heinig, Hardy’s inequalities with indices less than 1. Proc. Amer. Math. Soc.
83(1981), no. 3, 532-536.

[3]  A.Benedek and R. Panzone, The spaces LP with mixed norm. Duke Math. J. 28(1961), 301-324.
doi:10.1215/50012-7094-61-02828-9

[4]  G. Bennett, Factorizing the classical inequalities. Mem. Amer. Math. Soc. 120(1996), no. 576.

https://doi.org/10.4153/CMB-2011-022-0 Published online by Cambridge University Press


http://dx.doi.org/10.1215/S0012-7094-61-02828-9
https://doi.org/10.4153/CMB-2011-022-0

644

(5]
(6]
(7]
(8]
9]
(10]
(11]
(12]
(13]
(14]
(15]

(16]
(17]

(18]

[19]

A. Fiorenza, B. Gupta, and P. Jain

A. Fiorenza, B. Gupta, and P. Jain, Compactness of integral operators in Lebesgue spaces with mixed
norm. Math. Inequal. Appl. 11(2008), no. 2, 335-348.

H. P. Heinig and G. Sinnamon, Mapping properties of integral averaging operators. Studia Math.
129(1998), no. 2, 157-177.

P. Jain and B. Gupta, Compactness of Hardy-Steklov operator. J. Math. Anal. Appl. 288(2003), no. 2,
680—691. |doi:10.1016/j.jmaa.2003.09.036.

P. Jain, P. K. Jain, and B. Gupta, On certain double sized integral operators over multidimensional
cones. Proc. A. Razmadze Math. Inst. 131(2003), 39-60.

, Compactness of Hardy type operators over star-shaped regions in RN. Canad. Math. Bull.
47(2004), no. 4, 540-552. |doi:10.4153/CMB-2004-053-5

, On certain weighted integral inequalities with mixed norm. Ital. J. Pure Appl. Math.
18(2005), 23-32.

A. Kufner and L.-E. Persson, Weighted inequalities of Hardy type. World Scientific, River Edge, NJ,
2003.

A. Kufner, L. Maligranda, and L.-E. Persson, The prehistory of the Hardy inequality. Amer. Math.
Monthly 113(2006), no. 8, 715-732. |doi:10.2307/27642033

, The Hardy inequality. About its history and some related results. Vydavetelsky Servis, Plzen,

2007.

L. Maligranda, Orlicz spaces and interpolation. Seminérios de Matemdtica, 5, Departamento de
matematica, universidade Estadual de Campinas, Brazil, 1989.

, Calderén—Lozanovskii construction for mixed norm spaces. Acta Math. Hungar. 103(2004),
no. 4, 279-302. doi:10.1023/B:AMHU.0000028829.15720.02

D. V. Prokhorov Weighted Hardy’s inequalities for negative indices. Publ. Mat. 48(2004), 423—443.
G. Sinnamon, One dimensional Hardy-type inequalities in many dimensions. Proc. Roy. Soc.
Edinburg Sect. A 128(1998), no. 4, 833-848.

, Hardy-type inequalities for a new class of integral operators. In: Analysis of divergence
(Orono, ME, 1997), Birkhduser Boston, Boston, MA, 1999, pp. 297-307.

, Hardy’s inequality and monotonicity, In: Function spaces, differential operators and
nonlinear analysis, Mathematical Institute of the Academy of Sciences of the Czech Republic,
Prague, 2005, pp. 292-310.

Dipartimento di Costruzioni e Metodi Matematici in Architettura, Universitd di Napoli, I-80134 Napoli, Italy

and

Istituto per le Applicazioni del Calcolo “Mauro Picone”, sezione di Napoli, Consiglio Nazionale delle Ricerche,
I-80131 Napoli, Italy
e-mail: fiorenza@unina.it

Department of Mathematics, Shivaji College (University of Delhi), Raja Garden, Delhi 110 027, India
e-mail: babita.gupta@hotmail.com

Department of Mathematics, Deshbandhu College (University of Delhi), Kalkaji, New Delhi 110 019, India
e-mail: pankajkrjain@hotmail.com

https://doi.org/10.4153/CMB-2011-022-0 Published online by Cambridge University Press


http://dx.doi.org/10.1016/j.jmaa.2003.09.036
http://dx.doi.org/10.4153/CMB-2004-053-5
http://dx.doi.org/10.2307/27642033
http://dx.doi.org/10.1023/B:AMHU.0000028829.15720.02
https://doi.org/10.4153/CMB-2011-022-0

