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Metric Spaces Admitting Low-distortion
Embeddings into All n-dimensional Banach
Spaces

Mikhail Ostrovskii and Beata Randrianantoanina

Abstract. For a fixed K > 1and n € N, n > 1, we study metric spaces which admit embeddings
with distortion < K into each n-dimensional Banach space. Classical examples include spaces em-
beddable into log n-dimensional Euclidean spaces, and equilateral spaces.

We prove that good embeddability properties are preserved under the operation of metric com-
position of metric spaces. In particular, we prove that n-point ultrametrics can be embedded with
uniformly bounded distortions into arbitrary Banach spaces of dimension log .

The main result of the paper is a new example of a family of finite metric spaces which are not
metric compositions of classical examples and which do embed with uniformly bounded distortion
into any Banach space of dimension n. This partially answers a question of G. Schechtman.

1 Introduction

This paper is devoted to the following problem suggested by Gideon Schechtman dur-
ing the Workshop in Analysis and Probability at Texas A&M University, College Sta-
tion, Texas, July 2013.

Problem 1.1 Fix a constant K > 1 and n € N satisfying n > 1. Characterize all
metric spaces admitting embeddings with distortion < K into each n-dimensional
Banach space.

The distortion of an (injective) embedding f: X — Y of a metric space (X, dx) into
a metric space (Y, dy) is defined by

. dy(f(x), f(¥)) dx(x,y)
dis = su - su .
1) N ST RES DR PR VIONTE)

If dist(f) < K, we say that f is a K-embedding, and that a metric space (X, dx) is
K-embeddable into a metric space (Y, dy).

Problem 1.1 can be viewed as a part of modern Ramsey theory which seeks to char-
acterize types of structures which can be found inside arbitrary structures that are
sufficiently large. In the category of metric spaces in relation to their embeddability
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into Banach spaces, this work was initiated in [BFM86]. See [BLMNO05, MN13], and
references therein for important Ramsey-type results in the category of metric spaces.

Since Problem 1.1 is vague and somewhat unrealistic, Schechtman also suggested a
more specific Problem 1.2 (see below). Before stating it we need to list known examples
of metric spaces embeddable into each n-dimensional Banach space:

(A) Metric spaces admitting low-distortion embeddings into log n-dimensional
Euclidean spaces. This class of examples is obtained as a corollary of the fundamental
Dvoretzky theorem (see Theorem 2.1) which implies that for every M > 1 there exists
s(M) > 0 such that for each 1 € N the space €5 with k < s(M)Inn can be linearly
embedded into any n-dimensional Banach space with distortion < M. It follows that
any metric space which embeds with distortion < K/M into such €% can be embedded
with distortion < K into any n-dimensional Banach space. See Section 2.1 for more
details.

(B) A metric space is called equilateral if the distances between all pairs of distinct
points in it are equal to the same positive number. An equilateral space is also called
an equilateral set. Equilateral spaces of size < a”, where a depends on K, form an-
other class of metric spaces satisfying the conditions of Problem 1.1. In Section 2.2 we
describe the known estimates for the distortion of embeddings of equilateral spaces
and give a simple direct proof of the estimates that we will use for our results.

(C) Metric spaces from the classes mentioned in (A) and (B) can be combined
using a general construction, called metric composition (see Definition 2.8), which was
introduced in [BLMNO5]. In Section 2.3 we present a detailed study of embeddability
properties of metric compositions of metric spaces. We prove that for a suitable choice
of parameters, the metric composition of metric spaces which embed well into a given
Banach space E, also embeds well into E (Theorem 2.9, Corollary 2.13). Applying this
general construction to examples described in (A) and (B) we get more examples of
metric spaces satisfying the conditions of Problem 1.1. In particular ultrametrics (see
Section 2.4) can be obtained as metric compositions of equilateral sets described in
(B). Thus, as a corollary of our results, we obtain that ultrametrics of exponential size
embed with uniformly bounded distortion into any n-dimensional Banach space. We
also provide a direct proof of this fact (see Proposition 2.15 and Corollary 2.16).

Problem 1.2 (Schechtman) Can one suggest examples satisfying the condition of
Problem 1.1 which are completely different from the ones mentioned in (A)-(C)?

The main goal of this paper is to give an answer to this problem, that is, to present
an example of a family of metric spaces that satisfy the condition of Problem 1.1, but
do not belong to any of the classes (A)-(C).

In Section 3 we show an example of a family of graphs, that we call weighted dia-
monds W,, which we prove do not arise from any of the discussed above examples,
and which embed with uniformly bounded distortion into any Banach space of di-
mension at least exp(c(loglog|W,|)?) for a suitably chosen ¢ > 0. The family { W, }
was first constructed in [Ost14], as an example of a family of topologically complicated
series-parallel graphs that embed with uniformly bounded distortion into €, (of infi-
nite dimension). In the present paper we show that W,’s are snowflaked versions of
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standard diamonds D,,’s. However D,’s are not uniformly doubling so the embed-
dability results for W,, proved in [Ostl4] and in the present paper do not follow from
Assouad’s theorem (see Remark 3.11). Our method of proof of the embeddability of
W,.’s uses a mixture of §-net arguments and some “linear” manipulations.

In Section 4 we show a more general construction of “hierarchically built weighted
graphs” which can have topologically very complicated structures and which embed
with uniformly bounded distortion into any Banach space of specified dimension (see
Theorem 4.3).

2 Low-dimensional Euclidean Subsets, Equilateral Spaces, and Their
Combinations

2.1 Low-dimensional Euclidean Subsets

We recall the following improvement of the Dvoretzky theorem [Dvo61], which is due
to Milman [Mil71] (we state it in a somewhat unconventional way).

Theorem 2.1  Foreach M € (1, co) there exists s(M) € (0, 0o) such that any n-dimen-
sional Banach space X contains a k-dimensional subspace Xy with k > s(M) Inn, such
that X, is linearly isomorphic with €5 with distortion < M.

We assume that s(M) is chosen in the optimal way. Let M < K. Theorem 2.1
immediately implies that any metric space which admits an embedding into £¥, where
k = [s(M)Inn], with distortion < &, also admits an embedding with distortion < K
into any n-dimensional Banach space.

This relates our study with the following major open problem of the theory of
metric embeddings: Find an intrinsic characterization of those separable metric spaces
(X, dx) that admit bilipschitz embeddings into €5 for some n € N. See [Sem99, LP0l,
Hei03] for a discussion of this problem. One of the most important results on this
problem is the Assouad theorem, which we mention below (Theorem 3.9). However,
it should be mentioned that in the present context we are interested in the version of
the problem for which the dimension is specified. See very interesting recent results
related to this problem in [NN12, DS13], and related comments in [Hei03, Remark
3.16].

2.2 Equilateral Spaces

It follows from standard volumetric estimates that the maximal §-separated set for
0 > 0 contained in the unit ball of any n-dimensional Banach space has cardinality at
least 7. It is also easy to see that a bijection between any §-separated set in the unit
ball and an equilateral space of the same cardinality has distortion < (2/8). Therefore
an equilateral space of size < (%)” admits an embedding with distortion < K into an
arbitrary n-dimensional Banach space.

A standard volumetric estimate also gives an upper bound on the cardinality of an
equilateral space which can be embedded with distortion at most K in an #n-dimen-
sional Euclidean space.
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Lemma 2.2 Let {a;}Y, be an equilateral space which is K-embeddable into an
n-dimensional Banach space. Then N < (2K +1)".

Proof Let {a;}Y, be equilateral with distances equal to 1, and ¢ : {a;}¥, - X bea
K-embedding. We may assume that there is & > 0 such that
h<|g(ai) - ¢(aj)| < Kh.
Therefore N(2)" < (Kh +2)" and N < 2K +1)". [ |
The most precise, known, estimates for the distortion of an embedding of exponen-
tial size equilateral spaces in any Banach space can be obtained using the following
result of Arias-de-Reyna, Ball, and Villa [ABV98] (an earlier version of this result

was proved by Bourgain, see [FL94, Theorem 4.3], using Milman’s [Mil85] quotient
of subspace theorem).

Theorem 2.3 ([ABV98]) Let e > 0, X be an n-dimensional Banach space, B its
closed unit ball, and u, the Lebesgue measure on B normalized so that y(B) = 1. If

t=2(1- ¢), then
p@u{(x,y)eBxB: |x—y|<t}<(1-€*(2-¢)?)e.
Theorem 2.3 implies that the set L of points x in B for which
ulyeB: [x-y| <t} <2(1-(2-¢)?)7,
satisfies (L) > 3. Choosing t-separated points in the set L, one by one, we get a
t-separated set of cardinality at least
1
4(1-e2(2-¢)?)3

This implies the following corollary.

Corollary 2.4 For every s > \/2 there exists C(s) (= In(s?/2\/s2 1)) so that an
equilateral set of size ; exp(C(s)n) embeds in any n-dimensional Banach space X with
distortion < s.

It is a long standing open problem whether \/2 in Corollary 2.4 can be replaced
by 1.

Problem 2.5 Does there exist a function C:(0,1) — (0, 00) such that for each
€ € (0,1) and each n € N, an equilateral space of size exp(C(¢)n) embeds in any
n-dimensional Banach space X with distortion < 1+ &?

The answer is known to be positive for Banach space X with a I-subsymmetric basis
[BBK89], for uniformly convex Banach spaces [ABV98] (the function C(¢) depends
on the modulus of convexity), and in some other cases, see [BB91, BPS95].

In the sequel we will use bilipschitz embeddings of equilateral sets into unit spheres
of finite-dimensional Banach spaces. For completeness we include a simple proof with
the specific constants that we will use.
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Lemma 2.6  There exists a constant § > é, so that for every m > 1 the unit sphere of
every m-dimensional Banach space X contains 2 - 4™~! elements of mutual distance at
least 6.

Proof Let § > 0 and T be the maximal §-separated set on Sx. Then (26)-balls
centered at T cover the set of points between the spheres of radius (1+ §) and (1-§).
Therefore the cardinality |T| of T satisfies

a+o)"-aq-o)"
(28)™
So we need ¢ such that the following inequality holds for all m > I:

|T| >

1

5(85)"’ <A+H"-(1-68".
Let 8 = 1. Since the right-hand side is > 2md, the conclusion follows for m > 2. For
m = 1 the conclusion is obvious. ]

Corollary 2.7  Ifwe replace 2-4™ " by 2™ in the statement of Lemma 2.6, we can take
d=1/8.

2.3 Metric Compositions

The following general construction of combining metric spaces was introduced by
Bartal, Linial, Mendel and Naor for their study of metric Ramsey-type phenomena
[BLMNO5].

Definition 2.8 (Metric composition, [BLMNO05]) Let M be a finite metric space.
Suppose that there is a collection of disjoint finite metric spaces N, associated with
the elements x of M. Let N = {N, }yem. For > 1/2, the B-composition of M and
N, denoted by Mg[N], is a metric space on the disjoint union U, N,. Distances in
Mg[N] are denoted dg and defined as follows. Let x, y € M and u € N, v € N,,. Then

d , =y,

dp(uv) = | () x=y
Bydm(x,y) x#y,

max;ey diam (N)
ming.yem dy(x,y) "
antees that dj is indeed a metric.

where y = It is easily checked that the choice of the factor By guar-

We prove that the metric composition preserves embeddability properties of met-
ric spaces in the following sense.

Theorem 2.9 Let C,D > 1. Let E be a Banach space and M be a finite metric space
which is C-embeddable in E. Let N = {N, } xepm be a family of finite metric spaces which
are D-embeddable in E. Let > 2(C + 1). Then Mg[N] is A-embeddable in E, where

B 20(C+1)
A= max( D,C + /3—2(C:-1))'

Inparticular, ife >0, D < C,and > 2( C:E) (C+1), then Mg[N] is (C+e)-embed-
dable in E.
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Proof Without loss of generality we can assume that

(2.1) xri}lenM du(x,y) =1

Let y = maxyepy (diamN, ). We denote the metric in Mg[N] by dg. For all yy, y, €
Mpg[N] there exist x;, x, € M so that y; € Ny, y, € Ny,. We have

dn, (71> ¥2) it x1=x3=x,
d , = *
ﬁ(yl »2) {[j’ydM(xl,xz) if x1 # x,.

By assumption, there exists W: M — E so that for all x;, x5 € M,

1
EdM(xl,xz) < H\P(Xl) —‘Y(Xz)” < dM(Xl,Xz).

Also, for all x € M there exist ®,: N, — E, so that for all y, y1, y» € Ny

1
(2.2) BdN" (y1,2) <@ (11) = Px(p2) | < dn, (1, y2),

and | @, (y)| < diam(Ny).

Let A = 8 -2, and define ®: Mg[N] - E by ®(y) = O, (y) + Ay¥(x),if y € N,
for some x € M.

We claim that @ is an A-embedding, where A = max( D,C+ ;_Cz((cctrll)) ) .

First we consider yy, y, € Mg[N] so that there exists x € M with yy, y; € N,. Then
dp(y1,y2) = dn, (1, y2) and

@(y1) - O(y2) = Px(y1) + ¥ (x) = (Px(y2) + ¥ (x)) = O (1) — P (y2)-

Thus by (2.2) we have

1
(2.3) Bdﬁ()’l’yZ) <o) - (y2)| < dp(y1s y2)-

Next we consider yy, y, € Mg[N] so that y; € Ny, y2 € Ny,, for some x;,x, € M,
with x; # x;. Then dg(y1, y2) = Bydum(x1, x2), and

[®(r1) = @(y2)[ = [Ps, (31) + y¥ (x1) = (P, (y2) + Wy¥(x2)) |
<@ () + [Py (y2) | + MW (x1) = ¥ (32 |
<2y + Aydp (%1, x2) bY(Su) 2y + Ay)dp (21, x2)
= Bydm(x1,x2) = dg(y1, y2).
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On the other hand,

[®(y1) = @ ()] = [ @, (1) + y¥(x1) = (P, (12) + Wy¥ (x2))|
2 W[ ¥ (1) =¥ (x2) | = [ @, (y1) | = [ @, (32) ]

by (2.1)

1 1
ZEAydM(xl,xz)—Zy > (E)L—2)ydM(x1,x2)

_ (%(ﬁ ~2) = 2) ydu(x1, %)

_p-2C-2 o
_7Cﬂ Bydm (x1,x2)
_p-2C-2

Tdﬁ()’l’yz)-

This and (2.3) imply that @ is an A-embedding of Mz[N] into E.
Note that if § > 2( %) (C +1), then

Cp :C+2C(C+l)<C+ C2C(C+1) _ N
p-2C-2 B-2C-2 2(1+ 2)(C+1)-2(C+1)
Thus,if D<C,then A< C +¢. |

Definition 2.10 ([BLMNO5]) Given a class M of finite metric spaces and § > 1, we
define its closure comp, (M) under > B-compositions as the smallest class € of metric
spaces that contains all spaces in M and satisfies the following condition: let M € M,
B’ > B, and associate with every x € M a metric space N, that is isometric to a space
in €. Then the space Mg/[N] is also in C.

Note that comp ﬁ(M) can be described as a union of smaller classes which have
increasing complexity. More precisely

(2.4) compﬁ(M) = D Com>
m=0

where €y = M, and for m € N, C,, is the class of metric spaces of the form Mg [N],
where M € M, ' > 3, and N = { N, } xepm, where for every x € M a metric space Ny is
isometric to a space in Uy C;.

The operation of composition has the following associativity property.

Proposition 2.11  Let M be a finite metric space, 1 2 1/2, B2 > 1, N; = {Ny }xem and
N, = {Ny}yeM,;l(Nl) be families of finite metric spaces. Then

(Mﬁl(Nl))/gz(NZ) = Mﬁl(N3)>

where N3 is a family of finite metric spaces of the form (N ) g, ({Ny } yen, ), where x € M
and fx > Ba.
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Proof For each x € M, define N as the disjoint union of N, over y € N, with the
metric inherited from ( Mg, (N;)) P (N2). Let N3 be the collection of all N}

Ns = {N;}xeM = {UyeNxN)’}XEM'
Denote the metric in (M/Sl(Nl))ﬁz(NZ) by d. For all z;,z, € ( Mg, (N1)) s, (N,)

there exist yy, y, € Mp (N1) so that z; € ﬁyl, Zy € Ny,, x1,% € M, and y; € Ny,
y2 € Ny,. We have
dﬁy(zl,zz) ifz;,z,¢ N,
d(z1,22) = | B2y2dn, (31, y2) ifz1,2, € NI, y1 # y2,
Bay2Piyidm(x1,x2)  ifzi € NE 2z € NJ 1 # %2,

where
maxyey diam (Ny) maXyenm, (Ny) diam(N},)
h= MmNy x,enmr Ay (%1, %2) 2= miny, .y, epm, () dM,gl(Nl)()’b)’Z)'
We claim that for every x € M, there exists 5, > 5, so that
(2.5) Ny = (No)g, ({N) }yen, )-

Indeed, it is enough to observe that for every x € M, y, < y,, where
def Maxyen, diam (N,)
miny,.yen, dn, (y152)

To prove that ( Mg, (N1)) /32(N2) = Mg, (N3), we define

X

def  MaXyepy diam(N)

Y3 = — .
mlnx1¢x2€M dM (.X], x2)

Observe that

r)?e%dxdiam(N;) = max( B2y2 max diam(N,), ydg;a(le) diam(ﬁy)) .
If maXyep, (Ny) diam(ﬁy) > fB2y2 maxyep diam (N, ), then by definition of y,,

}’1¢}’216111Viffll] (MN1) dMﬁl (1) (yl’ y2) g ﬁZ IE?V)I( diam(Nx)’

and thus, since 8, > 1, minyep miny, 2y, en, dn, (Y1, y2) > Maxyep diam (N, ), which
is impossible. Thus maxycy diam (N} ) = 8y, max,ey diam (N, ). Hence,

BiBayrya _ B,
V3
and the proposition is proved. ]

As an immediate corollary of Proposition 2.11 and (2.5) we obtain.

Corollary 2.12  Let M be a family of finite metric spaces and f3 > 1. Then
comp (comp,(M)) = compg(M).

As a consequence of Theorem 2.9 we obtain the following result.
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Corollary 2.13 Let C > 1. Let E be a Banach space and M be a family of finite metric
spaces which are C-embeddable in E. Let p > 2(C +1). Then every space in comp (M)

is A-embeddable in E, where A = C + ;_Cz((cctrll)).

In particular, for any € > 0, if B > 2( €££) (C +1), then every space in compg (M)
is (C + €)-embeddable in E.

Proof We prove this by induction on the level of complexity of spaces in compg (M).
If M € Cy = M, then by assumption M is C-embeddable in E.

Suppose that for some m ¢ N, every space in U7",' €; is A-embeddable in E. Let
X € C,. Then there exist M € M, ' > B, and N = {N,},em, where for every
x € M a metric space N, is isometric to a space in U"";' €;, so that X = Mpg/[N]. By
assumption, M is C-embeddable in E, and by inductive hypothesis, every space in N
is A-embeddable in E. Thus by Theorem 2.9, X is B-embeddable in E, where

2C(C+1) ):A. -

B:max(A,C+m

2.4 Ultrametrics and Hierarchically Well-separated Trees

An ultrametric is a metric space (M, d) such that for every x, y,z € M,

d(x,z) <max{d(x,y),d(y,2)}.

These spaces appeared in a natural way in the study of p-adic number fields, see
[Sch84]. Currently ultrametrics play an important role in many branches of mathe-
matics, see for example [BLMNO5, Hugl2, MN13], and references therein. It is known
that ultrametrics have very good embedding properties, see [Shk04] and its refer-
ences. In particular, Shkarin [Shk04] proved that for any finite ultrametric (M, d),
there exists m = m(M, d) € N such that for any Banach space E with dim E > m there
exists an isometric embedding of M into E. In this result m is large and depends on
M, not only on the cardinality of M. Observe that any isometric embedding of an
equilateral space with » points (it is the simplest ultrametric) into a Euclidean space
requires dimension > #n — 1. So isometric embeddings of ultrametrics require large
dimension. The situation changes if we allow some distortion. Bartal, Linial, Mendel
and Naor [BLMNO04] proved that there exist constants C > 1 and ¢ > 0 such that any
n-point ultrametric C-embeds into e;, forany k > clnnand any 1< p < co. The goal
of this section is to prove that there exists a universal constant K such that any n-point
ultrametric embeds into any Banach space of dimension log, n with distortion < K.

It turns out that for embeddability of ultrametrics it is convenient to use the fol-
lowing, more restricted class of metrics.

Definition 2.14 ([Bar96]) For k > 1, a k-hierarchically well-separated tree (k-HST)
is a metric space whose elements are the leaves of a rooted tree T. To each vertex
u € T there is associated a label A(u) > 0 such that A(u) = 0 if and only if u is a leaf
of T. It is required that if a vertex u is a child of a vertex v, then A(u) < A(v)/k. The
distance between two leaves x, y € T is defined as A(lca(x, y)), where lca(x, y) is the
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least common ancestor of x and y in T. A k-HST is said to be exact if A(u) = A(v)/k
for every two internal vertices (that is, neither u nor v is a leaf) where u is a child of v.

First, note that an ultrametric on a finite set and a (finite) 1-HST are identical con-
cepts. Any k-HST is also a 1-HST, i.e., an ultrametric. When we discuss k-HST’s, we
freely use the tree T as in Definition 2.14, which we refer to as the tree defining the
HST. An internal vertex in T with out-degree 1 is said to be degenerate. If u is nonde-
generate, then A(u) is the diameter of the sub-space induced on the subtree rooted by
u. Degenerate nodes do not influence the metric on T’s leaves; hence we may assume
that all internal nodes are nondegenerate (note that this assumption need not hold for
exact k-HST’s).

By [BLMNO5, Proposition 3.3], the class of k-HST coincides with comp, (EQ),
where EQ denotes the class of finite equilateral spaces. Thus, by Corollary 2.7 and
Corollary 2.13 there exists ko > 2 so that every k-HST with k > ko admits a bilipschitz
embedding into any Banach space X with dim X > log, D, where D is the maximal
out-degree of a vertex in the tree defining the k-HST, with a uniformly bounded dis-
tortion, which generalizes [BLMNO04, Proposition 3].

Our next goal is to provide an alternative more direct proof of this result.

Proposition 2.15 Any k-HST with k > 17 admits a bilipschitz embedding into any
Banach space X with dim X > log, D, where D is the maximal out-degree of a vertex
in the tree defining the k-HST, with distortion not exceeding 115

Proof Letv be any of the non-leaf vertices of the tree defining the k-HST. The num-
ber of edges E(v) contributing to the out-degree of v is at most D. Let § = 1/8. By
Corollary 2.7 there is an injective map ¢, from E(v) to the §-net on the unit sphere
of X. Combining ¢, for all non-leaf vertices v we get a (no longer injective) map ¢
from the edge set of the tree to the §-net.

Now we define the map f on the set of leaves into X. For a leaf £ let

f&) = 3 Mo)e(tD),

te[r,e]

where r is the root, £ is the last non-leaf on the way from r to ¢, [r, €] is the path
joining r and € (path is regarded as a set of vertices), 7 is the next after ¢ vertex on the
path from r to ¢, and A(t) is the label assigned according to Definition 2.14.

Let us estimate the distortion. Let £; and €, be two leaves in the tree, v be their
least common ancestor, v; and v, be the first (after v) vertices on the paths [v, £;] and
[v, £2], respectively. Then (we use the fact that A(v) = d(£;,¢2))

Ife) - fe)l =] X ametT) - 3 At)e(t7)]

te[v,6] te[v,es]

> AW o) -9 Y AWle(DI - Y AW ]e(tD)]

te[vi,61] te[va,€2]
1 1 1 1 1 2
ZgA(V)—ZA(V)(E‘Fﬁ‘FE‘F):d(el,ez)(g—ﬁ)
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On the other hand,
If (&) - f(£2)]

| > Aot - Y A(D)e(T)]

te[v,6] te[v,62]

< Y AW+ Y AWIe(T)]
te[v,61] te[v,e,]

1 1 1 2k
§2A(v)(1+z+ﬁ+ﬁ+--.):d(gl,gz)ik_l. n

Since for any k > 1, any ultrametric is k-bilipschitz equivalent to a k-HST ([Bar99],
see also [BLMNO5, Lemma 3.5]), we obtain the following corollary of Proposition 2.15
(which is an arbitrary-space version of results of [BLMNO04] and [BM04]).

Corollary 2.16 Any n-point ultrametric embeds with uniformly bounded distortion
into any Banach space X with dim(X) > log, n.

Remark 2.17  Itis natural to try to achieve distortions arbitrarily close to 1 in Propo-
sition 2.15, provided that k is sufficiently large and the dimension is a sufficiently large
multiple of log, D. This is what was done for embeddings into £, in [BLMNO4], as
a consequence of the fact that n-point equilateral sets can be (1 + ¢)-embedded into
€Ilj with k < C(é€) Inn. By Corollary 2.13 (or a careful reading of the proof of Propo-
sition 2.15) we obtain the same conclusion in every Banach space that satisfies the
condition of Problem 2.5. See Section 2.2 for a list of classes of spaces known to sat-
isfy this condition.

3 A New Example: Weighted Diamond Graphs

Our basic example is the family of weighted diamonds { W, } 52, introduced in [Ost14].
Let us recall the definitions.

Definition 3.1 ([GNRS04]) Diamond graphs {D, }2, are defined as follows: the
diamond graph of level 0 is denoted Dy; it contains two vertices joined by an edge. The
diamond graph D, is obtained from D,,_; as follows. Given an edge uv € E(D,,_1), it
is replaced by a quadrilateral u, a, v, b, with edges ua, av, vb, bu. (See Figure 3.1 for a
sketch of D,.)

Definition 3.2 ([Ost14]) We pick a number ¢ € (0, 3). The sequence { W, }72, of

weighted diamonds is defined in terms of diamonds {D, } 52, as follows (see Figure

3.2 for a sketch of W5).

* W, is the same as Dy. The only edge of Dy is given the weight 1.

* Wi = D, u W, with edges of D; given weights ( 1+ s) ; the weight of the edge of W,
stays as 1 (as it was in the first step of the construction).

* W, = D, u W; with edges of D, given weights ( % + e) 2; weights of the edges of W}
stay as they were in the previous step of the construction.
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* W, = D, U W,_; with edges of D,, given weights ( % + e) " weights of the edges of
W, stay as they were in the previous step of the construction.

* Graphs {W,,} are endowed with their shortest path distances which we denote dyy.

Remark 3.3 Observe that the metric of W, depends on ¢ although we do not reflect
this fact in our notation.

Figure 3.1: Diamond D;.

Figure 3.2: Graph W;. The longest edge has weight 1, the shortest edges have weights (3 + £)?,
the edges of intermediate length have weights (3 + ¢).

Note that Dy has 4 edges and that in each step we introduce 2 new vertices of Wy
per each edge of Dy_;. Hence Wy, k > 1, has 2(4%71 + 4572 + ... + 1) + 2 vertices. Thus
24" <|W,| < 4" forn>2and

(3.1 2n —1<log, |W,| < 2n.

Using a mixture of §-net arguments (Lemma 2.6) and some “linear” manipulations
we prove that W,’s admit bounded-distortion embeddings into all Banach spaces
with dimension bounds which are substantially smaller than the ones implied by the
Dvoretzky-type Theorem 2.1. Namely, in Section 3.3 we will prove the following result
(Corollary 3.22).
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Corollary 3.4 Foreverye € (1/2,1), there exist constants ¢, C > 1so that for every n >
C, W, can be embedded in every Banach space X with dim X > exp( c(loglog| Wn|)2)
with the distortion bounded from above by a constant which depends only on e.

Before proving Corollary 3.4 we study the structure of the weighted diamonds W,,.
We show that they are snowflaked versions of standard diamonds D, and that W,,’s
are not included in the set of examples presented in Section 2.

3.1 Weighted Diamonds Are Bilipschitz-equivalent to Snowflaked Diamonds
The following definition is standard (see [HeiOl, p. 98]).

Definition 3.5 Let (X, dx) be a metric space and 0 < « < 1. The space X endowed
with a modified metric (dx (u,v))® is called a snowflake of (X, dx ). We also say that
(X,d$) is an a-snowflaked version of (X, dx).

One of the standard metrics on diamonds { Dy } 2, is the shortest path distance
obtained under the assumption that each edge in Dy has length (%)k Let us denote
this metric dp, .

Proposition 3.6  Forany ¢ € (0,1/2) there exists a € (0,1) so that the natural identity
bijections of (vertex sets of ) weighted diamonds { Wy } onto (vertex sets of ) a-snowflaked
versions of diamonds {(Dy, dp, )} have uniformly bounded distortions for all k € N.

For the proof we need the following fact about the structure of shortest paths in
W,,, which was proved in [Ost14, Claim 4.1].

Lemma 3.7 ([Ostl4, Claim 4.1]) A shortest path between two vertices in W,, can
contain edges of each possible length:

1 1 2 .1 3
L{z+e¢e),(z+¢) ,(z+¢),...
ETDNERP e
at most twice. Actually for 1 this can happen only once because there is only one such
edge. If there are two longest edges, they are adjacent.

Proof (This proofis a slightly modified version of the proof in [Ost14]; we include it
here for the convenience of the readers.) Let e be one of the longest edges in the path
and (3 + ¢)* be its length. We assume that k > I; the case k = 0 can be considered on
the same lines, it is even easier.

As for diamonds, we define weighted subdiamonds to be subsets of W, that evolved
from an edge (as sets of vertices they coincide with the subdiamonds defined in [JS09,
Ostl4]). The edge from which a subdiamond evolved is called its diagonal.

Consider the subdiamond § containing e with diagonal of length (3 + &)*™' . Let
e = uv. Without loss of generality we may assume that u is one of the ends of the
diagonal of S, denote the other end by .

The rest of the path consists of two pieces, starting at # and v, respectively. We claim
that the part which starts at v can never leave S. It obviously cannot leave through u.
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It cannot leave through t, because otherwise the piece of the path between u and ¢
could be replaced by the diagonal of S, which is strictly shorter.

This implies that the part of the path in S which starts at v can contain edges only
shorter than (3 + ¢)¥. For the next edge in this part of the path we can repeat the
argument and get, by induction, that lengths of edges in the remainder of the path in
S are strictly decreasing.

The part of the path which starts at 4 can be considered similarly. The last statement
of the Lemma is immediate from the proof. ]

Proof of Proposition 3.6 Let £ € (0,1/2) and let (3 + ¢) be the weight of edges of
Wi which are not in Wy. Pick a € (0,1) so that (3)* = (3 + ). Since every edge of
Dy haslength (%)k, if we raise its length to the power «, we get the length of the same
edge in Wy. Therefore (since df, satisfies the triangle inequality) for any two vertices
x, y of Dy (or Wy) we have (dp,(x, )% < dw, (x, y).

To get the inequality in the other direction, let uv be the one of the (at most two)
longest edges in the shortest x y-path in Wj. We claim that

(3.2) dp, (x,y) > %de(u,V).

If (3.2) is satisfied, then by Lemma 3.7 and since uv is an edge we have

dw, (%, ) SZdwk(u,v)(1+(1 +¢) +(% +s)2+-~-)

2
2dw, (u,v) 2 o 20 .
= Ml]k =7 (dp, (u,v))* < 5 (dp,(x,y))
2 E—S 5—8
8 o
= m(dm(x’)’)) .

We assume without loss of generality that the shortest x y-path visits u before v. To
prove (3.2) we consider three possible cases.

Case1: Both x and y are contained in the subdiamond S with diagonal uv.
Case 2: Exactly one of x, y is contained in the subdiamond § with the diagonal uv.
Case 3: None of x, y is contained in the subdiamond S with the diagonal uv.

Let m, € N be the smallest number such that
1 1 2 1 1
(5+s)+(5+s) +~~-+(E+e)m°21+(7+s)m°.

It is clear that mg > 3if e € (0, 1).

We show that in Case 1 y is contained in one of the subdiamonds of S whose diag-
onal has length < (3 +¢&)™ 'dy, (u,v), and v is one of its ends. In fact, otherwise the
vy-path in Wy, which is a part of the shortest x y-path which we consider, contains a
vertex z of the subdiamond S for which zv is an edge of Wy satisfying

dw, (z,v) = (% + 8) tdwk(u,v)

for some positive integer t < my — 1. But then there is a uz-path P; in Wy which is
strictly shorter than any uz-path P; through v, contrary to our assumption that one
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Figure 3.3: Paths P; and P; in the subdiamond S

of the shortest x y-paths passes through u and v. To see this we observe that we can
pick P (see Figure 3.3) of length

((%+€) +(%+€)2+...+(%+€)t)dwk(u,1/);

and that P; is of length at least

(1+(%+s)t)dwk(u,v).

The conclusion length(P;) < length(P;) follows from ¢ < mg — 1 and the definition
of my.

The statement that y is contained in one of the subdiamonds of S whose diagonal
has length < (3 + &)™ 'dy, (4,v), and v is one of its ends implies that dp, (y,v) <
(3)™ 'dp, (u,v) < %dp,(u,v) since mo > 3. Similarly we prove that dp, (x,u) <
1dp, (u,v). We conclude that

2 1
de(x’)’) 2 de(u’V) - de(}/,V) - de(X,u) 2 (1_ Z)de(u’V) = Ede(u’V)7

so the inequality (3.2) is satisfied when Case 1 holds.
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In Cases 2 and 3 we consider the subdiamond of Wy, with the diagonal of the length
(5 +&)™ " (where (5 + &)™ is the length of uv in W). We may assume without loss
of generality that the diagonal of this subdiamond is of the form uw. We denote by v’
the other vertex for which both Vu and ¥w have length (3 +¢)™.

Because of lack of symmetry we consider separately Case 2a, where x is and y is
not in the subdiamond § with the diagonal uv, and Case 2b, where y is and x is not
in the subdiamond S with the diagonal uv.

In Case 2a the vertex y is contained in the subdiamond with the diagonal vw (be-
cause the edge uw is shorter than any other uw-path). Also dp, (x,u) < 3dp, (u,v)
for the same reason as in Case 1. Hence dp, (x, y) > 3dp, (u,v).

In Case 2b there are two subcases: where x is in the subdiamond with the diagonal
uw, and where x is not there. In both cases it is easy to see that the shortest in Dy
xy-path cannot be shorter than dp, (4, y) > 3dp, (u,v).

In Case 3 the only situation in which the desired inequality is not immediate is the
situation where x is in the subdiamond with the diagonal vw and y is in the subdia-
mond with the diagonal vw. In this case the shortest path contains both the edge vu
and uv. Replacing these edges by the edges Vw and wv, we get one of the previously
considered cases. ]

In this context it is natural to recall the following well-known result of Assouad
[Ass83] (see also [Hei0l, Chapter 12]).

Definition 3.8 A metric space is called doubling if there exists N < oo such that
each ball in this space can be covered by at most N balls of twice smaller radius.

Theorem 3.9 ([Ass83]) Each snowflaked version of a doubling metric space admits a
bilipschitz embedding into a Euclidean space.

Remark 3.10 Inthe original proof of Theorem 3.9 the dimension N of the receiving
Euclidean space and the distortion of the embedding depend both on the doubling
constant of the metric space and on the amount « of snowflaking, with N going to
oo, as a approaches 1. Recently, Naor and Neiman [NN12] (cf. also [DS13]) obtained
estimates of N depending only on the doubling constant and independent of «, for
ae (1/2,1).

Remark 3.11 'The spaces { Wy} do not satisfy the assumptions of Theorem 3.9, i.e.,
the spaces { D } 2, are not uniformly doubling. Indeed, balls of radius (4 )* centered
at the bottom of Dy contain 2 vertices of mutual distance (%)k‘l, in addition to the
bottom vertex, and thus no pair of such vertices is contained in any ball of radius
( 1 ) k+1

’ Note that the doubling condition is important for ¢,-embeddability in Theorem 3.9.
Consider, for example, the space L;(0,1) and « € (3,1), and apply [AB14, Lemma 2.1].
Thus the results about embeddings of { W; } in [Ostl4] and in the present paper are
not covered by the Assouad theorem (Theorem 3.9).

https://doi.org/10.4153/CJM-2015-041-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-041-7

892 M. Ostrovskii and B. Randrianantoanina

3.2 Weighted Diamonds Are Not Included in the Set of Examples Presented in
Section 2

The goal of this section is to show that the bilipschitz embeddability of W,,’s into an ar-
bitrary Banach space of dimension exp(Q((loglog|W,|)?)) with uniformly bounded
distortion does not follow from results of Section 2.

We start from two simple results about nonembeddability of W,,’s with uniformly
bounded distortion into low-dimensional Euclidean spaces and equilateral spaces.

Proposition 3.12  The distortions of embeddings of W, into EIZC(") can be uniformly
bounded only if k(n) > cn ~ clog(|W,|) for some ¢ > 0.

Proof This is an immediate consequence of Lemma 2.2 and the following lemma.
|

Lemma 3.13  The spaces W,, contain equilateral subsets of sizes 2" for all m < n.

Proof The bottom vertex b of W, is adjacent in W,, S W, to 2™ vertices {a j}?:‘l
with edges of length (3 + ¢)™ joining them and b, and thus for all 1 < i, j < 2", with
i#j, dwﬂ(tl,’,a]‘)=2(%+£)m. |

Remark 3.14  The same argument shows non-embeddability of W,,’s with uniformly
bounded distortion into any low-dimensional Banach spaces.

Proposition 3.15  The spaces W,, cannot be embedded with uniformly bounded dis-
tortion into any equilateral space.

Proof The maximal distance between two elements in W, is > 1, and the minimal
distance is (3 + ¢)". Hence any embedding of W, into an equilateral space has dis-
tortion greater than or equal to (5 +¢)™". Thus, since ¢ € (0, 5 ), the distortions are
not uniformly bounded. ]

In the next two propositions we show that W,,’s do not admit bilipschitz embed-
dings with uniformly bounded distortions into spaces of the form Mg(N) where
B > 1/2, the collection N of metric spaces is such that W, does not admit bilipschitz
embeddings with uniformly bounded distortions into any N € N and M is either an
equilateral space or a metric space that admits a bounded-distortion embedding into
a O((loglog|W,|)?)-dimensional Euclidean space.

Proposition 3.16 Forn €N, let A,, B, > 0 be constants so that there exists a finite
equilateral metric space M, B > 1/2, and N = {Ny }xem a collection of finite metric
spaces so that for any x € M, W,, cannot be embedded into N, with distortion < A, /B,
and so that there exists an embedding ¢: W,, — Mg (N) such that for all uy, u, € W,

(3.3) Budw, (uy, uz) < dp(¢(ur), p(u2)) < Apdw, (1, uz).
Then

lim = = o0

n—oo B
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Proof Since M is equilateral, we have
dn,(y1,y2) if y1,y2 € Ny,
dg(y1,y2) = . *
ﬁ)’ lfylepr)’2€Nx2,x1¢x2,

where y = max,y diam(N,).
Since for any x € M, W, cannot be embedded into N, with distortion < A, /B,,
there exist vy, v, € W, so that

(3.4) ¢(v1) €Ny, ¢(v2) €Ny, and x5 % x,.

In W, we can travel between any pair of vertices using edges of the smallest avail-
able length, i.e., there exists a sequence of vertices {u j};'io so that ug = vy, uj, = vy,
and forall 0 < j < jo, dw, (uj,uj-1) = (3 +€)". For0 < j < jo,letz; = ¢(u;). By (3.4),
there exists 0 < i < jo so that z;_; € Ny, z; € Ny, and x # x". Thus dg(zi-1,2:) = By.
Hence by (3.3), we have

1 1
(3.5) Bn(7+£)ngﬁy£An(7+s)n.
2 2

Now let wy, w, € Wy be such that dyw, (w1, w2) = 1. Then

(3.6) B, <dp(¢(w1), p(w2)) < A,

If there exists x € M so that ¢(w;), p(w2) € Ny, then dg(p(w1),p(w2)) =
dn, (¢(w1), ¢(w2)) < y. Therefore, combining (3.5) and (3.6), since § > 1/2, we ob-

tain A, . . . )
Fnzﬁ(%+s) ZE(%+€).

If $(w1) € Ny,, (w2) € Ny,, where x; # x5, then dg(¢(w1), ¢(w2)) = By. There-
fore, combining (3.5) and (3.6), we obtain

A 1"
FZZ(%+8) .

Since (3 + ¢) <1, in either case the proposition is proved. ]

Proposition 3.17 Let C > 1. Forn € N, let A,, B, > 0 be constants, possibly de-
pending on C, so that there exists a finite metric space M which admits a C-embedding
into a O((loglog|Wy|)?)-dimensional Euclidean space, B >1/2, and N = {Ny }xem a
collection of finite metric spaces so that for any x € M, W,, cannot be embedded into N,
with distortion < A, [B,, and so that there exists an embedding ¢: W, — Mg(N) such
that for all uy, u, € Wy,

Budw, (u1,u2) < dg(¢(u1), $(u2)) < Andw, (11, u2).
Then
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Proof By Lemma 3.13, since |\/n] < n, the spaces W, contain equilateral subsets
S, of sizes 21V7| with distances between their elements equal to 2(3 + )Vl By

(3.1) we have lim,,_, o0 = oo. Thus, by Lemma 2.2, §,, do not admit bilip-

V7]
(log, log, [Wa[)?
schitz embeddings with uniformly bounded distortions into a O((loglog|S,|)?) =
O((loglog|W,|)?)-dimensional Euclidean space, and thus into M. Therefore ¢ maps
some elements of u;, u, € S, into the same set N, for some xy € M (see Defini-
tion 2.8). We have

325 +e) Y™ <y, (80), 6(2)) < An2( 5 +e)

and

(3.7) m:}/}f(diam(Nx) > diam (Ny,) 2 dn,, (¢(u1), $(u2)) > B,2( % +¢) Lva],

On the other hand, our assumptions imply that all elements of W,, are not mapped
into the same set N, i.e., there exist vertices v; and v, of W,, which are mapped into
sets Ny, and N,, with x; # x,. Using the same argument as in the proof of (3.5) in
Proposition 3.16, we obtain that there exist y; # y, € M so that

n

(3.8) Bn(%+£)”S/jydM(yl,yz)gAn(%-ks) ,

where y = Daxxemdiam(Ne) By (3 7) and (3.8) we get

ming.yeym dy(x,y)
maxyepy diam (Ny)

minx¢y6M dM(x, )/)

Aﬂ(%+8)n2ﬁ)’dM(yla)’2):/3' du(y1, y2)

. 1 v
> ﬁrggwxdlam(Nx) > /)’Bn2( 37" s) .
Therefore
ﬁ 2 (l +£) Nﬂ_n.
B, ~\2
Since (3 + ¢) <1, the proposition is proved. ]

We are now ready to prove the main result of this subsection. We denote by &€
the class of all finite equilateral spaces, by £, ¢, for n € Nand C > 1, the class of all
finite metric spaces that admit embeddings into O((logn)?) = O((loglog|W,|)?)-
dimensional Euclidean spaces with distortion < C, and let M, c = €U L, ¢.

Theorem 3.18 For any C,[8 > 1, the spaces W, do not admit embeddings with a
uniformly bounded distortion into metric spaces V € compﬁ(M,,,c).

Proof The proof is by induction on the level m of complexity of spaces V' ¢
compy (M,,,c) as defined in (2.4). The base case m = 0 follows from Propositions 3.12
and 3.15. By Proposition 2.11, the inductive step follows from Propositions 3.16 and
3.17. |
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3.3 Embeddings of Weighted Diamonds Into Low Dimensional Banach Spaces
With Uniformly Bounded Distortion

We prove first that weighted diamonds can be embedded into low dimensional spaces
with a basis with distortion which is bounded by a constant that depends only on ¢
and the basis constant of the target space.

Theorem 3.19  For every C > 1and ¢ € (0,1/2) there exists a constant D > 1 so that
for every n > 2, W, D-embeds into every Banach space X with a Schauder basis with
basis constant smaller than or equal to C and of dimension >  (log, |W,|)>.

To apply Theorem 3.19 to embeddings into arbitrary finite dimensional spaces we
need to know what is the best estimate for the dimension of a subspace with a basis
constant C in any n-dimensional Banach spaces. More precisely, we are interested in
lower bounds for the following problem.

Problem 3.20 Let C € (1, 00). Define the function fc(#) to be the largest k € N so
that each n-dimensional Banach space contains a k-dimensional subspace with basis
constant at most C. What are the estimates for fc(n)?

Known upper estimates can be found in [MT93]. Many experts believe that the
techniques of [MT93] (which go back to Gluskin [Glu81] and Szarek [Sza83]) can be
used to achieve the upper bound of order n'/? (perhaps multiplied by some power of
a logarithm), but it does not seem that anyone has worked this out.

The best lower bound for fc(n) that we have found in the literature is a result
Szarek and Tomczak-Jaegermann [ST09], where they studied the nontrivial projec-
tion problem. Thus they were interested in ‘large’ subspaces with ‘large’ codimension
which have small projection constants in comparison with their dimension, but since
the subspaces found in [ST09] were close to ff, with p € {1,2, 00}, their result can
be used for our purposes. It appears that techniques of [AM83, Rud95, ST09, Tal95]
could be useful for further work on lower estimates for Problem 3.20.

We state here the result of [ST09] in the form closest to the answer to Problem 3.20.

Theorem 3.21 ([ST09]) There exist absolute constants A, B, C > 0 so that for every
n > A and for every n-dimensional normed space X, there exists a subspace Y ¢ X
so that dimY > Bexp(3VInn) and Y is C-isomorphic to an €,-space for some p €
{1,2,00}.

As an immediate consequence of Theorems 3.19 and 3.21 we obtain that W,’s can
be embedded with uniformly bounded distortion in an arbitrary Banach space of di-
mension exp(c(loglog|W,|)?) for some fixed ¢ > 1.

Corollary 3.22  For every ¢ € (1/2,1), there exist constants ¢,C > 1 so that for
every n > C, W, can be embedded in every Banach space X such that dimX >
exp(c(loglog|W,|)?) with the distortion bounded from above by a constant that de-
pends only on e.
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The remainder of this section is devoted to the proof Theorem 3.19.

Proof of Theorem 3.19 Fix C > 1, ¢ > 0, and n > 2. Let X be any Banach space with
dim X = d > 1(log, |W,|)% and with a Schauder basis {x; }-) with basis constant at
most C so that |x;| = 1forall i. Let

m-1 m
Yo = span{xo}, Y;=span{x;}, Y, = span{xj (> k) +1<j<y” k},
k=1 k=1

form =2,...,n. Note that, form =1,...,n,dim Y, = m, and thus, by (3.1) and since
n>2,
n +1 2n-1)2 1
e S ko1 20D (O Lo <.
“ 2 2 2

Thus there are enough basis vectors in X to define all these subspaces. For m =

0,...,n, let{ ym,k}i‘flm "' be elements of the unit sphere of Y,, satisfying the condi-
tions of Lemma 2.6 with § = 1/16. It is easy to see that for any m = 0,...,n, any
1<k#k'<2-4™", and any a with 0 < a <1, we have

(3.9) |y = aymil > 6/2.
Note that for m > m’, y,, x and y,, ; are supported on disjoint intervals with
respect to the basis {x;}9-}, and therefore
1
ok
We construct an embedding S,,: W, — X in the following way.

1
[t =yt ] > S lymsel =

* The map S,, maps the vertices of Dy to 0 and x, respectively. It is clear that S,|w,
is an isometric embedding.

* The map S,|w,,, 1 < m < n, is an extension of the map S,|w,,_,. Note that for each
m > LW\ W,yy| = 2:4™ 7 Let 0,: Wi\ Wy = {1,...,2:4™"'} be any bijective
map. Each vertex w € W,,,\ W,,,_; corresponds to a pair of vertices of W,,,_: w is the
vertex of a 2-edge path joining u and v. We map the vertex w to

1 1 -
5(Snu +Sv) + s( 2 + 8) " lym,am(w)‘

Now we estimate the distortion of S,,. First we observe that the map S, is 1-Lip-
schitz. This can be proved for S,|w,, by induction on m = 0,1,...,n. It suffices to
observe that for each edge uv in W,,_; and each vertex w satisfying the condition of
the previous paragraph we have dy, (u, w) = (3 +¢)™ and

1 1 - 1
[Suse = Suwl < SISuu—Sav] +( 5 ve)" < (3 ve)"

To estimate from above the Lipschitz constant of S;,! we consider any shortest path
P between two vertices w,z in W,,. Let (3 +¢)* be the length of the longest edge in it.
By Lemma 3.7,

[

(3.10) dw,(w,z) < —=

2(l+e)t'
)

(S}
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On the other hand, since the subspaces Y,,, are supported on disjoint intervals with
respect to the basis {x; }%-4, for every m € {1,..., n}, we have

1
(3.11) |Suw — Sz > E”(S"W‘S"Z”Ym I

where x|y, denotes the natural projection onto Yy,,.
Let m € N be the smallest number such that

(3.12) (%+5)+(%+e)2+~--+(%+s)m°>1+(%+5)m°.

Such a number m, obviously exists if € > 0. It is clear that my > 3if e < % and that m,
depends only on e.

Now we turn to estimates of ||S,w — S,z|| from below. Let xy be one of the edges
of the largest length (3 + ¢)" in the path P from w to z (by Lemma 3.7 we know that
path P contains at most two such edges and that if there are two of them, they share
a vertex). We restrict our attention to the case where at least one of the vertices x, y
is not in Wy; the excluded case can be considered along the same lines. Without loss
of generality we assume that y € W; \ W;_; and x € W,_;. Let x be the vertex in W;_;
so that xX is an edge of the length (5 + ¢)'™" and y belongs to the subdiamond with
diagonal xx. We assume that our notation is chosen in such a way that z is closer to y
than to x. Then the part of the path P from y to z does not contain an edge of length
(5 + €)', and z is either in the subdiamond with diagonal yx, or in the subdiamond
with diagonal yx.

To simplify the notation, let us denote the vector (5 + €)' y;,4,(y) by 7t

Lemma 3.23 (i) Ifzis in the subdiamond with the diagonal yx, then
SnZ|Y, = P17,y

for some py > (3)™7".

(ii) If z is in the subdiamond with diagonal yx, then (Spy — Spz)|y, = pam,, for
some 0 < py < (3)™7L.

(iii) If w is in the subdiamond with diagonal yx, then S,w|y, = psm,, for some
0<ps<(3)m .

(iv) If w is not in the subdiamond with the diagonal yx, then S,w|y, = pays.r, for
some k = ,(y) and p4 € [0,1].

Proof (i) Let z be in the subdiamond with diagonal yx. Observe that ends of edges
of length < (3 +¢)™**~! with one end at x and the other end in the subdiamond with
the diagonal xy cannot be in P because then, by (3.12), the path through x would be
shorter. Therefore,

Suz=(Q1-0)S,x+bS,y+7z;,

where

M~

def . t —
S,y€B; = span{xj 1j< k} =span( U Y;), S,x¢€B;,
m=1

k=1

E¢€Ttd:efspan{xj:j>kzt=jlk}, and bz(%)mo_l.
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Note that

1 _
(3.13) Suy= E(Snx+S,,x) + Tty

where S,x,S,x € B;_; and m;, € Y;. Hence, S,z|y, = bm;,, and the conclusion
follows.

(ii) If z is in the subdiamond with diagonal yx, since yx is a part of a shortest path,
we conclude that the longest edge in the part of the path P from y to z has length
< (3 +¢)""™, where my satisfies (3.12). Thus

(3.14) Spz=aS,y+(1—a)Syx +z,

where S,y € By, Syx € By_1, 2 € Ty, and

oo

1zax1- ) (5)" =1- ()™
k=my

By (3.13) we get (S,y — Su2)|y, = my,y — any,y = (1 - a)my,, and the conclusion
follows.

(ii) If w is in the subdiamond for which xy is the diagonal, similarly as in (3.14),
we obtain S,w = ¢S,x + (1-¢)S,y + w;, where S,x € B;_1,S,y € By, w; € Ty, and
1>c>1-(3)™ " By (3.13), Sywly, = (1- ¢) 7,y and we are done in this case.

(iv) If w is not in the subdiamond for which x y is the diagonal, let g € W; \ W;_4,
q # y, be the vertex which is an endpoint of an edge of length (3 + ¢)* which is
a diagonal of the subdiamond that contains w. By construction, the projection of
Sa»w onto the subspace Y; is a multiple of y; g,(q) # ¥1,4,(y)> With some coefficient
ps €[0,1]. [ |

Observe that Lemma 3.23 implies the estimate for the Lipschitz constant of S,
and thus Theorem 3.19, in all of the cases except the case where both (i) and (iii) hold.
Consider, for example the case where (i) and (iv) hold. Then (we use (3.10), (3.11), the
conclusions of (i) and (iv), the definition of 7;,, and (3.9))

dW,,(W’Z) < 2(% +8)t
[Suw = Suzl = (5 - &) 3ellp1ey = payekl
4C(3 +¢)! . 8C(3 +¢)
ST %o - (G aehymT

and this number depends only on C and «.

It remains to consider the case when both (i) and (iii) hold. In this case we estimate
from below the norm of (S,w - S,2)|y,_,- Weuse S,z = (1-0)S,x + bS,y + z; and
Saw = cSpx+(1-¢)Syy+wywith1> b > (3)™ " and1> ¢ >1-(3)™ " The value
of b actually does not matter for our argument, it is only important that 0 < b < 1.
Recall also that S,y = %(Snx +8,%) + 114

Therefore

1-¢

1 _
(Suz = Suw)ly,, = ((1— Eb_ T)Snx—(c+
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Observe that each of the coeflicients of S,,x and S,,x in this sum is at least

1 1\ mo
(3-()™).
There are two possible cases:
Case (A): x € Wi_1\Wi_5, X € W;_p;
Case (B): x € Wi_1\W;_2, x € W;_,.
The cases are similar, so we consider case (A) only. Let 0 € W;_; be such that x is
in the subdiamond with diagonal ox, so S, X, S,0 € B;_»,

1 . 1 t-2
Sux = = (SuX +8p0) +e(5+ ) Yevaitay

and . . .
-c t-2
(Suz = Suw)ly,, = —(c + - Eb)e( > + s) Yt-1,00-1(x)
We get
dw, (w,z) < 2(3+¢)!
ISaw = Snzl| = (5 —€)5e(c+ 55— 3b)e(5 + )2
g 4C(3 +¢)? .
01— (O™
The obtained number depends only on C and &. This concludes the proof. ]

4 More General Examples

The goal of this section is to generalize the results of Section 3 to more general “hi-
erarchically built weighted graphs”, which we denote {G;}72, and call corals because
they are more chaotic than diamonds.

Definition 4.1 ~We pick A € (3,1) and a sequence {N;}{>; of natural numbers so

that No = 2and N; > 1for all i > 1. The sequence {G,}:>, of corals is defined

inductively. Vertices and edges of a coral come in generations denoted {V;}2, and

{Ei}$2,, respectively. We proceed as follows (see Figure 4.1 for a sample graph Gj).

* Gy is the same as Dy, i.e., V; consists of two vertices vo, ¥; which are joined by one
edge of weight 1. Thus Gy = (Vq, Eo), where |Vy| = 2, |Eo| = 1.

* Suppose that U, Vi, UX, E;, and G have been already defined. Let Vi, be a
set of cardinality Ny, disjoint with (%, V;. The vertex set of the graph Gy, is

;«:01 Vi. The set Ex4; of new edges is a subset of edges joining the vertices of Vi,

with U¥_, V;. Every edge in Ey, is is given weight A¥*, Edges in E,; are chosen
so that each vertex in Vi, has degree 1 or 2 and if a vertex v € Vi, has degree 2,
then it is adjacent to vertices u, w € [U%_, V; which are joined by an edge uw in Ej,
i.e., uw is of length ¥ in Gy.

Remark 4.2 'The graph G, depends on A, the numbers N, N, ..., N,, and on
the choices that we make when we attach new vertices to already existing ones. For
brevity, we do not reflect these dependencies in the notation for G,.
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Figure 4.1: Sketch of G,

Note that a coral can be regarded as a chaotically branching snowflaked diamond
in which we allow attaching smaller diamonds to vertices of larger diamonds. In par-
ticular the weighted graph W, is an example of a very regular coral. Also one can
think of the coral as constructed in a fractal-like fashion, where we start from two
vertices joined by one edge. On the next step we replace the one edge by a copy of G;
(see Figure 4.1) so the set of edges is now E, U E;, where every edge in E; has length A.
We now replace every edge in E; by a scaled (by 1) version of Gy, obtaining set E, of
additional edges of length A*. We continue for arbitrary number of generations. The
difference between this procedure and a true fractal is that every scaled copy of G; can
have different number of vertices and edges, so the final graph can be very chaotic (see
Figure 4.2).

Figure 4.2: An example of a coral with a few generations

Our goal is to prove that Corollary 3.22 can be generalized for corals.
We introduce the following function L: N — N,

1 ifi=1,2,
L(i) =12 ifi=3,4,
[log, i] ifi>5.
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The function L(i) shows the dimension, which is sufficient to accommodate i §-sep-
arated points, for § = 1/16, in the unit sphere, ¢f. Lemma 2.6.

Theorem 4.3 Let C > land A € (1/2,1). Then there exists a constant D = D(C, 1),
so that every coral G, with parameters A and {N;}_ c N, D-embeds into any Banach
space X which contains a basic sequence of length 3°""_, L(N;) with basis constant < C.

Remark 4.4 Note that in the case when G,, = W,,, Theorem 4.3 reduces to Theo-
rem 3.19.

Remark 4.5 Analogs of Theorem 3.18 and Proposition 3.12 do not hold for some
families of corals. In fact, certain families of corals can embed in low dimensional Eu-
clidean spaces, for example a family consisting of a triangle with progressively longer
tails embeds into R with uniformly bounded distortions.

For the proof of Theorem 4.3 we will need an analogue of Lemma 3.7.

Lemma 4.6 (This is a version of [Ostl4, Claim 4.1]) A shortest path between two
vertices in G,, can contain edges of each possible length: 1,A,A*, A, ... at most twice.
Actually for 1 this can happen only once because there is only one such edge. If there are
two longest edges, they are adjacent.

The proof of this lemma is a slightly modified version of the proof of Lemma 3.7.
We start with a definition of a notion analogous to the notion of a subdiamond.

Definition 4.7 We define a (degree 2) subcoral of a coral G, grown out of an edge
uv to be the subgraph of G, induced by the set of vertices containing u, v and viewed
as constructed in steps such that the following conditions are satisfied.

* All vertices except « and v can be included into the subcoral only if they have de-
gree 2 when they appear for the first time;

* All vertices that have degree 2 when they appear, with both ends in the subcoral,
get into the subcoral.

The edge from which a subcoral evolved is called its diagonal.

Proof of Lemma 4.6 Let e = uv be one of the longest edges in the path and A* be
its length. For each edge of the graph G, except the initial edge, one of the ends was
introduced later. Assuming that e is not the initial edge of the graph, we may assume
that the vertex v was introduced later than u.

There are two cases.

Case1: The vertex v was attached to two vertices of an edge uw. Let S be the subcoral
which evolved from uw, so S contains e and has a diagonal of length A¥~!
Case 2: The vertex v was attached to the vertex u only.

The rest of the path consists of two pieces: (1) The one which starts at v and (2) the
one which starts at u.

We claim that in Case 1 the part which starts at v can never leave S. It obviously
cannot leave through u, nor can it leave through the w, because otherwise the piece
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of the path between u and w could be replaced by the diagonal of S, which is strictly
shorter. This implies that the part of the path in S which starts at v can contain edges
only strictly shorter than A*.

The same is true in Case 2 because only vertices of further generations will be
attached to v in this case and they are attached using edges of length < A¥*1,

For the next edge in the part of the path which starts at v we can repeat the ar-
gument and get (by induction) that lengths of edges in the remainder of the path are
strictly decreasing.

The part of the path which starts at u can be considered similarly.

The last statement of the Lemma is immediate from the proof. ]

Proof of Theorem 4.3 The proof is very similar to the proof of Theorem 3.19. Let
L = Y%, L(N;), X be a Banach space and {x;}:7! be a basic sequence in X with

|| = 1for all i, and a basis constant < C. Let Y, = span{xo}, and Y, = span{x; :
(SR L(k)) +1< j< Yo L(k)}, for m = 1,...,n. Thus dim Y,, = L(N,,) for m =
0,...,n. Let {ym.x }sz’"l be elements of the unit sphere of Y, satisfying the conditions

of Lemma 2.6 with § = 1/16 (observe that the definition of L(N,,) is such that this
is always possible). Note that for m > m’, y,, x and y,,  are supported on disjoint
intervals with respect to the basis {x; }, hence
1 1
| m,e = ymr i | 2 EHym’,k’ I = C
We construct an embedding T: G, - X in the following way. We define it in steps
for vertices of Vy, V4,..., V,

* The map T maps the two vertices of V; to 0 and x,, respectively. It is clear that it is
an isometric embedding.

* Suppose that we have already constructed the restriction of T to "' V;. Our next
step is to extend T to V,,,. Observe that our notation is such that there exists a bijec-
tion between V,,, and {y,,, k}llj:"’l Let w € V,,,. We denote the vector corresponding
to a vertex w by ¥, 5,.(w). Then we define Tw as follows.

- If the vertex w is attached to two vertices u, v € U™, V;, we let

1 1 _
Tw = E(Tu +Tv) + (/\— E)Am lym,am(w).

- If the vertex w is attached to one vertex u € %' V;, we let
(4.1) Tw=Tu+A" Y 0, (w)-

Now we estimate the distortion of T First we show that the map T is 1-Lipschitz.
This can be proved for T|g,, by induction on m = 0,1,..., n (observe that the metric
induced on G, from G, coincides with the metric of G,,). It suffices to prove that
foreachw € V,, and each edge uw in G,,, wehave dy (u, w) = A" and | Tu-Tw| < A™.

The equality dw (u, w) = A™ follows immediately from our definitions. To prove
that | Tu — Tw| < A™, we need to consider two cases: (a) w has degree 1in G,,; (b) w
has degree 2 in G,.
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Since || y,q,, (w) | = 1, the desired inequality in case (a) follows immediately from
(4.1). In case (b) we get

1 1
| Tu — Tw| < EHTu—TvH +(/\—5))me1 <A™,

where for the last inequality we use the assumption that uv is an edge in G,,_; and
therefore | Tu — Tv| < A",

To estimate the Lipschitz constant of T~! from above we consider any shortest path
P between two vertices w, z in G,. Let A’ be the length of the longest edge in it. By
Lemma 4.6,

(4.2) dw(w,z) <21 /(1-1).

On the other hand, since the subspaces Y,,, are supported on disjoint intervals with
respect to the basis {x; }, we have for every m € {0,1,...,n},

1
(4.3) [ Tw - Tz| > EH(TW - Tz)| Y. I,

where by x|y, we denote the natural projection of x onto Y,,.
Let mg € N be the smallest number such that

(4.4) A+A2 g A0 5 14 A0,

Such number mg obviously exists since A > 1. It is clear that mq > 3 since A < 1, and
that m, depends only on A.

Now we turn to estimates of || Tw — Tz|| from below. Let xy be one of the edges
of the largest length A* in the path P from w to z (by Lemma 4.6 we know that the
path P contains at most two such edges; and that if there are two of them, they share
a vertex). Without loss of generality we assume that y € V; and x € U!Zj V;.

(1) In the case where y is of degree 2 in Gy, let X be the vertex in V;_; so that xX is
an edge of the length A'™! in G;_; and Xy is an edge of length A’ in G;. Then the part
of the path P from y to z does not contain an edge of length A’. Furthermore, some
part of this path (from y to z), starting at y (possibly all of the path from y to z) is
either in the subcoral with diagonal yx, or in the subcoral with diagonal yx, and then
leaves for parts of the coral which are attached to older parts of the coral through one
vertex. Let Z be the vertex at which this happens. We let Z = z if this never happens.

(2) In the case where y is of degree 1 in G, we do the same, but in this case the only
option which is available is the option of subcoral with the diagonal x y.

Similarly we define w. For simplicity we denote the vector (A = 2)A""y, 4, by
Tt y.

Lemma 4.8 (i) Ifzis in the subcoral with the diagonal yx, then
TZ'Yt = TElyt = ATty

for some a > (5)™7.
(ii) Ifz is in the subcoral with diagonal yx, then

(Ty - T2)ly, = (Ty = T2)|y, = B,y

for some 0 < B < (3)™L.
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(iii) Ifw is in the subcoral with diagonal yx, then
Twly, = Twly, = ym,,
for some0 <y < (3)™7".
(iv) Ifw is not in the subcoral with the diagonal yx, then
Twly, = Twly, = yek

for some k # 0¢(y) and w € [0,1].

Proof Observe that the leftmost equalities in each of the statements follow immedi-
ately from (4.1), so we shall focus only on the rightmost equalities.

(i) Let z be in the subcoral with diagonal yx. Observe that ends of edges of length
< A™0*"1 with one end at x and the other end in the subcoral with the diagonal xy
cannot be in P because then, by (4.4), the path through X would be shorter. Therefore,
Tz=(1-b)Tx + bTy +z;, where

t t
TyeB, & span{x;:j< > L(Ny)} =span(|J Yx), TX¢€B,,
k=0 k=0

t
€ : 1 o~
zi €T Ul=fspan{xj i R Z L(Ny)}, b2 (E)m 1'
k=0
Note that
1
(45) Ty = E(TX + TI) + Tt,y»

where Tx, Tx € B;_; and 7, € Y;. Hence TZzly, = bry,, and the conclusion follows.

(ii) If z is in the subcoral with diagonal yx, since yx is a part of a shortest path, we
conclude that the longest edge in the part of the path P from y to z has length < A"+,
where m satisfies (4.4). Thus

(4.6) Tz=aTy+(1-a)Tx +z,
where Ty € By, Tx € By_y, z¢ € Ty, and
> 1 1 -
12ax1- Y (=) =1-(3)™"
k=mo 2 2

By (4.5) we get (Ty—TZ)ly, = my,y—any,, = (1-a)m,, and the conclusion follows.

(iii) If w is in the subcoral for which xy is the diagonal, similarly as in (4.6), we
obtain Tw = ¢Tx + (1-¢)Ty + wy, where Tx € B;_;, Ty € By, wy € Ty,and 1> ¢ >
1-(1)m~1. By (4.5), Twly, = (1- c)mt,y and we are done in this case.

(iv) If w is not in the subcoral for which xy is the diagonal, let g € V4, g # y, be
the vertex which is an endpoint of an edge of length A’ which is a diagonal of the
subcoral that contains w. By construction, the projection of Tw onto the subspace Y;
is a multiple of y; 4,(q) # Vt,0,(y)> With some coefficient w € [0,1]. [ |

Observe that Lemma 4.8 implies the estimate for the Lipschitz constant of T,
and thus Theorem 4.3, in all of the cases except the case where both (i) and (iii) hold.
Consider, for example the case where (i) and (iv) hold. Then (we use (4.2), (4.3), the
conclusions of (i) and (iv), the definition of 71; , and the observation that for any two
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elements y; # y; of the set constructed in Lemma 2.6, the inequality || y; — ay,|| > §/2
holds for all a with 0 < a < 1)

dw(w,2) < 2M¢
ISnw = Suz| ~ (1- /\)% lers,y = wyi il
4CA! 8CA

S = 1 1 b
(- HZa(i- DA~ (=D -H(m
and this number depends only on C and A.

It remains to consider the case where both (i) aand (iii) hold. In this case we esti-
mate from below the norm of (Tw — TZ)|y, ,. Weuse Tz = (1-b)Tx + bTy +Z, and
Tw=cTx+(1-c)Ty+w,with1>b>(3)™ "and1>c >1-(3)"™". The value of
b actually does not matter for our argument, it is only important that 0 < b < 1. Recall
also that Ty = 1(Tx + TX) + my,,.

Therefore

— 1 1-cy,— 1-¢ 1
(TE—TW)|Yt,1= ((l—ib—T)Tx—(c-i-T—ib)Tx)

Yio
Observe that each of the coefficients of Tx and Tx in this sum is at least
1 1\ mo
(5-()™):
There are two possible cases.
Case A: x € Vi, xe UitV
CaseB: xe Vi, xe 22V,

The cases are similar, so we consider Case (A) only.

Subcase 1: There is o € U!Z3 V; such that x is in the subcoral with diagonal 0%, so
Tx,To € B;_,, and

] -
Tx=E(TE+7b)+(A_E)Atzyhhm4“*

and
1-¢ 1 I\ 2
(T2 =T = (e 57 =3 (A= A o
We get
dw(w,z) < 2
[T2-Tw] " (1= 1) 36 (e + 5 - ) (- 1A
4C)2

S INL_ (Lymo)'
1-DA-3)G-(G)™)
The obtained number depends only on C and A.
Subcase 2: The vertex x has degree 1in G;_; so Tx € B;_,,

Tx=Tx+ )tt_l}’t—l,m_l(x)’
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and
- I-¢c 1.\,
(T2 = TW)lyy = ~(e+ == = D)4 Yinano-
We get
dW(W,Z) < 21
[T2-Tw] ~ =D ge(c+ 55— 1o
4CA

< .
-5 -G)m)
The obtained number depends only on C and A. This concludes the proof.
|
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