FINITE DIMENSIONAL APPROXIMATIONS TO
SOME FLOWS ON THE PROJECTIVE LIMIT
SPACE OF SPHERES

HISAO NOMOTO

§ 1. Introduction. Let 2 be the projective limit space of a sequence of
probability space £, which is a certain subset of (# - 1)-dimensional sphere
with the usual uniform probability distribution on it. T. Hida [2], starting
from a sequence of finite dimensional flows {7} } which are derived from some
one-parameter subgroups of rotations of spheres, constructed a flow {7} on
£ as the limit of them. Observing his method, the concept of consistency of
flows {T'"} which approximate {7:} seems to play an essential role in his
work [2]. As will be made_ clear in the following sections, the concept of
consistency is closely related to the projective limifing_ structure of our basic
space £. The purpose of this ﬁaper is to determine ail the flows on 2 which
can be approximated in the sense of [2] by finite dimensional flows.

In the first part of Section 2, some results in [3] which are needed for the
following discussions are summarized, and later it is proved that a sequence
of consistent flows determines a :ﬂow on 2. Further we prove that such finite
dimensional flows derived. from one-parameter subgroups of rotations will be
charécterized from the standpoint both of.their forms and of their spectral
sets. In Section 3, we shall consider. the converse problem to construct a
sequence of flows which . approximate a given one on £, and find a condition
that these finite dimensional flows are.one-parameter subgroups of rotations.
Although it can be pointed out that T} converges to T in the sense of weak
topology introduced in the set of all automorphisms on £, we shall not concern
with further problems on this subject.

Finally, we would like to note that, in most places of our discussions, it
is not necessary to avail ourselves of entire spheres if we consider set trans-
formations instead of point transformations. ‘
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§ 2. Limit of flows on finite dimensional spheres. Let S, be (# — 1)-sphere
with radius vz, B(S,) be the topological Borel field and P. be the uniform
probabity measure on S,. Let ™ = (x{™,...,x%") be a point of Ss. Then
™ can be expressed in the form -

n-1
2" =V n II sin 6;,
i=1

n-1

Y =+ n cos 0k_1i13‘ sin §;, 2<k<n—1,
23 =Vn cos 0p-1,
where 0<6,<2r, 0<6;<n (2<i<m—1). Let 2, be an open subset of S, defined
by
,={z™ ; xMeS,, 0<b:<n, i=2,...,n—1}

and B. be the family of Borel subsets of 2,. We shall denote the restriction

of P, to B, by the same letter. Let fm.» (m<n) be a point transformation

from 2. onto 2 such that if the polar coordinates of x'™ & 2, are 0y, . . . , On-1,
then those of ™ = f,u o(x™) are 61, . .., 6m-1. In other words,
(2.1) Xy = Vm M ok=1,...,m.

= e xk
e S

This fm» determines a homomorphic mapping from the measure space (2n, By, Pn)
to (2m, B, Pm). Moreover, the system [(2,, Ba, Pa) ; fm,n]) is a sequentially
maximal topological stochastic family in the sense of S. Bochner, so that we
can form a probability space (2, B, P) which is the projective limit of this
system ([1], [3]). By definition of projective limit, we have

fl.ﬂ‘—‘fl.m"fm,m l<m<n’
fm=fm,nfm

where f» denotes the projection from 2 onto 2.
Let M' be a subset of the set M ={2,3, ...}. Assume that we are given

2.2)

a point transformation 7 on S, (or £,), for each n’ = M'. Then we shall

(n’)

call the system {T ; n'eM'} to be consistent if, for any m', »' in M’, either

the relation

2.3 T™ 0 foneo e = frw. o T on @y,
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or the relation
(2.3) T fop o = frr, o T on 2, (mod 0),

holds according as each T is an automorphism or an automorphism (mod 0)
on 2.

Let M'={np, ; p=1) be a cofinal subset of the above set M and let (2, B, P)
be a projective limit probability space which is determined by the subsystem
[(24, Bu, Pu) 5 frw,w ; m!,n' €M']. Then, since 2 is a closed subset of the
weak product gm Qw, it is a Borel set of S. = ..'gu's"' (weak product).
Therefore, we ncan define a probability measure P O—I‘l B. (topoligical Borel
field of S.) S0 as P.(A)=P(AN @), for each A€B.. Now, let p, be the

projection from S. onto S».. Then we have the following proposition.

ProposiTION 2.1. Let {T" ; w' € M'} be a consistent system of automorphisms
on Sy. Then the mapping defined by

2.4) T:8a2x5Tx=(T™opp(x) ; e M)

gives an automorphism on Sw, and T induces an automorphism (mod 0) on 2.

If T is an automorphism (mod 0) on Dn., then the transformation defined by
(2.4) T: @2x->Tx= (T ofylx) ; we M
determines an automorphism (mod 0) on 8.

Proof. We need to prove only the first part of the proposition. By defini-
tion of T, it is a one-to-one mapping from S. onto S.. Since each 7™ is an
automorphism on S.., there exists a subset 2 of 2, such that T is an
automorphism on £%.. Now, put 2° = ”,Qm' A (2a). If xe £°, then, in view

of (2.2) and (2.3)’, we have
T"""°fm/(x) =T °fm',’n'°fn'(x) =f,,..,m°T"‘"°f,,,(x), for m' <n'.

This shows that the point (T f,.(x) ; '€ M’) is in £°, so that T maps 2°
into 2°. Moreover, it is easy to show that T is a one to one onto mapping.
Let A be a Borel set of 2° N f'(Ba), then (2.3) implies TA = fa/ o T™ o fn( A),
so that we have

B(TA) = P fr'o T o ful A)) = Pal T ™0 fn(A)) = Pu(ful A)) = P(A).

T is therefore, measure preserving on 2°, since V f7/(Bs)=BNQ2°. By the
n'&€n’
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same arguments as above, T ' is also measure preserving. Thus 7 is an
automorphism on 32°, therefore it is automorphic on S.. To conclude the
proof, it is enough to show that £° is isomorphic (mod 0) to 2. This fact is,
however, a direct consequence of sequential maximal property of {fm,n}.

By using the same notations as above, we have the following theorem.

TueoreM 2.1. Let { T} be a measurable flow on Sn and let {T" ;n'c M'}

be consistent for each t. Then, there. exists a measurable flow { T:} on S. such that
(2.5) ‘ pn;‘o Tt ‘” )opn On Su;

Proof. " Define T: by (2.4), then it is an automorphism on S.. It is easy
to see thai; the group property TsT: =‘Ts+t holds To prove the theorem 1t 1s
enough to show that { T:} is measurable. Let f(x) be a tame function on Sw
such that f(x) = II PP (x), where N' is a finite subset of M’', and every
¢Qn is a contmuous function on Sy. Then, f (Ttx) IEIN'%»opw(Ttx) =

I] %(T‘"' opn.(x)) is (¢ %) measurable, since {7¢"’} is measurable. It is
known that the set of all continuous tame functions on S. is dense in the set
of all contiuous functions on S. in the sense of uniform convergence, so that
Tix is (¢, %) measurable. This proves the thkeorem.

Now we shall consider a measurable flow whiéh is derived from a one-
parameter subgroup of SO(z). To discuss the consistency condition (2.3)" we

prepare lemmas.

Lemma 2.1. Let T'™ and T'™ be automorphisms on measure spaces Sm and
Sn which are derived from rotations of spheres Sm and S,, respectwely Provided
that n<2 m, if they form consistent system, then T™ is expressed n the following
form: '

(2.6) T =[T”"’0]

Conversly, if T™ is of the above form, then T'™ and T are consistent.

Proof. 1°. Let x™ =(x™,...,z%,0,...,0) beapoint of 2, such that
y™'=T"x"™ & 2, and that (2.3)" holds. Putting T = (aij)i.j=1,....n, 1™ =
(a@ij)i,j-1,....m» and by using (2.1), the relation (2.3)' can be written.in the

form
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x{” x"
vm P I I vm Fum| .
-_ 9
[ (n)2+ « o +x(n)2]l/2 . [y{n)Z_*_ « e +y§;'l"2]]’2 .
xm i
so that we have
(”)
T(m)—lf-(m) .
('ﬂ (ﬂ)
27-1/2 -
where p=p(x{™, ..., 25 =09\ + <« - + 9" L™+ « « - +x"17Y% This

(7)

shows that p is an elgenvalue of T™ 1T and that (x™, ..., %) is an
eigenvector corresponding to p. Since sufficiently many points of 2, satisfy
this relation, o should be a constant such that 0< o<1, and we have T = o™,
Here note that T("’ is expressed in the following form

@.7 T = [T‘"”’BJ

where A, B and C are some matrices and ¢' = £p, ¢, ' = =V 1 —p%.
2°. Now assume that n<2m. If p<1, then, since both T and T are
orthogonal matrices, the column vectors of ¢A span m-dimensional subspace of

R™™™. But this is impossible since # — m <, so that p=1.

LemMa 2.2, Let {T‘"”) and {T;"} be flows on Sm and S» which are derived
Sfrom one-parameter subgroups of SO(m), SO\n) respectively. . When n<2 m, they
form consistent system if and only if

(2.8) "=

Proof. .1°. If n<2m, then (2.8) is a consequence of Lemma 2.1.
2°. Now assume #=2m. In the course of the proof-of Lemma 2.1 we have
shown that 7" is of the form

atAe | piCi T
First, we note that the group property T 7% = T¢), implies

(2.9) =1 pt=p-,
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and that o is continuous in £
If o:<1 for all t=0, then it follows that A:, B;, and C; are all mxm

orthogonal matrices. In view of the form of T}’ and the group property, we
have the following relation, by comparing left upper mxm matrices of T{%
and T TV,

(pss2 = pspt) TS%y = opas Bt As.
Therefore, by cnsidering the determinants of both sides, it follows that

((Is+t"pspl)m= = (a}as)m
hence,
Ps+t = pspt = * gy0s = i\/i—piwll—pﬁ.

Since p; is continuous in ¢, the left hand side of the above expression has

constant sign, so that it should be either

Case 1. ps+t—0spt=J-]:_:vpz \/1—p§ for all s, £%0,
or
Case 2. psst—pspr=—V1—piV1—pt for all s, #0.

In the case 1, if we set s=¢, then p.¢—p;=1—p;, that is p:r=1 which is a
contradiction. In the case 2, if we let s tend to - then the continuity of p;
and (2.9) again imply a contradiction 1 —p;= — (1 —p}). Therefore, we have
proved that p;=1 for some #%0. Observing the above arguments, we can
restrict the range of variables s and ¢ within any symmetric region around the
origin which is bounded away from it. Hence it is easily seen that pr=1 for
all ¢. This proves the necessity of the theorem. Sufficiency is obvious.

Let {T{”) be a one-parameter subgroup of SO(n). Then, it is well known

that T'}* can be expressed as the exponential form
T =exp (¢X), X+ X =0 (X : real-skew symmetric matrix).

Let {£dAs, ..., £44,0,...,0} (Ax=0) be the spectral set of X, then there

exists an orthogonal matrix T such that
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(2.10) SV =TTVT '=exp tTXT ") =(1

1
Ai(t)

Ar(t)

cos Akt — sin /IktJ.

where Ax(¢) = [sin At cos Axt

This means that the flow {7\’} is isomorphic to a flow of the above form.
We shall say that the flow {S\™} is canonical.
Let M'={n,; p=1) be a cofinal subset of M ={2,3,...} such that a

condition
(%) 2np=npra, P=1

is satisfied and assume that we are given a one-parameter subgroup {7{"’} of

SO(n') for each »'= M'. Then, we have the following theorem.

THEOREM 2.2. If the system of flows {T}"'} is consistent for each t, then the
fow {T:} on S, which is determined by {T{"’} (n' = M') is isomorphic to a flow

that is determined by a consistent system of “‘canonical” flows.
Proof. On account of Lemma 2.2, T\™ has a form
i T;l)
(2.11) T& = . where T = T™,
.71"‘ »
By the same arguments as in (2.10), we can find 7" € O(#%,) such that
T(l)

(2.12) T = -

and
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S;l)
(2.13) Sy = T TR T 71 =
’ s
where each {S}*'} is canonical. Since {S{™'} is consistent, it determines a flow
{S;} on S, and also {T""”} gives an automorphism 7 on S.. Then it is obvious
that Sy= T+T:7T*. This concludes the proof.

Let 4, ={a#, ..., A ...} be the spectral set of {T'?} and A be a sequence
of numbers which are ordered in such a way: A”,..., %, 4",.... For
short, we shall call 4 the spectral set of {Tt}.

Now, concerning Theorem 2.2, there is an alternative interpretation for
consistent canonical flows even in case the condition (*) is false. Assume that
every fiow {T'"™} is given in the form (2.11). Then everything is the same
as in Theorem 2.2. On the other hand, as we have seen in (2.10), each {7}

is uniquely determined by its spectral set up to metrical equivalence by orthogonal
transformations. Therefore we have following proposmon

ProposiTION. 2.2. Let M'={2np; p=1} be any cofinal subset of M = (2 3...h
and let A={Ar ; k=1} be a sequence of real numbers. Then, there exists a flow
{T¢} on S, = leM'Sn, with A as its spectral set. This Slow is uniquely determined
by A up to metrical equivalence, if we confine the consistent sequence which ap-
proximates {T:} to canonical ones. ‘

ProrositioN 2.3. Let {T:} be a flow with spectral set A. Then {T:} is
periodic with period 2 n if and only if A is constituted by integers.

At this stage, we wish to mention a meaning of spectral set 4 in our sense.
In [2], Hida first constructed a flow {77} with spectral set {0,1,2, ...} when
M'={3,5,7, ...}, which is closely related with periodical Brownian motion as
was studied there. Following to him, let us consider the case where M'=
{2,4,6,...}) and A={A ; k=1}, {ix} being an arbitrafy sequence of reals.
Denoting by {T:} the flow with A as its spectral set, and we can assume that
T: is constructed by canonical flows such that

TP = [cos Apt —sin /lth
sin At coS Apt

(cf. (2.11)). It is known that lim x7™ =1im [%-th coordinate of f; ,(%)] = £x()

n-x n-»>®
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exists (a.e. on S.) and that {£:} is an independent Gaussian system such that

each &x-has mean 0 and variance 1 ([3, p. 3021). Therefore we have

(2.14) £y 51 (Tex) = Eap—1(x) cOS At — E2x(x) Sin Ast,
. (ae. on S.)
Eon(Tix) = &5 p-1(x) sin At + &51(x) cos Ait,
for each £. Further we have
(2.15) E,(x) = kglakék(x)
is a Gaussian random variab}e if a=(ay, az,...) is in £%  Since the cor-

respondence o : ¢ zéaasa ‘in (2.15) is linear and isometric from {? to
L2(S.)([3, p. 302]1), we can say that the unitary group U: : f(x) -»f(Tw«) has
discreate spectrum { = iz} on a closed linear manifold ¢( £?) of L’*(S.).

§3. Approximatioﬁ to the flow on (2, B, P). Let {4, be a partition of £
derived from the projection fu : 2 ->2,, where #' is in M’', the set presented
before. Similarly let 7., a partition of S», be defined by p... Here we introduce
the following conditions :

(A) Cn Te, b0 (n! t o).

In other woerds, Cw(9y) is a reﬁnemént of Cm(9m) for m'<wn' and £, tends to
the pointwise bartiton e(8) of 2(S.) as #' 1 « in the sense of the usual order
of partitions. Let us consider an automorphism and an automorphism (mod 0)
T on 2. T is said to be consistent with {n ) either '

(3.1) TCu>=Cn'
or. :
(3.2) Téw=Cn  (mod 0 P,)

holds, where P, is the factor measure on the factor space 2/¢n, ‘which is
isbmo;phic to 2. Similarly, we call an automorphism S on S«,, is consistent
with {Ca} if

(3.3) Sﬂw = Onr and SCnl = Cnr (mOd 0 Pg,,f)

In view of (3.1) ((3.2)) or (3.3), there exists a well defined point transforma-
tion on 2 or S. such that

(3.4) T™ = fu Tfat
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or
(3.5) S = pn Thr'.

We can now state a proposition.

ProposiTION 3.1. Suppose that the condition (A) is satisfied. If T(S) is an
automorphism or automorphism (mod 0) on 2(S.) which is consistent with {Cn},
then T'™(S"™) is an automorphism or automorphism (mod 0) on 2(S«). Moreover

{T'"™({S"™}) is comsistent and determinines the given T(S).

Proof. Let 2° be a subset of 2 on which T is automorphic. It is easy to
show that 7' is automorphic on 23 =f»(2°). By using (2.2) and (2.3),

we have

T(m')'fm:,,.:(x("") = T(ml)'fm',n"fn:(x) = T(ml)'fm'(x) =fm'(Tx)
=f,,..,,.,'f,.,(Tx) =fm',n"T(”l"fn'(x) =fm'.n"Tm’,(x("l)),
for ' € Q5.

Hence, {T'™} is consistent and it determines T itself.
Define

(3.6) ¢ (x) = k-th coordinate of pn.(x), x€ Sa,

and denote by M, a linear manifold of L?(S.) spanned by {¢{"",...,¢w" }.
Since S» is isomorphic to the factor space S./7., We can consider ¢y*’ as a

function of **' & S,. Now we prove

LemMma 3.1. (@™, ..., 0"} is an orthonormal base in My,.

Proof. Llet {6:,....0m-1) be the polar coordinates of '™ S,. Then
they are independent random variables on (S, B(Ss), Px) with joint distribu-
tion :Ei:fk(ﬂk)dol * + *d0n-1,where f1(0)) = 1/2 =, fu(0s) = T(k/2)[V = Ik - 1/2)]7"
sin®%0,(=2). By expressing ¢{"’(x'*) =x{"” with their polar coordinates ;,
it is not hard to show that {¢}y"'; £=1,2,...,#'} is an orthonormal base of
M,..

TueoreM 3.1. Suppose that the condition (A) is satisfied. If (T2} is a
measurable flow on S« and if T is consistent with {C} for each t. Then there exists
a measurable flow { T’} on Sa for each w & M'. They form a consistent system
and determine the given Tt for every t.  Furthermore, if the unitary group {U:}
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induced by { Tt} reduces the linear manifold My, of LX(S.), then {T"’} can be
derived from a one-parameter subgroup of SO(n').

Proof. 1°. Define T\"" as in (3.5), then {T{""} is the factor flow of {T%}
by (3.5) so that the first part of theorem is a consequence of Proposition 3.1.

2°. Since U: reduces M,,, Lemma 3.1 shows that every U:¢y"’ is expressed
in the form

v

(n’) (n'

Uy’ = Elakj‘f’j )
=

Let (.,.) and <., .> be the inner product in L¥(S,) and R™ respectively.
On account of Lemma 3.1, we have

(n’

Su= (¢, ") = (U, Uwpi™") = <ap, ap

where ar= (@m, . . . , arw). Therefore A = (aw) is an orthogonal matrix. On
the other hand, the above form implies that

[£-th coordinate of T'\*x]= Uy (x) = <ap, >, for x=(x1, ..., %s) E Sn,

so that T¢"' = A on S,. This concludes the proof of the thorem.
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