
ON THE STEINER P R O B L E M 

E . J . Cockayne 

( rece ived F e b r u a r y 7, 1967) 

1. In t roduc t ion . Le t M be a m e t r i c space with m e t r i c p 
which h a s the following p r o p e r t i e s . 

1. M is f ini te ly c o m p a c t . 

2 . T h e r e ex i s t s a geodes i c in M joining each two po in t s 
of M . 

3 . F o r a l l a , b e M , p(a, b) i s equa l to the length of a 
geodes i c joining a and b . 

DEFINITION. Given N d i s t i nc t points b , . . . , b T in M , 
^ I N 

a t r e e U on the v e r t i c e s b , . . . , b is a se t of g e o d e s i e s jo ining 
/ N \ 

s o m e of the I p a i r s of points b . b . , with the p r o p e r t y tha t any 

two v e r t i c e s can be joined by a sequence of g e o d e s i e s belonging to 
U in one and only one way . A geodes i c b . b . of U i s ca l led a 

b r a n c h of U , the length L(U) i s the s u m of the lengths of i t s 
b r a n c h e s , {b. } is the s e t of a l l v e r t i c e s sending b r a n c h e s to 

the v e r t e x b . and w(b.) i s the n u m b e r of such v e r t i c e s , 
l i 

We c o n s i d e r the following p r o b l e m . 

S : Given a s e t A = {a . a . . . . , a ) of n > 3 d i s t i n c t 
n 1 2 n J ~ 

po in t s in M , to find the s h o r t e s t t r e e ( s ) whose v e r t i c e s conta in 
t h e s e n p o i n t s . In the Euc l idean P l a n e S i s ca l led the S te ine r 

n 
P r o b l e m and we keep th is t i t le for our g e n e r a l i s a t i o n s . Suppose 
a m i n i m i s i n g t r e e U of S in the p lane has add i t iona l v e r t i c e s 

n 
s , , . . . , s, . Then 

1 k 
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P I . U i s non s e l f - i n t e r s e c t i n g . 

P 2 . w(s.) = 3 , i = l , . . . , k . 

P 3 . w(a.) < 3 , j = 1, . . . , n . 

P 4 . 0 < k < n - 2 . 

P 5 . E a c h s. i s the S-point of the t r i a n g l e f o r med by {s .} 

(See [1] and [2]) . 

In [ l ] i t i s p roved f r o m t h e s e p r o p e r t i e s tha t the se t of 
m i n i m i s i n g t r e e s of S in E can be c o n s t r u c t e d us ing a f ini te 

n 2 
s e t of E u c l i d e a n ( r u l e r - c o m p a s s ) c o n s t r u c t i o n s . The proof 
con ta ins e r r o r s , the a l g o r i t h m i s not c l e a r l y d e s c r i b e d and t h e r e 
is no a t t e m p t to m a k e i t m o r e eff ic ient . 

In the f i r s t p a r t of th i s p a p e r we give ano the r proof of th i s 
r e s u l t which d e m o n s t r a t e s the s t r u c t u r e of m i n i m i s i n g t r e e s and 
cont inue wi th a d i s c u s s i o n of how th is s t r u c t u r e can be used to 
r e d u c e g r e a t l y the n u m b e r of c o n s t r u c t i o n s . In the l a t e r s e c t i o n s 
we show tha t m i n i m i s i n g t r e e s of S in c e r t a i n o the r s p a c e s have 

n 
the p r o p e r t i e s l i s ted above and we conclude wi th a d i s c u s s i o n of a 
g e n e r a l i s a t i o n of S posed in Til. Th i s d i s c u s s i o n inc ludes a 

n 
proof (using the c o m p a c t n e s s of M ) of the e x i s t e n c e of a l l m i n i 
m i s i n g t r e e s men t ioned in the p a p e r . 

2 . An Effect ive A l g o r i t h m for the S te ine r P r o b l e m in E . 

DEFINITIONS. A t r e e wi th v e r t i c e s { a , a } and 
L 1 nJ 

{s , . . . , s } ( f rom th i s poin t on, t h e s e wi l l be t e r m e d a - p o i n t s 

and s - p o i n t s r e s p e c t i v e l y ) h a s the p r o p e r t y P 4 if k = n - 2 . 

V i s a s u b t r e e of a t r e e U if and only if (i) V i s a t r e e 
and (ii) the s e t of g e o d e s i e s of V i s conta ined in the se t of 
g e o d e s i e s of U . 

A t r e e U i s an S - t r e e on A if i t h a s p r o p e r t i e s P I , P 2 , 
P 3 , P 4 , P 5 of s ec t i on 1. 

A t r e e U i s an S - t r e e on A if i t h a s p r o p e r t i e s P I , P 2 , 
P 3 , P 4 , P 5 . 

A t r e e U i s an S ^ - t r e e on A if i t h a s p r o p e r t i e s P 2 , P 3 , 
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P 4 , P 5 . 

The f ini te se t {A , A . . . , A R } (t > 0) is a d iv i s ion of 

the s e t A if and only if 

1. E a c h A . C A , R C A . 

2 . R H A . = cb , i = 1, . . . , t . 
l 

3 . No a. can be an e l e m e n t of m o r e than 3 of the s e t s A. . 
J i 

4 . E a c h A. has 3 or m o r e e l e m e n t s . 
l 

5. AdUA2U . . . U A
t U R = A . 

LEMMA 1. If U is any S - t r e e on A then for s o m e 
d iv i s ion CK - {A . A . . . . , A . R ) of A t h e r e ex i s t S- s u b t r e e s 

1 Z t J 

of U on A. for i = 1, . . . , t . 
l 

Proof . If U conta ins no s -poin t , the r e q u i r e d d iv i s ion 
is {A} . If S , the s e t of s -po in t s of U , i s n o n - e m p t y , we 
define the r e l a t i o n " o " on S a s fo l lows: s. o s . if and only if 

i J 
the s e q u e n c e of s e g m e n t s of U joining s. to s. conta ins no 

a -po in t of U . The r e l a t i o n is an equ iva lence r e l a t i o n and t h e r e 
fo re p a r t i t i o n s S into mutua l ly exc lus ive and exhaus t ive s e t s 
S . . . . } S (t > 0) . F o r e a c h i = 1, . . . , t define 

A. = {a . : a. € {s, ) for some sn € S. } , and R = A - I I A . 
î j j k J k i J y i 

i= l 
The se t { A , , A^, . . . , A , R ) i s a d iv i s ion of A . It r e m a i n s to 

^ 1 Z t J 

show tha t t h e r e i s an S - s u b t r e e of U on each A. . Le t U. be 
i i 

the s u b t r e e of U whose v e r t e x se t i s A.(J S. , i = 1, . . . , t , ( this 

is c e r t a i n l y a s u b t r e e of U by c o n s t r u c t i o n ) . U. ha s the p r o p e r 

t i e s P I , P 2 , P3 and P 5 . We p r o v e P 4 . Le t A. conta in p po in t s , 

S. q po in t s and fu r the r suppose that S. conta ins n , n and n 
s -po in t s which d i r e c t l y jo in 1, 2 and 3 o the r s -po in t s r e s p e c t i v e l y . 
Then 

(1) n d + n 2 + n 3 = q . 

The n u m b e r of b r a n c h e s of U. connect ing s -po in t s is 

(n, + 2n^ + 3n ) /2 . But by the defining p r o p e r t y of S. th i s 
1 Z 3 i 
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n u m b e r i s q-1 . Hence 

(2) i ^ + 2 n 2 + 3 n 3 - 2 ( q - l ) . 

The n u m b e r of b r a n c h e s of U. connect ing an a - p o i n t to an 

s -po in t i s 2n + n s ince the va l ency of each s -po in t i s 3 . 

Hence 

(3) 2nd + n 2 = p . 

F r o m equa t ions (1) (2) and (3) we deduce q = p - 2 . T h e r e f o r e 
U. s a t i s f i e s P4 and i s an S - s u b t r e e of U . Hence the L e m m a . 

l 

Inc iden ta l ly one can a l so p r o v e n - n = 2 f r o m (1), (2), 

and (3), which i m p l i e s tha t n > 2 . We note tha t the non self-
1 -~ 

i n t e r s e c t i o n p r o p e r t y i s not involved in the e s t a b l i s h m e n t of t h e s e 
equa t ions and s t a t e tha t an S ^ - t r e e on a s e t A h a s at l e a s t two 
s - p o i n t s which d i r e c t l y jo in exac t ly one o the r s -po in t and two 
a - p o i n t s . Th i s fac t wi l l be used in the next L e m m a . 

We ca l l the s u b t r e e s U. (i = 1, . . . , t) the c o m p o n e n t s of U 

and s u g g e s t tha t the componen t s of a m i n i m i s i n g t r e e U m a y be 
c o n s i d e r e d as s t ab i l i ty s e t s for U in the fol lowing s e n s e . If one 
a -po in t be longing to a componen t U. i s s l igh t ly p e r t u r b e d , t h e r e 

i s a m i n i m i s i n g t r e e U ! for the new se t of n a -po in t s which i s 
i d e n t i c a l to U excep t for a s m a l l p e r t u r b a t i o n of U. . 

J 

If P , Q a r e po in t s in the p lane we sha l l denote by (PQ) 
and (QP) the th i rd v e r t i c e s of the e q u i l a t e r a l t r i a n g l e on P Q as 
b a s e , (PQ) be ing the poin t to the left of P looking f r o m P 
along P Q . 

The c o n s t r u c t i o n we now exp la in i s c r u c i a l to the proof . 
Le t U be an S- t r e e on A = {a J , . . . , a ) wi th s -po in t s 

1 n J 

s . . . . , s ; then t h e r e e x i s t s ( s ee note fol lowing L e m m a 1) an 
J. K. 

s -po in t say s which i s connected d i r e c t l y to two a - p o i n t s say 

a and a . In fac t a p o r t i o n of the t r e e a p p e a r s as in F i g . 1. 
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a. 1 x x 

( a 2 a 4 ) 

F i g u r e 1 

X is the th i rd point of {s ) in U . Since s i s the S-point 
1 1 

of {s } , the l ine Xs produced p a s s e s th rough (a a ) and 

the t r e e UT on A' = { ( a _ a j ) , a _ , . . . , a ) with s -po in t s 
2 1 3 n 

s , . . . , s fo rmed f rom U by r ep lac ing the b r a n c h e s a s , 

a s , s X by the s ingle b r a n c h (a a )X i s an S * - t r e e on A1 . 

(We cannot say that U1 i s an S - t r e e s ince the non-se l f i n t e r 
sec t ion p r o p e r t y m a y have been c o n t r a d i c t e d . ) It is e a sy to show 
that a s , + a s + s X = (a a )X and so the t r e e s U and U ! 

1 1 2 1 1 v 2 l 7 

have equal l eng ths . Hencefor th we sha l l r e f e r to the above as the 
" E q u i l a t e r a l C o n s t r u c t i o n " . 

We next define the t e r m " A s s o c i a t i o n " of an S - t r e e U on 
a se t A . F r o m U , we f o r m a t r e e U1 and se t A* as above . 
The c o n s t r u c t i o n is r epea t ed forming a new t r e e U" and se t A " , 

(r) 
U m and AMI e t c . unti l the se t A conta ins only two p o i n t s . 
(Actual ly r i s equal to the n u m b e r of s -po in t s in the o r i g i n a l 

(r) 
t r e e U ). The two points of A can be e x p r e s s e d in t e r m s of 
the o r i g i n a l a -po in t s of U and the e q u i l a t e r a l t r i ang l e b r a c k e t i n g 

(r) 
no ta t ion defined above . This r e p r e s e n t a t i o n of A we ca l l an 
" A s s o c i a t i o n " of the t r e e U . We give a s imp le example be low. 
We note the fol lowing: 

(i) The p r o c e s s i s a lways p o s s i b l e s ince at e v e r y s t age the 
(k) (k) 

t r e e U is an S * - t r e e on A and hence has an 
s -po in t which d i r e c t l y jo ins two a -po in t s (in fact a t 
l e a s t 2 such s -po in t s by the note following L e m m a 1). 
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(ii) It follows from (i) that every S-tree on A has an 
association (certainly not an unique association). 

(iii) At each stage length is p re se rved . Thus if P,Q are 
(r) 

the points of A PQ is equal to the length of the 

original t ree U . 

(iv) No two S-trees on A have a common associat ion. 
EXAMPLE. In Fig. 2, U is an S-tree on A = {1 ,2 ,3 ,4 ,5} 

with s-points s , s . s F 1 2 3 

( 1 3 ) \ 

( (42)(13) ) 

(42)' 

Figure 2 

We "pair" the points 1 and 3 giving 

A1 = {(13), 2 ,4 , 5} and U! with branches (13)s , s 5, s s 2s , 4 s 
D O L* D Lu ùi 

Next we pair 4 and 2 

A" = {(13), (42), 5} , Un has branches (42)s , (13)s , s 5 . 

Finally we pair (13) and (42) 

A!" = {((42)(13)),5> , Um has branch ((42)(13))5 . 

The underlined portion i. e. , Am without the set parentheses , 
is an association of U . The length of U is the length of the 
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branch of U!tl . 

LEMMA 2. If it is known that U , an S-tree on A , has 
a certain association a , we can construct U by a finite number 
of Euclidean constructions. 

Proof. The Lemma is true for n = 3 . Assume it is true 
for n = N and let A = {a , . . . , a } be any plane set of 

N + 1 points on which U is an S-tree with association a . 
Suppose the labelling of points in A is such that a ,a in 

this order in a have no brackets or comma separating them. We 
now consider the set AivT = {(a a ), a. , . . ., a \ . F rom the 

N 1 2 3 N+l 
equilateral construction there exists U! , an S-tree on A , 
which has association a except that (a a ) is now regarded as 

J. £ 

a single point. By the inductive hypothesis we can construct U! 

by a finite number of Euclidean constructions. Let (a a )X , the 

branch of U1 connecting (a a ) , be replaced by the branches 

a , s , a s, sX, where s is the point of intersection of the circle 
1 2 

through (a a ), a , a with the line (a a )X . The resulting 

t ree U , by the equilateral construction, is the (unique by note iv) 
S-tree on A^T, J with association a . Hence the Lemma by induc-

N+l 
tion. 

LEMMA 3. The set of all S-trees on A = { a J , . . . , a } 
1 nJ 

is finite and may be constructed by a finite number of Euclidean 
constructions. 

Proof. Any combination of A = {a , , . . . , a ) by the L 1 n J 

above equilateral bracketing notation to form just two points, will 
be called an association of A . Then the set of all associations 
of all S-trees on A is a subset of the finite set d8 of all associa
tions of A (in fact a proper subset for n > 3) . If for each b € & 
we perform the finite number of Euclidean constructions (Lemma 
2) that construct the S-tree on A with association b (if such a 
t ree exists), we shall construct all the S-trees on A . Hence 
the Lemma. 

THEOREM 1. For every n , there exists a finite number 
of Euclidean constructions yielding all the minimising t rees of the 
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p r o b l e m S . 
n 

P roo f . The m i n i m i s i n g t r e e s of S a r e S - t r e e s on A . 

It i s t h e r e f o r e suff ic ient to show tha t a l l S - t r e e s on A can be 
c o n s t r u c t e d by a finite n u m b e r of E u c l i d e a n c o n s t r u c t i o n s . 

F o r m the f ini te se t Ol of a l l d iv i s i ons of A . Le t 
Ol. e OL and suppose Ol . = {A. t, A . 0 , . . . , A. L , R. } . F o r e a c h 

l r r l L i l i2 i t . iJ 

l 

A. . € 0t . we can c o n s t r u c t , by a f ini te s equence of E u c l i d e a n 
i j i 

c o n s t r u c t i o n s , the f ini te s e t C.. of a l l S - t r e e s on A. . ( L e m m a 3). 

If dur ing th i s p r o c e d u r e we find an A. , for which C . = <b , we 
r e j e c t the d iv i s i on and m o v e on to the next e l e m e n t of (h*. 
Suppose now Ox . € Ol i s such tha t C. . i 6 for j = 1, . . . , t. ; we 

l i j ' l 
ca l l such a d iv i s ion " a c c e p t a b l e " . 

F o r each A. . e Oi . we choose an e l e m e n t of C.. and jo in 

up t h e s e t r e e s to e a c h o the r and the r e s i d u a l po in t s R. so as to 

f o r m an S - t r e e on A . (The S - t r e e s on n o n - d i s j o i n t s e t s A. , 
IP 

A. a r e a u t o m a t i c a l l y j o ined . The joining p r o c e s s invo lves 

l inking c e r t a i n p a i r s of a - p o i n t s to connec t the g r a p h but, of 
c o u r s e , m u s t not c o n t r a d i c t the S - t r e e p r o p e r t i e s P 1 - P 5 . ) By 
L e m m a 1, if we take a l l the f ini te n u m b e r of s e l e c t i o n s f r o m the 
C. . , u s e a l l the finite n u m b e r of ways of jo ining t h e m and the R. 

i j i 
which f o r m S - t r e e s on A , and do th i s for a l l Ot. in the f ini te 

l 

s e t of a c c e p t a b l e d iv i s ions of A , we sha l l c o n s t r u c t a l l S - t r e e s 
on A by a f ini te n u m b e r of E u c l i d e a n c o n s t r u c t i o n s . Hence the 
T h e o r e m . 

T o w a r d s an Eff ic ient A l g o r i t h m . Our f i r s t r e s u l t shows 
tha t a c e r t a i n c l a s s of d iv i s ions of A a r e not " a c c e p t a b l e " and 
hence need not be c o n s i d e r e d by the a l g o r i t h m . Le t 

Ot- { A , , . . . , A , R ) be a d iv i s ion of A and conv A. be the 
** 1 t J l 

convex hul l of A. . If for any i, j , conv A. - conv A. is d i s -
i i J 

connec ted , then Oi i s not a c c e p t a b l e , for in such a c a s e t h e r e 
a r e po in t s a . ^ a . ^ of A. which a r e s e p a r a t e d by conv A. and 

i l i 2 l j 
a . , , a . _ of A. s e p a r a t e d by A. . The s e q u e n c e s of b r a n c h e s 

j l j2 j l 
jo ining t h e s e p a i r s in any t r e e c o n s t r u c t e d f r o m th is d iv i s ion of 
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A wi l l i n t e r s e c t , con t rad ic t ing one of the p r o p e r t i e s P I , P 2 , 
P 3 . 

F o r each i , j , i £ j le t L . . be the se t of poin ts strictly-

in s ide both the c i r c l e s c i r c u m s c r i b i n g the e q u i l a t e r a l t r i a n g l e s 
wi th a .a . a s b a s e . In o r d e r that (a .a .) m a y appea r in the 

i J _ i J 
a s s o c i a t i o n of an S - t r e e on A. i . e . in o r d e r that a. and a. 

i i J 
m a y be p a i r e d d i r e c t l y in a component , i t i s n e c e s s a r y tha t 
A. f l L . . = cb . A s s u m e to the c o n t r a r y that a., a. a r e l inked 

i i j i J 
d i r e c t l y to S in a m i n i m u m t r e e U and t h e r e e x i s t s a, € A.O L . . 

k l i j 
Then the longer of the two b r a n c h e s a.S, a.S m a y be r e p l a c e d by 

the s h o r t e r of the l ines a.a, , a.a, , r educ ing the length of the 
l k j k 

a s s u m e d m i n i m u m t r e e . Thus a l a r g e c l a s s of a s s o c i a t i o n s 
cannot c o n s t r u c t m i n i m u m t r e e s and m a y be omi t ted f r o m the 
a l g o r i t h m . 

If a s e t A. on which we a r e to c o n s t r u c t the s e t of a l l 
S - t r e e s f o r m s a convex polygon, only ad jacent v e r t i c e s of the 
polygon can be p a i r e d in an a s s o c i a t i o n for o t h e r w i s e the con
s t r u c t e d t r e e would be self i n t e r s e c t i n g . 

Since we a r e only i n t e r e s t e d in m i n i m u m length S - t r e e s 
on s u b s e t s A. of A and the a s s o c i a t i o n method wi l l eva lua te 

l 

the length of an S - t r e e f r o m an a s s o c i a t i o n be fo re the s -po in t s 
a r e ac tua l ly c o n s t r u c t e d , we do not need to c o n s t r u c t the m a j o r i t y 
of S - t r e e s on each A. a t a l l . 

l 

F i n a l l y we note tha t having c o n s t r u c t e d m i n i m u m length 
S - t r e e s on the s e t s A . . . . , A of a d iv i s ion of A , we w i sh to 

1 t 
jo in t h e s e and the r e s i d u a l s e t R. so that the r e s u l t i n g S - t r e e 

on A i s of m i n i m u m length . An a p p r o p r i a t e a l g o r i t h m for th is 
jo ining p r o c e s s can be obtained f r o m [3] . 

3 . S in E u c l i d e a n m - s p a c e E (m > 3) . 
n m — 

THEOREM 2. The m i n i m i s i n g t r e e s of S in E (m > 3) 
n m — 

have the p r o p e r t i e s P 1 - P 5 l is ted in Sect ion 1. 

P roo f . We f i r s t show each v e r t e x of a m i n i m i s i n g t r e e U 
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which h a s a -po in t s a , . . . , a and s - p o i n t s s , . . . , s ha s 
I n I n 

va l ency < 3 . F o r suppose U has a v e r t e x x and b r a n c h e s 
xx. along the d i r e c t i o n s of the uni t v e c t o r s u. , i = 1, . . . , 4 . 

l l 

Then one of the ang le s at x ( say %. x xx ) i s l e s s than 120° 
A 

s ince u. * u. £ - — for a l l i f j i m p l i e s tha t 

4 4 
w 2 = f Z u f = 2 u 2 + 2 2 u. • u . < 4 + 2 . 6 . ( - ~ ) = -2 

• A X ' A 1 «I ' 1 J 2 

1=1 1=1 I f J 

which i s i m p o s s i b l e . It fol lows ( see [ l ] ) , tha t xx , xx i s not 

the m i n i m u m length ne twork connec t ing xx x c o n t r a r y to 

a s s u m p t i o n . S i m i l a r l y b r a n c h e s of U m a y not i n t e r s e c t excep t 
at a v e r t e x . 

T h e r e f o r e U has p r o p e r t i e s P I , P3 and w(s . )< 3 for 
l — 

i = 1, . . . , k . But w(s ) > 3 or t h e r e would be no ga in in i n t r o -
i — 

ducing the add i t iona l v e r t e x s. . Hence P2 . P r o p e r t y P5 is 

i m m e d i a t e f r o m [ l ] . It r e m a i n s to p r o v e P 4 . The n u m b e r of 
b r a n c h e s lead ing to s - p o i n t s (using P2) i s >. 3k /2 , the con
nec t iv i ty of U a s s u r e s us tha t the n u m b e r of b r a n c h e s f r o m 
a -po in t s i s >_ n / 2 , and a t r e e wi th n + k v e r t i c e s ha s n + k - 1 
b r a n c h e s . T h e r e f o r e (n + 3k) /2 <_ n + k - 1 f r o m which we deduce 
k < n - 2 . Hence P 4 . 

4 . S te ine r P r o b l e m on a Sur face D in E 
3 

We s h a l l a s s u m e tha t D has no s i n g u l a r i t i e s of any k ind . 
The m a i n p u r p o s e of th i s s ec t i on i s to p r o v e tha t m i n i m i s i n g 
t r e e s of S in D have p r o p e r t i e s which a r e i d e n t i c a l to t hose 

n 
in E . We f i r s t p r o v e two r e s u l t s which show tha t the 120° 

m 
p r o p e r t y of add i t iona l v e r t i c e s ( s ee [ l ] ) ho lds in D . 

Suppose A, B , C a r e d i s t i n c t po in t s in D and P f { A , B , C} 
m i n i m i s e s the s u m p ( P , A) + p (P , B) + p (P , C). We p r o v e tha t the 
ang l e s a t P b e t w e e n the g e o d e s i e s PA, P B , P C a r e e a c h 120° . 
Le t p ( P , A) = a, p ( P , B ) = b and p ( P , C) = c . Cons ide r the 
g e o d e s i c e l l i p s e E ( = the locus of po in t s Z such tha t p(Z, A) 
+ p ( Z , B ) = a + b) and the geodes i c c i r c l e p (Z , C) = c . T h e s e 
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c losed c u r v e s touch at P , for o t h e r w i s e t h e r e would be a point 
Y i n t e r i o r to both c u r v e s such that p (Y, A) + p (Y, B) < a + b and 
p(Y, C) < c con t rad ic t ing the m i n i m u m p r o p e r t y of P . Since 
geodes i c P C m e e t s p(Z, C) = c o r thogona l ly , g e o d e s i c P C 
m e e t s E o r thogona l ly . By a r e s u l t of c l a s s i c a l d i f fe ren t ia l 
g e o m e t r y [4, page 120] E b i s e c t s the angle be tween the geodes i c 
p a r a l l e l s p (Z , A) = a and p ( Z , B ) = b and t h e r e f o r e , s ince the 
g e o d e s i e s A P , B P m e e t t he se c i r c l e s o r thogona l ly , the ang les 
a and (3 of F i g . 3 a r e equa l . T h e r e f o r e 

F i g u r e 3 

(4) £ . A P C = 4 _ B P C . 

S i m i l a r l y by c o n s i d e r i n g the geodes ic e l l i p se p ( Z , A ) + p (Z , C) = 
a + c , we p r o v e ^L APB = 4L B P C and th is toge the r with (4) 
p r o v e s the r e s u l t . 

Secondly we show tha t if ABC is a geodes i c t r i a n g l e on D 
with the angle at A l e s s than 120° , then A does not m i n i m i s e 
the s u m p(Z , A) + p ( Z , B ) + p ( Z , C) . Let V be an e -ne ighborhood 
of A suff ic ient ly s m a l l so tha t for a l l r , s e V t h e r e is only one 
geodes i c jo in ing t h e m . Le t B(V) i n t e r s e c t the g e o d e s i e s AB , 
AC in X and Y . Cons ider the following 1-1 mapp ing of the 
geodes i c t r i a n g l e AXY onto the tangent p lane at A . F o r Q in 
the g e o d e s i c t r i a n g l e AXY with p (A, Q) = q , the c o r r e s p o n d i n g 
point Q ! i s the point on the tangent l ine to the geodes i c AQ at 
A such tha t AQ1 = q . Since the angle A of the p lane t r i a n g l e 
AX'Y 1 i s l e s s than 120° , t h e r e e x i s t s P 1 in the tangent p lane 
such tha t AP f + X ! P ! + Y ! P f < AX' + AY1 ( see [1]) and f u r t h e r 
m o r e the d i f fe rence is p r o p o r t i o n a l to € i . e . , 

AX ! + AY1 - (AP 1 + X'P» + Y ! P f ) = € k for s o m e k . 
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If 6 is suff ic ient ly s m a l l , for a l l QA , Q o € V, | Q* Q* - p (Q . Q_) | < L € ^ 
1 2 1 2 1 2 

w h e r e L i s c o n s t a n t (the proof of th i s i s e l e m e n t a r y but long) and 
h e n c e if P e V c o r r e s p o n d s to P ! in the t angen t p l ane , 

| ( A P ! + X ! P ! + Y I P I ) - { p ( A , P ) + p ( X , P ) + p ( Y , P ) } | < k €2 for s o m e ^ 

T h e r e f o r e 

( p ( A , X ) + p ( A , Y ) } - ( p ( A , P ) + p ( X , P ) + p ( Y , P ) } 

= (AX1 + AY !) - ( A P ! + X ' P 1 + Y»P !) 

+ ( A P ' + X ! P ! + Y 'P 1 ) - {p(A, P) + p ( X , P) + p ( Y , P ) } 

> k € - k €2 > 0 if € i s suff ic ient ly s m a l l . 

T h e r e f o r e 

p ( A , X ) + p ( A , Y ) > p ( A , P ) + p ( X , P ) + p ( Y , P ) . 

If we now add p(X, B) + p (X, C) to e a c h s ide and apply the t r i a n g l e 
inequa l i ty on the r i g h t we ob ta in 

p(A, B) + p ( A , C) > p ( A , P ) + p ( B , P ) + p ( C , P ) 

showing tha t A does not m i n i m i s e p (Z, A) + p (Z, B) + p (Z, C) a s 
r e q u i r e d . 

Us ing t h e s e 120° p r o p e r t i e s and a proof i d e n t i c a l to tha t of 
T h e o r e m 2 we deduce tha t U , a m i n i m i s i n g t r e e of S in D 

n 
wi th e x t r a v e r t i c e s s . , . . . , s . , h a s the p r o p e r t i e s P I , P 2 , P 3 , 

I k 
P 4 l i s t ed in Sec t ion 1 and the fol lowing analog of P5 : 

P ! 5 : F o r each i = 1, . . . , k if { s. } con t a in s po in t s 

p . , q., r . then e a c h of the a n g l e s a t s. b e t w e e n the g e o d e s i e s 

p . s . , q s r s i s 120° . 
* i i ^i l i i 

5. The S te ine r P r o b l e m in P l a n e Minkowsk i M e t r i c S p a c e s . 

L e t 2 be a c e n t r a l l y s y m m e t r i c convex s u r f a c e in E 
m 

wi th c e n t r e 0 . The m - d i m e n s i o n a l Minkowski M e t r i c Space 
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M a s s o c i a t e d with 2 i s obtained by defining the d i s t a n c e 
m 

p (x, y) for x, y € E as follows . If x = y, p (x, y) = 0 . If x £ y 

le t the r a y with in i t i a l point 0 which is p a r a l l e l to xy m e e t 2 
a t P . Then p(x, y) = x y / O P w h e r e xy and OP a r e u sua l 
E u c l i d e a n d i s t a n c e s . M is a m e t r i c space sat isfying condi t ions 

1, 2, 3 of the i n t roduc t ion . In th is sec t ion , for b r e v i t y , we omi t 
m o s t of the p roof s which depend only on the following e a s i l y v e r i 
fied p r o p e r t i e s of M (see [5], page 21). x and y a r e to be 

c o n s i d e r e d as m - d i m e n s i o n a l v e c t o r s . F o r a l l x, y € M 
m 

(i) p (x, y) = p ( 0 , x - y ) and m o r e gene ra l l y , any t r a n s l a t i o n 
i s an i s o m e t r y . 

(ii) The t r i ang l e inequal i ty i s s t r i c t p rov ided that 2 is 
s t r i c t l y convex and the t h r e e poin ts involved a r e non-
c o l l i n e a r . 

(iii) F o r 2 s t r i c t l y convex 

p ( 0 , x + y ) < p ( 0 , x ) + p ( 0 , y ) 

and th is inequal i ty i s s t r i c t u n l e s s 0, x, y a r e c o l l i n e a r 
with x, y lying on the s a m e s ide of 0 . 

F o r the r e m a i n d e r of th is s ec t ion by M we sha l l m e a n a 

p l ane Minkowski m e t r i c space the defining c u r v e of which i s 
s t r i c t l y convex . 

PROPOSITION 1. Given any n d i s t i n c t n o n - c o l l i n e a r 
po in t s a , . . . , a in M , t h e r e ex i s t s a unique point z 

1 n 2 n 

m i n i m i s i n g the function f(z) = 2 p(z, a.) . 
i= l 1 

Proof . A s i m p l e c o m p a c t n e s s a r g u m e n t shows that a 
m i n i m u m e x i s t s and it is e a s i l y ver i f ied that for a l l z , z eM , 

Z l + Z2 1 1 

Hence f(z) i s s t r i c t l y convex and has an unique m i n i m u m . 

PROPOSITION 2 . Le t A, P be any two po in t s in M . 

Then t h e r e ex i s t two poin ts B , one on e i t h e r s ide of the l ine A P , 
each having the following p r o p e r t i e s : 
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1. P m i n i m i s e s the funct ion f(z) = p (z, A) + p (z, B) + p (z, P) . 

2 . F o r any poin t C s t r i c t l y wi th in the angle APB , P does 
not m i n i m i s e the funct ion p ( z , A ) + p ( z , C) + p ( z , P ) . 

The ang le s APB of P r o p o s i t i o n 2 a r e ca l led C r i t i c a l A n g l e s . 
F o r the E u c l i d e a n M e t r i c e a c h c r i t i c a l angle i s 120^ . In 
Minkowski s p a c e s c r i t i c a l ang le s wi l l v a r y in t h e i r E u c l i d e a n 
m a g n i t u d e . 

PROPOSITION 3 . Le t A, B , C be any t h r e e d i s t i n c t 
po in t s in M and suppose P m i n i m i s e s p (z, A)+p (z, B ) + p (z, C) . 

Then e i t he r 

(i) P e { A , B , C } , 
or 

(ii) t h e r e e x i s t s an unique point X at which the s i d e s of 
the t r i a n g l e subtend c r i t i c a l ang les and P = X . 

PROPOSITION 4 . Le t ang le s APB , B P C be s u p p l e m e n 
t a r y a n g l e s . Then P cannot m i n i m i s e both of the func t ions 

f ^ z ) - p(z , A) + p ( z , B ) + p ( z , P ) 
and 

f 2(z) = p(z , C) + p ( z , B ) + p ( z , P ) . 

At th i s po in t we d i g r e s s and s t a t e the following fact which wi l l be 
used in the nex t s e c t i o n . Suppose A, B, C a r e d i s t i n c t po in t s in 
an m - d i m e n s i o n a l Minkowski M e t r i c Space wi th s t r i c t l y convex 
defining s u r f a c e S and le t the p l ane IT defined by A, B, C m e e t 
S in the c u r v e Z . Then the above t h e o r y holds in the p lane 
Minkowski Space defined on TT by 2 i . e . , we can apply P r o p o s i 
t ions 1-4 to t h r e e po in t s ABC in an m - d i m e n s i o n a l Minkowski 
M e t r i c S p a c e . 

T H E O R E M 3 . Le t U be a m i n i m i s i n g t r e e of S in 
n 

M^ with add i t iona l v e r t i c e s s , . . . , s, . Then U h a s the 
2 I k 

p r o p e r t i e s P 1 - P 4 of Sec t ion 1 and the following analog of P 5 : 

P " 5 : F o r e a c h i = 1, . . . , k, s. m i n i m i s e s p (z, a) 
l 

+ p(z , b) + p (z, c) w h e r e a , b , c a r e the po in t s of { s . } and e a c h 

angle a s . b , b s . c , c s . a i s a c r i t i c a l ang l e . 

444 

https://doi.org/10.4153/CMB-1967-041-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-041-8


Proof . Suppose the b r a n c h e s AB, CD i n t e r s e c t e d at P 
(not a v e r t e x of U ). Then for s o m e p a i r of poin ts f r om A, B , C, D 
say A, B the point which m i n i m i s e s p (z, A) + p (z, B) + p (z, P) is 
X j P ( P r o p o s i t i o n 4) and a r e p l a c e m e n t of AP , P B by the t h r e e 
l ines X P , XA, XB s h o r t e n s the a s s u m e d m i n i m i s i n g t r e e , w h i c h 
p r o v e s P I . A s i m i l a r a r g u m e n t shows that no v e r t e x x of U 
can have w(x) > 3 . Thus U sa t i s f i e s P3 and has the p r o p e r t y 
w(s ) < 3 for a l l i = 1, . . . , k . Also w(s . ) <t 3 (hence P2) and 

i ~~ l 
P4 ho lds , the proofs being iden t i ca l to those given in T h e o r e m 2; 
f inal ly P " 5 is i m m e d i a t e f r o m P r o p o s i t i o n 3 . 

In [6] an e x a m p l e i s given w h e r e the defining convex c u r v e 
of the Minkowski M e t r i c is not s t r i c t l y convex. The p r o p e r t y 
w(x) < 3 for each v e r t e x x of a m i n i m i s i n g t r e e of S does not 

~~ n 
hold . 

6. The P r o b l e m S „ . 
ncrpy 

Cons ider the following g e n e r a l i s a t i o n of the S te iner P r o b l e m : 
S : Given t h r e e non-nega t ive r e a l n u m b e r s a , (3 , y and n 

napy 
d i s t i n c t po in ts a . , . . . , a e M to find an i n t ege r k and k points 

I n 

s 1' " " k 
, s e M and to c o n s t r u c t the t r e e ( s ) U on the v e r t i c e s 

a , a , s , , . . . , s, so as to m i n i m i s e the s u m 
1 n 1 k 

T = L(U) + a 2 w(a.) + p 2 w(s.) + yk . 

j= l J j= l J 

DEFINITION. U is a u.- t r e e on A = {a . . . . , a } if U 
1 n 

i s a t r e e with v e r t i c e s a . . . . , a , s j , . . . , s, and 
1 n 1 k 

(i) w(s.) > 3 , i = 1, . . . , k . 
l — 

(ii) 0 < k < n -2 . 

PROPOSITION 5. If a so lu t ion of S n e x i s t s , it i s a 
n#Py 

jji-tree on A . 

P roof . w(s.) >_ 2 for each i = 1, . . . , k . Suppose w(s . ) = 2 

for s o m e i and { s . } = {x, y } . Then the t r e e fo rmed by r e p l a c i n g 
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branches s.x, s.y by the branch xy has a smaller value of T . 

Hence (i), and (ii) is proved exactly as in Theorem 2. 

DEFINITION. Let U be a ix-tree on A = { a . . . . , a } 
r~ L 1 nJ 

with additional vertices s . . . . , s, . 
1 k 

By the association of U we mean the integer k and the 
sets {a. } and {s.} (i = l , . . . , n , j = l , . . . , k ) . 

THEOREM 4. The problem S is reducible to a 
nap Y 

finite number of minimum length problems. 

Proof. The relation "has the same association as" on 
the set of all jji-trees on A is an equivalence relation. We show 
that the number of equivalence classes is finite. Suppose there 
are k additional vertices. Then we have n + k points on which 
to construct a tree i . e . , n + k - 1 branches must be selected 

from the possible I I geodesies. Thus the number of associa

tions with k extra vertices is not greater than 

n-2 
and the total number of associations is not greater than 2 g(n, k) 

k=0 
and hence is finite. 

Let the equivalence classes be C , . . . , C x̂ and let C. be M I N l 
any one of these classes. The tree(s) which minimise T in C. 

are precisely the tree(s) of minimum length of C. since the 

association common to all the tree(s) of C fixes the other three 
i 

terms of T i . e . , for all U € C 
i 

n k 

a 2 w(a) + (3 2 w(s.) + yk is constant . 
i=l * j=l J 

The minimising trees of S are a subset of the trees belonging 

446 

https://doi.org/10.4153/CMB-1967-041-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-041-8


t o C , . . . , C ( P r o p o s i t i o n 5 ) . T h e r e f o r e e a c h m i n i m i s i n g t r e e 

of S i s a s o l u t i o n to o n e of t h e f o l l o w i n g N m i n i m u m l e n g t h 
nc*(3y 5 5 

p r o b l e m s : F o r i = 1, . . . , N to c o n s t r u c t t h e t r e e ( s ) U e C. 

w h i c h m i n i m i s e L (U) . 

T h e n e x t T h e o r e m and i t s C o r o l l a r y p r o v e t h e e x i s t e n c e of 
a l l m i n i m i s i n g t r e e s m e n t i o n e d i n t h i s p a p e r . 

T H E O R E M 5 . L e t C e { C , . . . , C } ; t h e r e e x i s t s a 

t r e e of m i n i m u m l e n g t h i n C . 

P r o o f . T h e a s s o c i a t i o n of t r e e s i n C s t i p u l a t e s w h i c h of 
t h e p a i r s s . a . , s . s . , a . a . w i l l b e j o i n e d b y g e o d e s i e s a s b r a n c h e s 

i J i J i J 
of t r e e s i n C . We e x c l u d e t h e c a s e k = 0 f o r w h i c h t h e T h e o r e m 
i s o b v i o u s . L e t A . = { a . . a . , . . . . , a . } = { a : a e A and 

l i l i2 iX. t t 
l 

s . a i s a b r a n c h of t r e e s i n C ) . L e t R . R b e s e t s of u n -
i t ; 1 2 

o r d e r e d p a i r s of i n t e g e r s , d e f i n e d a s f o l l o w s : 

R = { ( i , j ) : s . s i s a b r a n c h of t r e e s i n C } , 
1 l j 

R = { ( i , j ) : a . a . i s a b r a n c h of t r e e s i n C } . 

T h e n t h e l e n g t h of a t r e e i n C i s 

k i 
f ( s , . . . , s ) = S S p ( s . , a . . ) 

1 k r l IJ 
i = l j = l 

+ 2 p ( s . , s . ) + 2 p(a . , a . ) . 

( i . J ) € R 4 * J ( i > J ) * R 2 " J 

S u p p o s e L i s t h e l e n g t h of t h e s h o r t e s t t r e e w i t h v e r t i c e s 
a , . . . , a o n l y . L e t Z = { z : z € M and m i n p (z , a . ) < L ) . 

I n i i ~~ 
T h e n e v e r y s - p o i n t of a t r e e of s h o r t e s t l e n g t h i n C i s i n Z f o r 
o t h e r w i s e t h e l e n g t h of t h e t r e e w o u l d n e c e s s a r i l y b e g r e a t e r t h a n 
L . 

T h u s if { s , . . . , s } i s a s e t of s - p o i n t s of a m i n i m u m 

l e n g t h t r e e of C t h e n { s , . . . , s } i s a n e l e m e n t of t h e c a r t e s i a n 
1 K. 
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k 
product Z . Now since Z is closed and bounded and M is 

finitely compact, Z is compact implying by the Tychonoff 

Theorem that Z is compact. But f(s . . . . , s, ) is continuous 
I k 

k k 
on Z and so has a minimum value on Z . Hence the Theorem. 

COROLLARY. There exist minimising trees of S 
napy 

Proof. Immediate from this Theorem and Theorem 4. 

THEOREM 6. If M is a Minkowski Metric space M 
m 

for which the defining surface S is strictly convex, then there 
is an unique tree of minimum length in C € { C , . . . , C } . 

Proof. Suppose to the contrary that f has minima, 
value £ , at { s . . . . , s } and {t . . . . , t ) where t i s. for 

^ 1 kJ 1 kJ i l 
some i . Consider the set 

| S l + t l S k + t k l 
[ 2 ' • " , 2 J * 

Using Properties (i) - (iii) of Minkowski Spaces (Section 5) 

s. +t. \ / s.-a.. t.-a.. 

ij 
P l V . a J = P 0 , - ^ + ^ 

/ s.-a.. \ / t -a . 

= | p ( 0 , s.-a..) + | p ( 0 , t.-a..) 
2 l ij 2 l ij 

1 1 
= ~p(s . , a..) + - p(t., a..) . 

2 i ij 2 l ij 

This inequality is strict unless a.., s., t are collinear with 

s.,t on the same side of a.. . Therefore 
1 i ij 

k i s. + t. k i 

S 2 p( 1 / , a . . ) < - 2 2 {p(s.,a..) + p( t . ,a . . )} 
1=1 J = l J 1=1 J = l J J 
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and the inequa l i ty is s t r i c t un l e s s for each i = 1, . . . , k, a. , 

a. . . . . , a. , s. , t. a r e co l l inea r with s., t. occupying su i t ab le 
i 2 i \ . l l i l 

l 
pos i t i ons on the l ine . Such a s i tua t ion cannot occu r in a m i n i m u m 
length t r e e of C . A s s u m i n g n > 2 (o the rwise the p r o b l e m is 
t r i v i a l ) , t h e r e ex i s t s i for which X > 2 and s jo ins only one 

i "~ i 
o the r s -po in t . If X > 2 a s i m p l e app l ica t ion of the t r i a n g l e in-

i 
equal i ty p r o v e s that the a s s u m e d t r e e could not be m i n i m u m length 
in C ; the c a s e X. = 2 is d i sposed of us ing P r o p o s i t i o n 4 . Thus 
we can conclude 

k X i / s . + t . \ k X i k X i 
(5) 2 2 p M r i , a . l < - 2 2 p ( s . , a . . ) + - 2 2 ( t . , a . . ) . 

i=l j = l \ J / i= l j= l J i= l j = l J 

By a s i m i l a r u s e of the p r o p e r t i e s of M we can show 
m 

/ s .+ t . s.+t.\ 

s P -^-"V 1 <7 z
 P ( S - ' S - ) + 7

 2 p ( t . , t . ) . 
( i . j h R ! -' ( i ,J)£R1 ' J ( i ,J)€R1

 X J 

Adding th is to (5) and S p(a . , a.) to both s ides we obtain 

( i , j ) « R 2 ' J 

s +t s +K \ 
f f - V ^ , . . . , ^ - < - f(Si Bk)+If ( t i y 

which c o n t r a d i c t s the m i n i m u m p r o p e r t y of I . 

COROLLARY. In M , S and S have a finite n u m b e r 
m n#py n 

of m i n i m i s i n g t r e e s . 

P roof . I m m e d i a t e f r om T h e o r e m s 4, 5 and 6. 

F o r su i tab le v a l u e s of a , (3 , v ( see [ i l ) , S r e d u c e s to 
nc^Py 

the p r o b l e m P : Given any n d i s t i nc t poin ts a . . . . , a in M , 
n I n 

n 
to find the point z which m i n i m i s e s S p(z, a.) . Work is c u r r e n t l y 

i = l 1 
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in progress on a proof, using Galois Theory, that in the plane 
P (and hence S ^ ) is in general not solvable by Euclidean 

n na(3y 
Constructions. 

Similar proofs to those given in this section may be used 
to establish identical results when the function to be minimised 

F L(U) , 2 w(a.) , 2 w(s.) , k 
i=l X j = l J 

where F is any positive function which is strictly increasing in 
each of its four variables. 
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