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LOCAL UNIQUE FACTORIZATION IN THE 
SEMIGROUP OF PATHS IN R" 

BY 

M O H A N S. P U T C H A 

ABSTRACT. Let S denote the semigroup of all rectifiable, 
piecewise continuously difïerentiable paths in IRn under concatena
tion. We prove a theorem to the effect that every finite collection of 
paths is contained in a subsemigroup of S which has the unique 
factorization property with respect to certain primes and straight 
lines. We also determine an abstract necessary sufficient condition 
for a subsemigroup of S to have this unique factorization property. 

Throughout this paper, R, 1R+, Z + will denote the sets of all real numbers, 
positive reals, positive integers, respectively, n will denote a fixed positive 
integer and Un the Euclidean n-space. Let M denote the set of all rectifiable, 
piecewise continuously difïerentiable functions / from [0,1] into Un such that 
/(0) = 0 and / is not constant on any subinterval of [0,1]. If /, geM, then let 
fg^M be defined by 

f/(2x) 0 < x < | 

V(l) + g(2x-l), h^x^l 

If /, geM, then define f=g if g = f°<t> for some strictly increasing, continuous 
self-map $ of [0,1] with 4>(0) = 0, <f>(l) = l. T h e n S=M/= is a cancellative 
semigroup (see [2, 3] where ®* was used to denote this semigroup). Let !£ 
denote the set of all lines in S. If u e S, then l(u) denotes the length of u. If 
aeJ£, a e[R+, then let aa denote the line parallel to a having length al(a). If 
a,be<£, then we will write a ~ b if a is parallel to be (i.e., b = afX for some 
a eU+). If A c S, then let (A) denote the semigroup generated by A. If T is a 
set, then let S^ = S^{V) denote the free semigroup on I\ If A ç T , then let 
&U(T | A) denote the semigroup of words in alphabet T such that for A e T\A 
the exponents of A in the word are allowed to be positve real numbers. So 
^m(r I r ) = ^ ( r ) and &u = &JX) = &JX I 0 ) is the free product of |r | copies of 
positive reals under addition (see [3]). Let S1 be the semigroup SU{1}, lfÉS 
such that 1 is the identity element of S\ If X ç S , then X 1 = XU{1}. 

If X ç S , then the power closure of X, X = {ul\ueX, 
ie Z+}U{u t t | ueXH£e, a eU+}. Let a,beS, X, Y ç S . Then a<^Yb is b = 
xay for some x, yeS1 such that (x, y ) e ( X 1 x X 1 ) \ ( Y 1 x Y1). Let T be a 
subsemigroup of S. Then T satisfies the descending chain condition if there is 
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no sequence in T of the following type 

• • • < a3< a2 < d\ 
T, <£ T,Sf T,SP. 

T is a weakly unitary subsemigroup of S if for ail a G S, the conditions 
aTHT^0 and Ta H TV 0 , together imply aeT. This condition, due to 
Schutzenberger, comes up naturally in the study of free semigroups [1; p. 119]. 
T is power closed if f = T. T is free-like if T is weakly unitary, is power closed 
and satisfies the descending chain condition. 

REMARK. Intersection of free-like subsemigroups of S is again free-like. 

THEOREM 1. Let T be a free-like subsemigroup of S. Then T = &u(r | A) for 
some T, A. 

Proof. Let <£t = Tn%. Then T\S£t is a subsemigroup of T. Let D = 
{a\ae T\£t9 a^bc for any b,ce T\<£t}. We first show that T\S£t =<D>. For 
suppose aeT\5£t, a£(D). Then a —be for some b, ceT\££t. So b<TS£a, 
c<T,<ea- Either b£(D) or c£(D). Thus there exists a1eT\^£t such that 
a1£(D), ax<Ttse^ Continuing, we find a sequence {a t} ieZ in T\(££tU(D)) 
such that 

• • • < a2 < ax < a. 
T,<£ T,âB T,5£ 

This violates the descending chain condition of T. So T\5£t = (D). Let PA = 
{a\aeD, a£bT for any be<£t}, P2 = {a\aeD, a£Tb for any be£t}, P = 
P1r\P2. We claim that D g ^ ) 1 ? } . For suppose a e D , a^i^Pl Then 
there exists ^ G i ? t such that a = bxal9 atG T\<£t9 ax £ b™T for any a eM+. Then 
clearly a1eD and so a^ £ (££t)

lP\. Continuing we find a sequence { ferliez + in 5£t, 
{a{}i&z+ in D such that btxbi+1 for any i and for any ieZ+, ai = bi+lai+1. So 
at = bi+1bi+2ai+2 and a i + 2 < T ^a i . So 

• • • < a6 < a4 < a2 < a. 
T,<£ T,<£ T,S£ T,Z£ 

This violates the descending chain condition of T. Hence, Dc( j£ t ) \pJ . Simi
larly D<^P\(<£t)\ Let a e D . Then a = be for some be(<£t)\ ceP{. Now 
c = dh for some deP\,he (&t)\ Since c G P j , d G Pj n P 2 = P1 . So a = fedfi, b, 
hG<^ t>\ d e ? 1 . Thus D g ^ ) 1 ? 1 ^ ) 1 . Since T\.2 t=<D> we see that T = 
( P U ^ ) . Let ^ M = { a | a G ^ f , I(a) = l}. If a,be£u, then a~fr implies a = b. 
Also <£u=S£t. So clearly (%t) = &u(££u). Also it is clear that T = <PUJ£U>. Let 
r = PUi?M , A = P. We claim that T = ^ R ( r | A ) . To see this, let aeT, a = 
&\ * * * am

 = &i * * * K where a 1 ? . . . , a^, bu . . . , bp e P U S£t such that if at, 
a i+1 G <£t, then a^xa^ and if bj9 bj+1 e &» then btxbi+1. We must show that m = p 
and ae = fy for all i. Let u = a2 • • • am, v = b2- - • bp. Then a ^ = b ^ . First 
suppose a1e^£t. We claim that b1e£t. For suppose É ^ G P . Since bA£££t, 
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l(b1)>l(a1). So bx = axc for some ceS. Then al9 v, axc, cv = ueT. Since T is 
weakly unitary, ceT. This contradicts the fact that b1eP. So bteSet. Then 
clearly a1 — b1. We claim that a1 = b1. Otherwise by symmetry assume l(ax)< 
/(bx). Then b1 = a1c for some CG«^. Since c~ax, T is power closed, ce££v 

Also, 

«2 ' • • dm = cv. 

As above, a2eS£t, a2~c~a1, a contradiction. So a1 = b1. Next assume a l9 

fcie?. Suppose f(fli)<'(&i)- Then b1 = a1c for some c e S . So axc, au cv-uy 

VET and so ceT. If cGi£ t , we get a contradiction to the fact that bteP. 
Otherwise we get a contradiction to the fact that bx e D. Thus ax — bx in all 
cases. We are now done by induction. 

REMARK. Let T be a free-like subsemigroup of S, T = ^ R ( r | A ) . If the 
elements of À are thought of as primes, then T has the unique factorization 
property with respect to primes and lines. 

COROLLARY 2. Let T be a subsemigroup of S such that TC\S£= 0 . Then T is 
free if and only if T is free-like. 

REMARK. The converse of Theorem 1 is false for the following reason. Let K 
be a proper subsemigroup of (U+, +) such that K = ((R+, +). Let ue££ and set 
T = {ua | aeU+}. Then clearly T-(1R+, + ) but T is not free-like. 

THEOREM 3. Let T be a power-closed subsemigroup of S. If T=&R(T | A) for 
some r , A, then T is free-like. 

Proof. Let ^ ( = T n ^ . Let <{> :T-*&U(T | A) be the given isomorphism. Let 
aeS, b,ceT such that ab.caeT. Then (ca)b = c(ab). So <f>(ca)<f>(b) = 
<f)(c)cl>(ab). There exists ue&u(T | A) such that either <f)(ca) = <f)(c)u or <f>(c) = 
<f>(ca)u. Let at = <£>-1(u) e T. Then caax — c or ca — cax. First case being ruled 
out, a = ax G T. So T is weakly unitary in S. Let X = {Aa \ A eT\A, a eU+}. If 
a, be&U(T | A), then define a<b if b = xay for some x,ye&u(T | A)1 such that 
(x, y) £ JC1 x JC1. Clearly (&U(T | A), <) satisfies the descending chain condition. 
Thus to show that T satisfies the descending chain condition, we must show 
that <t>(^e1) = 3fC. If ae££t, then for each ieZ+, there exists at<ET, such that 
a\ = a. Moreover by the author [2], the elements of 5Et are characterized by this 
property. The same holds true for jfc in &U(T | A). This proves that 4>{££x) - % 
completing the proof. 

THEOREM 4. Every finite subset of S is contained in a free-like subsemigroup of 
S. 

Proof. Let au...,ameS. Let k be the smallest non-negative integer such 
that there exist bu . . . , bk e S such that a 1 ? . . . , a^ e (bu ..., bk, ££) (fc = 0 
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means al9..., am G {££)). Let S£u = {a \ a G S£9 1(a) = 1}, T = (bl9 . . . , bk9 J£u) = 
{bl9 . . . , bk9S£). We will show that T is free-like. Let T = {bl9 . . . , bk}U^M, 
A = { b l 5 . . . , bk}. We claim that T = &U(T | A). Suppose not. Then it is easily 
seen that there exist Al9..., Ar, Bl9..., Bs e AUJ£ such that 

(1) A 1 - - - A r = B 1 . - - B s 

and either Ax or B J G A and so that if both Al,B1eA, then A1^B1. Let 
{ A 1 ? . . . , Ar, B 1 ? . . . , BJC\S£ = {cl9..., ct}. Introduce variables xl9..., xk9 

yl9 ..., yt, and words wx - w ^ , . . . , xk9 yl9..., yt), w2 = w2(xl9..., xk, 
yl9..., yt) such that A1- • • Ar is formally equal to w 1 ( b 1 , . . . , bk, cl9..., ct) 
and B1- • • Bs is formally equal to w 2 (b 1 , . . . , bk9 cl9..., ct). We can express 
{ 1 , . . . , t} as a disjoint union of T 1 ? . . . , Tp such that for a, (3 e{l9..., t}ca ~ c3 

if and only if a, 0 lie in same 7}. For j = l , . . . , p, let M, ={(yi? /(c7) | JG T}}. In 
the notation of [3], consider the constrained word equation si = 
{wl9 w2; Ml9..., Mp} in free variables x l 5 . . . , xk and constrained variables 
yl9..., yt. Then n = (bl9..., bk9 cl9..., ct) is a solution of ^ . By [3; Theorem 
5.2], ix follows from a solution v of si in some ^R ( r" | A'). Moreover a close 
examination of the proof of [3; Lemma 3.13], shows that in fact we can choose 
A' such that |A'|<fc (this is because of the non-triviality of (1)). There exists 
<t>:T'-^S, <Mr'\A')çS£, such that the natural extension <f> :&U(Y' | A') -> S has 
the property that if v = (ul9..., uk9 vl9...9vt), then ^>{ut) = bi9 <t>(vj) = cj. 
Let <f>(A')={dl9...9de}. So 0<k. Also fe1?..., bk efa&JT \ A')) = 
<<KA') U <^(r\A')>. So bl9 . . . 9bke (dl9 ...9de, SE). Hence al9..., a^ G 
( d l 7 . . . , dfl, «Sf) contradicting the minimality of k. This contradiction shows that 
T — &n(T I A). We are done by Theorem 3. 

REMARK. Let al9..., ameS. Then by the above theorem and the remark 
preceding Theorem 1, there is a unique minimal free-like subsemigroiip of S 
containing al9..., am. 

&n(T) is clearly embeddable in a group (in fact in the free product of |r | 
copies of reals under addition). So by [1, Theorem 12.6], we have, 

THEOREM 5. S is embeddable in a group. 

CONJECTURE. Let T be a subsemigroup of S. Then T can be embedded in 
^ R ( r ) for some T if and only if T satisfies the descending chain condition. 

EXAMPLE. We give an example of a subsemigroup T of S such that T is 
embeddable in a free semigroup but T is not contained in a free-like subsemi
group of S. We can choose sequences al9 a29 • . . , bl9 b2,..., c1? c 2 , . . . , in S\SE 
such that the following properties are true: (l)ai+1bi = ai9 i = 1, 2 , . . . , (2) 
l(ct)> 3l(a{)9 i = l , 2 , . . . , (3) no segment of bt is a segment of bi for i^ j9 (4) no 
segment of ct is a segment of q for i^j, and (5) bt is not an initial segment of a] 

for any i9 j . Let T be the subsemigroup of S generated by ci9 ctai9 atci9 ci+lbi9 
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btci+1, i = 1, 2, . . . . We claim that T is not contained in any free-like 
subsemigroup of S. For suppose T Ç J R Ç S and R is free-like. Then clearly 
ai5 bteT for all i. So 

• • • < a3 < a2 < ai, 
T,^ T,^ T,5£ 

a contradiction. On the other hand T can be embedded in a free semigroup. To 
see this, let 8P be the free semigroup on the letters A l 5 A 2 , . . . , JBls B 2 , . . . , 
C1? C 2 , . . . . Let K be the subsemigroup of &* generated by Ch QA^ A^Q, 
Ci+1Bh BtCi+1, i = 1, 2 , . . . . Then it can be shown that T = K with ci5 c ^ , a^q, 
ci+16i, bjCi+1, corresponding to Q, QA^ A^Q, Ci+1Bt, BtCi+1, respectively. 
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