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Boundedness From Below of Multiplication
Operators Between a-Bloch Spaces

Huaihui Chen and Minzhu Zhang

Abstract. In this paper, the boundedness from below of multiplication operators between a-Bloch

spaces BY, o > 0, on the unit disk D is studied completely. For a bounded multiplication operator

M,: B* — BF, defined by M, f = uf for f € B*, we prove the following result:

(i) fo<pf<aor0<a<landa < B, M,isnotbounded below;

(i) if0 < a = <1, M, is bounded below if and only if lim inf, _, gp |u(z)| > 0;

(iii) ifl1 < a < 3, My isbounded below if and only if there exista § > 0and a positive r < 1 such that for
every pointz € D there is a pointz’ € D with the property d(z’,z) < rand (1—|z/|?)?=®|u(z")| >
0, where d( -, -) denotes the pseudo-distance on D.

1 Introduction

Let D be the unit disk in the complex plane C and let H(D) be the class of holomor-
phic functions on D. For a > 0, a function f € H(D) is called an a-Bloch function if
the semi-norm satisfies

| flla := sup(l — |Z|2)a‘f/(z)| < o0,
z€D

and called a little a-Bloch function if lim, .op(1 — |z|*)*|f’(z)| = 0. The class of all
a-Bloch functions is called the a-Bloch space, denoted by B¢, which is a Banach space
with the norm || f||g« = |f(0)] + || f]la> and the class of all little a-Bloch functions
is called the little a-Bloch space, denoted by Bf. When o = 1, we obtain Bloch
functions, the Bloch space, and little Bloch space, and we denote B = B! and By =
B\ For the general theory of Bloch functions and a-Bloch functions, see [2,7].

For a holomorphic self-mapping ¢ of D and u € H(D), the weighted composition
operator uCy on H(D) is defined by uCy f = uf o ¢ for f € H(D). If ¢(z) = z or
u = 1, the weighted composition operator becomes the multiplication operator or
the composition operator and is denoted by M,, or Cy, respectively. The boundedness
and compactness of weighted composition operators have been studied completely.
S. Ohno, K. Stroethoff, and R. Zhao [6] proved the following results.

Theorem 1.1 Let3 > 0. Ifa > 1, then uCy,: B — B is bounded if and only if
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and

(1 - 2P| )|
(1.2) = e

Ifa=10r0< a < 1, then (L2) is replaced by

g 1
1.3 sup(1 — |z’ @1 +log———— ) < o0
(13) sup(1 — |e)/|u’ (2|1 +1og )
or
(1.4) sup(1 — |z))°|u’(2)| < oo,
zeD
respectively.

For a multiplication operator, (1)), (L2), (T.3) become

(1.1) sup(1 — |z)*~|u(z)| < oo,
ze€D
(1.2 sup(1 — |z2)* =" u'(2)| < oo,
zeD
1

(1.3") sup(1 — |z|2)/j|u’(z)|(l + log 72) < 00,

zeD 1- |Z|
respectively.

For a € D, let ¢, denote the Mobius transformation of D onto itself which ex-
changes 0 and a. We have ¢, = ¢!, i.e., ¢, © ¢, is the identity mapping, and for

z€ D,

lop(2)] 1
(1) 16 @F TP
(1.6) (1—z>)(1 —a?) 1= @)

[1 —az|?
It follows from (L3) that for f € H(D), we have
(1.7) (1= 12)[(foda) (@) = (1 = |¢a(2)*) |f'(¢a(2))| for z € D.

Equation (7)) is used in this paper quite often without mention.
The pseudo-distance on D is defined by

|21 — 2|

d(zl,zz) = ‘¢z1(22)| = m
— 2122

for z;,z, € D.

It is invariant under Mobius transformations of D onto itself. For a holomorphic
self-mapping ¢, denote

(1—12z]*D¢’(2)]

= o) for z € D,

T4(2) =
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which is the dilation of ¢ with respect to the hyperbolic metric. The classical
Schwarz—Pick lemma asserts that 74(z) < 1for z € D (see [1]), and it follows from
(L3 that 74,(2) = 1.

A bounded weighted composition operator uC,: B¢ — B is said to be bounded
below from B into B, if there exists a § > 0 such that ||uCyf||zs > J||f| s for
f € B“. For the boundedness from below of composition operators on the Bloch
space B, the following result is known, see [3,5].

Theorem 1.2 The following conditions are equivalent:

(i)  Cy is bounded below on B;

(ii) Cy is bounded below on the subset {¢, : a € D} of B;

(iii) there exista d > 0 and anr € (0, 1) such that forany w € D thereisaz’ € D
with the property that d(¢(z'), w) < rand 1,(z') > 6 .

Recently, the above result was generalized to composition operators on B for o > 1
by H. Chen and P. Gauthier [4].

Theorem 1.3 Ifa > 1, thenCy: B* — B“ is bounded below if and only if there exist
ad > 0andanr € (0,1) such that for any w € D thereis az’ € D with the property
that d(¢p(z'),w) < 1, 74(z") > 6 and (1 — |2']*) /(1 — |p(z")]*) > 6.

In this paper, the boundedness from below of multiplication operators between
a-Bloch spaces is studied completely. We prove the following result. Let M,,: B* —
B be a bounded multiplication operator. If 0 < § < a,or0 < a < land a < f3,
M, is not bounded below. If 0 < o = § < 1, M, is bounded below if and only if
liminf,pp |u(z)| > 0. If 1 < a < B, M,, is bounded below if and only if there exist
ad > 0and a positive r < 1 such that for every point z € D there is a point z’ € D
with the property that d(z’,z) < rand (1 — |2/[|*)%~®|u(z")| > 6.

2 Some Lemmas
Lemma 2.1 Forz,z, € D, we have

1— |Zz|2 < 1+ d(Z],Zz)

2.1 .
(2.1) 1~ 2P S 1—d(z,2)

Proof Applying (I.6), we have

1 — [z (22)[)(1 — |Zl|2)'

(
2 _ 1 2 _
1 - |22| - 1 ‘¢Z}(¢Z1 (ZZ))‘ - ‘1 —Zl(bzl (Zz)‘z

Thus,
1—|af _ 1-]¢a@) _ 1=¢a@)]? _ 1+]6:(2)]
1—|zi? N1—=z16,(2)> ~ A —|¢,(2)])? 1—]¢,(2)|
Since |¢,, (z3)| = d(z1, z,), the lemma is proved. [ ]
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Lemma 2.2 Let f € B Ifa =1, then

1fll, 1+
|f(z)_f(0)‘§ P lo 1*|Z‘
and
1
(2.2) f(2)| < ||f||3(1 +log 177‘42) for z € D.
Ifao > 1, then
Collflla
= FOl < T
and
Col fllBe
(2.3) f(2)] < (1_||Zf||2;‘3a_1 for ze D.

If0 < a < 1, then

f(2) = fO)] < Call flla

and

(2.4) |f(2)| < Cal f]

ga  for z€ D.

Throughout this paper C,, denotes a positive constant depending on « only, which
may have different values at different places. Lemma[2.2]is easy to prove.

Lemma 2.3 Fora > 0anda € D\ {0}, define

1 (1—|a)
=—-— = D.
fa,a(z) oa (1 —az)° fOT z e
Then
(2.5) 1< || faalla <2171

Proof If o > 1, for z € D, by (L.4),

(1—|z)*Q — |a]*)
|1 7EZ|O‘+1

(1= |2 faa(2)] =

_ (1 _ ‘Z|2)a—1

T aga-t (1~ [62)F) <277 for z€D.

By the same reasoning, if < 1, we have (1 — |z|*)¥| f! ,(z)] < 2!7®forz € D. On

o,a

the other hand, (1 — |al*)®| £, ,(a)| = 1. This shows the lemma. [ |
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Lemma 2.4 Leta, € Danda, — OD.If0 < a < 1,3 >0, andu € B, then

(2.6) sup(1 — |z\2)ﬂ\u'(z)faﬂn(z)\ —0 asn— oo.
zeD

Ifue Bg, (2.8 holds for a = 1 also.
Proof Leta < 1and u € BY and denote h,(z) = (1 — |z[*)?|u/(2) fu.a,(2)|- Then,

(1 - |an|2) 2
ala||l —a,z|® ~ alay|

sup h,(z) < ||ul|s sup (1 = laa)'=ull5.
zeD 2D

Equation follows. If u € Bg , for € > 0, there exists an ' < 1 such that
(1—z[»)P|u'(2)| < efor |z| > r'. Note that | f; 5, (2)| < (1+]a,|)/|a,| < 4forz € D,
if [a,| > 1/2. Thus, sup, .,/ hu(z) < 4e for sufficiently large n. On the other hand,
SUP|; <, hy(z) — 0as n — o0, since fi4,(z) — 0, as n — oo, uniformly for |z| < /.
This shows (2.6)), since € may be small arbitrarily. The lemma is proved. ]

Lemma 2.5 If0<a<l,a<fanduc BB, then

(2.7) lim (1 — |z]*)*~u(z)| = 0,
z—dD
As a consequence of (27D, for any sequence a,, € D, which tends to 0D, we have

(2.8) sup(l — [z)7|u(2)f], (2)] — 0 as n— oo.
z€D '

IfB>a=1andue Bg, 2.7) and [2.8) also hold.

Proof Under the former assumption, (2.7)) is a direct consequence of Lemma[2.2l To
prove (2.7) under the latter assumption, let € > 0. There exists an ry < 1 such that
(1 — |z]*)P|u’(2)| < € for|z| > ry. For z = re’? with r > ry, we have
r dp

|u(2)] < |u(roe”)] +/r0 | (pe)]dp < |u(roe”)| + € (=)

< |u(roe®)| +

€
(B =11 =)=t
2@—16

g1

(1 =1z )| < 1 — |22 'M +

where M = max{|u(re’?)| : 0 < 6 < 27 }. Thus,

f—1

2
limsup(1 — |2[*)"~u(z)| < .
z—0D B -1

Equation ([27) is proved, since € may be arbitrarily small.
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It follows from (2.7) that for € > 0, there exists an r’ < 1 such that
(1 — 27~ u(z)| < € for |z] > r'.
Denote k,(z) = (1 — |z|2)/"|u(z)fa'ﬂn (). Then,

sup ku(2) < | fo.a,lla sup (1 — |Z|2)ﬂ_a|”(z)| < el foalla < 2%,
|z|>r" |z|>r"

It is obvious that SUP|,<r ko(z) — 0asn — oo, since fo, (z2) — 0,asn — o0,
uniformly for |z| < r’. Equation (2.8 is proved since € may be arbitrarily small. The
proof is complete. ]

Lemma 2.6 Leta, € D be a sequence such that a, — OD. If u € B, then for any
positive number r < 1,

sup |u(z) —u(a,)] =0 as n— oo.
d(z,a,)<r

Proof Let r < 1 be given. For € > 0, there exists an ' < 1 such that
(1 — |2]®)|u’(2)| < e for |z| > r’. Since a, — OD, there is an N such that the
pseudo-disk A, = {z : d(z,a,) < r} is contained in the annulus {z : r’ < |z| < 1},
and consequently, (1 — |z|?)|u’(z)| < € for z € A, provided that n > N. Forn > N
and z’ € A, letting u, = uo ¢, and ¢’ = ¢, (z'), we have

C/
14a(C7) — 14a(0) =/ W (Olldc]

0

lu(z") — u(ay,)|

1 C/ 2 !
_ — dc|.
< 1_|C,|2/0 (1= [P Olldc|

Note that [¢’| = d(z’'a,) < r. Meanwhile, ¢,,(¢) € A, and (1 — [¢|})|ul(Q)| =
(1 = [a, Q) (¢, (O] < €if [¢] < r. Thus, [u(z') — u(an)| <

~. The lemma
is proved, since € may be arbitrarily small. ]

Lemma 2.7 Leta>0,0<r<1,u€ H(D),anda, — 0Dasn — oo. If

Sp= sup (1—|z]")*|u(z)] — 0 as n— oo,
d(z,a,)<r

then
sup (1 — [P’ @] — 0, as n— o,
d(z,a,)<r’

forany r’ <.

Proof Let0 < r’ < r. Fora fixed n,let { = ¢,,(2) forz € D,and u, = uo ¢,,. If
I¢| < r,then d(z,a,) < rand, by 1),

B S O 1+~
el OV = MO = T e = T Jw Py =
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Thus, by Cauchy’s inequality,

On 1+~
! < <r.
|un(C)‘ = (1 . ‘an|2)w (1 _ T’)Q(T _ r,) fOr ‘<| =T
Then, if d(z, a,) < r’, we have |¢| < r’ and, by 2.1),
8a(1 4+ 1)%

ZHM (2)] = (1 — |22 — — .

— P @) = (1= ) = PO €
This shows the lemma. [ ]

Lemma 2.8 Let uCy: B — B be bounded. If there exists a 6 > 0 such that
luCyfllms > 8| flla holds for f € B?, then uC, is bounded below from B into B.

Proof Suppose on the contrary that there is a sequence f, € B® such that
| fullge = 1forn=1,2,...,and ||[uCyfy||gs — 0asn — oo. Then, by hypothesis,
|l fulla — 0 and, consequently, | f,(0)] — 1asn — oco. Without loss of generality,
assume that f,(0) — 1 asn — co. By Lemma[2.2] we have f, — 1 and uCyf, — u
locally uniformly in D as n — oo. Thus, ||ul|z < lim,—.« |[|[uCy ful|s = 0 and u = 0,
which contradicts the assumption of the lemma. The proof is complete. ]

Lemma 2.9 Letaw > 0, u € HD), u # 0, and f, € HDD) forn = 1,2,.... If
lefullBa — 0asn — oo, then f, — 0, as n — oo, locally uniformly in D.

Proof Since u # 0, for any positive ry < 1, there exists an r’ such that rp < ' < 1
and u(z) # 0 for |z| = r’. By Lemma 22 |u(2)f,(2)| < Cq,||tfu]| o and, con-
sequently, |f,(2)| < (Coy/0)||tifullBe for n = 1,2,..., and |z| = r/, where § =
miny,_ [u(z)| > 0. By maximum principle, this shows that f, — 0, as n — oo,
uniformly for |z| < r/, since ||uf,||B« — 0, as n — oo, by hypothesis. The lemma is
proved. u

3 Theorems and Their Proofs

It is easy to see that if 0 < 3 < a, M,,: B® — B” is not bounded unless u = 0. Then,
M, is obviously not bounded below. So we only need to consider the case 0 < o < S3.

Theorem 3.1 Let0 < a < landa < (. IfM,: B® — BP is bounded, then M, is
not bounded below from B into BP.

Proof Leta, € D be asequence such that a, — 0D as n — 0o, and let f,, = f, ,, be
functions defined in Lemmal[2.3] We have

(3.1) [t full s < [u(0) £(0)] + szg(hn(Z) +ku(2)),

where h,(z) = (1 — |2|*)?|u’(2)||f.(2)| and k,(z) = (1 — |z|*)? |u(z £/ (2)]. Ttis
obvious that 1(0) f,,(0) — 0 as n — co. By (1.3") and (T4), u € BO ifao = 1,and
u € BPif0 < a < 1. Thus, using LemmasZ.4land Z.5]and Equations (Z.6)) and (2.8),
we obtain sup,,(h,(z) + ku(2)) — 0as n — oo. Itis proved that |[uf,||gs — 0as
n — 00, which shows that M, is not bounded below since || f,||z- > 1, by 23), for
n=1,2,.... The theorem is proved. [ ]
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Theorem 3.2 Let0 < a < 1 and M,;: B® — B* be bounded. Then, the following
conditions are equivalent:

(1) M, is bounded below on B®;

(i) M, is bounded below on the subset { f, . : a € D\ {0}} of B®, where f,, , denote
functions defined in Lemma2.3}

(iii) liminf,—gp |u(z)| > 0.

Proof Since M, is bounded on B, we have u € B* C By if @ < 1 by (.4), and
u € Byif « = 1by (1.3’), and

(3.2) sup |u(z)| = M < oo
z€D

for 0 < a < 1by (1.17). It is obvious that (i) implies (ii).

Assume that (iii) does not hold, i.e., there exists a sequence a, — 9D such that
u(a,) — 0asn — oco. Forn =1,2,...,let f, = fy,4,. We have (B.I) again with the
same definition of h, and k,, as before and #(0) f,(0) — 0 as n — oo. By Lemma[2.4]
sup,cp hy(z) — 0asn — oo.

To estimate k,(z), let € > 0 be given. We have

(1— 221 = |aq?)

(3.3) (1= |z f (2] =

|1 _anzlaJrl
B (1 _ |Z‘2)a(l _ |an|2)u (1 _ |an|2)1—a
B |1 — a,z|? [1 —a,z|'—@
o (1 _ |an|2)l—a

= (1= 1¢a,(2))

[1— @z~

where the identity (T8) is used. Let r' = (1 — €'/*)'/2, By (3.3) and (3.2),
(3.4) ki(z) <2'7Me if d(z,a,) = |¢a,(2)| > 1.

On the other hand, by Lemmal[2.6]

An= sup |u(z)| <l|u(a,)|+ sup |u(z) —u(a,)] — 0 as n— oo,
d(z,a,)<r’ d(z,a,)<r’

since u € By. Thus,

(3.5) sup  ky(2) < Ml fulla < 279N, — 0 as n — oo.
d(z,a,)<r’

Combining (3.4) and (B.3)), we see that sup,, k,(z) — 0asn — oo, since € may
be arbitrarily small. We have proved that the terms at the right side of (3.I) are all
convergent to 0 as n — oo. Therefore, ||uf,||gs — 0 as n — oo, which contradicts
(ii) for || fulla > 1 by Z3). The implication (ii)=-(iii) is proved.
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Now assume that (iii) holds. We want to prove (i). Denote
§ = liminf|u(z)| > 0.
z—0D

Suppose on the contrary that M, is not bounded below on B®. Then, by Lemma[2.8]
there exists a sequence f, € B® such that ||fy|lo = 1forn = 1,2,..., and
leeful|Be — 0asn — oo. By LemmalZ9 f, — 0, as n — oo, locally uniformly
in D. Let z, € D be a sequence such that (1 — |z,|*)*|f/(z,)| > 1/2forn=1,2,....
Then z, — 0D as n — oc.

Let r’ be close to 1 so that |u(z)| > §/2 for r’ < |z| < 1. By 22)) and (Z4), for

n=1,2,...,and r’' < |z|] < 1, we have
2||ufaulls 1
. < —
(3.6) (2] < =5 (1+10g — |Z|2)
or
Ca ufy, a
(3.6") |fu(2)] < Collufullzn

5 )
accordingtoa = lora < 1.
For sufficiently large #n, we have |z,| > 1/, |u(z,)| > §/2, and

1)
(3.7) (1 = |za)* |z £, (z)| = T
If o < 1, then
(38) (1 - |Zn|2)a|u/(zn)||fn(zn)| —0 asn— o0,

since u € B* and f, — 0, as n — o0, uniformly on D by (3.6”). In the case that
a = 1,by (1.3%),

1
M = sup(1 — |z|2)|u’(z)|(1 + log 7> < 0.
zeD 1- |Z|2

Thus, for sufficiently large #, by (3.8)),

2\ ufalls
1)

(1= [z @)l fulzn)] < 1- |Zn|2)°‘|u'(zn)|(1 +log 1—71|z|2)

_ 2Mljufills
- 1)
This shows that (3.8) holds also for o = 1. However,
(3.9) Hufn| Bo > (1 — ‘Zn|2)a|u(zn)”ﬁq/(zn)| -(1- ‘Zn|2)a|ul(zn)”fn(zn)‘-

It follows from (3.9), (3.7), and (B.8) that ||uf,|| s« > /8 for sufficiently large n. We
arrive at a contradiction, and the implication (iii)=>(i) is proved. This completes the
proof of the theorem. ]
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Theorem 3.3 Let 3 > a > 1 and M,: B® — BY be bounded. Then, the following

conditions are equivalent:

(i) M, is bounded below from B into BY;

(i) M, is bounded below from the subset { f,,, : a € D\ {0}} of B into B® with f,, ,
as in Lemma 23k

(iii) there exist a 6 > 0 and a positive r < 1 such that for every point z € D there is a
z' € D with the property that d(z',z) < r and (1 — |2'|*)~|u(z")| > 6.

Proof Since M, is bounded, by (1.2’) and (1.1"), we have
(3.10) sup(l — \z|2)ﬂ_”“|u’(z)| =M, < oo,
zeD

(3.11) sup(1 — |z)*~|u(z)| = M, < oo.
zeD

It is obvious that (i) implies (ii).
Assume that (iii) does not hold, i.e., there exist sequences r, — 1 and a, — 0D
such that

(3.12) 0p= sup (1-— |z|2)ﬂ*a|u(z)| — 0 as n— oo.
d(z,an) <1y

Then, using Lemma[2.7] we see that for any r’ < 1

(3.13) sup (1 — |z~ u'(2)] = 0 as n — oo.
d(z,a,)<r’
Assume that |a,| > 1/2 and let f, = f,,, forn = 1,2,.... Then, we have (3.)

again with the same definition of h, and k, as before and u(0) f,(0) — 0 as n — oc.
Let z € D. By (L), we have

1— |z (1 — |a,|?)
alay)|1 —a,z|®

h(z) = (1— |22)"" |u’(z)|(

B—a+1 1 _
(1= 1[z)"" ' @] (1 — 22— |a D)

alay| [1 —a@,z]e—2

(1= |6a, @)

2&+172/\

(1=122)" " W @) (1 = [¢a, @),

IN

where A = min{a — 1, 1}. Consequently, by (3.10)),

2a+1—2)\ f—a+1

(3.14) ha(z) < (1-1z]%) |u'(z)| and
a+1—2)\

(3.15) () < 2 (1~ [, )P)"
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Similarly, for k,(z), we have
(1 —[z*)*(1 — |an*)
|1 _ anz|a+l

(1 _ |Z|2)a—1
|1 —a,z|*!

<2711 = [P @) (1~ [0, @) |

< 20‘71(1 . |Z|2)ﬁia|u(z)|,

(3.16) ka(z) = (1 — |2))* = |u(2)| -

< (1= |27 u(z)] -

(1= l¢a,(2P)

and, by (3.10),
(3.17) kn(z) < 2°7'M; (1 — ¢, (2)]) -

Fore > 0,letr’ = (1 — €)% If d(z,a,) = |¢a,(2)| > 1, by (313) and (B.17), we
have

ho(z) < 2°T"22MeM o and k,(z) < 27 'Me.

On the other hand, by (3.12), 3:13), (38:14)), and (B14)),

sup (h,(z) +k,(z)) - 0 as n— oo.
d(z.an)<r’

Now, it is proved that

sup(h,(z) + k,(z)) = 0 as n — oo,
z€D

since € may be arbitrarily small. We have proved that all of the terms in the right side
of the inequality (3.) tend to 0 as n — oo. So, |[uf,|lgs — 0asn — oo, which
means that (ii) does not hold. This shows the implication (ii)=-(iii).

Now, we will proceed to prove (iii)=(i). Assume that (iii) holds. We want to prove
(i). Suppose on the contrary that M, is not bounded below from B into B”. Then,
by Lemma[Z.8] there exists a sequence f, € B such that || f,||lo = 1forn=1,2,...,
and ||uf,||lgs — 0asn — oco. By Lemmal2.9] f,, — 0, as n — 00, locally uniformly
in D. Let z, € D be a sequence such that (1 — |z,|*)|f,/(z,)| > 1/2forn=1,2,---.
Then z, — 0D as n — oc.

Let § > 0 and r < 1 be the number in (iii). Forn = 1,2,---,letz, € A, bea
point such that d(z,,z,) < r and

(3.18) (1 — |z, u(z))| > 6,
and let

C;; = d)Zn(Zrll)7 uy = (1 — ‘Zn|2)/37a” ° s, &=1- |Zn|2)a71fn 0 ¢y,
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Since |(,)| = d(z],,z,) < r, without loss of generality, assume that ¢, — {; € D. By

(2.3) and (2.1)), we have
(3.19)  |gu(0)] = (1 = |z.[)* M fulzw)| < CullfullBe < Call + [ £(0)]),
(3.20) g (0)] = (1 — |z)*| £/ (za)| = 1/2,

and
620 Ol = o - B O P ©)
(1 +]¢h! B 2al g
L e U M GIPRACN9)]
(1+¢h!
f D.
ST ep T eE
For u,,, by 2.1)), (3.11)), and (3.18), we have
(3.22) un (G = (1 = |24~ |ulz})|
(1— r)ﬂia 112\3—a / o(1 — r)“@ia
= W(l — |za[7)7 " u(z,)| = U+ria
and
B—a
(323) (O < D (1 (O a6, ()
(1—1[¢h
M, (1 +[¢])
< W for ( € D.
It follows from (2.3]) that
(324) |un(0)gn(0)‘ = (1 - |Zn‘2)ﬂ71|un(zn)gn(zn)| S Cﬂ””fn”Bﬁ-

By (B.19), (321), and (38:23)), g, and u,, are bounded locally uniformly in D. Thus,
by Montel’s theorem, g, and u,, contain locally uniformly convergent subsequences.
Without loss of generality, we may assume that g, — g and u, — ug, as n — o0,
locally uniformly in D. For a fixed #, letting z = ¢, ({), by (21)), we have

lufullzs = (1= |2’ |(ufo) 2)]
= (1= 6, QP |(uf) (¢, ()]
= (1= 16, QP71 (1 = [¢P)] ((wo ¢,)(fy 0 62)) (O]
N R
- (+ehrt
_ A= JghHa—j¢h!
(1+¢phA-

(1= 227" (w0 ¢u) (fu 0 02)) (O]

| (ttagn)’ (O)] for ¢ €D.
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Letting n — oo in the above estimate, we see that uygp is a constant. Note that
10(0)g0(0) = 0 by (324). Thus, uggy = 0. However, both g and g are not equal to
0 identically, since |g§(0)| > 0 and |uo(¢g)| > 0 by (3.20) and (3.22), respectively. We
arrive at a contradiction, and this shows (iii)=-(i). [ |

Remark. We indicate that condition (iii) in Theorem [3.2] can be replaced by an ap-
parently weaker one:

(iii") there exista 6 > 0 and a positive r < 1 such that for every point z € D there is
az’ € D with the property that d(z’,z) < rand |u(z’)| > 6.

This condition is the same as in Theorem[3.3lfor 3 = o > 1. In fact, (iii’) and (iii) are
equivalent if M,, is bounded on B for some av < 1. Let u be such a function. Then
u € By by (1.3’) or (L4). If (iii) does not hold, i.e., there exists a sequence z, — 9D
with u(z,) — 0, then forany 6 > 0and 0 < r < 1, |u(z)| < ¢ for d(z,z,) < r
and sufficiently n, since sup,, , \_, |u(z) — u(z,)| — 0 by Lemma[.6 This means
that (iii”) is not true. This shows that (iii’) = (iii) and they are equivalent. However,
the following example shows that in the case « = [ > 1, the condition (iii) in
Theorem[3.3] cannot be replaced by the stronger one: liminf,_,sp |u(z)| > 0.

Example. Letr = 1/4,r = 1/2, Ay = {z: d(z,r1) < r}, and r{, r{’ be the left and
right intersection points of 9A| and the positive real axis. Generally, when A, r,,, 7/

n?
and r!’ have been defined, we let r,,;, > r, be the point with d(r//, r,,;) = 272",
Ay = {z:d(z,rp) < r},and r),,, 1), be the intersection points of 9A,,; and
the positive real axis. Then A,, n = 1,2,..., are disjoint from one another. We
define the function u by the Blaschke product u(z) = [[°2, =2, If z € 9A, for

n=1 1—r,z
some #, then

lu(z)| = H dlz,r) = - H d(z, 1) H d(z, 1)

k=n+1
1= 1 —
Z - H (rnark) H d(r - H rn) H d(rk 1ark)
4 k=1 k=n+1 4 k=1 k=n+1
1= I 1
> - H d(ri, ri1) H d(r_,r) = H d(ry’ 1) = <.
4= k=nt1 4= 3

This shows that |u(z)| > 1/8 for z € |J,2, OA,. Let u, be the partial product of
the Blaschke product, U, = |J{_, Axand U = [JZ, Ak. Then, forn = 1,2,...,
by using the maximum principle to the function 1/u,, we see that |u,(z)| > 1/8 for
z € D\ U, since |u,(2)| > |u(z)] > 1/8 for z € U, and |u,(z)| = 1 for z € ID.
Thus, |u(z)] > 1/8 for z € D\ U and, consequently, u satisfies condition (iii) in
Theorem B3 with a = 3 > 1,r = 1/4, and § = 1/8. Meanwhile, M,, is bounded
on B for o > 1 since u satisfies (1.1’) and (1.2’) with 3 = o > 1. Therefore, M,
is bounded below by Theorem[3.3] However, lim inf, . gp |t(z)| = 0. This shows that
for « = @ > 1, condition (iii) in Theorem [33] cannot be replaced by the stronger
one: liminf,_,sp |u(z)| > 0.
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