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NUMERICAL ANALYSIS OF THE PLANEWAVE DISCRETIZATION OF SOME
ORBITAL-FREE AND KOHN-SHAM MODELS

Eric CANcES!, RACHIDA CHAKIR?*?3 AND YVON MADAY? %4

Abstract. In this article, we provide a priori error estimates for the spectral and pseudospectral
Fourier (also called planewave) discretizations of the periodic Thomas-Fermi-von Weizsacker (TFW)
model and for the spectral discretization of the periodic Kohn-Sham model, within the local density
approximation (LDA). These models allow to compute approximations of the electronic ground state
energy and density of molecular systems in the condensed phase. The TFW model is strictly convex
with respect to the electronic density, and allows for a comprehensive analysis. This is not the case
for the Kohn-Sham LDA model, for which the uniqueness of the ground state electronic density is not
guaranteed. We prove that, for any local minimizer ®° of the Kohn-Sham LDA model, and under
a coercivity assumption ensuring the local uniqueness of this minimizer up to unitary transform, the
discretized Kohn-Sham LDA problem has a minimizer in the vicinity of ®° for large enough energy
cut-offs, and that this minimizer is unique up to unitary transform. We then derive optimal a priori
error estimates for the spectral discretization method.
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1. INTRODUCTION

First-principle molecular simulation allows to better understand, or to predict, the properties of matter from
the fundamental laws of quantum mechanics. It is a major tool in chemistry, condensed matter physics, and
materials science, used on a daily basis by hundreds of research groups in academy and industry. It is also
becoming a fruitful approach in molecular biology and nanotechnologies.

In this approach, matter is described as an assembly of nuclei and electrons. At this scale, the equation
that rules the interactions between these constitutive elements is the N-body Schrédinger equation. It can
be considered (except in few special cases notably those involving relativistic phenomena or nuclear reactions)
as a universal model for at least three reasons. First, it contains all the physical information of the system
under consideration, so that any of the properties of this system can be deduced in theory from the Schréodinger
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equation associated to it. Second, the Schrodinger equation does not involve any empirical parameter, except
some fundamental constants of physics (the Planck constant, the mass and charge of the electron, ...); it can
thus be written for any kind of molecular system provided its chemical composition, in terms of natures of nuclei
and number of electrons, is known. Third, this model enjoys remarkable predictive capabilities, as confirmed
by comparisons with a large amount of experimental data of various types.

Of course, the N-body time-dependent Schrédinger equation, which is an evolution partial differential equa-
tion in space dimension 3N, where N is the number of particles (nuclei and electrons) in the system, cannot be
solved by brute force numerical methods when N exceeds three or four. In order to deal with larger systems,
approximations have to be resorted to. The Born-Oppenheimer approximation [4], based on the fact that nuclei
are thousands of times heavier than electrons, allows to decouple the nuclear and electronic dynamics, and to
consider that, in most cases, nuclei behave as point-like classical particles, and electrons are in their ground
state. Several methods for computing approximations of electronic ground states have then been proposed,
which can be classified in three groups:

e wavefunction methods, among which the Hartree-Fock and multiconfiguration self-consistent-field (MC-
SCF) models (see [8] for a mathematical introduction);

e methods issued from the density functional theory (DFT);

e quantum Monte Carlo methods [24,25].

DFT currently is the most popular approach for it offers the best compromize between accuracy and compu-
tation cost. The models originating from DFT can be classified into two categories: the orbital-free models and
the Kohn-Sham models. The Thomas-Fermi-von Weizsécker (TFW) model falls into the first category. It is not
very much used in practice, but is interesting from both a mathematical viewpoint [2,12,27] and a numerical
viewpoint [35]. It indeed serves as a toy model for the analysis of the more complex electronic structure models
routinely used by physicists and chemists, as well as for the development of new numerical methods [17,31]. At
the other extremity of the spectrum, the Kohn-Sham models [15,21] are among the most widely used models in
physics and chemistry, but are much more difficult to deal with.

Throughout this article, we adopt the system of atomic units for which # = 1 (reduced Planck constant),
me = 1 (mass of the electron), e = 1 (elementary charge), 4meg = 1 (€p being the dielectric permittivity of the
vacuum). In this system of units, the charge of the electron is —1 and the charges of nuclei are positive integers.

Let us first consider an isolated molecular system in vacuo, consisting of M nuclei of charges (z1,...,2p:) €
(N'\ {01)M located at the positions (Ri,..., Ry) € (R*)M of the physical space, and of N electrons. The
electrostatic potential generated by the nuclei and felt by the electrons is

Highlight

1% Z |$_Rk| (1.1)

In the TFW model, as well as in any orbital-free model, the ground state electronic density of the system is
obtained by minimizing an explicit functional of the density. For the system under consideration, this model
reads [27]

wt {e™ ) p 20, Voo @), [ p=w}, (12)

where E£¥W(p) is the TFW energy functional defined as

C 1
&)= G [ 19VBR+Car [ 4 [ e Do)

and where the bilinear form D(-,) is the Coulomb energy functional in vacuo:

"o P@) P'Y) 4 qw — 4 oy
) */R,d /R3 Te—ul drdy =4 /Rs k| ™=p(k)" p' (k) dk, (1.3)

https://doi.org/10.1051/m2an/2011038 Published online by Cambridge University Press


https://doi.org/10.1051/m2an/2011038

NUMERICAL ANALYSIS OF DFT MODELS 343

fdenoting the Fourier transform of f (normalized in such a way that the Fourier transform is the isometry of
L?(R3)). Here and in the sequel a* denotes the complex conjugate of the complex number a. The first two terms
of the TFW energy functional model the kinetic energy of the electrons; Cyy is a positive real number (Cyw = 1,
1/5 or 1/9 depending on the context [15]) and Cry is the Thomas-Fermi constant (Crp = 12(37%)%/3). The
third and fourth terms respectively model the interactions between nuclei and electrons, and the interactions
between electrons.

In the Kohn-Sham model, the electronic state of the closed-shell system with an even number AN/ = 2N of
electrons is described by N Kohn-Sham orbitals ® = (¢1,...,¢n)" € (H'(R?))V satisfying the orthonormality

conditions
/ bidj = dij,
R3

N
pola) =2 ) @)

The factor 2 in the above expression accounts for the spin. In closed-shell systems, each Kohn-Sham orbital is
indeed occupied by two electrons, one with spin up and one with spin down. The Kohn-Sham ground state is
obtained by solving the minimization problem

and the associated electronic density

inf {SESS(@), @ =(¢1,...,on)" € (H' RV, /R Pidj = &-j} : (1.4)

where the Kohn-Sham energy functional reads

N
1
£ 5(®) == Z/RS IVoil* + /]RS V™™g + §D(p¢>7p<1>) + Exe(pa)- (1.5)
i=1

The first term models the kinetic energy, the second term the interactions between nuclei and electrons, and the
third term the interaction between electrons. The fourth term, called the exchange-correlation functional, is a
correction term, which is essential to describe quantitatively, and sometimes even qualitatively, the physics and
chemistry of the system. The exchange-correlation functional collects the errors made in the approximations
of the kinetic energy and of the interactions between electrons by respectively the first and third terms of the
Kohn-Sham functional. It follows from the Hohenberg-Kohn theorem [20,26,28,33], that there exists an ezact
exchange-correlation functional, that is a functional of the electronic density p for which solving (1.4) provides
the ground state electronic energy and density of the N-body electronic Schrédinger equation. Unfortunately, no
mathematical expression of the exchange-correlation functional amenable to numerical simulations is known. It
therefore has to be approximated in practice. The local density approximation (LDA) consists in approximating
the exchange-correlation functional by

[, Aol o
LDA

where e (p) is an approximation of the exchange-correlation energy per unit volume in a uniform electron gas
with density p. The resulting Kohn-Sham LDA model is well understood from a mathematical viewpoint [1,23].
On the other hand, the existence of minimizers for Kohn-Sham models based on more refined approximations
of the exchange-correlation functional, such as generalized gradient approximations [1] or exact local exchange
potentials [10], still is an open problem.

In the sequel, we will focus on the periodic versions of the TFW and Kohn-Sham LDA models. In the
periodic setting, the simulation domain, sometimes referred to as the supercell, is no longer the whole space
R3, as in (1.2)—(1.4); it is the unit cell I' of some periodic lattice of R?. In the periodic TFW model, periodic
boundary conditions (PBC) are imposed to the density; in the periodic Kohn-Sham framework, they are imposed
to the Kohn-Sham orbitals (Born-von Karman PBC). Imposing PBC at the boundary of the simulation cell is
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the standard method to compute condensed phase properties with a limited number of atoms in the simulation
cell, hence at a moderate computational cost.

In most applications, the periodic TFW and Kohn-Sham models are discretized in Fourier modes, more
commonly referred to as planewave basis sets in the physics and chemistry literature. This is the reason why we
focus on this particular discretization method in the present work. The TFW ground state density corresponding
to the nuclear potential (1.1) is known to have cusps at the nuclear positions Ry. These singularities reduces
the efficiency of the planewave discretization method. In practice, the singular nuclear potential V"¢ defined
by (1.1) is usually replaced with a smoother potential Vi°%; this amounts to replacing point nuclei with smeared
nuclei. We will see in Section 3 that, not surprisingly, the smoother the potential, the faster the convergence of
the planewave approximation to the exact solution of (1.2). In the Kohn-Sham setting, this issue is addressed in
a more refined way [32], for it is also considered that core electrons are not affected by the chemical environment.
The Kohn-Sham orbitals of the core electrons surrounding each nucleus (for instance the two 1s electrons of the
nuclei of the second row of the periodic table) are frozen to their ground states in the isolated atom. The Kohn-
Sham orbitals of the valence electrons (i.e. of the electrons which are not core electrons and are therefore affected
by the chemical environment) are replaced with pseudo-orbitals, which coincide with the valence Kohn-Sham
orbitals out of a so-called core region surrounding each nucleus, and are smoother than the valence Kohn-Sham
orbitals inside the core region. The resulting model is similar to (1.4), but presents some differences: (i) N now
denotes the number of wvalence electron pairs, (ii) ® now denotes the set of the pseudo-orbitals of the valence
electrons, and (iii) the nuclear potential V™" is replaced by a pseudopotential modeling the Coulomb interaction
between the valence electrons on the one hand, and the nuclei and the core electrons on the other hand. The
pseudopotential consists of two terms: a local component Vioca (whose associated operator is the multiplication
by the function Vieca) and a nonlocal component (an operator whose expression is given in Section 4). As a
consequence, the second term in the Kohn-Sham energy functional (1.5) is replaced by

N
/ paViocal +2 3 _(¢i[Vau|s).
r

i=1
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The pseudopotential approximation has two main advantages: first, it allows to deal with heavy nuclei (for which
core electrons are relativistic) within a non-relativistic framework, and, second, it reduces the computational
cost by reducing the number N of orbitals to be computed and by regularizing these orbitals (hence increasing
the rate of convergence of the planewave approximation). The pseudopotential appoximation gives satisfactory
results in most cases, but sometimes fails. A mathematical analysis of the pseudopotential approximation is
still lacking.

The purpose of this article is to provide an analysis of the Fourier spectral and pseudospectral discretizations
of the periodic TFW and Kohn-Sham LDA models, following our first contribution [6] dealing with simpler non-
linear eigenvalue problems. As far as we know, our results are the first ones presenting the optimal convergence
rate for the ground state energy and eigenpairs, both for the TFW type problems where some papers already
existed, and for the Kohn-Sham problem where no numerical analysis in terms of convergence was available.
Previous contributions in the numerical analysis of electronic structure models are actually very few. In [35],
the convergence of the ground state energy and eigenpair is established for the Galerkin discretization of a
convex TFW model, but no optimal rate of convergence is provided. In [22], the authors have considered the
Thomas-Fermi-Dirac-von Weizsécker model, that is a non convex model entering in the category of orbital-free
DFT models. Under an hypothesis of ellipticity of the second order derivative of the Lagrangian associated
with the minimization problem, they prove that the discrete problem, based on a Pi-Lagrange finite element
approximation has, locally, a unique discrete solution that converges at the optimal rate in the energy norm.
The convergence of the eigenvalue is also obtained, but is not optimal.

More recently, Zhou et al. have analyzed a non-convex orbital-free model [14]; again with an assumption of
local inversibility in the vicinity of the ground states, the convergence of the minimizers of the discrete problem
to the set of the minimizers of the continuous problem is established, but no convergence rate is actually proven.
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All the results mentioned above deal with a priori analysis. The results about a posteriori error analysis are
even more seldom. We refer to [13,29] for the available results in this direction and improvements of the basic
approximation by either postprocessing, or thanks to adaptivity.

This article is organized as follows. In Section 2, we briefly introduce the functional setting used in the
formulation and the analysis of the planewave discretization of periodic orbital-free and Kohn-Sham models.
In Section 3, we provide a priori error estimates for the planewave discretization of the periodic TFW model,
including numerical integration. In Section 4, we deal with the periodic Kohn-Sham LDA model.

2. BASIC FOURIER ANALYSIS FOR PLANEWAVE DISCRETIZATION METHODS

Throughout this article, we denote by I' the simulation cell, by R the periodic lattice, and by R* the
dual lattice. For simplicity, we assume that I' = [0,L)3 (L > 0), in which case R is the cubic lattice LZ?,
and R* = 2%23. Our arguments can be easily extended to the general case. For k € R*, we denote by

ex(z) = |T|71/2 e*® the planewave with wavevector k. The family (ej)zer- forms an orthonormal basis of

Li(F, C):= {u € L} .(R* C) | u R-periodic},

loc

and for all u € L (T, C),

u(z) = Z uy ex(x) with up = (ek,u)Li = |p|~1/? / u(z)e F7 da.
kER* r

In our analysis, we will mainly consider real valued functions. We therefore introduce the Sobolev spaces of real
valued R-periodic functions

Hy(T) := {u(ac) = Z Uy ep(x) | Z (1 + |k?)*|ag|*> < oo and V&, G_), = a;;} ,

kER* kER*

s € R, endowed with the inner products

(w,0)my = > (1+ k) T D
keR*

For N. € N, we denote by

VN, = Z crer | Vk, c_p =}, (2.1)
kER* | |k|< 22 N,

(the constraints c_; = ¢j, imply that the functions of Vi, are real valued). The norm |- | used in the definition
of Vi, is the Euclidian norm. The plane wave e belongs to Vi, if and only if its kinetic energy %|l<:|2 is smaller

than the energy cut-off E. = QLL:NC2 For all s € R, and each v € HZ(I"), the best approximation of v in Vi,
for any Hl,-norm, r < s, is

HNCU = Z VgCp.
keR* | |k|<2= N,
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The more regular v (the regularity being measured in terms of the Sobolev norms H"), the faster the convergence
of this truncated series to v: for all real numbers 7 and s with 7 < s, we have for each v € H(T'),

L\*" s
() 5o~ Mol

L S—Tr -
() 5ol (22)

v =N vl|lay, = L [v—on.|az

IN

2
For N, € N\ {0}, we denote by $FFT’N9 the discrete Fourier transform on the cartesian grid Gy, := NL 73 of
the function ¢ € C% (T, C), where

C%(T,C) == {u e C°(R*,C) | u R-periodic} .

Recall that if ¢ = >, x. ggk er € C;L(F,(C), then the discrete Fourier transform of ¢ is the N,R*-periodic

~FFT,N
Q%\FFT’NH = (¢ ‘)

sequence keRr*, where

~FFT,N 1 ik _ ~
% =N Z $(w)e = 0|71/2 Z Ph4 Ny K -

9 zeGn, NI KeR*
We now introduce the subspaces
. 2 2 N,—1
Span{e‘ly |le %Z, 1] < fﬂ ( 92 )} (Ng4 odd),

W, = 2 21 (N,
Span{eily |le %Z, 7] < fﬂ (Tg)} ®C (ei”Ngy/L +e_i”N9y/L) (N4 even),

WP e ¢ ([0,L),C) and dim(WiP) = N,), and W3P = WP @ WiP @ WiP. Note that W3P is a subspace
N, # N, g N, N, N, N, N,
of H(I',C) of dimension Ng, for all s € R, and that if N, is odd,

2 2 N,—1
Wﬁ?:Span{eMkzeR*:%Za |kloo < ﬂ-( g )}

L\ 2
It is then possible to define the interpolation projector Zy, from C% (T, C) onto Wﬁ’,]g) by [Zn,(#)](z) = ¢(x) for
all z € Gy, . It holds

vwecyro). [Tve- ¥ <£>3¢<x>. (23)

a:GQNgﬁF 9

The coefficients of the expansion of Iy, (¢) in the canonical basis of W]‘f,? is given by the discrete Fourier
transform of ¢. In particular, when N, is odd, we have the simple relation

In,(¢) = T2 Z ngFT’Ng €k-

o[ Ng—1
RER™ | [kloo < 27 (5 )

It is easy to check that if ¢ is real-valued, then so is Zn,(¢).
We will assume in the sequel that N, > 4N, 4 1. Using the properties of Gauss integration, we then have

for all van, € Van,,
L\* /
V4N, = E — | wn.(z)= [ In, (van,). 2.4
/r (N) (@)= | In,( (2.4)

ngNgﬁF 9
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The following lemma collects some technical results which will be useful for the numerical analysis of the
planewave discretization of orbital-free and Kohn-Sham models.

Lemma 2.1. Let N. € N* and Ny, € N* such that Ny > 4N, + 1.

(1) Let V be a function of C;L(F,(C) and vy, and wy, be two functions of V.. Then

/INQ(VUNCUJNC) = /INQ(V)UNCUJNC7 (2.5)
I I

IN

/ Ty, (Viow. )
T

IVllzllew. |25 (26)

(2) Let s>3/2,0<r<s, andV a function of H3(T'). Then,

[0 -Tn) V), € CraNg DV . 27)
1/2

v, @, VD, < ([ 2w 0v®) (2.

Mo (@, VD < (14 Co) V. (29)

for constants C.. s independent of V. Besides if there exists m > 3 and C' € Ry such that Vel < Clk|~™
for all k € R*, then there exists a constant Cy independent of N. and N4 such that

I (= T ) V), < Oy NTTENG ™ (2.10)

(3) Let ¢ be a Borel function from Ry to R such that there exists Cy, € Ry for which |¢(t)] < Cy(1 + t2)
for allt € Ry. Then, for all vy, € VN,

[z toton | = o (I oty (2.11)
T

Proof. For zon, € Van,, it holds INH(V)ZQNC S WQNgil. It therefore follows from the properties of Gauss
integration that

) V@@

3
ngNg nr
3

/FINQ(V%NC) . (Nig
JCEQ;QHF (Nig) (Zn,(V))(@)z2n. (2)

= /FINg (V) Z2N,- (212)
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The function vy, wy, being in Vay,, (2.5) is proved. Moreover, as |vy, |? € Vay,, it holds

S (&) vieks.wr

\ [ 2, Vi)
I

€GN, NI 9
L 3
2
< Wh=| ¥ (5) loww)
z€Gn, NI 9

IVl / o 2.
I

Hence (2.6). The estimate (2.7) is proved in [11], p. 272. To prove (2.8), we notice that

IMon (Zn, (VDIZ: < 17w, (V)

[ @, )y @, )

3
> (5) @0 @, 0@

z€GN, NI 9

= Y () wer

ngNgﬁF 9

| zwavi).

The bound (2.9) is a straightforward consequence of (2.7):

Highlight
I

Mo, (I, (VD mg, < 11 Zn, V)l < IV Iag, + 110 = Zn, ) (V) ey, < (14 Cs o)V ],

Now, we notice that

oy, (In,(V)) = INEE Z VkFFT,Ngek
KeR* | [KI<4E N,
= Z ( Z ‘?k-i-NgK) €L (213)
kER* | |k|<iEN, \KER*
From (2.13), we obtain
2
2 . R
(BERAC _INg)(V)HH;; - Z (1+ k%) Z Vitn, K
keR* | |k|§4%Nc KeR*\{0}
2
< S kP max S Voo

keER* | |k|<4E N,

keR~ | |k| <N, KeRr*\{0}

On the one hand,

) 4 2s
> b o (F) wE

kER* | [k|<4EN. Ne—oo 25 +3
=7 Ne
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and on the other hand, we have for each k € R* such that |k| < 3TN,

1

% < C .
D Veew| < 2 lk+ N K|™
KeR*\{0} KeR*\{0}
L m
< =) N
< cco(%) i

where

1
Co = max - - .
veRs | ysmKe;{O} ly — K|™

The estimate (2.10) then easily follows. Let us finally prove (2.11). Using (2.3) and (2.4), we have

)3 (Nig)3<z><|m<x>|2>

/ IN9<¢<|UNC|2>>\

IN

ADS <N£> (1 -+ fox, (@)

a:GQNgﬁF
= Co [+ lon ) = Co (I + Towclty )

This completes the proof of Lemma 2.1.

3. PLANEWAVE APPROXIMATION OF THE PERIODIC TFW MODEL

The periodic TEFW problem reads as follows:
ITFW — inf {ETFW(/)), pE 9‘{/\/} ,

where
m:{pzowﬁe@(r),/pzjv}
I

is the set of admissible periodic densities, and where
TFW _ Cw 2 5/3 ion 1
EYW(p) === | Vo> +Cre | p°°+ [ pV'" + =Dr(p, p).
2 Jr r r 2
The last term of the TEFW energy models the periodic Coulomb energy: for p and p’ in H;l(l‘),

Dr(p,p)==4r > [k[7*p} P}
keR*\{0}

We make the assumption that V1°" is a R-periodic potential such that

Im >3, C>0s.t. Vke R, [Vioo| < Clk|~™.
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Note that this implies that V" is in H™~3/27¢(T) for all € > 0, hence in C%(T) since m — 3/2 — ¢ > 3/2 for €
small enough. It is convenient to reformulate the TFW model in terms of v = \/p. It can be easily seen that

ITTEW — inf {ETFW(U), v e Hy(D), / |v|? N} : (3.3)
r
where

C : . 1
ETW () = TW/F|W|2+CTF/F|U|10/3+/FVIOH|U|2+§DF(|U|2,|U|2).

Let F(t) = Cppt®? and f(t) = F'(t) = 2Crpt*®. The function F is in C*([0,+00)) N C>((0,400)), is

strictly convex on [0, +00), and for all (¢1,t2) € Ry x Ry,

70 :
£tz — F(E)t2 = 2f () (12— 11)| < 52 Crrr max(ty*, 13"%) [t — ta]. (3.4)
The first and second derivatives of ETFW are respectively given by
(ETFW (), w) gy, = 2 v, w),
(BT @wr wa) o1 gy = 2R w1, w) + 4D (vwr, vws) +4 / F(wP)[oPwiws,
r
- where we have denoted by H;FFW the TFW Hamiltonian associated with the density p
N =
C )
g, HEFW _ 7TWA + f(P) + y/ion + VpCoulomb’
N =
O) where
T voouomb () = drw N k|2 pren(x) (3.5)
keR*\{0}

is the R-periodic Coulomb potential generated by the R-periodic charge distribution p. Recall that VpC"“lomb
can also be defined as the unique solution in Hj(T) to

,AvpCoulomb — 4 (P o |1—1|71 / p) ’
r
/ VpCoulornb —0.
r

Let us recall (see [27] and the proof of Lemma 2 in [6]) that
e (3.1) has a unique minimizer p°, and that the minimizers of (3.3) are v and —u, where u = \/p%;
e uisin HQH/%S(F) for each € > 0 (hence in C%(T') since m +1/2 — € > 7/2 for € small enough);

e u>0onR?
e vy satisfies the Euler equation

Hia" (u) = *CTWAu + <§chu4/ Spvien 4 Vﬁ(’“l"mb) u=Au

for some A € R, (the ground state eigenvalue of H;FOFW, that is non-degenerate).
The planewave discretization of the TEF'W model is obtained by choosing:

(1) an energy cut-off E. > 0 or, equivalently, a finite dimensional Fourier space V., the integer N, being
related to E. through the relation N, := [\/2E. L/2x],
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(2) a cartesian grid Gy, with step size L /N, where N, € N* is such that N, > 4N, +1,
and by considering the finite dimensional minimization problem

I~ inf {E]TVSV"(WC), o € Vi, [ o= N} , (3.6)
T
where

. |
BV (on) = S [ 90w Cav [ T, (o %)+ [ 2, (Voo

1
+§Dr(|vzvc|2a lun,|?)

Iy, denoting the interpolation operator introduced in the previous section. The Euler equation associated
with (3.6) can be written as a nonlinear eigenvalue problem

TFW,N,
Yon, € VN, <(H|uN w2 T AN, )UNC,NQ,UNC> o, =0
H' HY

where we have denoted by

~ C 5 .
HEFW,NQ W WA+ IN (gCTFP2/3 + Vlon) + VpCoulomb

the pseudospectral TFW Hamiltonian associated with the density p, and by An,, n, the Lagrange multiplier of
the constraint [}, oy, |* = N. We therefore have

C 5 ion ulom
—TWAUNC,NQ + 1w, [(INH <§CTF|UN07NH|4/3 + V‘OI) Vﬁg ION |b2> UNC,NH:| = AN, N, UN Ny -
Under the condition that Ny > 4N, + 1, we have for all ¢ € CY(T),

2
V(k,1) € R* x R* s.t. |k|,|I| < %N /IN d)eler = SFT,

so that, ’I—?EEWN is defined on Vi, by the Fourier matrix
c:Ng

TFW,.N Cw 5 — FFT.N, _—_ FFT,N,
|: ‘uNcyNgT2i|kl = —|k|2(5kl + gCTF(|UN°’N9|4/3)k_[ (Vlon)k .
(| /\|2 FFT,N,
UNe:Ng1™) -1
+ 47T |k97 l|2 (1_6kl)7

where, by convention, the last term of the right hand side is equal to zero for k = [.
We also introduce the variational approximation of (3.3)

7 =i {5 ), v, € Vi [ o2 =4} )
r
Any minimizer uy, to (3.7) satisfies the elliptic equation
C 5 .
- —WAUN +1l, [§CTFIUNC|4/3UNC +Vi%uy, + Vigenty N.:| = AN, UN.; (3.8)

for some Ay, € R.
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The following theorem provides optimal a priori error bounds for the planewave discretization of the periodic
TFW model. Note that convergence results (without error estimates) were previously derived by Zhou [35].

Theorem 3.1. For each N, € N, we denote by un, a minimizer to (3.7) such that (uNC,u)Li > 0 and, for
each N € N and Ny > 4N, + 1, we denote by un, n, a minimizer to (3.6) such that (UNC,Ngau)Li > 0. Then
for N¢ large enough, un, and un, N, are unique, and the following estimates hold true

lun, —ullm;, < C Ny mmstt/2m9, (3.9)

An, = Al < CeNgEm1ma) (3.10)

Vuw, = ullzpy, <INV =17 < Cllu, — ull3,, (3.11)
lunen, —un s < Cs NZPHETDeN ™, (3.12)

Avon, = An| < CNEEN™, (3.13)

NN, — IV < CNZPPN;™ (3.14)

forall —=m+3/2< s <m+1/2 and € > 0, and for some constants v >0, Cs. >0, C. >0, C >0 and Cs > 0
independent of N. and Ny.

Remark 3.2. More complex orbital-free models have been proposed in the recent years [34], which are used
to perform multimillion atom DFT calculations. Some of these models however are not well posed (the energy
functional is not bounded from below [3]), and the others are not well understood from a mathematical point
of view. For these reasons, we will not deal with those models in this article.

3.1. A priori estimates for the variational approximation

Highlight

In this section, we prove the first part of Theorem 3.1, related to the variational approximation (3.7). The
estimates (3.9), (3.10) and (3.11) originate from arguments already introduced in [6]. For brevity, we only recall
the main steps of the proof and leave the details to the reader.

The difference between (3.3) and the problem dealt with in [6] is the presence of the Coulomb term Dr(|v|?, [v|?),
for which the following estimates are available:

0<Drlpp) < Clols, forall pe L3(D), (3.15)
Dr(uv,uw)] < Cllellys wl e, for all (v,w) € (L3(T)2, (3.16)
Dr(p,ow)l < Cllollyz ol wllyz,  for all (p,v,w) € (E3(T)), (3.17)
[VEHem e < Cllpllyz,  for all pe L3(T), (3.18)

IVEomb yie < Cllollig,  for all p € H(T). (3.19)

Note that (3.19) is valid for all s € R. Here and in the sequel, C' denotes a non-negative constant which may
depend on T', Vi°® A/ and s, but not on the discretization parameters.

Using (3.15), (3.16) and the fact that f’ > 0 on (0, +00), we can then show (see the proof of Lemma 1 in [6])
that there exist > 0, v > 0 and M > 0 such that for all v € H# (1),

0 < {(Hpo™ = N, 0} s gy < MlJolf3, (3.20)

"
Bllol, < (BT (w) = 2000, 0) s gy < Mol (3:21)
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and for all v € H(T') such that oz, = N2 and (v, u)rz >0,

Yo = ulldy, < (HEFY = N0 = ), (0= w1y (3.22)
Remarking that
1
ET W (un,) = BT (u) = (Mo = N(un, = u), (un. = ) o gy + 5Dr(lun * = [uf?, Jun[* = [uf?)
+/FF(|UNC|2) = F(lu?) = f(luf*)(Jun. [ = [uf?), (3.23)

and using (3.22), the positivity of the bilinear form Dr, and the convexity of the function F', we obtain that

INGY = 1Y = B W (u, ) = BTV (u) > vlluw, — ullF -
c : ) #
For each N. € N, un, = ./\/'1/21_11\;Cu/||H]\/Cu||L3gt satisfies (uy,, U)Li > 0 and HaNcHL2# = N'/2 and the sequence

(Un,)N.en converges to u in H$+1/2_E(F) for each € > 0. As the functional ETFW is continuous on H,(T), we

have

lun, =l <o~ (IR = ITY) <97 (BT (@w,) - BTV (W) 0.

Hence, (un,)n.en converges to u in Hj(T), and we also have

C .
o = A G [wu e [ S P+ [ V4 D x|
r r r
N-L Cw Vul2 2,12 Vion|,12 4 p 2 .12
— Vul?+ [ Sl al? + [ Vol + Dl uf?)
N.—oo 2 r T I
= A

As f(lun,|?)un, + Viiuy, + VCoulgmby v is bounded in L% (T), uniformly in N, we deduce from (3.8) that

lun[?

the sequence (un,)n,en is bounded in HZ(T'), hence in L>(T). Now
Auw. =) = 205! Mo (lhune Pux. = Flufu-+ Vo, = ) + VEREun, — ViEEomu)
= (0= M) (AP Vo + V™) <, 1)~ (o~ N

Observing that the right-hand side goes to zero in Liﬁ (T") when N, goes to infinity, we obtain that (un,)n,en
converges to u in HZ(T), and therefore in ngl/ *(I). In addition, we know from Harnack inequality [18] that
u > 0 in R3. Consequently, for N, large enough, the function uy, (which is continuous and R-periodic) is
bounded away from 0, uniformly in N.. As f € C*(0,+0o0), one can see by a simple bootstrap argument that
the convergence of (un,)n.en to u also holds in HQH/%S(F) for each € > 0. The upper bound in (3.11) is

obtained from (3.23), remarking that

0 < / Flluw.P) = F(ulP) — F(ul?) (.2 — [ul?)
< g (s V3, [l ), — ul?
< 9 TF Fmax ’U,NC ,u UNC u
35 4/3
< For (o lules ) o - ;.
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and that

0 < Dr(lun[* = [ul? [un. |* = [u*) < Clllun* = [ul*|73

IN

2
2
4C (}\1}02& ||UNC|L°°> lun, — UHLi'

The uniqueness of uy, for N, large enough can then be checked as follows. First, (un,, An,) satisfies the
variational equation

Yun, € Vn,, <(H‘THFI‘V\?12 - )\NC)UNC,UNC>H;17H# =0.

T

Therefore Ay, is the variational approximation in Vi, of some eigenvalue of H‘ Ijvwlz As (un,)N,en converges

u
to w in L*°(T), H‘Tui\:% - H;FOFW converges to 0 in operator norm. Consequently, the nth eigenvalue of H‘Tui\ﬁQ
converges to the nth eigenvalue of HEOFW when N, goes to infinity, the convergence being uniform in n. Together

with the fact that the sequence (Ay,)n.en converges to A, the non-degenerate ground state eigenvalue of H;FOFW,

FW

this implies that for V. large enough, Ay, is the ground state eigenvalue of H‘TUN 2 in Vi, and for all vy, € Vi,

such that HUNcHLi = N2 and (”NcauNc)Li >0,

ETFW( _ ETFW(

UN,) un,) = (MM = An)(on, — un,), (on, — UN)) gt

o= 1
< +§DF(|UNC|2 = lun.* fon.|* = [un.]?)
Ig 2 2 2 2 2
— +/F(IUNC| ) = F(lun.[") = f(un. ) (Jon. " = lun.[7)
L r
= > ((Hjuialle = Av(on, = un), (o8, = un)) gt
L
> %Hvzvc - UNcH?{;#- (3.24)

It easily follows that for N, large enough, (3.7) has a unique minimizer uy, such that (uy,, ) 3, 2 0.

Let us now establish the rates of convergence of [Ax, — Al and [lun, — ul|zs, . First,

)\NC -\ = NI <(H"I;1T2VV - )\)(UNC - u), (UNC — u)>H;17H# +/Fch(uNc — U):| (325)
with
2y 2
wy, = f('uNcl ) f(|u| )|UNC|2 + ‘/‘ggljllgmb(u]vc +U)

UnN, — U
As uy, is bounded away from 0 and f € C*°((0,+00)), the function wy, is uniformly bounded in H$_3/2_€(F)
(at least for N, large enough). We therefore obtain that for all 0 < r < m—3/2, there exists a constant C,. € R
such that for all N, large enough,

A = A< Cr (Il = wly, + llun, = ully-) (3.26)

In order to evaluate the H#—norm of the error (uy, — u), we first notice that

c

Von, € Vo, lun. —ullgy, < llun. —onc i, + llowe — ullmy,, (3.27)
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and that
e = on iy = B7HET™ (W) = 20) (. — o) (e = o))y
S (O R O N
FUETY ) = 20— o) o, — o) ) (3.28)
For all zn, € Vi,
(B () = 20 (uw, —w) 2N, = 2 / [ (un, Pyun, = F(uPyun, = 27 (ul)|ul(ay, - w)en,
—2Dr((un, — u)(un, +u), (un, —u)2n,)
—2Dr((un, —u)?, uzn,) +2(An, — A) / UN,ZN,- (3.29)
I

On the other hand, we have for all vy, € Vi, such that ||’UNCHL; = N2,

1
/UNC(UNC —on) =N~ / unUN, = 3 llun, = o172 -
r r #

Using (3.4), (3.17), (3.26) with r = 0 and the above equality, we therefore obtain for all vy, € V. such that
oIz = N2,

1
(BT (w) = 22)(u, — ), (u, = on)) gt | < c(num —ulldy, lluw, = v

+ (llun, =l + luw, =g ) lluy, = o3

(3.30)

Therefore, for N, large enough, we have for all vy, € V, such that ||’UNCHL3$ = N2

Jun, = on i, < C (lun, = ulldyy + low, = ullm, )
Together with (3.27), this shows that there exists N € N and C' € R} such that for all N, > N
Vow, € Vi, st low iz, = N2, s, —ulls, < Cllow, - ullys

By a classical argument (see e.g. the proof of Theorem 1 in [6]), we deduce from (2.2) and the above inequality
that
lun, —ullgy <C min oy, —ul gy < Cp N m=H279), (3.31)
# N, EVN, #

for some constant C; . independent of N.. This completes the proof of the estimate in the Hi#—norm. We
proceed with the analysis of the Li—norm.
For w € Li (T"), we denote by 1, the unique solution to the adjoint problem

find ¢, € u* such that
{ * (3.32)

1
Yo eut, (ETFWV7(u) — 2)\)ww,v>H;1,Hi¢ = (w,v>H;17H#,
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where

uL{veH;ﬁ(rH /Fuv()}.

The function 1), is solution to the elliptic equation

¢ ion oulom oulom
— o A (VI VB f () 4 2f () = N) s+ 2V
. 1
=2 (/ f’(UQ)“3¢w + Dp(u27mpw)) U+ B (w - (w,u)Liu) )
r
from which we deduce that if w € HJ(I") for some 0 < r < m — 3/2, then ¢, € HQ‘Q(I‘) and

[bwll vz < Crllwlla,, (3.33)

for some constant C,. independent of w. Let u}, be the orthogonal projection, for the LQ# inner product, of uy,

on the affine space {’U e Ly(D)] fruv = ./\/} One has

1
uy, € Hy(T), i, —uweus,  uy, —un, = WH“NC - U||ig¢u7

Highlight

from which we infer that

[ e =i, =)+ [ e = . )

r

1
=[x = w)i, =0 - gl —uldy [y =

1
= [ s, )+ gl =l (W= [una)

1
=[x = w) i, =0+ gl — uliy

2
o, =l

= o, —wu, — W)y gl —ully

= (Y () — 2, o, — W)y, gl il

= (BT () — 2)onx, — ) Yy, + e — el
sl — ullds (Y @) = 20, Y, )y

= (BT () — 2)onx, — ) Yy, + e — ol

2 )
+ il = ullZe U F' @Yy, —u + Dr(u®, uthyy, )
# LJr
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For all ¥, € Vi, it therefore holds
"
huxe, —ulZ = (BT () — 22) (i, — ) Yy, — 0t s
TFW/ 1 4

HETY () = 20) (. — ), 9zt + o, — ulld
2

+_||uNc - UH%Q f’(“Q)U3¢uNC —u T DF(U27 WPuNC—u) . (334)
N #*|Jr

Using (3.4), (3.17), (3.26) with r = 0 and (3.30), we obtain that for all ¢y, € Vi, Nu™,

<(ETFVV”(U) —2\)(un, — U)ﬂ/)NJH;l,H;

<C(lu. = ullyy

= ullg (o, = ullyy + . = oz ) Y lonc L

(3.35)

Let us denote by H%/Ncm . the orthogonal projector on V. Nut for the Hi# inner product and by q/)?vc =
II

%/N rut Yuy, —u- Noticing that
1630 s, < byl < B~ M [, — ullz2,

we obtain from (3.21), (3.34) and (3.35) that there exists N € N and C' € Ry such that for all N, > N,
fun. = uly < © (v, —ulzyllux. — uly + o = ullny s, = oy ).

Lastly, for all v € u* and all N, € N*

NL/215/2

m) [0 — TN, vl gy, (3.36)

o= 10 el < (14

so that, in view of (2.2) and (3.33)

W = %l < Ol = T, s
< ONZbun,—ul
< CON;Yluw, —ullzs,-
Therefore,
v ~uly < € (lus. —ully + N2 . = ullny )
< Oy ENC—(m+1/2—e).
By means of the inverse inequality
o (r—s)
Von, € Ve, lonelag < (f) N |luw, [l s, (3.37)
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which holds true for all s < r and all N. > 1, we obtain that

lun, = ullms < Cs NS P=H/270 forall 0 < s <m+1/2. (3.38)

To complete the first part of the proof of Theorem 3.1, we still have to compute the H;T—norm of the error
(un, —u) for 0 <r <m —3/2. Let w € H}(I'). Proceeding as above we obtain

/ wlun, —u) = {(E™ (w) = 2X)(un, = w) T yatu) g
N
1 2
+(EY () = 20 (= ) o~ T atb) g gy + yplluse —ulzs
1
X f(u?)udrhy, + Dr(u?, uhy) | — —=|lun, — ul|?» /uw 3.39
[ el )| = g lus. — ully [ (3.39)

Combining (3.21), (3.33), (3.35), (3.36), (3.38) and (3.39), we obtain that there exists a constant C' € R such
that for all N, large enough and all w € HJ ('),

/Fw(uzvc —u)

IN

C" (lhusv, = ulldyy + N+, = ull ) llwl o

= < Oy N2 g

N =

g Therefore

N =

(@) w(uy, —u)

- lun, —ullg—r = sup e <O N2, (3.40)
L # o weHy(M\{0} Hw”H;;

for some constant C_, . € Ry independent of N.. Using (3.26), (3.31) and (3.40), we end up with
Ay, — A < C.N;(@m=1=9)

3.2. A priori estimates for the full discretization

Let us now turn to the pseudospectral approximation (3.6) of (3.3). First, we notice that
Cw . -~ . o e .
— Vv, Iz, = V"l < EN™W(un.n,) < EREWVYRID[TY2) < CopNOPID728 4 VIR 1 N,
from which we infer that uy, n, is uniformly bounded in H. ;é (T"). We then see that
_1|Cw i
AN.N, =N [7/ |VUNC,N5,|2Jr/INg(Vm|uNc,Ng|2 + f(lun.,n, ) une v, *) + Dr(lun.,n, %, lun.,n, *) |-
r r

Using (2.6), (2.11) and (3.15), we obtain that Ay, v, also is uniformly bounded. Now,

Auy.n, = 20T, (In, (f(lune,n,[*)un.,n,)) + 205 T, (Zn, (V"ur,n, )
+ 20\%/1HNC (‘/\ng??;IEUNC,Ng) — QC\X/IANC,NQUNC,NQ; (341)
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and we deduce from (2.4), (2.6) and (2.8) that

1/2
Ity (v, (s, Py < ([ G, ) s, )

1/2
I 3
~ | 2 (§) o @F P, @
. g
€GN, NI

X 1/2
5 1/ L ,
< Somloenl | 5 (F) )

zeGN, NI
— SCre |2 v, I
and that

I, (v, (Vv ) lzg - < T2, (Zn, (V" unn, ) g

) 1/2
(/F INg (|V10n|2|UNc,Ng |2))

||Vi0nHLoc./\/'1/2.

IN

IN

Besides, using (3.18),

I, (ViSomemham, v, ) llrg, < IVES B, v, s, < NY2IVERR o < N2, v, 4.

As up, N, is uniformly bounded in Hj(T'), and therefore in Liﬁ(I‘), we get

1/2 1/3 1/3
el = (luve, I3 + 18unem, 32 ) " < € (14 luwe, [11£2) < € (1 + lune 1) -

Therefore uy, n, is uniformly bounded in Hi(F), hence in L>°(IR3).

Returning to (3.41) and using (2.9), (3.2), and a bootstrap argument, we conclude that uy, n, is in fact
uniformly bounded in H ;/ e (T).

Next, using (3.24),

Shuven, —uncliy < E™(uv.,) - E™V (un,)
= By V(un,n,) — ExDV(un,) + /F((l —In, ) (V) (lune v, * = un,|?)
n / (1~ T, \(F(Jun, v, [2) — F(lun.[2))
I
< / (1= Zn, ) (V) (Juno, * — . ) + / (1~ T, )(F(Jun, v, [2) — F(lun[2).
I I

Let g(t,t') = w For N, large enough, uy, is uniformly bounded away from zero; besides, both ux,

and uy,,n, are uniformly bounded in H;/HE (I'). Therefore, g(un.,un,,n,) is uniformly bounded in H;/HS(F).

—7/2

This implies that the Fourier coefficients of g(un,,un,,n,) go to zero faster that |k , which in turn implies,
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using (2.5) and (2.10), that

J =T F ) = Pl P = | [0 20) (o) (o, = v
r r

|Tn, (1 —Zn,) (Q(UNUUNC,NQ)))H% lune.n, = un.llzz,

IN

A

ONZNGP|lun, v, = un. |12, (3.42)

On the other hand,

/F((l = In,) V) (Junen, P = Jun. )| < IHan, (0= Zw, ) (V)2 lune,n, + un lloo lun., v, — un iz,

IN

C’NE/QN;mHUNC,Ng - UNCHL;-
Therefore,

lun.v, —un gy < CNJENGT2. (3.43)

-
c We then deduce from (3.43) and the inverse inequality (3.37) that (un,,~,)N,,N,>4N,+1 converges to v in Hi (1),

_9 and therefore in L>°(R?). It follows that for N.. large enough, uy,, N, is bounded away from zero, which, together

c with (3.41), implies that (un, N, )N.,N,>4N,+1 is bounded in H$+1/2_E(F). The estimates (3.42) and (3.43) can
O) therefore be improved, yielding

L

/ (1= Zn,)(F(lun, .x,1*) = F(lun.*))| < ONZENG 27 fuy v, —un |13,
r
and
3/2 a7—m
||uNcaNg - UINCHH;# S CVJ\ZC/ Ng :
We deduce (3.12) from the inverse inequality (3.37). For N. large enough, uy, n, is bounded away from

zero, so that f(Jun,,n,|?) is uniformly bounded in HQH/Q%(F). Therefore, the kth Fourier coefficient of

(Vier + f(Jun,,n,|?)) is bounded by C|k|~™ where the constant C' does not depend on N, and N,. Using the
equality

ANN, = AN, = NI {<(HT£§2 = AN (U, = une)s (Une, N, = UN)) gt a,
= [O=Ta )+ s, Pl

+ Dr(Jun,,n, % [un.n, |* = |un.|?) +/(f(|UNC,Ng|2) — fun,*)un,,n, * |
T

(3.12) and (3.17), we obtain (3.13). A similar calculation leads to (3.14).
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Lastly, we have for all vy, € Vi,

ENY(on.) = ERE Y (un.n,) = (Hint, = AN, ) (o8, = un, v, ), (0N, — un, N, Nt m,

1
+ §DF(|UNC|2 - |uNC7Ng|2’ |/U]\}'c|2 - |uNC7Ng|2)

3
+ Y <N£) (F(lvw, (@)]*) = F(lun, (z)]*)

z€GN, NI 9

= flun. (@))(Jox (@) = Jun. (2)]))

~TFW
<(H’U4NL Ng )\NmNg)(,UNC _uNC7Ng)7(UNc _uNc7Ng)>H;17Hi#' (344)
. ~TFW,N, .
As UN,,N, converges to u in Hi(l’) the operator H wn ‘2 — HIFW converges to zero in operator norm.
c g

Reasoning as in the proof of the uniqueness of uy,, We obtain that for V. large enough and Ny > 4N, + 1, we
have for all vy, € Vi, such that ||’UNC||L§% = N2 and (UNcauNc)Li >0,

¥
(Hae, = ANe, ) (U, — un, N, ), (0N, — UNN, gt 2 gl — un. N, [

Thus the uniqueness of uy,, N, for N, large enough is proven.

4. PLANEWAVE APPROXIMATION OF THE PERIODIC KOHN-SHAM LDA MODEL

The periodic Kohn-Sham LDA model with norm-conserving pseudopotentials [32] leads to the constrained
optimization problem

I%S = inf { E%5(®), ® € M}, (4.1)
where

M={o = om e o)™ | [ ooy =5},

N being the number of valence electron pairs in the simulation cell, and where

N
EKS / |v¢’t|2 / p@‘/iocal +2 Z<¢’L|‘/Ill|¢l> + J(p@) + E)%PA(p<b) (42)
r i=1

The density pe associated with ®, the Coulomb energy J(ps) and the LDA exchange-correlation energy
ELDPA(pg) are respectively defined as

N
pole) = 23 8@

1 - —
T(p2) = 5Dr(pa;pa) =27 > kP pe),
keR*\{0}

FPA (pg) = / DA (py(2) + pa () de,
I

where p. > 0 is the nonlinear core correction and where eZP4(p) is an approximation of the exchange-correlation

energy per unit volume in a uniform electron gas with charge density p [15].
The local and nonlocal contributions to the pseudopotential model the interactions between valence electrons
on the one hand, and nuclei and core electrons on the other hand. The local contribution is represented
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by a function Vigeal € C%(T) (and therefore defines a bounded self-adjoint operator on L% (T')); the nonlocal
contribution is represented by the bounded self-adjoint operator V;; defined on Li (T) by

M
an(;5 = Z(Eja d))Li gja

j=1

where the functions &; are regular enough functions of Li(F). In all that follows, we will assume that

Im >3, C > 0s.t. Yk € R, |Viocal),,| < Clk|™™ (4.3)
and that
VI<j<M, Ye>0, &eHy P, (4.4)

Troullier-Martins pseudopotentials [32] constitute a popular class of pseudopotentials for which the Fourier
coefficients (m)k decay as |k|~™ with m = 5.

The exact LDA exchange-correlation function (defined as the exchange-correlation energy per unit volume in
a uniform electron gas) cannot be made explicit in terms of usual functions. Although this function is smooth
(C*°) on the open set (0,+0o0), DFT simulation softwares make use of approximate functions which are C'*°
on (0, ps) U (px, +00) but only C11 in the neighborhood of the density p. := 3/(4m) (atomic units) [15]. In
order not to deteriorate the convergence rate of the pseudospectral approximation, it is better to resort to more

-
£ regular approximations of the exact LDA exchange-correlation function (see [7]). We will assume here that
(o2
E the function p — eZP4(p) is in ([0, +00)) N C3((0, +0)), (4.5)
o LDA dey??
"— exe (0)=0, ——(0)=0, (4.6)
T dp

and that there exists 0 < @ <1 and C' € Ry such that

d2eLDA d3cLDA .
weRA) [T+ e )| < ok ) (4.7
p dp
Note that the Xa exchange-correlation functional (eX*(p) = —Cxp*/3, where Cx > 0 is a given constant)

satisfies the assumptions (4.5)—(4.7) with o = 1/3. These assumptions are also satisfied by the exact exchange-
correlation functional [15]. Lastly, we assume that

pe € HY 227(D). (4.8)
It is easy to prove that under assumptions (4.3)(4.8), (4.1) has a minimizer ®° = (¢9,...,¢%/)T with density
p’ = pgo. Indeed, any minimizing sequence of (4.1) then is bounded in H(T') and therefore converges (up

to extraction) weakly in Hj (T') and strongly in L, (T') N Li‘e(I‘). This allows one to pass to the limit in the
orthonormality constraints and to the limit inferior in the energy, and conclude to the existence of a minimizer.
We refer the reader to [9], Chapter 2, for a pedagogical introduction to these techniques. The situation is more
difficult when the Kohn-Sham problem is set on the whole space R3. In this case, the Kohn-Sham problem
does not always have a minimizer, for some charge can escape to infinity. Such a loss of compactness of the
minimizing sequences is observed for very negative ions. On the other hand, it is known that for neutral or
positively charged molecular systems, the Kohn-Sham LDA problem set on the whole space R3 does have a
minimizer [1,23].
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Let us introduce the Kohn-Sham Hamiltonian

LDA

1 dey.
H;(OS _ —§A + (Viocal + va(goulomb + d—;(pc + po)) + VYnl =h+ Vp[)’

where
1
h= 7§A + ‘/local + ana (49)

and
LDA

oulom dexc
Vpo = Vp% lomb + d—p(pc + po), (410)
where V.¢oulomb ig defined by (3.5).
We notice that EKSI(éo) = 47—(;(05(1)0 in (H;I(F))N and thus the Euler equations associated with the mini-
mization problem (4.1) read

N
VI<i< N, HESe) = Ae0, (4.11)
j=1

where the N x N matrix A, = ()\gj), which is the Lagrange multiplier of the matrix constraint fr Gip; = 0ij,
is symmetric. Equations (4.11) also read

— AR = fi, (4.12)
where
N deLDA
fi=2| DN - (Vlocal Vot == (e + p0>) o) = V! | - (4.13)
j=1

LDA

The regularity assumptions on Vigeal, €xo

, pc and on the functions ¢; imply that each f; is in Li (I"), which
by elliptic regularity implies in turn that the minimizer ®° is in (Hf# (T)N.

In order to obtain more regularity on ®°, and thereby convergence estimates of the planewave approximation
in stronger Sobolev norms, we need to make additional assumptions on the function eXPA. Basically, we need

LDA delPA
Xc

regular enough for =5<—(pc + pe) to be in Hj (T') if @ in (Hi(F))N, for3/2<q¢<m—3/2. We
A
will also establish estimates in negative Sobolev norms, for the proofs of which we will need stggD (pe + pa) to

Xc

to choose e

be in HY(T'). Some of our results will therefore be established under the additional assumptions

LDA S nm =[m]+1and o, =m—[m]+1/2if 0 <m—[m] <1/2,
e €C ((0,400))  where N = [m]+2and a, =m —[m] —1/2if 1/2<m —[m] < 1, (4.14)
(where [m] denotes the integer part of m) and
eLDA ¢ gmmoam (10, 400))  or  pe +p° > 0 in R®. (4.15)

Recall that for all ¢ > 3/2, HJ(T') is an algebra and that for all ¢ > 3/2, all g € Clda—lad+e(R) and all
v e Hy(T), g(v) € HL(T) (see [30]). The condition eLDA ¢ Ommam ([0, +00)) is not satisfied for usual LDA
exchange-correlation functionals. On the other hand, it is of course satisfied for the Hartree (also called reduced
Hartree-Fock) model, for which ei‘?A = 0. The condition p. + p > 0 in R? seems to be satisfied in practice,
but we were not able to establish it rigourously.

By a bootstrap argument on (4.12)—(4.13), we easily infer from (3.19)—(4.14)—(4.15) that ®° is actually
in (H;ZH/Q*E(F))N for any € > 0.
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In fact, (4.1) has an infinity of minimizers since any unitary transform of the Kohn-Sham orbitals ®Y is also
a minimizer of the Kohn-Sham energy. This is a consequence of the following invariance property:

VO € M, YU c€U(N), U®Pc M and EX5(UD) = E¥5(®), (4.16)
where U(N) is the group of the real unitary matrices:
UN) = {U e RVN|UTU =15},

1y denoting the identity matrix of rank N. This invariance can be exploited to diagonalize the matrix of the
Lagrange multipliers of the orthonormality constraints (see e.g. [15]), yielding the existence of a minimizer (still
denoted by ®°) with same density p°, such that

7

HES &) = €)6) (4.17)

0 0 0
for some € <€ < ... <€y

Remark 4.1. The Kohn-Sham Hamiltonian Hffos is an unbounded self-adjoint operator on Li(F), bounded
below, with compact resolvent. Its spectrum therefore is purely discrete. More precisely, it is composed of an
increasing sequence of eigenvalues going to infinity, each of these eigenvalues being of finite multiplicity. It is
not known whether €, ..., €} are the lowest eigenvalues (counted with their multiplicities) of H/];(US (Aufbau
principle). However, it seems to be most often (though not always) the case in practice. On the other hand,
the Aufbau principle is always satisfied for the extended Kohn-Sham model, for which the first order optimality
conditions read

KS 0 _ 0.0
Hpo¢i—€i i

Highlight

+oo
Pl@) =2 il (@),
i=1

/fb?d)? =05, 1<4,j<+o0,
I +oo
ni=1ife <er, n;=0ifed >ep, 0<n; <1life)=ep, » n;=N,

i=1

where ep is the Fermi level (see [8], Sect. 15 for details). In this article, we focus on the standard Kohn-Sham
model with integer occupation numbers. We do not need to assume that the Aufbau principle is satisfied, but
our analysis requires some coercivity assumption on the second order condition at ®° (see (4.20)).

For each ® = (¢1,...,6n)T € M, we denote by
ToM = {(wl,...,wN)T € (Hy(M)N [ V1 <i,j <N, /Fqsiwj + iy = 0}
the tangent space to M at ®, and we also define
ot = {\If = (W1, ¥n)"T € (Hy(M)N | V1 <4, <N, /Fqsiwj = 0}.
Let us recall (see e.g. Lem. 4 in [16,29]) that

ToM = ADd D q)l,

where A4 = {A € RVXN | AT = fA} is the space of the N x N antisymmetric real matrices.
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Since the problem we are considering is a minimization problem, the second order condition further states
YW € Tgo M, ago (W, W) >0,

where for all U = (¢1,...,9n5)T and T = (v1,...,vn)7 in (H;E(F))N,

N
ago (U, T) = EEKS"(@(J)(\IJ,T) - Zeg)/ biv; (4.18)
i=1 r
N N
= D (O = i vy, +4 3 Dr(ov, djuy)
i=1 i,j=1
N d2eLDA o0 0
w4 Y [ (et v, (4.19)
i,j=1

It follows from the invariance property (4.16) that

ago (U, V) =0 for all U € AD°.

This leads us, as in [29], to make the assumption that ago is positive definite on ®%4- | so that, as in Proposition 1
in [29], ago is coercive on ®%4- (for the H;E norm). Thus, in all what follows, we assume that there exists a
positive constant cgo such that

VU € @O ago (T, ) > Cq>o||\I/H§{iﬁ. (4.20)
In the linear framework (J = 0 and ELXPA =0 in (4.2)), (4.17) and (4.18) respectively read

hef! = €/6!

and
N
0
ago (W, V) = 2<(h — )i vi) o
7=
It follows that in the linear framework, the coercivity condition (4.20) is satisfied if and only if (i) (€9, ...,€%)
are the lowest NV eigenvalues (including multiplicities) of the linear self-adjoint operator h = f%A + Viocal + Va1

and (ii) there is a gap cgo > 0 between the lowest N'' and (N + 1)t eigenvalues of h.
Let us now turn to discretization issues. The planewave approximation of (4.1) reads

ISy, = inf{E}f,S(@NC), By, € VY mM}, (4.21)

where

N N
EJ%S(@) = Z/ |V¢l|2 + / p@‘/iocal +2 Z<¢’L|‘/Ill|¢l> + J(p@) + / INg (e,T:(?A(pC + H2Ncpq>)). (422)
i=1 VT T

i=1 r

Here N, is a given positive integer, equal to [\/2E. L/2n], E. denoting the so-called cut-off energy, and N, >
4N_.+1 is the number of integration points per direction used to evaluate the exchange-correlation contribution.
The energy E}éf(@) is defined for each ® € M. For ® € V]\],Vc NM, Ilan, pe = pa, so that on this set, E}éf differs
from EXS only by the presence of the Fourier interpolation operator Z N, in the exchange-correlation functional.
Let us mention that in practice, the terms involving the local and nonlocal components of the pseudopotential are
also computed by some interpolation procedure. However, these terms are calculated using spherical harmonics
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and a very fine one dimensional radial grid, so that the resulting integration error is usually much smaller than
the interpolation error on the exchange-correlation term. Note that, in addition, the pseudopotential gives rise
to linear contributions that can be computed very accurately once and for all (and not at each iteration of the
self-consistent field (SCF) algorithm — see [8], Sects. 28-30 for a mathematical introduction to SCF algorithms).
We postpone the analysis of (4.21) to a forthcoming article [7], and focus here on the variational approximation

IR = inf {E¥5(Dy,), On, € VA N M} (4.23)

of (4.1). The unitary invariance of the Kohn-Sham model must be taken into account in the derivation of
optimal a prior: error estimates. One way to take this invariance into account is to work with one-particle
density matrices (see e.g. [8], Sect. 15). The discretized problem is then set on a Grassmann manifold [16]. An
alternative is to define for each ® € M the set

M® = {‘IIEM [|U —®||z2 = min [[UP — P2 },
# UelU(N) #

and to use the fact that all the local minimizers of (4.23) are obtained by unitary transforms from the local
minimizers of

INS = inf{EKS@NC), Dy, VRN M‘bo}. (4.24)

The main result of this section is the following.

Theorem 4.2. Assume that (4.3)—(4.8) hold. Let ®° be a local minimizer of (4.1) satisfying (4.20). Then there

-
_g’ exist 10 > 0 and N such that for No > N2, (4.24) has a unique local minimizer ®, in the set
—_— 0
= {cch eV N M™ | By, — 8|y STO}.
(o2
— Besides,
L
9%, — ©°llry, < CoNg @) [Ty, @° — | 2, (4.25)
ey, — el = 0, (4.26)
e N.—o0
V9%, — 893, < 15— 1 < cfeg, - a3, (127)

for all 0 < s < 2, and for some constants v > 0, Cs > 0, and C > 0 independent of N., where the eg,Nc ’s are the

eigenvalues of the symmetric matriz A(}VC, the Lagrange multiplier of the matrixz constraint fF i, N, Pj,N, = 0ij.
In addition, if we assume that (4.14) and (4.15) are satisfied, then the following estimates hold:

[0%, = O, < CuoNg(m==+1/2-0), (4.28)

€0y, — €] < CNjCmmlme) (4.29)

i

for all —=m +3/2 < s <m+1/2 and € > 0, and for some constants Cs ¢ > 0 and Ce > 0 independent of N.

4.1. Some technical lemmas

For ® = (¢1,...,¢n)" € (HL(D)N and ¥ = (¢1,...,¢n)" € (HL(T))N, we denote by Mgy the N x N
matrix with entries

My, )i Z/szfbj-

The following lemma is useful for the analysis of (4.24). We recall that if A and B are symmetric N x N real
matrices, the notation A < B means that 27 Az < 27 Bz for all z € RV.
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Lemma 4.3.

(1) Let @ € M and ¥ € M. If My is invertible, then Uy = MJ o(My oMJ o) /2 is the unique
minimizer to the problem mingy ey () [|[UY — (I)HLi'
(2) Let ® € M. Then

M?® = {(1N — My )24+ W | Wedl 0< Myw < 1N}

where 1 denotes the identity matrix of rank N.
(3) Let ® = (¢1,...,6n)T € M. If N. € N is such that

dim(span(Ily, ¢1, ..., N, én)) = N,
then the unique minimizer of the problem Milg, eV nad (|Pn, — ‘I)”Li is
M —-1/2
TN ® = (M, o,11y,0) Iy, ®. (4.30)
In addition, ﬂmq) € VNNC nM?,
TN @ — @2 < V2|Iy,® — D12, (4.31)
and for all N, large enough,
7 ® = bllry < ]y [T, — D2 + [T @ — 8] 1. (132)

(4) Let N. such that dim(Vy,) > N and ®n, € V¥ N M. Then

VAL M®Ne = {(Iy = My, wy )@, + Wi, | Wi, € VI N @R, 0 < Mivy_wy, < 1n}.

Proof.

Step 1: proof of the first statement. In order to simplify the notation, we set M = My ¢. For each U € U(N),
|U¥ — (I)H%i =2N — 2Tr (MU).

Any critical point U of the problem

max Tr (MU) (4.33)
UERNXN [UTU=1y

satisfies an Euler equation of the form AUT = M for some symmetric matrix A. Besides, Tr (MU) = Tr (A)
and A2 = MM7T. Any maximizer U of (4.33) therefore satisfies M = (MMT)Y/?U". Consequently, if M
is invertible, the maximizer of (4.33) is unique and reads Uy ¢ = M (MM T)_l/ 2. Tt also follows from the
definition of the matrix M (recall that M = My ¢) that ¥ = M® + W with W € ®1-. Thus,

Uy @ = MT(MMT) 2 M® + W

with W = U\p@W c o,
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Step 2: proof of the second statement. Each ¥ € (H}(T'))N can be written as ¥ = M®+W with M = My ¢ €
RN*N and W € ®*. A simple calculation leads to

/Fll)ﬂ/)j = [MM"];; + [Mwwi;.

Hence ¥ = M® + W € M if and only if MMT + My.w = ly. In addition, ¥ € M? if and only if ¥ € M
and Uy o = ]\4T(1\41\4T)_1/2 = 1y, that is to say if and only if M is symmetric, 0 < My w < 1y and
M = (1xy — Myw)'/2.

Step 3: proof of (4.30) . Let (Xu)1<u<dim(vy,) be an orthonormal basis of Vy, (for the Li inner product) and
let C' € RIM(Vve)XN he the matrix with entries

a;t,i:/(biXu'
T

Note that dim(Vw,)
Mn,¢i= . CuiXu (4.34)
p=1
For all @y, = (¢n..15---, 0N, N)T € Vlf}i N M, each ¢y, ; can be expanded as
dim(Vi,.)
ONei= Y, CuiXu (4.35)
whd =1
N =
_9 where the matrix C' = [C},;] € RU™(VNe)XN gatisfies the constraint CTC = 1. The expansions (4.34) and (4.35)
E can be recast into the more compact forms
Kl Iy, ®=C"X% and &y =CTx,
- where we have denoted by X = (x1,..., Xdim(vN,))T' A simple calculation then leads to
|®N, — @Hii = 2N —2Tr (CTC). (4.36)

Reasoning as in Step 1, we obtain that the unique solution to the problem

max Tr (CTC)

CeRIMVNIXN [CTC=1n

is C = C(CTC)~1/2, Note that the rank of the matrix C' is N provided that dim(Vy,) is large enough so that
the matrix CTC is invertible provided that dim(Vy,) is large enough. As a consequence, the unique solution to
the problem ming ey~ A [Pn, — <I>||L; is mt® = (CTC)~1/2CTx = (CTC) Y1y, ®. It is then easy to

check that CTC = My, o1y, o Hence (4.30) holds.
Step 4: proof of the fact that w]/\\,’ifﬁ € M?. For all U € RV*N such that UTU = 1y,

M 1/2
|UTM® — @75 = 2N — Tr (UM, 5.11,,.0));
and the same argument as above leads to the result that this quantity is minimized for
o 1/2 1/2 1/2 —1/2
U= MHNC<I>,HNC<I>(MHNC<1>,HNC<I>MHNC<I>,HNC<I>) 2 = In.

Therefore, ﬂmfﬁ € M?®.

https://doi.org/10.1051/m2an/2011038 Published online by Cambridge University Press


https://doi.org/10.1051/m2an/2011038

NUMERICAL ANALYSIS OF DFT MODELS 369
Step 5: proof of (4.31). We infer from (4.36) that
Im¥t® — @|2, = 2N —2Tx ((GTG)W) — 9Ty (1N - (5T5)1/2) .
Besides, an easy calculation leads to
Iy, ® = @[3, = Tr (1N - C*Té) .
Using the fact that
0< (1N - (éTé)l/Q) < (1N - (éTé)l/Q) (1N + (éTé)l/Q) =1y - C07C,

we obtain

et = ®f3; = 2Tr (1y = (C7C)2) < 2Tv (1 - C7C) = 2|y, @ - @3,
Hence (4.31) holds.
Step 6: proof of (4.32). We have

I~ @l < [N D T @] s+ [T, @ — ]

I((Mrry, @,my,8) "% = 1n)In, @[l s, + [Hn, @ — @]

< (Mg oy, 2) "2 = Ivllel Ty @[l gy, + Ty, @ — @[l
< My ony2) 2 = Inllel @l + TN, @ — @5,
where || - ||r denotes the Frobenius norm. We then notice that

My ony,e =1y — My eo—ony, o—o-
Consequently, for N, large enough,
[(Mriy,@11x,0) "% = Inlle < | My, ooy, 0-a|lr < [Ty ® - 7z -

Therefore (4.32) is proved.
Lastly, the fourth assertion easily follows from the second one. O

It follows from Lemma 4.3 that for all ® € M, any ¥ € M® reads as
U=¢+SW)D+ W, (4.37)

where W € &4 with 0 < My < 1y, where and S(W) = (1 — MW,W)I/2 — 1y isa N x N symmetric matrix.
Likewise, at the discrete level, for all &y, € VNNC NM, any Uy, € VNNC N M®~e reads as

Uy, =Pn, + S(WNC)(I)NC + Whn,, (438)
where Wy, € Vi’ N @y satisfies 0 < My, wy, < 1ny. The parametrizations (4.37) and (4.38) of M?® and

VNNC NM®Ne are going to play essential roles in our analysis. The following lemma, collects a few useful properties
of the function W +— S(W).
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Lemma 4.4. Let
K={We LLM)Y|0< Myw <1y},

and S 1 K — RévXN (the space of the symmetric N X N real matrices) defined by

S(W) = (1x — Mww)"? — 1x.

The function S is continuous on K and differentiable on the interior [O( of K. In addition,

YWeER, [SW)lr < Wiz, (4.39)

and for all (Wy,Wa,Z) € K x K X (Li(F))N such that ”WlHLi < % and ”WQ”Li < %,

IS~ SWa)lle < 2(IWalls, + [Wallzz) Wi — Wall s, (4.40)
IS W) = S W) - Zllw < 4IWi — Wallp |21l (4.41)
IS" )2 Dl < 41Z)2,- (4.42)

Proof. Diagonalizing My and using the properties of the function ¢ + (1 — #)1/2 — 1, we see that S is

E continuous on K and differentiable on IO{ , and that
o
= IS)le < [|Mww e < [WIZ: -
(@]
= Hence (4.39). As
= 1, 1
S(W) + §S(W) = —§MW,W7

we have for all W € IO( ,

1 1
S'(W)-Z+ 3 [SW)S' W) -Z)+ (S (W)-2)S(W)] = —3 M,z + Mz w].
Denoting by A = 8 (W) - Z, we deduce from the above equality that

IAI[E + Tr (A2 S(W) < | Allp | Mwzlle < AW L2 12l 2 -

As [Te (L2SW))] < AIRISIV)]l2 < [AIRISOV) e < AW, where [S(W)]l2 = sup,eps oy ™

||

is the matrix norm of S(W) associated with the Euclidian norm | - | of RY, we finally obtain the inequality

1A =W I72) < W22l Zlls, (4.43)

which straightforwardly leads to (4.40) under the conditions ||W;|| 3, <3 and (772l 3, < 1. Lastly,

(§' (W) =S'(Wh))- Z + % [SW2)((S' (W) = S'(Wh)) - Z) + ((S'(Wa) — §'(Wh)) - Z)S(W2)]

+% (8" (Wh) - Z)(S(W2) — S(Wh)) + (S(Wa2) — S(W1))(S"(Wh) - Z)] = —% [Mw,—wy,z + Mzw,—w,]
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so that still under the conditions HW1||L§¢ < % and ||W2HL3¢ < %,
, , 28
18" (W2) = S"(W1)) - Zllr < W2 = Willpz, 1 2]z,

Hence (4.41). Lastly, taking Wo = W3 +tZ in (4.41) and letting ¢ go to zero, we obtain (4.42). O

Lemma 4.5. Let ®° be a local minimizer of (4.1) satisfying (4.20). Then ago defines a continuous bilinear
Jorm on (H(T))N x (HL(T))N, and there exists N} such that for all No > N,

@0 — @0, < 1, (4.44)
ago (" — 20, 73" — 30) > 20 || T @0 — @01, (4.45)
VIV € [rM L, ago(W, W) col W3- (4.46)

In the sequel, we denote by C'go the continuity constant of ago, i.e.

V(W) € (HYTDN), g (1, 9)] < Coo | W3 '] 11 (4.47)

Proof. Estimate (4.44) immediately results from the closeness of ﬂ'j\\,’i @0 to ®°. Using the fact that ﬂ'j\\,’i 0 ¢ M®’
(see Lem. 4.3, point 3), we get

00 — 00 = S(W)e + W (4.48)
with W € [®°]1-, from which we derive, using (4.39), that

ago (Tt @0 — @° 1 e? — @)

ago (W, W) + 2ag0 (W, S(W)D?) 4 ago (S(W)D°, S(W)®°)
Cq>o||W||?{; - 2C<I>0”W”H#H@OHH#HWH%i - quIIWII‘iinI)OH?I;ﬁ

Y

Y

(ca0 — 2Ca0 [ W13 12 Ly, — Cao [ W35 12120, ) VW 13,

As by (4.31), ||m4!@° — <I>O||L3¢ goes to zero when N, goes to infinity, so does HWHLi Using again (4.39), we
deduce from (4.48) that HWHH# Nt ||7r @0 — <I>O||H41%. Hence (4.45).

Finally, for each W € [ﬂ{‘{i@o] , W = W — My.g0®° belongs to [@°]1-. Remarking that My g0 =
Mqu,o,ﬂ]/y po0, we derive

[Mw.g0llr = [ M50yt a0llr < e(Ne)[|W][ L2,

where e(N..) = || ®° — ﬂ% Q)OHLi — 0 when N, goes to infinity. Therefore,

W =W, < e(N Lz, W L,

As
ago (W, W) = ago(W',W') + 2ag0 (W', W — W') + ago (W — W', W — W),
we obtain
a0 (W, W) > cao[W'l[7s = 2Cao [W'|| W = W[y, — Cao |[W = W/[[7 > HWHH1
for N, large enough. O
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Lemma 4.6. There exists C > 0 such that
3
o for all (T1,Ts,T3) € ((H#(F))N) ,

" " a
(B (@0 + 1) = B (@) (Y2, T5)| < € (1Tl + 103 ) I102llary [0l

3
o for all (T1,T9,T3) € ((Hi(r))N) ’
|(B"(@° +11) = B (@) (12, )| < © (ITulgy, + TS ) I2llas, Il

Assume in addition that (4.14) and (4.15) hold. Then, for all (g,r,s) € R such that 3/2 < q¢ < m — 3/2,
s> 3/2 and r < min(q, s), there exist n > 0 and C > 0 such that

o forall (T1,Y2,T3) € (H;E(F))N X (H;T(F))N X (H5(T)N such that HTlHHi <,

1 1
[(BXS" (@ +11) — EXS"(@)) (Y, )| < C I Talzg 10all o 1l (4.49)

Proof. Let us define by

-
= reo(T1, Vo, Ty) = (EKS”(CDO L) - EKS”@O)) (To,Ts).
L=l
E Splitting rgo (Y1, Lo, Ys3) in its Coulomb and exchange-correlation contributions, we obtain
1o rgo(T1, T2, T3) = rg8™o™ (11, T2, Ts) + 35 (Y1, Ta, T3)
L
with
N
res (Y1, 02, Ts) = 16 Y (Dr(¢)vi, v juss) + Dr(@fvas, v15us ;) + Dr(¢fvs,s, v1 502 5))
i,j=1
N N
+ 16 Z DF(U171'U27¢,U17J‘U3,]‘) +8 Z DF(Uii,Ug,jvg,j) (450)
i,j=1 i,5=1
and
r30( Y1, T, T3) = 7’2%’ (Y1,72,T3) + 7’2%’ (Y1,72,Ts3),
where
. deLDA deLDA
rpo (T1,T2,T3) = 4/1“ ( 2; (e + paosr,) — dp (pec + pao ) Z'UQ U3 | (4.51)
) d2eLDA N N
Tgo (T1,T2,T3) = 16/F a2 (pc + paoyr,) Z(cb? +v1,i)v2,i Z(éf’? +v1,i) Vs,
i=1 i=1

d2 LDA

N
T pc + pq>0 (Z ¢ (%) z) (Z ¢?U3,i> ‘| . (452)
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3
Using (3.17), we obtain that there exists a constant C' > 0, such that for all (Y1, Y2, T3) € ((H#(F))N) ,

g8 o (01, 2, o) < C (Il g, + 1l ) Il sl (4.53)

Let s1 € Ry and s3 > s > 0. Using (4.7), we get

deLDA deLDA d?elPA
C)l(; (81+53)— C)l(; (81—|—52) = / 51 —|—52+t(53 —52))(53 —Sg)dt‘
< / 1 + S1 + 82 + t(Sg — SQ))a_l)(53 - 82) dt
51+53
= C’[ S3 — S2) alds}
51+52
= C[(s3—s2) +a t((51 4 53)" — (51 + 52)%)]
< 0[83—82 “(s3 —52)7],
by concavity of the function ¢ — t*. Besides,
N
[pao e, = paol = 2| (20001 + v3,)| < C (0 + pm, ).
i=1

We thus obtain

d LDA d LDA
dp (pe + paoyr,) — dp (pe + pao)

< C (lpsosr, — pao| + @ Hpaoyr, — pao|®) < C[PTI + Pn}

from which we infer
35 (T4, 7o, Ts)| < C / (657 + e, ) P2 02 (4.54)

Introducing the function
B(t) = " 417y,

we can rewrite 7 (Tl, Ts,T3) as

2 LDA

N N
XcC, d 6
7’¢02(T1,T27T3) = 16/Fl ap —(pe + pa1)) <Z U2,i> (Z@(l)l}&i)

d2 LDA N
ap *>—(pc + pa0)) (Z ¢ (0)vg z) (Z ¢i(0)U3,z‘> 1

1 d2eLDA N
= 16/ / d"; (Pe + pa@)) Z oi(t)va; ZUl,iUS,i
rJo i=1

d2eLbA N
+ d2 (pe + par)) Z?levh > ¢i(t)vs

1=1
dBeLDA N
+2 d;g (pe + Pa(r)) Z@ v | [ S eivas | [ 3 di0yvs | | at
i=1 i=1

https://doi.org/10.1051/m2an/2011038 Published online by Cambridge University Press

WbiybIH


https://doi.org/10.1051/m2an/2011038

374 E. CANCES ET AL.

Thus, using again (4.7), we obtain

|70 (11, T2, T3)|

IN

1
C// (1+(pc+pq><t>)“‘1)piﬁ)p%/fp%/f Yt

1/2 1/2 1/2 1/2
/ / 1+W%t)P&wPﬁlﬁépf;dt

IN

Now, for all 0 < a < 1/2,

1 1 N , N N a—1/2
a—1/2 _
/O p¢(t)/ dt = 2 1/2/0 (qu? +2t2¢?u17i+t22vii> dt

i=1 i=1 i=1

2
LX (Z]\il PJu1 z) SN @Oy, PN
= 2“1/2/ LA A RS Ra At v, dt
0 ; ' vazl’l)%z Zfiﬂﬁz ; !
, 1
20471 2/
0

As, in addition, 0 < pgs) < 2 (pq>0 + t2p~r1), we obtain, for all 0 < o < 1,

Zz 1¢’L 1,

N
Zi:l U%i

IN

t+

a=1 , N a—1/2 ,
2 a—1/2
<Z ”) At < e

|7”XC 2(T1,T2,T3)| < C/F(pITIlin(a,l/2)+pTl) plT/22 plT/32 (455>

Highlight

Collecting (4.53), (4.54) and (4.55), we obtain the first statement using the Sobolev embedding of H(T) in
LE,(T) for all 1 < p <6 and Hélder inequality.

In order to obtain the second statement, we use (3.17) and the Sobolev embedding of Hi (I') in LE(T) to
obtain

[rE8 o (01, 2, )| < C (Il + ITal3s ) Il sz (4.56)
Likewise,

. 12 1/2
750 (Y1, T2, T3)| < C/r pTl erqr1 pT/2 pT/3

1/2
< c( o) (/PT1> )nran;nTgnH;
1/4 1/4
< c( pe.) (/m) ([o) )nran;nTgnH;
1/2 3/2
< O (ITalgs +ITaF T3 ) 1Ty 1 sl (4.57)

The second statement immediately follows from (4.56) and the above estimate.
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In order to prove the third statement, we first notice that for all o > 3/2 and all 0 < r < o, HZ(T') is an
ideal of HJ, ('), which implies, in particular, that for all r > 0 and all o > 3/2,

vfe Hy™"(r), vge HZ (L), fgeHy (I) and | Folligr < Croll fll oo llglliyr,  (458)

for some constant C,., > 0 independent of f and g. Using (3.19) and the above property, we obtain that there
exists a constant C, , > 0 such that

|DI‘ (’U/U7 U}Z)| S ‘/ Vu(ioulombwz
I

< VS Ly ez

A

CTH'LLU||H;72 szHH;r < CHUHH;&]ax(T*Q,U) ||U|‘Hzax(r72,a) HU}HH;:'CLX(T,G) ||ZHH;T,

for all (u,v,w, z) € Hy*"27/(T) x HE*C72/T) x H™"/(T) x H"(T). 1t then follows from (4.53) that

PG (14,2, Y)| < € (Il + 11l ) 10l

If (4.14) holds and eLPA € C™m-@m ([0, +00)), then for any n > 0, all T; € (H;E(I‘))N such that HT1||H;£ < nand

A A
all ¢ € [0, 1], the functions d2e’L‘P (pe + paorir,) d"gD (pe + paoyer, ) are bounded in H;fé(F), uniformly in
Y; and t. The same holds if (4.14) is satisfied, if p. + p° > 0 in R? (which implies that there exists 8 > 0 such
that p. + p® > 3 since p. + p° is continuous and periodic), and if HTlHHi < 7@, with 1 small enough to ensure

Pe + paorsr, > B/2 for all t € [0, 1]. Reasoning as above, we then infer from (4.51), (4.52) and (4.58) that

1730 (Y1, T2, Ta)| < ClTall g T2l g [1Tsll

which completes the proof of Lemma 4.6. O

Lemma 4.7. Let ®° be a local minimizer of (4.1) satisfying (4.20). Then there exists C > 0 such that for all
veM,
EXS (W) = EXS(0%) + 2040 (¥ — %, ¥ — 0°) + R(¥ — &°), (4.59)
with
RO —2%)] < 0 (0 025+ v — @, ) (4.60)

Proof. As the optimality condition (4.17) also reads [EXS" ()], = 47‘[?05@0 = 4€e)¢? in H;&l(I‘), we have for all
v e M,

1
EXS(W) = BRS(@) + (BX(@°), W — @°) 1 + S B (@0)(W - 2%, 0 - 9°)

1
+/ (EXS" (00 4 s(T — ) — EXS"(%))(¥ — °, ¥ — °) (1 — 5)ds
0
= E¥S(9) +4Z /(,zso — )+ = EKS”(CDO)(\I/ o0, — 9°)

+/ (EXS" (80 4 s(T — %)) — EXS"(8%)) (W — °, ¥ — 3°) (1 — s) ds.
0
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Using the equality ( g,wi—qb?)% = (@Q’%)Li —1= —%Hwi—@QHL;, we obtain
N
KS KS/ 0 0 0y2 . L Ks” 0 0 0
EXS() = ES@0) —2) e | (4 —0))? + BN (@0)(v - @, v - af)
i=1 r

+ /1(EKS”(<I>O + 50— @) — E¥"(@0)) (0 — 0°, ¥ — 9°) (1 — s)ds
0
= E¥5(0%) + 2a¢0 (¥ — %, ¥ — &%) + R(¥ — @Y,
where )
RO = [ (B (@0 4 61) = B (@) (1, T) (1 - ) ds,
0

The estimate (4.60) then straightforwardly follows from the first statement of Lemma 4.6. O

4.2. Existence of a discrete solution

In this subsection, we derive, for N, large enough, the existence of a unique local minimum of the discretized
problem (4.24) in the neighborhood of WQ’E 0,

For this purpose, we use the parametrization (4.38) of the manifold VNNC N M™®’ and introduce
By, = {W" e VI’ N [a3' @11 | 0 < Mypwe gyve < 1},
and &y, the energy functional defined on By, by

En, (W) = BXS (a1 @0 + SWN) w1 @0 + Whe) . (4.61)

Highlight

According to the fourth assertion of Lemma 4.3, the mapping

C: By, — ij,\iﬁ./\/lﬂmcbo
Whe s 00 4 S(WN ) 90 + Wi

c

defines a global map of Vi’ N M™N®’ such that C (0) = w3 ®°. Therefore the minimizers of
inf { ES(@w,), @n, € VA N MR} (4.62)
are in one-to-one correspondence with those of the minimization problem
inf {Ex, (W), WNe € By, }. (4.63)
In a first stage, we prove that for N, large enough, (4.63) has a unique solution in some neighborhood of 0. As
a consequence (4.62) has a unique solution in the vicinity of ﬂ% 0 (for N, large enough). In a second stage,
we make use of the unitary invariance (4.16) to prove that for N, large enough, (4.24) has a unique solution in

the vicinity of ®°.

Lemma 4.8. There exist 1 > 0 and N? such that for all N. > N9, the functional En, has a unique critical
point W in the ball

(W e Vi A [ @O | W gy <}
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Besides, W2\ is a local minimizer of (4.63) and we have the estimate

320 0
IWe“lla, < =52 |yt @ — @°| . (4.64)
Proof. We infer from Lemma 4.7 that
ENC(WNC) _ EKS ((I)O +( M(I)O —(I)O) +8(WN°) M(I)O—I—WNC)
= E* (%) + ( — %) + S(WNe)mpt@® + Wwhe)
+ 2ag0 (73! <I>0) + SWN) MO0 + W (7120 — 00) + S(WNe )y @0 + W)

= E®5(2°) + 2%0 (WNe W) + dago (W, (np @0 — @)
+ 2ag0 (A @0 — 0, A1 B0 — 00) + Ry, (W),

where
Ry, (Wn,) = 2ag0(S(WN )10, SWN)ml1 @)
+ dago (S(WN )1 @0, (na! @0 — @°) + W)
+ R((rp'@° — @) + SWNe )y @0 + Whe) .
Thus,
VIVNe € By, En,(WNe) = En.(0) + 2ag0 (W, WNe) + dago (W, (m4!@° — @°))
+ Ry, (W) — Ry (0). (4.65)

It follows from Lemma 4.7, (4.39) and the continuity of ago on (H;E(F))N that

N B R W] < O (W3 Iy o+ e - a0
k00 = 00y e - a0l [ )
for a constant C'g > 0 independent of N.. Let us introduce for N. > 0 and r > 0 the ball
By, (r) = {W € VI N [rN @11 | ago (WNe, W) < r2ago(npt @0 — 0, 7420 — 00)} .

We deduce from Lemma 4.5, that for all » > 0 and all N. > N}, we have

Cpo

N B
VW™ € 0B, (’I“), 2Ca0

Pl ” — @0y, < (W, <

2C g0
- r|\7rm<1>0 — (I)0||H#.

Let 79 = 2(2Cq0 /cg0)®/2. For all 7 > rg, there exists N., > N/ such that

WNe> Ney, OBn(r) C By, and VWMo € 0By (r), W[y < 1.
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Therefore, for all r > ry and all N. > N, , we have 0Bn,(r) C By, and

vWwe € 9By, (r),
En. (W) > En(0)+ %ollWNCII?{; — 4Cq0 [ W< g || 0 — @°| 1y

- O (I I+ Iy + 2 e - 02

+ 2mta0 - @O, + ahle” - 8l W1 )

1
#

> En, (0) + can| Wy — A0 W] gy [ 80 — @y
= s (W + Ite? - 20l
Co M0 02
> e (0) + (e — o) [0 — 7
20 14+a/2
—5CR(1+ (=22 r2te )M a0 — 0|2t
Cpo ¢ Hy

As H?T% o0 — 9| 1, goes to zero when N, goes to infinity, we finally obtain that for all » > rg, there exists
some N/ . > N} such that for all N. > N

wid c,r?
=
Rz 0By.(r) C By, and YWY € OBy (1), En.(WNe) > Ex. (0).
=
_9 This proves that for each N. > N/ ,, , En, has a minimizer W3 in the ball By, (2r¢). In particular,
L

3203

Wl < 22500 e @0 — @, (4.66)
Coo

Let WV be a critical point of Ey. such that HW1NC||L§% < 1. We denote by §WNe = whe —wie,

O = TN+ SN D0 + W,
oL, @0 + S(WN )t @0 + we.

As both WON ¢ and WlN ¢ are critical points of €y, we have

so that
(En. V) — e, W5)) - (e — W) = 0.

Using the expression (4.65) for En_, we can rewrite this equality as

ago (SWNe, gWNe) = bNe(Wle, W¥e, dWNe) + dgo (DY, DLy, We'e, Wie, sWNe),
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where
bas (Wo'e, Wi¥e aWNe) = — ago ((S(WVe) = S(Wy'))mh @0, (8" (WiYe) - W Ne)mpt @0 + s he)
— ago(((8' (W) = 8" (W) - sWNe)m 1 @0, (myt 9° — @°)
+ S(Wee)mpt @0 + Wo¥) — ago ((S' (W) - sWNe)md @0, W he)
and

~ ~ 1 ~
dao (D, Ry, W', W', 6WN) = | RI(®R, — @) - (S' (W) - oW )my @ 4 6W ™)
—R/(®Y, — %) ((S'(WNe) - sWhe)rd1 0 4 sWwhe) |

Using Lemma 4.4 and (4.66), we obtain that there exists Cao (depending only on ®°) and N. such that for all
N¢ > N,
O35 (WY, Wi sW )| < Cao (IImi@° = @0y + W7z, ) W13
On the other hand, remarking that for all ¥ € M and all ¥ € Ty M,
R(U — %) . 50 = EXS' (1) - 60 — dago (¥ — 3°,50),
and introducing the path (¥(t));c[o,1), drawn on the manifold M and connecting &)9\,6 and CT)}VC, defined as

U(t) = @+ SEW + (1 — )W )mat @0 + tW¥e + (1 — )Wy,

we obtain
dgo (B, L, WVe, Whe, sw ey = i[EKSI(\II(O)) 0 (0) — EXS'(w(1)) - qﬂ(1)]
—ago(V(0) — @, W' (0)) + ago (¥(1) — &°, ¥'(1))
= - [ I 0w o v + o) v
0

—ago (V' (), U (1)) — ago (U(t) — ®°, \If”(t))} dt.
As U(t) = (1(t),..., N ()T € M for all t € [0,1], we have for all 1 <47 < N and all t € [0, 1],

/wg(t,z)de:f/wi(t,x)wg’(t,x)dz,
r r

so that
EEKS’ 0 . U (¢ U (). W (+ _ al 0 0 ( EEKS” O (W (1), W' (¢ al 0 1 (4)2
TERS (@) W (1) — ago (W(1), W'(1)) = ;q/rm()él (2°)(¥'(1), <>>+;eiﬁwi<>

= =2 [ - a0 - @) 0, ¥ )
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Consequently,

Using Lemma 4.6, we obtain
= = N, N, !
@ B W W oW <[] (100 - 00l + 100 - 9003, ) IO,
00 = 8y |90y |

As

v'(t) (S (AW + (1= t)WgYe) - sWNe)m @0 + W e,
U(t) = ("W 4 (1= )W) (W N sWNe))mpt o0,

we obtain that there exists some constant C' € Ry such that for N, large enough,

o (B, iy, o', WY, aW )| < € (i @® — @05, + W[5 ) oW e 2,

Highlight

Thus,

TSNy < lago (W, 5|

|bg5(WONLa WlNCa 5WNC) + d‘I>0 ((T)(])Vca &)}Vca WONca WlNca 5WNL)|
C (Il @® — sy, + W15 ) WY 2,

IN

This proves that there exists a constant r > 0 such that for all N, large enough, ||| my, < 7 implies
SWNe = 0. Hence the result. O

As the mapping By, (2r¢) > W/Ne — my! @0 + S(WNe)m{1®° + WNe defines a local map of V' N MV i

the neighborhood of 7! ®°, we obtain that 5(}\,0 = 7r/\/i P +S(W5V°)7rm @0 4+ WV is the unique local minimizer
of

inf{EKS(chc), By, € VY mMWﬂ“},

in the vicinity of ﬂ'j\\,’i ®°. Besides,

188, = %y < (8%, — wd By + A — 0%y
NC NC
< SOV + W gy + 780 — 89 s
< CHHNcq)O_q)OHH;U
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for a constant C' independent of N.. We then have

1Mz, g0 — 1nlle < 1@, — @° 1z < C|TN, 2% — @O s,

Let ®%, = 5%7@59\,& where Ugo g0 = M‘%?v ,¢°(M‘T’%.’¢°Mg§’v @0)’1/2. Then for each N. > N/,, , ®} is
the unique local minimizer of (4.24) in the set
{on e VE A M™ | on, - 0 <1},
for some constant r* > 0 independent of N, and it satisfies
8%, — @z, < Oy, & — &1, (4.67)
for some C' € R, independent of ..
As CIDS)VC € M®" we can decompose <I>9VC as
oY, = 0%+ S}, 2 + WR,, (4.68)
where S}, = S(W ) and W§, € @~ (note that W§ ¢ Vi’ in general). As by (4.39) and (4.67),
13 e < 18,122 (1469)
5% I3 + WS 2 = 1558+ W I3, = 8%, - 8012, — o, (4.70)
we have, for N, large enough,
1
SIWE g < 188, — 2%l <20W8, .5, (4.71)
1
I8 iy < 19— ® < 20WS, Ly (4.72)

The discrete solution <I>9VC satisfies the Euler equations

N
N KS
YN € VAL, (M ne Vi) it = D PR (6] v i) s,

Jj=1

where p?vc = pgy, and where the N x N matrix A?vc is symmetric (but generally not diagonal). Of course, it

follows from the invariance property (4.16) that (4.24) has a local minimizer of the form U@?VC with U € U(N)
for which the Lagrange multiplier of the orthonormality constraints is a diagonal matrix.

4.3. A priori error estimates

We are now in position to derive a priori estimates for [|®%, — @Y s, and (A%, =A%), where we recall that
A® = diag(ef, ..., €%).
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Proof of the estimates of the first statement of Theorem 4.2.

N
Using (2.2), (4.67) and the inverse inequality (3.37), we obtain for each s > 1 such that ®° € (Hjaé (F)) and
each 1 <r <s,

19X, = O, < [[9X, — TN @)l ay, + [T, @0 — °| s,
< ONITH@Y, — T, @l g, + [Ty, @0 — @°|a,
< N (0%, — @ lly, + 190 — TTn, @]y ) + [Ty, @° — @
< ONI7HHw, @0 = 0% g, + [Ty, @ — %]y
< ON;C7|y, @0 — 0% my . (4.73)

In particular, for s = 2 and r = 3/2+ € with 0 < e < 1/2, we obtain that ®}, converges to ®° in (H;E/2+E ()Y,
hence in (L3 ()~
We then proceed as in (3.25) and remark that
)\’L]N A'?] = <H£(UZSC¢QN.;¢(])N->H’1 H1 7<HKOS¢Oa¢(]J>H;17H#
= (M (S n. — &) (v, — D)

= +e?/¢>?( e /¢° v~ )
I
m oulom
= /V?Ncl JE)VC(/)?VC B
-g" degDh 0 dep Dt 0 0 0
2 - (;—;<pc+ch>;—;<pc+p )t . (4.7

As, from (4.68),
& [ Wy -+ [ B - o) = (& + DSk,
r r

we easily obtain, using the convergence of ®}; to ®° in (H,(T)N L;O(I‘))N,
A%, = A%l — 0, (4.75)
© N.—o0

which implies (4.26). For W € (Li ()", we introduce the adjoint problem

find Uy € &%k such that L
VZ € 2L, ago(Ww, Z) = (W, Z) 3, (4.76)
the solution of whom exists and is unique by the coercivity assumption (4.20). Clearly,
12wy, < CIW L. ()

Remarking that Wy satisfies
—AUy = L(W),
where L is a bounded linear operator on Li(F), we obtain

1wl < W)z,
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and therefore

[Ww — Ty, Cw |z, < CN;2||W||L3¢, (4.78)
[Ww — TN, Cw |, < CNC_IHWHL; (4.79)

Denoting by ¥ = Wgo _go and using (4.68), we get

1@, — @z (P, — °, DY, — %)z
(PR, — @, SR, %)z + (PR, — %, WR )12
(@, — @%, 5%, %) 12 + ago (¥, Wy,)
= (@0 — 0%, SR, %) 2 — ago (P, Y, °) + ago (¥, 2 — ©°)
(P, — 2%, SR, ©%) 12 — apo (T, ¥, 2%) + ago (¥ — Iy, T, @Y — 27)
+ a@(nNc\y, % — @7). (4.80)

From the definition (4.18), the last term in the above expression reads
1 N N
0 0 KS" 50 0 ®O 0 0 0
ago (Iy, ¥, fy, — @°) = B (2°)(Ily, ¥, &Y, )Z;Z;Aijfr( O N, — ODIIN, s,

so that from the definition of the continuous and discrete eigenvalue problems

dago(Ty, U, 8% — %) = EKS”(@O)(HN U, 0% — @) — EXS'(@% )(TTy, W) + EXS'(9%)(I1y, ¥)
+ 422 )‘sz Agj)/¢?,NCHNCwi- (481)
i=1 j=1 r

The definition of I, and the fact that ¥ € &% yields

/ &0 T s = / (62 x. — 60,
I I

which finally provides the estimate

J@%, — 003 = (B, — 00, 8% B%) 13 — ago (W, S} 0°) + ago(¥ — Ty, W, 0f, — )
1
i (EKS’(@%, ([, W) — B¥S'(0°)(ILy, ¥) — BX" (@) (0§, — 0°, I1y, )
E3S 00 ) ) [ @, = B (4.8
1=1 j=1

Using the second statement of Lemma 4.6, (4.69), (4.71), (4.77), and (4.79), we infer
I, - 0%y < C(lok, — @y + MR, - 87y + o, - 07"

llof, — @055 2%, — 2l +11AR, A°||F|¢?vc—¢°|@). (4.83)
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We thus obtain, using (4.67), (4.75) and the above estimate, that asymptotically, when N, goes to infinity,
8%, — 2% 4 < O N Ty, @ — 8.

Together with (4.73), this straightforwardly leads to (4.25). Finally, (4.27) is an obvious consequence of
Lemma 4.7, (4.20), (4.47), and (4.67).

Proof of the second statement of Theorem 4.2.

To proceed further, we need to make an assumption on the regularity of the exchange-correlation potential.
In the sequel, we assume that (4.14) and (4.15) hold. As previously mentioned in the proof of Lemma 4.6,
assuming that the function p. + p° is positive everywhere is equivalent to assuming that there exists a constant
1 > 0 such that for all z € R3, pe(z) + p°(z) > 7. Besides, we know that the convergence of ®Q; to ®° holds
in Hi(I‘), hence in L (I'). As a consequence, for all z € R? and all N, large enough, pc(z) + p% () > n/2.

Using a bootstrap argument on (4.12)—(4.13), we obtain that ®° is in (H;ZH/Q*E(F))N for any € > 0.

N
Reasoning as in (4.73), we obtain that for each s > 1 such that ®° € (H;ﬁ(l‘)) and each 0 < r < s, there

exists a constant C' such that

9%, — sy < € NIy, ° — 0. (4.84)

As ®° then is in (H;ZH/Q*S(F))N for any € > 0, and we deduce from (4.84) that (4.28) holds true for all
0<s<m+1/2.
Then, following the same lines as in the proof of (3.26), we obtain the estimates

/ C())oulorgb (p(])\/'c o pO)
r

i Ne7j,Ne

<Ol = Pl

Highlight

and

deLDA o delPA 0 0 .0
/F (;—;(pc +p7) - ;—;(pc + PNC)) PN D5

0 0
< dlpn, —p HH;"?
valid for all 0 <r < m — 3/2. Using these estimates in (4.74), we are lead to

N, = A5 < C (180 = @ 3 + o, = ol )

Now,
o (P, = P
%, = P°llg-r = sup =F
¢ Hy weH, (T) ||wHH;
Noticing that
N N N
P = 0% =D 100, [P = D100 = (dhn, — o) (00, + o),
i=1 i=1 i=1
we deduce from (4.58) that
Hp(]JVc - POHH;" < CH(I)(J)Vc - q;OHH;T’ (4.85)
since (I)(J)Vc converges, therefore is uniformly bounded in H;lax(r’2)(F). Thus
A%, = A < C ([0, — I, +ClIDR, = @]+ )- (4.86)
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The derivation of estimates for [|®%, —®°| Hy follows exactly the same lines as the derivation of the L? estimate:
starting from the definition

(Wa (I)9VL - (I)O)Li&

19X, = °llyor = sup :
T wegymy» Wl s,

and remarking that the solution ¥y, to the adjoint problem (4.76) satisfies
Wl grve < CIW |y, (4.87)

we proceed as in (4.80)-(4.82) to get

(W, @}, — @)z = (W83, ")z + (W, Wy )1z

W, SR, @%) 2, + ago (T, WR,)

W, SR, ©°) 12, — ago (T, SR, ©°) + ago (Y, DY, — 2°)
)

W, SR, @%) 2, — ago (Pw, S¥, %) + ago (P — Iy, Yy, @Y, — ©°)

(
( )
( )
(

_i (EKS/@?VC)(HNC\IIW) — EXS'(0%) Ty, Wyy) — EXS"(0)(0%, — @, HNC\IIW)>
N N

+ZZO‘%,NC - )‘sz) /r( ?,Nc - ¢?)¢W,i7 (4.88)
i=1 j=1

that yields, using (4.69), (4.71), (4.87), and the third statement of Lemma 4.6 with ¢ = max(r,2) and s = r+ 2,

I, ~ @l < C(18%, - 80Uy + VIO, - 8y + 108, — 0, — 8 e

+ 1A, - A0, - 07, ) (4.50)

where [|®Y; — ®°|| jmax(r2) converges to zero thanks to (4.84) since max(r,2) < m + 1/2. The proof of (4.28)
N #

follows and then we get easily from (4.86) that
A%, — A%||p < CeNBm=179), (4.90)

Hence (4.29).

Note that the regularity assumption we have made on eXP4 is certainly not optimal. A local regularity in
a Sobolev type norm much less stringent than (4.14) should be sufficient to lead to a Holder type estimate in
Lemma 4.6 of the form

| (B (@0 4 71) = B5S"(@%)) (X2, To)| < CIall g 1Tl

T3||Hj¢7

for some § > 0, an inequality weaker that (4.49), but sufficient to drive the same rate of convergence for
[@% — @Y ;;—+. Such a Holder property, which does not seem to be available in the literature, would generalize
e #

the Lipschitz property of composition operators acting between Sobolev spaces recently proven in [5]. These
considerations go far beyond the purpose of this paper.
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H1 - Norm error curve as function of Ec L2 - Norm error curve as function of Ec
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FIGURE 1. Errors [|[®, — @OHH# (up left), [|®%, — (I)OHLi (up right), [I§° — I*5] (bottom left)
and [|[A° — A}, [|r (bottom right) as functions of E. for Hy (in logarithmic scales).

Highlight

4.4. Numerical results

In order to evaluate the quality of the error bounds obtained in Theorem 4.2, we have performed numerical
tests using the Abinit software [19] (freely available online, ¢f. http://www.abinit.org), whose main program
allows one to find the total energy, charge density and electronic structure of systems (molecules and periodic
solids) within DFT, using pseudopotentials and a planewave basis.

We have run simulation tests with the Hartree functional (i.e. with eXPA = 0), for which there is no

numerical integration error. In this particular case, the problems (4.21) (solved by Abinit) and (4.23) (analyzed
in Thm. 4.2) are identical.

For Troullier-Martins pseudopotentials, the parameter m in Theorem 4.2 is equal to 5. Therefore, we expect

the following error bounds (as functions of the cut-off energy E. = % (Q’T—LNL)Q)
%, — @OHH; < O B (4.91)
1%, — ‘I)OHL; < Oy BT (4.92)
|€;),NC — €& < Cy BT (4.93)
0<INS—IFS < CyucB %Pt (4.94)

The first tests were performed with the Hydrogen molecule (Hz). The nuclei were clamped at the points with
cartesian coordinates r1 = (—0.7;0;0) and ro = (0.7;0;0) (in Bohrs). The simulation cell was a cube of side
length L = 10 Bohrs. The so-obtained numerical errors are plotted in log-scales in Figure 1. The second series of
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H1 - Norm error curve as function of Ec L2 - Norm error curve as function of Ec
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FIGURE 2. Errors || ®%, — CIDOHH# (up left), || @}, — CI)OHLi (up right), [I55 — I™S| (bottom left)
and [|[A° — A}, [|r (bottom right) as functions of E. for Ny (in logarithmic scales).

tests were performed with the Nitrogen molecule (N2). The nuclei were clamped at positions r1 = (—0.55;0;0)
and 7o = (0.55;0;0) (in Angstroms), and the simulation cell was a cube of side length L = 6 Angstroms. The
numerical errors for Ny are plotted in Figure 2. The reference values for ®°, e? and I¥S for both Hy and Ny are
those obtained for a cut-off energy equal to 500 Hartrees.

These results are in good agreement with the a priori error estimates (4.91)—(4.94) for both the Hy and Ny
molecules.
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