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Abstract
We study fibrations of the projective model for the symmetric space associated with SL(2𝑛,R) by codimension
2 projective subspaces, or pencils of quadrics. In particular we show that if such a smooth fibration is equivariant
with respect to a representation of a closed surface group, the representation is quasi-isometrically embedded, and
even Anosov if the pencils in the image contain only nondegenerate quadrics. We use this to characterize maximal
representations among representations of a closed surface group into Sp(2𝑛,R) by the existence of an equivariant
continuous fibration of the associated symmetric space, satisfying an additional technical property. These fibrations
extend to fibrations of the projective structures associated to maximal representations by bases of pencils of quadrics.
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1. Introduction

In this paper we study representations of the fundamental group Γ𝑔 of a closed oriented surface of
genus 𝑔 ≥ 2 into semi-simple Lie groups. Our goal is to characterize a special class of representations
into Sp(2𝑛,R), maximal representations, by the existence of an equivariant fibration of the projective
model for the symmetric space associated to SL(2𝑛,R), restricting to a fibration of the symmetric space
associated to Sp(2𝑛,R). To illustrate these ideas we begin by discussing quasi-Fuchsian representations
in SL(2,C).

1.1. Fibrations of H3 by geodesics

Let 𝜌 : Γ𝑔 → SL(2,C) be the composition of a Fuchsian, that is, discrete and faithful, representation
and the inclusion SL(2,R) ⊂ SL(2,C). The locally symmetric space H3/𝜌(Γ𝑔) is a fiber bundle over
𝑆𝑔 whose fibers are geodesics. One can construct such a fibration by taking the geodesics orthogonal to
the totally geodesic copy of H2 in H3 preserved by the action of SL(2,R). This fibration extends to a
fibration of an open domain in H3 ∪ 𝜕H3.

Such a fibration is described by 𝜌-equivariant map 𝑢 : 𝑆̃𝑔 → G where G is the space of geodesics
in H3. We say that an immersion 𝑢 : 𝑆̃𝑔 → G is fitting if the corresponding geodesics locally define a
smooth fibration of H3 ∪ 𝜕H3.

Let 𝜌 : Γ𝑔 → SL(2,C) be nearly Fuchsian, that is, suppose that it admits an equivariant immersion
ℎ : 𝑆̃𝑔 → H

3 with principal curvature in (−1, 1). Epstein showed that the locally symmetric space
H

3/𝜌(Γ𝑔) admits a fibration described by the fitting immersion Gℎ that associates to 𝑥 ∈ 𝑆̃𝑔 the geodesic
orthogonal to ℎ(𝑆̃𝑔) at ℎ(𝑥) [Eps86]. The map Gℎ is sometimes referred to as the Gauss map of h.

Nearly Fuchsian representations are quasi-Fuchsian, that is, are quasi-isometric embeddings [Eps86].
We generalize this fact to any representation that admits an equivariant fitting immersion.
Theorem 1.1. Let 𝜌 : Γ𝑔 → SL(2,C) be a representation that admits an equivariant fitting immersion
𝑢 : 𝑆̃𝑔 → G. The representation 𝜌 is quasi-Fuchsian.

This theorem is a consequence of Theorem 5.4. There may a priori exist representations with
equivariant fitting maps that are not nearly Fuchsian, see Remark A.4. However, Theorem 1.1 does not
provide a characterization of quasi-Fuchsian representations in general because of the following result.
Theorem 1.2 (Theorem A.5). For a genus g large enough, there exist quasi-Fuchsian representations
𝜌 : Γ𝑔 → 𝑆𝑔 that admit no equivariant fitting immersions 𝑢 : 𝑆̃𝑔 → G.

As a corollary we prove that there exist quasi-Fuchsian representations that are not nearly Fuchsian.

1.2. Fibrations of a convex set

Let 𝑉 = R2𝑛. We denote by 𝑆2𝑉 be the space of symmetric tensors in 𝑉 ⊗ 𝑉 , or equivalently the space
of symmetric bilinear forms on 𝑉∗. Let 𝑆2𝑉>0 be the convex cone of positive tensors, that is, tensors
that define positive symmetric bilinear forms on 𝑉∗.
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The projective convex domain P(𝑆2𝑉>0) is the projective model for the symmetric space XSL =
SL(2𝑛,R)/SO(2𝑛,R). We study fibrations of this convex domain by projective codimension 2
subspaces.

A codimension 2 projective subspace of P(𝑆2𝑉) corresponds to a dimension 2 subspace of the dual
vector space 𝑆2𝑉∗, that can be interpreted as the space of quadrics on V. We will write Q = 𝑆2𝑉∗.
A plane in Q is called a pencil of quadrics and we will denote by Gr2 (Q) the space of such planes. Let
Grmix

2 (Q) be the set of mixed pencils, that is, pencils P whose corresponding codimension 2 projective
subspace intersects nontrivially the convex domain P(𝑆2𝑉>0), or equivalently the pencils that do not
contain any nonzero semi-positive quadric (in other words the signature of all quadrics of the pencil is
mixed).

In this setting, in a way that is analog as for immersions in the space G of geodesics in H3, we say
that an immersion 𝑢 : 𝑆 → Grmix

2 (Q) from a surface S is fitting is the corresponding codimension two
subsets define locally a smooth fibration of the closure P(𝑆2𝑉 ≥0) of the convex domain P(𝑆2𝑉>0). As in
H

3 one can construct examples of such maps by taking the Gauss map of some totally geodesic surfaces
in SL(2𝑛,R)/SO(2𝑛,R), see Proposition 7.1.

Let 𝜌 : Γ → SL(2𝑛,R) be a representation and 𝑢 : 𝑆̃𝑔 → Grmix
2 (Q) a 𝜌-equivariant fitting immersion,

then u is an embedding and defines a fibration of an open domain in P(𝑆2𝑉 ≥0) that contains P(𝑆2𝑉>0),
see Proposition 5.5.

Moreover let Gr(𝑛,𝑛)2 (Q) ⊂ Gr2 (Q) be the set of pencils of quadrics P such that every non zero 𝑞 ∈ 𝑃
has signature (𝑛, 𝑛), or equivalently the pencils containing no degenerate nonzero quadric.

Theorem 1.3. Let 𝜌 : Γ𝑔 → SL(2𝑛,R) be a representation that admits an equivariant fitting immersion
𝑢 : 𝑁 → Gr(𝑛,𝑛)2 (Q). The representation 𝜌 is {𝑛}-Anosov.

This theorem can be generalized by replacing 𝑆𝑔 by a closed manifold of some dimension d and
considering equivariant maps into Gr𝑑 (Q), see Theorem 5.4.

In order to show this result we introduce the notion of a fitting flow. Let E be the tautological rank 2
vector bundle over Gr2(Q), that is,

E = {(𝑃, 𝑞) | 𝑃 ∈ Gr2(Q), 𝑞 ∈ 𝑃}.

Let 𝜋 : E → Q be the tautological projection, that is, the projection onto the second factor. The pullback
𝑢∗
SE of the circle bundle SE for a map 𝑢 : 𝑆 → Grmix

2 (Q) is the space of pairs (𝑥, 𝐻) where 𝑥 ∈ 𝑆 and
H is a co-oriented projective hyperplane in P(𝑆2𝑉) containing the codimension 2 projective subspace
associated to 𝑢(𝑥). Note that a co-oriented projective hyperplane intersecting P(𝑆2𝑉>0) defines a half-
space in the convex set P(𝑆2𝑉 ≥0)

A fitting flow for the map 𝑢 : 𝑆 → Grmix
𝑑 (Q) is a flow Φ on this circle bundle 𝑢∗

SE over S such that
along flow lines the corresponding projective half-spaces in P(𝑆2𝑉 ≥0) are nested, see Definition 4.1.

We show that a fitting immersion always admits a smooth fitting flow, see Proposition 4.8, that
flow lines must exist between the fibers over any pair of points in S and must be quasi-geodesic, see
Proposition 4.5. Finally we use the nestedness of the half-spaces when following a flow line to show
uniform contraction occuring in projective space that is sufficient to imply that the representation is
Anosov, using an argument similar to the criterion on nested multicones from Bochi-Potrie-Sambarino
[BPS19].

1.3. Maximal representations in Sp(2𝑛,R)

Let us now focus on representations into the group Sp(2𝑛,R) of linear transformations ofR2𝑛 preserving
a symplectic form.

Maximal representations of a closed surface group in Sp(2𝑛,R) are representation whose Toledo
invariant takes its maximal possible value [BIW11]. Equivalently maximal representations can be
characterized as positive representations [BIW03], or again equivalently as representations that admit
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an equivariant continuous and transverse map 𝜉𝑛𝜌 : 𝜕Γ → L𝑛 having a specific homotopy type, with L𝑛
the space of Lagrangians in (R2𝑛, 𝜔), see Theorem 2.5.

Maximal representations form connected components of the space of representations, and such rep-
resentations are all discrete and faithful [BIW03]. The space of maximal representations is therefore
called a higher rank Teichmüller space. The classical Teichmüller space as well as some higher rank
Teichmüller spaces, can be interpreted as spaces of geometric structures. For instance, Hitchin repre-
sentations in SL(3,R) can be interpreted as spaces of convex projective structures on the considered
surface. Maximal representations in Sp(4,R) or SO𝑜 (2, 𝑛) can be interpreted as spaces of projective
or photon structures on a bundle over the surface that admit a special fibration [CTT19]. In these two
examples these structures modeled on flag manifolds can be interpreted as a part of a natural compacti-
fication of the locally symmetric space associated with the representation. In the present paper we focus
on the locally symmetric structures and ask the following:

Question 1.4. Can maximal representations be characterized by the existence of some fibration of the
associated locally symmetric space?

We provide some affirmative answer to this question. In order to study the symmetric space for
Sp(2𝑛,R) we embed it into the projective model for the symmetric space of SL(2𝑛,R).

1.4. Characterization of maximal representations

The symmetric space XSp associated to Sp(2𝑛,R) can be identified with a totally geodesic submanifold
of XSL. Let Gr𝜔2 (Q) ⊂ Gr(𝑛,𝑛)2 (Q) be the set of pencils P such that every nonzero 𝑞 ∈ 𝑃 is positive
on some Lagrangian and negative on some other Lagrangian in R2𝑛. We show that the projectivization
of the codimension 2 projective subspace of P(𝑆2𝑉) corresponding to any 𝑃 ∈ Gr𝜔2 (Q) intersects
transversely the totally geodesic symmetric subspace XSp ⊂ P(𝑆2𝑉>0), see Lemma 7.4.

The set Gr𝜔2 (Q) is open in Gr2(Q), but we show that it is disconnected. We select a special union of
connected components that we denote by Grmax

2 (Q) and we show the following:

Theorem 1.5 (Theorem 6.5). Let 𝜌 : Γ𝑔 → Sp(2𝑛,R) be a representation. If it admits a 𝜌-equivariant
fitting immersion 𝑢 : 𝑆̃𝑔 → Grmax

2 (Q) it is maximal for some orientation of 𝑆𝑔.

If a representation 𝜌 : Γ𝑔 → Sp(2𝑛,R) admits an equivariant fitting immersion 𝑢 : 𝑆̃𝑔 → Gr(𝑛,𝑛)2 (Q)

the image of u lies necessarily in Gr𝜔2 (Q). We then use that the homotopy type of the boundary map of 𝜌
is determined by the connected component of Gr𝜔2 (Q) in which the image of u lies to define Grmax

2 (Q)

and to prove this theorem, see Section 6.1.
For 𝑛 = 2 using results of [CTT19] we show a converse to this statement, which therefore provides a

characterization of maximal representations, see Corollary B.5. We compare this characterization with
the one from Collier-Tholozan-Toulisse in Remark B.6. For 𝑛 ≥ 3 we prove a weaker converse to this
theorem. We construct equivariant maps 𝑢 : 𝑆̃𝑔 → Grmax

2 (Q) for maximal representations that locally
define a fibration of P(𝑆2𝑉 ≥0) but are only continuous and not smooth.

Theorem 1.6 (Theorem 6.5). A representation 𝜌 : Γ𝑔 → Sp(2𝑛,R) is maximal if and only if it admits
a 𝜌-equivariant continuous map of pencils that admits an equivariant fitting flow:

𝑢 : 𝑆̃𝑔 → Grmax
2 (Q).

A continuous equivariant map 𝑢 : 𝑆̃𝑔 → Grmax
2 (Q) for a representation 𝜌 : Γ𝑔 → Sp(2𝑛,R) with

a fitting flow defines a 𝜌-equivariant continuous fibration of P(𝑆2𝑉 ≥0), but also of XSp ⊂ P(𝑆2𝑉>0)
as XSp intersects the fibers transversely. Thus u defines a continuous fibration of the locally symmetric
space XSp/𝜌(Γ𝑔).

The space of rank one elements of P(𝑆2𝑉 ≥0) can naturally be identified with P(𝑉). Such a map u
defines a continuous 𝜌-equivariant fibration of a domain in projective space, that is equal to the domain
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of discontinuity in projective space constructed by Guichard-Wienhard [GW12]. The quotient of this
domain inherits a (Sp(2𝑛,R),RP2𝑛−1)-structure, a contact projective structure. Theorem 1.6 implies the
following characterization of the contact projective structures corresponding to maximal representations.

Corollary 1.7. A contact projective structure on a fiber bundle M with fiber F over 𝑆𝑔 corresponds to a
maximal representation by the construction of Guichard-Wienhard if and only if, up to homeomorphisms
of M that stabilize 𝜋1 (𝐹) and act trivially on 𝜋1 (𝑀)/𝜋1 (𝐹) 	 Γ𝑔, the fibers are mapped via the
developing map onto the bases of maximal pencils of quadrics parametrized by a continuous map that
admits an equivariant fitting flow.

In order to construct continuous maps that admits a fitting flow for maximal representations, we show
how to associate to a pair of transverse Lagrangians a quadric on R2𝑛.

1.5. Organization of the paper

This paper begins with a recall of some facts about maximal and Anosov representations in Section 2.
The main definitions are introduced in Section 3 where fibrations of a projective convex set by

projective subspaces are discussed, more precisely fibrations of the projective model for the symmetric
space of SL(2𝑛,R).

In Section 4 we introduce the notion of fitting flows.
In Section 5 we discuss how the existence of an equivariant continuous map with a fitting flow implies

the Anosov property, Theorem 5.4, and describes a fibration of a domain of discontinuity in projective
space.

In Section 6 we focus on representations into Sp(2𝑛,R) and prove Theorem 6.5, which is the
characterization of maximal representations by the existence of a locally fitting map of maximal pencils
of quadrics that admits a fitting flow.

In Section 7 we prove two propositions relative to the symmetric space of SL(2𝑛,R) and Sp(2𝑛,R).
In Appendix A we discuss fibrations of the hyperbolic 3-space with geodesic fibers.
In Appendix B we show how spacelike surfaces in H2,2 with a bound on their principal curvatures

define a fitting immersion of pencils.

2. Maximal and Anosov representations

2.1. Maximal representations

Let us fix a symplectic form 𝜔 on R2𝑛, that is, a nondegenerated bilinear antisymmetric pairing. A
symplectic basis of R2𝑛 is a basis (𝑥1, · · · , 𝑥𝑛, 𝑦1, · · · , 𝑦𝑛) in which:

𝜔 =
𝑛∑
𝑖=1

𝑥∗𝑖 ∧ 𝑦∗𝑖 .

We define Gr𝑛 (R2𝑛) as the space of n-dimensional subspaces of R2𝑛. A Lagrangian in (R2𝑛, 𝜔) is
an element ℓ ∈ Gr𝑛 (R2𝑛) such that 𝜔 restricted to ℓ is equal to zero. We denote by L𝑛 the space of
Lagrangians in (R2𝑛, 𝜔). We say that two Lagrangians are transverse if their intersection is trivial.

Let Sp(2𝑛,R) be the subgroup of elements in SL(2𝑛,R) that preserves 𝜔. This group acts transitively
on L𝑛, as well as on the space of pairs of transverse Lagrangians. Given a triple (ℓ1, ℓ2, ℓ3) of transverse
Lagrangians, one can find a symplectic basis such that for some (𝜖𝑖) ∈ {1,−1}:

ℓ1 = 〈𝑥1, 𝑥2, · · · , 𝑥𝑛〉,

ℓ2 = 〈𝑥1 + 𝜖1𝑦1, 𝑥2 + 𝜖2𝑦2, · · · , 𝑥𝑛 + 𝜖𝑛𝑦𝑛〉,

ℓ3 = 〈𝑦1, 𝑦2, · · · , 𝑦𝑛〉.
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The sum of the (𝜖𝑖) is an invariant of the triple of flags that is called the Maslov index 𝑀 (ℓ1, ℓ2, ℓ3).
These facts can be found in [LV13, Section 1.5.7]. The group Sp(2𝑛,R) acts transitively on the space
of triples of transverse Lagrangians with a given Maslov index. We say that (ℓ1, ℓ2, ℓ3) is maximal if the
Maslov index of the triple is equal to n.

The Lie group Sp(2𝑛,R) is of Hermitian type and tube type. Hence it admits a special class in its
continuous cohomology group [𝜏] ∈ 𝐻2

𝑐 (Sp(2𝑛,R),Z). Let 𝑆𝑔 be a closed oriented surface of genus
𝑔 ≥ 2. The fundamental class of 𝑆𝑔 defines a cohomology class [𝑆𝑔] ∈ 𝐻2 (𝜋1 (𝑆𝑔),Z) 	 Z. Given a
representation 𝜌 : 𝜋1 (𝑆𝑔) → Sp(2𝑛,R) one can consider the pullback of this class 𝜌∗ [𝜏] = 𝑇 (𝜌) [𝑆𝑔].
The integer 𝑇 (𝜌) is called the Toledo number of 𝜌.

The Toledo number can take only finitely many values as the space of representations can only have
finitely many connected components. More precisely:

Lemma 2.1 [BIW11]. Let 𝜌 : 𝜋1 (𝑆𝑔) → Sp(2𝑛,R), the Toledo number satisfies:

(−2𝑔 + 2)𝑛 ≤ 𝑇 (𝜌) ≤ (2𝑔 − 2)𝑛.

Such a representation is called maximal if its Toledo number is equal to (2𝑔 − 2)𝑛.

2.2. Anosov representations

Let Γ be a finitely generated group. Anosov representations are representations with some exponential
gaps between singular values.

Fix a word metric | · | on Γ and a scalar product on R2𝑛 allowing us to define the singular values
𝜎1(𝑔) ≥ 𝜎2(𝑔) ≥ · · · ≥ 𝜎2𝑛 (𝑔) of 𝑔 ∈ SL(2𝑛,R) as the eigenvalues of

√
𝑔𝑡𝑔. The following definition

is independent of these choices.

Definition 2.2 [BPS19]. We say that a representation 𝜌 : Γ → SL(2𝑛,R) is {𝑛}-Anosov if there exist
𝐴, 𝐵 > 0 such that for all 𝛾 ∈ Γ:

𝜎𝑛 (𝜌(𝛾))

𝜎𝑛+1(𝜌(𝛾))
≥ 𝑒𝐴 |𝛾 |+𝐵 .

If a group admits an Anosov representation, it must be Gromov hyperbolic [BPS19]. We denote by
𝜕Γ its Gromov boundary. Anosov representations come with boundary maps.

Theorem 2.3 [GGKW17, Theorem 1.1]. Let 𝜌 : Γ → SL(2𝑛,R) be {𝑛}-Anosov. There exists a unique
𝜌-equivariant continuous map 𝜉𝑛𝜌 : 𝜕Γ → Gr𝑛 (R2𝑛) such that:

◦ for all distinct 𝑥, 𝑦 ∈ 𝜕Γ, 𝜉𝑛𝜌 (𝑥) ⊕ 𝜉𝑛𝜌 (𝑦) = R
2𝑛 (transverse),

◦ for all 𝛾 ∈ Γ that admit an attracting fixed point 𝛾+ ∈ 𝜕Γ, 𝜉𝑛𝜌 (𝛾
+) is the attracting fixed point of the

action of 𝜌(𝛾) on Gr𝑛 (R2𝑛) (dynamic preserving),
If moreover 𝜌(Γ) ⊂ Sp(2𝑛,R), then 𝜉𝑛𝜌 (𝑥) is a Lagrangian for all 𝑥 ∈ 𝜕Γ.

The fact that 𝜉𝑛𝜌 (𝑥) is a Lagrangian is a consequence of the fact that an attracting fixed n-dimensional
subspace for an element 𝑔 ∈ Sp(2𝑛,R) is necessarily Lagrangian, and every 𝑥 ∈ 𝜕Γ is a limit of
attracting fixed points 𝛾+ of elements 𝛾 ∈ Γ.

Maximal representations have been characterized in [BILW05], [BIW03]:

Theorem 2.4. A representation 𝜌 : 𝜋1 (𝑆𝑔) → Sp(2𝑛,R) is maximal if and only if it is {𝑛}-Anosov and
for one and hence any positively oriented triple (𝑥, 𝑦, 𝑧) ∈ 𝜕𝜋1 (𝑆) the triple (𝜉𝑛𝜌 (𝑥), 𝜉𝑛𝜌 (𝑦), 𝜉𝑛𝜌 (𝑧)) is a
maximal triple of Lagrangians.

One can also characterize maximal representations among {𝑛}-Anosov representations by looking
at the homotopy type of their boundary map. The fundamental group of the space of Lagrangians L𝑛 is
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isomorphic to Z [Wig98] where a generator is:

𝜏 : 𝜃 ∈ S1 ↦→ 〈cos
(
𝜃

2

)
𝑥1 + sin

(
𝜃

2

)
𝑦1, 𝑥2, · · · , 𝑥𝑛〉 ∈ L𝑛.

Theorem 2.5. A representation 𝜌 : 𝜋1 (𝑆𝑔) → Sp(2𝑛,R) is maximal if and only if it is {𝑛}-Anosov and
the free homotopy type of the curve 𝜉𝑛𝜌 is equal to 𝑛[𝜏].
Remark 2.6. In Theorem 2.4 and hence also in Theorem 2.5, one can relax the assumption that 𝜌 is {𝑛}-
Anosov. In [BIW03, Theorem 8] it is shown that it is sufficient to assume that 𝜌 admits an equivariant,
continuous and transverse map 𝜉𝑛𝜌 : 𝜕Γ → L𝑛 satisfying the additional property of sending positive
triples to maximal triples.
Proof. Let 𝜌 : 𝜋1 (𝑆𝑔) → Sp(2𝑛,R) be {𝑛}-Anosov. Let (𝑥, 𝑦, 𝑧) be a positively oriented triple in
𝜕𝜋1 (𝑆𝑔). Up to changing the symplectic basis, we can assume that for some (𝜖𝑖) ∈ {−1, 1}:

𝜉𝑛𝜌 (𝑥) = 〈𝑥1, 𝑥2, · · · , 𝑥𝑛〉,

𝜉𝑛𝜌 (𝑦) = 〈𝑥1 + 𝜖1𝑦1, 𝑥2 + 𝜖2𝑦2, · · · , 𝑥𝑛 + 𝜖𝑛𝑦𝑛〉,

𝜉𝑛𝜌 (𝑧) = 〈𝑦1, 𝑦2, · · · , 𝑦𝑛〉.

Here the Maslov index of the triple (𝜉𝑛𝜌 (𝑥), 𝜉𝑛𝜌 (𝑦), 𝜉𝑛𝜌 (𝑧)) is equal to the sum of the (𝜖𝑖).
Consider the following curve:

𝜏0 : 𝜃 ↦→ 〈cos
(
𝜃

2

)
𝑥1 + 𝜖1 sin

(
𝜃

2

)
𝑦1, · · · , cos

(
𝜃

2

)
𝑥𝑛 + 𝜖𝑛 sin

(
𝜃

2

)
𝑦𝑛〉.

This loop is homotopic to the concatenation of the loops 𝜏𝑖 for 1 ≤ 𝑖 ≤ 𝑛:

𝜏𝑖 : 𝜃 ↦→ 〈𝑥1, 𝑥2, · · · , cos
(
𝜃

2

)
𝑥𝑖 + 𝜖𝑖 sin

(
𝜃

2

)
𝑦𝑖 , · · · , 𝑥𝑛〉.

These loops are homotopic to 𝜏 or its inverse depending on the sign of 𝜖𝑖 . The homotopy type of
𝜏0 is hence equal to (𝜖1 + 𝜖2 + · · · + 𝜖𝑛) [𝜏]. Moreover the set of Lagrangians transverse to a given
Lagrangian is contractible, so one can homotope 𝜏0 on the intervals [0, 𝜋2 ], [ 𝜋2 , 𝜋] and [𝜋, 2𝜋] to
coincide with 𝜉𝑛𝜌 . Hence the free homotopy class of 𝜉𝑛𝜌 is equal to the one of 𝜏0, which is equal to
𝑀 (𝜉𝑛𝜌 (𝑥), 𝜉𝑛𝜌 (𝑦), 𝜉𝑛𝜌 (𝑧)) [𝜏]. We therefore deduce that 𝜌 is maximal if and only if it is {𝑛}-Anosov and
[𝜉𝑛𝜌 ] = 𝑛[𝜏]. �

3. An invariant convex domain and its fibrations

In this section we define globally fitting maps and fitting immersions, which are maps that parametrize
fibrations of the projective model for the symmetric space of SL(2𝑛,R) by projective subspaces of
codimension d.

3.1. Pencils of quadrics

Let V be a finite even-dimensional vector space with a fixed volume form. Let 𝑆2𝑉 be the space of
symmetric bilinear tensors on V, which we interpret as maps 𝑉∗ → 𝑉 . The dual space Q = 𝑆2𝑉∗ is the
space of symmetric bilinear forms on V, or the space of quadrics on V, that we interpret as maps 𝑉 → 𝑉∗.

We denote by 𝑆2𝑉 ≥0 and 𝑆2𝑉>0 respectively the space of semi-positive and positive symmetric
tensors, that is, elements 𝑠 ∈ 𝑆2𝑉 that define respectively a semi-positive and positive symmetric
bilinear form on 𝑉∗. The Lie group SL(𝑉) acts on 𝑆2𝑉 , and preserves the properly convex set P(𝑆2𝑉 ≥0).
The convex domain P(𝑆2𝑉>0) is a projective model for the symmetric space associated to SL(𝑉).
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The Grassmannian of d-dimensional linear subspaces of Q will be denoted by Gr𝑑 (Q). An element
of Gr2(Q) is usually called a pencil of quadrics on V. We will here also call elements of Gr𝑑 (Q) pencils
of quadrics.

To an element 𝑃 ∈ Gr𝑑 (Q) one can associate its annihilator, or dual, codimension d subspace
𝑃◦ ⊂ 𝑆2𝑉 . This dual space can be described as the space of symmetric tensors 𝑠 ∈ 𝑆2𝑉 on which one
has 𝑞(𝑠) = Tr(𝑞 ◦ 𝑠) = 0 for all 𝑞 ∈ 𝑃. Note that the projectivization P(𝑃◦) also has codimension d in
P(𝑆2𝑉).

The subspace P(𝑃◦) does not necessarily intersect the convex P(𝑆2𝑉>0).

Definition 3.1. We say that a pencil 𝑃 ∈ Gr𝑑 (Q) is mixed if 𝑃◦ contains a positive element, that is, if
𝑃◦ ∩ 𝑆2𝑉>0 ≠ {0}. We call the set of mixed pencils Grmix

𝑑 (Q).

Proposition 3.2. A pencil 𝑃 ∈ Gr𝑑 (Q) is mixed if and only if there is no semi-positive quadric 0 ≠ 𝑞 ∈ 𝑃.

Morally this proposition is a consequence of the fact that the dual of the cone of positive elements
𝑆2𝑉>0 is the cone of semi-positive bilinear forms in Q, in the sense that 𝑆2𝑉>0 is the set of tensors s
such that 𝑞(𝑠) > 0 for all semi-positive 𝑞 ∈ Q.

Proof. Fix 𝑃 ∈ Gr𝑑 (Q) and suppose that there is a positive element 𝑠 ∈ 𝐸◦. We write s as a finite sum
of positive rank one elements of the form 𝑣𝑖 ⊗ 𝑣𝑖 with 𝑣𝑖 ∈ 𝑉 nonzero for 𝑖 ∈ 𝐼 in a finite set. Indeed s
defines a positive bilinear form on 𝑉∗ and hence is a sum of rank one symmetric positive bilinear forms.
Let 𝑞 ∈ 𝑃 be a semi-positive element. One has 𝑞(𝑠) = 0 since 𝑠 ∈ 𝑃◦ but 𝑞(𝑣𝑖 ⊗ 𝑣𝑖) = 𝑞(𝑣𝑖 , 𝑣𝑖) ≥ 0
since q is positive and hence for all 𝑖 ∈ 𝐼, 𝑞(𝑣𝑖 , 𝑣𝑖) = 0.

Note that for all 𝑣 ∈ 𝑉 nonzero we can choose a decomposition of s such that v is one of the 𝑣𝑖 , since
𝑠 − 𝜖𝑣 ⊗ 𝑣 is still positive for 𝜖 small enough.

We proved that 𝑞(𝑣, 𝑣) = 0 for all 𝑣 ∈ 𝑉 so q is necessarily equal to 0. Hence P does not contain any
nonzero semi-positive element.

Now suppose that 𝑃◦ is disjoint from the cone 𝑆2𝑉>0, so there must be a hyperplane H in 𝑆2𝑉
containing 𝑃◦ and disjoint from 𝑆2𝑉>0. This hyperplane corresponds to 〈𝑞〉◦ for some nonzero 𝑞 ∈ 𝑃.
This element has the property that 𝑞(𝑠) ≠ 0 for all 𝑠 ∈ 𝑆2𝑉>0. Up to exchanging q by −𝑞 one can assume
that 𝑞(𝑠) > 0 on 𝑆2𝑉>0, so 𝑞(𝑠) ≥ 0 on 𝑆2𝑉 ≥0. In particular for all 𝑣 ∈ 𝑉 , one has 𝑞(𝑣⊗𝑣) = 𝑞(𝑣, 𝑣) ≥ 0,
so q is semi-positive. �

3.2. Fitting pairs

To a pencil 𝑃 ∈ Gr𝑑 (Q) we associate the codimension d projective subspace P(𝑃◦), and its intersection
P(𝑃◦ ∩ 𝑆2𝑉 ≥0) in the convex set P(𝑆2𝑉 ≥0).

Definition 3.3. We say that two elements 𝑃1, 𝑃2 ∈ Grmix
𝑑 (Q) form a fitting pair if the associated

subspaces P(𝑃◦
1 ∩ 𝑆2𝑉 ≥0) and P(𝑃◦

2 ∩ 𝑆2𝑉 ≥0) are disjoint.

The structure of the convex set P(𝑆2𝑉 ≥0) is involved, but the set of its extreme points 𝑆2
P(𝑉) ⊂

P(𝑆2𝑉 ≥0) is the projectivization of the set of rank one tensors, which is in one-to-one correspondence
with P(𝑉). Here the rank of a symmetric tensor is also the rank of the corresponding map 𝑉∗ → 𝑉 . The
extreme points of a closed properly convex subset C of projective space are the points 𝑥 ∈ 𝐶 such that if
𝑠 ⊂ 𝐶 is a projective segment containing it, x is an endpoint of s. We show that the condition of being a
fitting pair can be checked by looking only at P(𝑉).

Given a symmetric bilinear form 𝑞 ∈ Q, we will write respectively {𝑞 = 0}, {𝑞 > 0} and {𝑞 ≥ 0} ⊂
P(𝑉) the set of lines that are respectively null, positive and non-negative for q.

Proposition 3.4. Let 𝑃1, 𝑃2 ∈ Grmix
𝑑 (Q) be two mixed pencils.

(i) (𝑃1, 𝑃2) form a fitting pair,
(ii) there exist 𝑞1 ∈ 𝑃1 and 𝑞2 ∈ 𝑃2 such that 𝑞2 − 𝑞1 is positive,

(iii) there exist 𝑞1 ∈ 𝑃1 and 𝑞2 ∈ 𝑃2 such that {𝑞1 ≥ 0} ⊂ {𝑞2 > 0}.
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In order to prove this statement, the key fact that we will prove and use is that the convex set P(𝑆2𝑉 ≥0)
does not have any segment as a face, that is, the intersection of this convex with any hyperplane
intersecting trivially the interior P(𝑆2𝑉>0) is never a nontrivial segment.

The set {𝑞 = 0} is identified via the identification P(𝑉) 	 𝑆2
P(𝑉) ⊂ P(𝑆2𝑉) with the intersection

〈𝑞〉◦ ∩ 𝑆2
P(𝑉).

Lemma 3.5. For all linear hyperplane H in 𝑆2𝑉 the extreme points of P(𝐻 ∩ 𝑆2𝑉 ≥0) are also extreme
points of P(𝑆2𝑉 ≥0). In particular:

P(𝐻 ∩ 𝑆2𝑉 ≥0) = Hull(𝐻 ∩ 𝑆2
P(𝑉)).

Furthermore if 𝐻 = 〈𝑞〉◦ for 𝑞 ∈ Q, 𝐻 ∩ 𝑆2𝑉 = 𝑆2{𝑞 = 0}.

Recall that the Krein–Milman theorem states that the convex Hull of the extreme points of a closed
convex set C in a finite dimensional vector space is equal to C.

Proof. Let f be a face of P(𝑆2𝑉 ≥0), that is, the intersection of P(𝑆2𝑉 ≥0) with a projective hyperplane
corresponding to [𝑞] ∈ P(𝑆2𝑉∗) = P(Q) not intersecting P(𝑆2𝑉>0) trivially. It is the intersection of
this convex with a projective hyperplane corresponding to [𝑞] ∈ P(𝑆2𝑉∗) = P(Q). The fact that this
hyperplane intersects P(𝑆2𝑉>0) trivially implies that there is a lift 𝑞 ∈ Q that is a semi-positive element,
by Proposition 3.2. Let 𝑊 ⊂ 𝑉 be the vector subspace of isotropic vectors for q. The corresponding face
is equal to P(𝑆2𝑊 ≥0).

Hence faces of P(𝑆2𝑉 ≥0) are of the form P(𝑆2𝑊 ≥0) for 𝑊 ⊂ 𝑉 a linear subspace. This has dimension
0 or at least 2, and therefore no face is a segment.

Suppose that for some general projective hyperplane, some extreme point [𝑠] of P(𝐻 ∩ 𝑆2𝑉 ≥0) is not
an extreme point of P(𝑆2𝑉 ≥0), then it belongs to the interior of a face of P(𝑆2𝑉 ≥0), that has dimension
at least 2 as stated previously. The intersection of this face with H contains therefore an open segment
containing s, so s is not an extreme point of 𝐻 ∩ P(𝑆2𝑉 ≥0). �

Proof of Proposition 3.4. Let us prove that (𝑖) implies (𝑖𝑖). The set 𝑃◦
1 ∩ 𝑃◦

2 is disjoint from P(𝑆2𝑉 ≥0)

if and only if there exists an element in 𝑃1 + 𝑃2 that belongs to the dual of P(𝑆2𝑉 ≥0), that is, if there
exists a positive bilinear form 𝑞 ∈ 𝑃1 + 𝑃2. This form can be written as 𝑞 = 𝑞1 − 𝑞2 with 𝑞1 ∈ 𝑃1 and
𝑞2 ∈ 𝑃2, therefore (𝑖) implies (𝑖𝑖).

Moreover (𝑖𝑖) implies (𝑖𝑖𝑖). Indeed, if 𝑞2 − 𝑞1 is positive then {𝑞1 ≥ 0} ⊂ {𝑞2 > 0}.
It only remains to show that (𝑖𝑖𝑖) implies (𝑖). Lemma 3.5 implies that:

P(〈𝑞1〉
◦ ∩ 𝑆2𝑉 ≥0) = Hull(𝑆2{𝑞1 = 0}).

Hence 𝑞2 ∈ 𝑃2 ⊂ Q = 𝑆2𝑉∗ is positive on the cone 〈𝑞1〉
◦ ∩ 𝑆2𝑉 ≥0 ⊂ 𝑆2𝑉 and therefore P(𝑃◦

2) does
not intersect P(〈𝑞1〉

◦ ∩ 𝑆2𝑉 ≥0). �

3.3. Fitting directions

The space Gr𝑑 (Q) inherits the structure of a smooth manifold. A chart around a point 𝑃 ∈ Gr𝑑 (Q) can
be constructed given a subspace Q such that 𝑃 ⊕ 𝑄 = Q. We denote by 𝑈𝑄 ⊂ Gr𝑑 (Q) the open set of
elements transverse to Q. Every element of 𝑈𝑄 can be written uniquely as the graph {𝑥 + 𝑢(𝑥) |𝑥 ∈ 𝑃}
for some linear map 𝑢 : 𝑃 → 𝑄. Hence 𝑈𝑄 can be identified with the vector space Hom(𝑃, 𝑄).

The tangent space 𝑇𝑃 Gr𝑑 (Q) can be naturally identified with Hom(𝑃,Q/𝑃), so that for each chart
𝑈𝑄 containing P, the tangent space identifies with the tangent space in the chart via the identification
Hom(𝑃, 𝑄) 	 Hom(𝑃,Q/𝑃).
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Because of the identification 𝑇𝑃 Gr𝑑 (Q) 	 𝑇𝑃◦ Gr𝑁−𝑑 (Q∗) where 𝑁 = dim(Q), to such an element
v corresponds an element:

v◦ ∈ Hom(𝑃◦, 𝑆2𝑉/𝑃◦).

Let v◦ ∈ 𝑇𝑃 Gr𝑑 (Q∗), that we see as an element of Hom(𝑃◦,Q/𝑃◦). Let (𝑃◦
𝑡 )𝑡≥0 be a curve of

elements of Gr𝑁−𝑑 (Q∗) with 𝑃◦
0 = 𝑃◦ and derivative v◦ at 𝑡 = 0. One can interpret Ker(v◦) as the set

of vectors in 𝑃◦ which remain in 𝑃◦
𝑡 at first order around 𝑡 = 0. More precisely the lines [𝑠] in Ker(v◦)

are exactly the ones such that for any Riemannian metric on P(𝑉) and any such curve (𝑃◦
𝑡 )𝑡>0 one has

𝑑 (P(𝑃◦
𝑡 ), [𝑠]) = 𝑜(𝑡) close to 𝑡 = 0.

We will call fitting directions in the Grassmannian Gr𝑑 (Q) the tangent directions such that if
(𝑃𝑡 ) ∈ Gr𝑑 (Q) moves in this direction, the corresponding codimension d subspaces P

(
𝑃◦
𝑡 ∩ 𝑆2𝑉 ≥0) are

disjoint from P
(
𝑃◦

0 ∩ 𝑆2𝑉 ≥0) , at order one, see Proposition 3.7.

Definition/Proposition 3.6. We say that a vector v ∈ 𝑇𝑃 Gr𝑑 (Q) is fitting if one of the following
equivalent statements holds:

◦ Ker(v◦) ⊂ 𝑃◦ intersects trivially 𝑆2𝑉 ≥0,
◦ Im(v) ⊂ Q/𝑃 contains [𝑞] where q is a positive element.

We now check that these two statements in the definition are indeed equivalent.

Proof. We first show that Ker(v◦) = Im(v)◦, where we use the natural identification (Q/𝑃)∗ 	 𝑃◦.
We prove this by writing an equation that relates v and v◦. By definition, Tr(𝑞𝑠) = 0 for 𝑞 ∈ 𝑃 and

𝑠 ∈ 𝑃◦. Let us fix 𝑞 ∈ 𝑃 and 𝑠 ∈ 𝑃◦ and choose some representatives v(𝑠) ∈ 𝑆2𝑉 and v◦(𝑞) ∈ Q for
v(𝑠) ∈ 𝑆2𝑉/𝑃◦ and v◦(𝑞) ∈ Q/𝑃. If (𝑃𝑡 ) is a smooth curve with 𝑃0 = 𝑃 and with derivative v at 𝑡 = 0,
𝑠 + 𝑡v◦(𝑝) + 𝑜(𝑡) ∈ 𝑃𝑡 and 𝑞 + 𝑡v(𝑞) + 𝑜(𝑡) ∈ 𝑃◦

𝑡 . Hence we get:

Tr
(
𝑞v◦(𝑠) + v(𝑞)𝑠

)
= 0.

An element 𝑠 ∈ 𝑃◦ satisfies 𝑠 ∈ Ker(v◦) if and only if Tr(v(𝑞)𝑠) = 0 for all 𝑞 ∈ Q, hence if and only
if the corresponding linear form on 𝑄/𝑃 belongs to Im(v)◦.

Now we prove the equivalence of the two definitions. If there exists [𝑞] ∈ Im(v) with q positive, then
for any 𝑠 ∈ Ker(v◦), Tr(𝑞 ◦ 𝑠) = 0. Hence s is not a positive tensor. Therefore Ker(v◦) ⊂ 𝑃◦ intersects
trivially 𝑆2𝑉 ≥0.

Conversely if Ker(v◦) intersects trivially 𝑆2𝑉 ≥0, there exists 𝑞 ∈ Q that do not vanish on 𝑆2𝑉 ≥0, that
is, q is positive. The class [𝑞] ∈ Q/𝑃 belongs to Im(v). �

Fitting directions are related to fitting pairs. More precisely:

Proposition 3.7. A vector v ∈ 𝑇𝑃 Gr𝑑 (Q) is fitting if and only if, for every C1 curve 𝛾 : [0, 1] → Gr𝑑 (Q)

with 𝛾0 = 𝑃 and 𝛾′
0 = v, the pair (𝛾𝑡 , 𝛾0) is fitting for all 𝑡 > 0 small enough.

Moreover in this case for any Riemannian metric on P(𝑆2𝑉) there exists an 𝜖 > 0 such that for any
𝑡 > 0 small enough the Riemannian distance between P(𝛾◦

0 ∩ 𝑆2𝑉 ≥0) and P(𝛾◦
𝑡 ∩ 𝑆2𝑉 ≥0) is greater

than 𝜖𝑡.

Proof. Let us fix a complement H of 𝑃◦ in 𝑆2𝑉 . Let 𝑁 = dim(Q) = 𝑛(𝑛+1)
2 . We identify a neighborhood

of 𝑃◦ ⊂ Gr𝑁−𝑑 (Q) with Hom(𝑃◦, 𝐻). If there exists a nonzero element 𝑠 ∈ Ker(v◦) ∩ 𝑆2𝑉 ≥0, one can
consider the curve where 𝛾𝑡 corresponds to

𝑞 ∈ 𝑃◦ ↦→ 𝑡v(𝑞).

The nonzero element 𝑠 ∈ 𝑆2𝑉 ≥0 belongs to 𝑃◦ = 𝛾◦
0 and 𝛾◦

𝑡 hence the pair (𝛾0, 𝛾𝑡 ) is not fitting for
any 𝑡 > 0.
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In general the element corresponding to 𝛾𝑡 is equal for t close to 0 to the element of Gr𝑁−𝑑 (Q) which
is the graph of the map 𝑃◦ → 𝐻:

𝑞 ↦→ 𝑡v(𝑞) + 𝑜(𝑡).

The pair (𝛾𝑜, 𝛾𝑡 ) is fitting if and only if Ker(v) ∩ 𝑆2𝑉 ≥0 = {0}, hence if v is fitting.
In this case the distance between P(𝛾◦

0 ∩ 𝑆2𝑉 ≥0) and P(𝛾◦
𝑡 ∩ 𝑆2𝑉 ≥0) grows at least linearly in t for t

close to 0. �

Fitting vectors can be thought of analogs of spacelike vectors in a pseudo-Riemannian manifold of
signature (𝑑, 𝑁) for some 𝑁 > 0. For instance, the set of spacelike vectors is the union of a family of
cones parametrized by S𝑑−1, and so is the set of fitting vectors, as shown in the following proposition.
This analogy is also emphasized by Remark A.3 and Theorem B.1.

For a vector space W we write S𝑊 = (𝑊 \ {0})/R>0

Proposition 3.8. The set of fitting vectors in 𝑇𝑃 Gr𝑑 (Q) is equal to the union:⋃
[𝑞] ∈SE𝑃

𝐶[𝑞] .

Here 𝐶[𝑞] is the convex open cone of elements v ∈ 𝑇𝑃 Gr𝑑 (Q) such that there exists a positive element
in the class v(𝑞) ∈ Q/𝑃.

Recall that we use the identification v ∈ 𝑇𝑃 Gr𝑑 (Q) 	 Hom(𝑃,Q/𝑃).

Proof. Because of the second part of Definition 3.6 a vector is well-fitting if and only if it belongs to
𝐶[𝑞] for some [𝑞] ∈ 𝑃. We just check that the sets 𝐶[𝑞] are indeed open convex cones.

Let us fix a complement H of P in Q to identify 𝑇𝑃 Gr𝑑 (Q) with Hom(𝑃, 𝐻). If v1, v2 lie in 𝐶[𝑞]

and if 𝜆, 𝜇 ∈ R>0, then for some 𝑞1, 𝑞2 ∈ 𝑃 one has v1(𝑞) + 𝑞1 and v2 (𝑞) + 𝑞2 positive. Therefore
(𝜆v1 + 𝜇v2) (𝑞) + 𝜆𝑞1 + 𝜇𝑞2 is positive so 𝜆v1 + 𝜇v2 belongs to 𝐶[𝑞] . �

3.4. Fibration of a convex set and globally fitting maps

We consider continuous and smooth fibrations of the SL(𝑉)-invariant convex set P(𝑆2𝑉 ≥0) by projective
codimension d subspaces. Let M be a connected manifold of dimension d. We are interested in continuous
injective maps, or smooth immersions 𝑢 : 𝑀 → Gr𝑑 (Q).

We write 𝑢◦(𝑥) = (𝑢(𝑥))◦. The map u determines a collection of projective subsets of codimension d:(
P

(
𝑢◦(𝑥) ∩ 𝑆2𝑉 ≥0

))
𝑥∈𝑀

. (1)

Note here that for any linear subspace 𝐴 ⊂ 𝑉 the projective codimension of 𝑃(𝐴) in P(𝑉) is equal to
the codimension of A in V.

If the image of u contains only mixed elements, then all the submanifolds in (1) are nonempty.

Definition 3.9. We call a continuous map 𝑢 : 𝑀 → Grmix
𝑑 (Q) a globally fitting map if the subsets in the

collection (1) are disjoint.
A continuous map 𝑢 : 𝑀 → Grmix

𝑑 (Q) is a locally fitting map if for all 𝑥 ∈ 𝑀 there is a neighborhood
𝑈 ⊂ 𝑀 of x such that 𝑢 |𝑈 is a globally fitting map.

Since dim(𝑀) = 𝑑, the invariance of domain implies that the sets (1) for a globally fitting map form
a fibration for all 𝑥 ∈ 𝑀 of a neighborhood in P(𝑆2𝑉 ≥0) of P

(
𝑢◦(𝑥) ∩ 𝑆2𝑉 ≥0) .

We now consider immersions from a manifold M of dimension d whose tangent directions are all
fitting.
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Definition 3.10. A smooth immersion 𝑢 : 𝑀 → Grmix
𝑑 (Q) is a fitting immersion if d𝑢(𝑣) is fitting for

all 𝑣 ∈ 𝑇 𝑀 .

Remark 3.11. In Appendix A.1 we discuss the simpler case when the pencils are hermitian pecils of
quadrics on C2. In this cases, fitting immersions are fibrations of H3 by geodesics.

Because of proposition 3.7, fitting immersions are locally fitting maps.
The following proposition is the infinitesimal equivalent of Proposition 3.4. We write the statement

in a way to emphasize this analogy.
Consider the tautological rank d vector bundle pr : E → Gr𝑑 (Q). The fiber at 𝑃 ∈ Gr𝑑 (Q) of bundle

E is identified with the vector subspace 𝑃 ⊂ Q. Since all the fibers are naturally identified with subsets
of Q, there is a tautological projection 𝜋 : E → Q such that for (𝑃, 𝑞) in the tautological bundle, that
is, 𝑃 ∈ Gr𝑑 (Q) and 𝑞 ∈ 𝑃 with 𝑞 ∈ 𝑃, 𝜋(𝑃, 𝑞) = 𝑞. We still denote by 𝜋 : 𝑢∗E → Q the corresponding
projection with a slight abuse of notations.

Note that that an element in 𝑇Q is a pair (𝑞, �𝑞) ∈ 𝑇𝑞Q and we say that it is positive if the symmetric
bilinear form �𝑞 ∈ Q is positive.

Proposition 3.12. Given an immersion 𝑢 : 𝑀 → Grmix
𝑑 (Q), let 𝑥0 ∈ 𝑀 . The following are equivalent:

(i) the manifolds (P(𝑢◦(𝑥)))𝑥∈𝑀 define locally a smooth fibration of an open neighborhood of
P
(
𝑢◦(𝑥0) ∩ 𝑆2𝑉 ≥0) ,

(ii) for all 𝑣 ∈ 𝑇𝑥0 𝑀 , d𝑢(𝑣) is fitting,
(iii) for all 𝑣 ∈ 𝑇𝑥0 𝑀 there exists w ∈ 𝑇E such that d pr(w) = d𝑢(𝑣) and d𝜋(w) ∈ 𝑇Q is positive.

Proof. Note that since M has dimension d and 𝑢◦(𝑥0) has codimension d, the statement (𝑖) is equivalent
to having for any Riemannian distance 𝑑𝑅 on P(𝑆2𝑉) and 𝑑𝑀 on M, for some 𝜖 > 0 when x is close to 𝑥0:

𝑑𝑅

(
P

(
𝑢◦(𝑥) ∩ 𝑆2𝑉 ≥0

)
, P

(
𝑢◦(𝑥0) ∩ 𝑆2𝑉 ≥0

))
≥ 𝜖𝑑𝑀 (𝑥, 𝑥0).

Proposition 3.7 shows that the fitting condition is equivalent to having this distance growing linearly,
hence the statements (𝑖) and (𝑖𝑖) are equivalent.

A pair (𝑃, 𝑞0) ∈ Gr𝑑 (Q) × Q correspond to an element in E if and only if 𝑞0 ∈ 𝑃. A pair
(v, �𝑞) ∈ 𝑇𝑃 Gr𝑑 (Q) ×𝑇𝑞Q can be written as (d pr(w), d𝜋(w)) for some w ∈ 𝑇E if and only if �𝑞 belongs
to the class defined by v(𝑞0).

Let us show this last claim. Let H be a complement of P in Q let 𝑢 : [0, 1] → Hom(𝑃, 𝐻) and
𝑞 : [0, 1] → Q be smooth curves with derivative v and �𝑞 at 𝑞 = 0 and such that 𝑞(𝑡) belongs to the
graph of 𝑢(𝑡) for 𝑡 ∈ [0, 1]. For some smooth curve 𝑞 : [0, 1] → 𝑃 with 𝑞(0) = 𝑞0 and all 𝑡 ∈ [0, 1]:

𝑞(𝑡) = 𝑞(𝑡) + 𝑢(𝑡) (𝑞(𝑡)).

Differentiating this at 𝑡 = 0 and we get exactly v(𝑞0) + 𝑞′(0) = �𝑞, so �𝑞 belongs to the class defined
by v(𝑞0), since 𝑞′(0) ∈ 𝑃. Reciprocally if this holds, one can construct such a curve 𝑞, so the pair
corresponds to an element of 𝑇E .

We conclude that (𝑖𝑖𝑖) is equivalent to the second characterization of fitting vectors in Definition 3.6:
one can find such a positive lift w if and only if one can find a class in Im(v) that contains a positive
element. �

In Proposition 7.1 we show how to construct some examples of fitting maps from a totally geodesic
immersion in the symmetric space.

Remark 3.13. The definition of a fitting immersion and the previous two propositions can be generalized
to the more general setup when 𝑆2𝑉 is replaced by a vector space W and 𝑆2𝑉 ≥0 is replaced by a closed
proper convex cone C in W. In this setup positive quadrics should be replaced by elements in the dual
cone of C in 𝑊∗.
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4. Fitting flows

In this section we define the notion of a fitting flow, and study the consequence of the existence of such
a flow. We show next that such flows always exist for fitting immersions. In this section let us fix a map
𝑢 : 𝑀 → Gr𝑑 (Q).

4.1. Definition and application of fitting flows

The pullback 𝑢∗E of the tautological bundle pr : E → Gr𝑑 (Q) defines a rank d vector bundle over M. We
define the sphere bundle S𝑢∗E as the quotient of the vector bundle 𝑢∗E by the action of positive scalars.

Recall that M has dimension d. We consider flows on S𝑢∗E so that some form of contraction occurs
along the flow lines. We denote also by pr the bundle maps 𝑢∗E → 𝑀 , S𝑢∗E → 𝑀 , with a slight abuse
of notations.

The fiber at 𝑃 ∈ Gr𝑑 (Q) of the bundle E is identified with the vector subspace 𝑃 ⊂ Q. Recall that
there is a natural projection 𝜋 : E → Q defined by 𝜋(𝑃, 𝑞) = 𝑞. We still denote by 𝜋 : 𝑢∗E → Q the
corresponding projection with a slight abuse of notations.

Definition 4.1. A fitting flow for a continuous map 𝑢 : 𝑀 → Gr𝑑 (Q) is a continuous flow (Φ𝑡 )𝑡 ∈R on
S𝑢∗E such that

one can choose representatives q of [𝑞] and 𝑞′ of [𝑞′] = Φ𝑡 ([𝑞]) such that 𝜋(𝑞′) − 𝜋(𝑞) ∈ Q is
positive.

Note that the last condition is equivalent to asking that {𝜋(𝑞) ≥ 0} ⊂ {𝜋(𝑞′) > 0} in RP2𝑛−1. Along
such flows, the associated quadric hypersurfaces are nested into one another. In particular if u admits a
fitting flow it is locally a fitting map.

Lemma 4.2. Let 𝑢 : 𝑀 → Grmix
𝑑 (Q) be a continuous map that admits a fitting flow. The projection to

Grmix
𝑑 (Q) of the flow lines of the fitting flow are embedded.

Proof. Assume by contradiction that for some 𝑡0 > 0 and 𝑞 ∈ S𝑢∗E one has 𝑢(𝑥) = pr(𝑞) = pr(Φ𝑡0 (𝑞)).
The fact that the flow is fitting implies that for some 𝜆 > 0, 𝜆𝜋(Φ𝑡0 (𝑞)) − 𝜋(𝑞) ∈ Q is positive. This
positive quadric belongs to 𝑢(𝑥), contradicting the fact that 𝑢(𝑥) ∈ Grmix

𝑑 (Q) by Proposition 3.2. �

Some fitting flows can be constructed by taking a geodesic flow on M for some Riemannian metric
and identifying 𝑢∗E with the tangent bundle to M. In general the projections of the flow lines of a fitting
flow satisfy the following topological property, which is clearly satisfied for geodesic flows.

Lemma 4.3. Let 𝑢 : 𝑀 → Grmix
𝑑 (Q) be a continuous map equipped with a fitting flow Φ in a

neighborhood of 𝑥 ∈ 𝑀 . For 𝑡 > 0 small enough the sphere 𝑆𝑡 : [𝑞] ∈ S𝑢∗E |𝑥 ↦→ 𝑝 ◦ Φ𝑡 ([𝑞]) ∈ 𝑀
is homotopic to a generator of the homology of 𝑈 \ {𝑥} for any open neighborhood U of x in M that is
diffeomorphic to R𝑑 .

The proof relies on the fact the dimension of M is equal to d, and hence the manifoldsP(𝑢◦ (𝑥)∩𝑆2𝑉 ≥0)
locally define a fibration of P(𝑆2𝑉 ≥0).

Proof. Let 𝑃 = 𝑢(𝑥). Let 𝑠0 ∈ 𝑃◦ ⊂ 𝑆2𝑉 be a positive tensor, which exists since the pencil P is
assumed to be in Grmix

𝑑 (Q). Let 𝑃′ ∈ Gr𝑑 (𝑆2𝑉) be a supplement of 𝑃◦. Since u is continuous for all y
close enough to x the vector subspace 𝑢◦(𝑦) is transverse to 𝑃′, therefore there exists a unique vector
𝜙(𝑦) ∈ 𝑃′ such that:

𝑠0 + 𝜙(𝑦) ∈ (𝑠0 + 𝑃′) ∩ 𝑢◦(𝑦) ⊂ 𝑆2𝑉>0.

This defines a continuous map 𝜙 from a neighborhood U of 𝑥 ∈ 𝑀 to 𝑃′.
Let [𝑞] ∈ S𝑢∗E𝑥 . For all t such that 𝑠◦Φ𝑡 (𝑞) ∈ 𝑈, the linear form 𝜋(Φ𝑡 (𝑞)) ∈ Q = 𝑆2𝑉∗ vanishes on

𝜙(𝑠 ◦Φ𝑡 (𝑞)) ∈ 𝑆2𝑉 since this point belongs to 𝑢◦(pr ◦Φ𝑡 (𝑞)). Moreover 𝜋(Φ𝑡 (𝑞)) − 𝜋(𝑞) is a positive
bilinear form since Φ is a fitting flow.
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In particular 𝜋(𝑞) ∈ Q = 𝑆2𝑉∗ is always negative on 𝜙(pr ◦Φ𝑡 (𝑞)) ∈ 𝑆2𝑉 . Hence for t small
enough [𝜙 ◦ 𝑆𝑡 ] : S𝑢∗E𝑥 → S𝑃′ has the same degree as [𝜋] : S𝑢∗E𝑥 → S𝑃′∗ 	 S𝑃 which associates to
[𝑞] ∈ S𝑢∗E𝑥 the class [𝜋(𝑞)] ∈ S𝑃. The map [𝜋] is a diffeomorphism, so in particular 1 = | deg([𝜋]) | =
| deg(𝜙) deg(𝑆𝑡 ) |. Hence 𝑆𝑡 is a generator of the homotopy group of 𝑈 \ {𝑥}. �

Remark 4.4. In particular for an immersion 𝑢 : 𝑀 → Grmix
𝑑 (Q) that admits a fitting flow, choosing

continuously an orientation of the pencils 𝑢(𝑥) for 𝑥 ∈ 𝑀 is equivalent to choosing an orientation of M.

Let 𝑀 = 𝑁 where N is compact and Γ = 𝜋1 (𝑁). Let 𝜌 : Γ → SL(𝑉) be a representation. Recall that
a (𝐶, 𝐷)-quasi-geodesic in a metric space (𝑋, 𝑑) is a curve 𝛾 : R→ 𝑋 such that for all 𝑡1, 𝑡2 ∈ R:

1/𝐶 |𝑡1 − 𝑡2 | − 𝐷 ≤ 𝑑 (𝛾(𝑡1), 𝛾(𝑡2)) ≤ 𝐶 |𝑡1 − 𝑡2 | + 𝐷.

Proposition 4.5. Let 𝑢 : 𝑁 → Grmix
𝑑 (Q) be a 𝜌-equivariant continuous map that admits a 𝜌-equivariant

fitting flow Φ. There exist 𝐶, 𝐷 > 0 such that the projection to 𝑁 of the flow lines of Φ are (𝐶, 𝐷)-quasi-
geodesics. Moreover for every (𝑥, 𝑦) ∈ 𝑁2 there exists a flow line whose projection to 𝑁 starts at x and
ends at y.

In the previous statement one can consider any fixed Riemannian metric on the compact space
S𝑢∗E/𝜌(Γ).

Remark 4.6. Note that since there exists a flow line between any pair of points in 𝑁 , the map u is
necessarily a globally fitting map.

In this proof we will use the Hilbert distance 𝑑𝐻 on the properly convex domain P(𝑆2𝑉>0). It is
defined which is defined using the cross ratio as 𝑑𝐻 ([𝑠1], [𝑠2]) = log(cr([𝑠−], [𝑠1], [𝑠2], [𝑠

+])) where
[𝑠1], [𝑠2] ∈ P(𝑆2𝑉>0) and [𝑠−], [𝑠+] are the intersection of the projective line through [𝑠1] and [𝑠2]
with the boundary of the domain P(𝑆2𝑉>0). If the closure in P(𝑆2𝑉) of two sets 𝐴, 𝐵 ⊂ P(𝑆2𝑉>0) are
disjoint, then the two sets are at positive distance for the Hilbert distance. Indeed for every Riemannian
metric 𝑑S on the compact manifold P(𝑆2𝑉), the Hilbert distance between any two points in P(𝑆2𝑉>0) is
bounded from below by some uniform multiple of 𝑑S.

Proof. For all [𝑞] ∈ S𝑢∗E we consider the convex P(〈𝜋(𝑞)〉◦ ∩ 𝑆2𝑉>0).
We choose a continuous and 𝜌-equivariant map 𝜎 : S𝑢∗E → P(𝑆2𝑉>0) with the property that

𝜎([𝑞]) ∈ P(〈𝜋(𝑞)〉◦ ∩ 𝑆2𝑉>0) for all [𝑞] ∈ S𝑢∗E . One can always find such a choice, as it amounts to
finding a section of an open ball bundle over a compact set. Indeed P(〈𝜋(𝑞)〉◦ ∩ 𝑆2𝑉>0) is a nonempty
convex set of codimension 1 that forms an open ball for all [𝑞] ∈ S𝑢∗E .

We fix a Γ-invariant Riemannian metric g on S𝑢∗E with associated distance 𝑑𝑔. We set 𝐶1 to be
the supremum of 𝑑𝐻 (𝜎([𝑞1]), 𝜎([𝑞2])) for all [𝑞1], [𝑞2] ∈ S𝑢

∗E such that 𝑑𝑔 ([𝑞1], [𝑞2]) ≤ 1, which
exists since Γ acts cocompactly on 𝑁 . The following inequality follows for all [𝑞1], [𝑞2] ∈ S𝑢

∗E from
the triangular inequality:

𝑑𝐻 (𝜎([𝑞1]), 𝜎([𝑞2])) ≤ 𝐶1𝑑𝑔 ([𝑞1], [𝑞2]) + 𝐶1.

Let n be the unique integer 𝑑𝑔 ([𝑞1], [𝑞2]) ≤ 𝑛 < 𝑑𝑔 ([𝑞1], [𝑞2]) + 1. One can find elements
𝑥0 = [𝑞1], 𝑥1, · · · , 𝑥𝑛 = [𝑞2] in S𝑢∗E such that for all 1 ≤ 𝑖 ≤ 𝑛 one has 𝑑𝑔 (𝑥𝑖−1, 𝑥𝑖) ≤ 1. The triangular
inequality for the Hilbert distance implies that:

𝑑𝐻 (𝜎([𝑞1]), 𝜎([𝑞2])) ≤ 𝑛𝐶1.

We now set 𝐶2 to be the supremum of 𝑑𝐻 (𝜎([𝑞1]), 𝜎(Φ𝑡 ([𝑞]))) for all [𝑞1] ∈ S𝑢
∗E and 0 ≤ 𝑡 ≤ 1.

Similarly we get the following inequality for all [𝑞] ∈ S𝑢∗E and 𝑡 ≥ 0:

𝑑𝐻 (𝜎([𝑞]), 𝜎(Φ𝑡 ([𝑞]))) ≤ 𝐶2𝑡 + 𝐶2.
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Let K be a compact fundamental domain for the action of Γ on S𝑢∗E and let 𝜖 be the infimum of the
Hilbert distance for any [𝑞] ∈ 𝐾 between P

(
〈𝜋(𝑞)〉◦ ∩ 𝑆2𝑉>0) and P

(
〈𝜋(Φ1(𝑞))〉

◦ ∩ 𝑆2𝑉>0) . Since the
flow is fitting, the closures of these two sets in P(𝑆2𝑉) are disjoint for any [𝑞], and hence their Hilbert
distance is positive. Since K is compact, the infimum 𝜖 is also positive.

The Hilbert distance between 𝜎(𝑞) and 𝜎(Φ𝑡 (𝑞)) for 𝑡 > 0 and 𝑞 ∈ S𝑢∗E is greater than 𝜖 (𝑡 − 1).
Indeed for all integer 0 ≤ 𝑛 ≤ 𝑡 the projective segment between 𝜎(𝑞) and 𝜎(Φ𝑡 (𝑞)), which is a geodesic
for the Hilbert distance, intersects P

(
〈𝜋(Φ𝑛 (𝑞))〉

◦ ∩ 𝑆2𝑉>0) in exactly one point 𝑥𝑛. Hence the Hilbert
distance between 𝑥𝑛 and 𝑥𝑛+1 for 0 ≤ 𝑛 ≤ 𝑡 − 1 is at least 𝜖 .

Putting all of these inequalities together we get that for all 𝑡 ≥ 0 and [𝑞] ∈ S𝑢∗E :

𝜖

𝐶1
(𝑡 − 1) − 1 ≤ 𝑑𝑔 (𝜎([𝑞]), 𝜎(Φ𝑡 ([𝑞]))) ≤ 𝐶2 (𝑡 + 1)

Hence the flow lines are quasi-isometric embeddings.
We now check that flow lines exist between any pair of points. Let 𝑥 ∈ 𝑀 . Given 𝑡 ∈ R we consider

the d-sphere 𝑆𝑡 : 𝑞 ∈ S𝑢∗E |𝑥 ↦→ Φ𝑡 (𝑞) ∈ 𝑢∗E . Suppose that some 𝑦 ∈ 𝑀 , avoids the sphere 𝑆𝑡 for all
𝑡 > 0. Consider a curve 𝜂 between x and y. The homological intersection between this segment and
the spheres 𝑆𝑡 in 𝑀 \ {𝑥, 𝑦} is constant, and is equal to zero for t large enough since the spheres 𝑆𝑡
are then uniformly far from x. However for t small enough, the homotopy class of 𝑆𝑡 is the one of any
small sphere encircling x by Lemma 4.3. This leads to a contradiction since such a sphere will have
homological intersection equal to 1 or −1 with the curve 𝜂. Hence there exists a flow line joining any
pair of points. �

As a consequence, we get the following.

Corollary 4.7. Let 𝑢 : 𝑁 → Grmix
𝑑 (Q) be a 𝜌-equivariant continuous map that admits an equivariant

fitting flow, then it is an embedding. In particular it is a globally fitting map. Moreover 𝜌 : Γ → SL(𝑉)

is a quasi-isometric embedding.

Proof. Since there are flow lines between any pair of points in 𝑁 , for every 𝑥 ≠ 𝑦 ∈ 𝑀 one can find
𝑞 ∈ 𝑢(𝑥) and 𝑞′ ∈ 𝑢(𝑦) such that 𝑞 − 𝑞′ is positive. Since the pencils 𝑢(𝑥) and 𝑢(𝑦) are mixed, one
cannot have 𝑞 − 𝑞′ ∈ 𝑢(𝑥) = 𝑢(𝑦) so 𝑢(𝑥) ≠ 𝑢(𝑦). Furthermore the pair (𝑢(𝑥), 𝑢(𝑦)) is a fitting pair for
all 𝑥 ≠ 𝑦 ∈ 𝑀 , hence u is a globally fitting map by Proposition 3.4.

For any Γ-invariant Riemannian metric g on SE , any map 𝜎 as the proof of Proposition 4.5 is a
quasi-isometric embedding. Indeed let 𝛿 be the maximum of 𝑑𝑔 (𝑥, 𝑥 ′) or 𝑑𝐻 (𝜎(𝑥), 𝜎(𝑥 ′)) for any 𝑥, 𝑥 ′

in the same fiber of pr : SE → 𝑁 . For every 𝑥, 𝑦 ∈ SE one can find 𝑥 ′, 𝑦′ in the same fibers respectively
as 𝑥, 𝑦 and in the same flow line for Φ. Hence for the constants 𝐶, 𝐷 from Proposition 4.5:

1
𝐶

𝑑𝑔 (𝑥, 𝑦) − 𝐷 − (
2
𝐶

+ 2)𝛿 ≤ 𝑑𝐻 (𝜎(𝑥), 𝜎(𝑦)) ≤ 𝐶𝑑𝑔 (𝑥, 𝑦) + 𝐷 + (2𝐶 + 2)𝛿.

Hence 𝜌 is a quasi-isometric embedding. �

4.2. Existence of fitting flows

We now prove that the existence of a fitting flow is guaranteed on compacts for fitting immersions. It is
not clear if it is the case in general for locally fitting maps.

Proposition 4.8. Let M be a manifold of dimension d.

(i) A fitting immersion 𝑢 : 𝑀 → Gr𝑑 (Q) admits a fitting flow.
(ii) An equivariant fitting immersion 𝑢 : 𝑀 → Gr𝑑 (Q) for a representation 𝜌 : Γ → SL(𝑉), and a

proper action of Γ on M admits a 𝜌-equivariant fitting flow.

Recall that pr : E → Gr𝑑 (Q) is the bundle map and 𝜋 : E → Q is the tautological map.
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In order to construct the fitting flow we construct the vector field W on S𝑢∗E that generates the flow.
This first step of the proof uses crucially the hypothesis that dim(𝑀) = 𝑑.

Lemma 4.9. Let 𝑢 : 𝑀 → Gr𝑑 (Q) be a fitting immersion with dim(𝑀) = 𝑑. For every 𝑥 ∈ 𝑀 and any
𝑞 ∈ 𝑢(𝑥), there exists a lift w ∈ 𝑇(𝑢 (𝑥) ,𝑞)𝑢

∗E such that d𝜋(w) ∈ 𝑇Q is positive.

We say that an element (𝑞, �𝑞) ∈ 𝑇Q is positive if �𝑞 ∈ Q is positive. Given any quadric in the pencil
𝑢(𝑥), we want to find an infinitesimal direction in which to move this quadric as well as the pencil
containing it inside the image of u so that the derivative of the quadrics is positive.

This lemma is an inverse of point (𝑖𝑖𝑖) of Proposition 3.12: here we fix an element 𝑞 ∈ 𝑢(𝑥) whereas
before we were fixing a 𝑣 ∈ 𝑇 𝑀 . In order to construct this inverse we will use the fact that a continuous
odd map between spheres of equal dimensions must have odd degree [Hat02, Proposition 2B.6] and
therefore it must be surjective, as any nonsurjective map into a sphere is contractible.

Proof. Let us fix 𝑥 ∈ 𝑀 . We construct a continuous map:

𝜙 : 𝑇𝑥𝑀 \ {0} → 𝑢∗E𝑥 \ {0}.

We require that this map satisfies 𝜆𝜙(𝑣) = 𝜙(𝜆𝑣) for all 𝑣 ∈ 𝑇𝑥𝑀 \ {0} and 𝜆 ∈ R. Note that in
particular 𝜙 defines an odd map:

𝜙 : S𝑇𝑥𝑀 → S𝑢∗E𝑥 .

We furthermore construct a lift:

𝜓 : 𝑇𝑥𝑀 \ {0} → 𝑇𝑢∗E.

In other words we assume that 𝜓(𝑣) ∈ 𝑇𝜙 (𝑣) (𝑢
∗E) for 𝑣 ∈ 𝑇𝑥𝑀 \ {0}. We require that 𝜓(𝜆𝑣) =

𝜆(d𝑚𝜆) (𝜓(𝑣)) for all 𝑣 ∈ 𝑇𝑥𝑀 \ {0} and 𝜆 ∈ R where 𝑚𝜆 : 𝑢∗E → 𝑢∗E is the multiplication by 𝜆. We
require d𝜋(𝜓(𝑣)) ∈ 𝑇Q to be positive for all 𝑣 ∈ 𝑇𝑥𝑀 \ {0}.

Finally we will make this construction so that in addition d pr(𝜓(𝑣)) = 𝑣 for 𝑣 ∈ 𝑇𝑥𝑀 \ {0}, but this
property will be only used during the construction.

The following diagram illustrates the situation.

𝑇𝑢∗E 𝑇Q

𝑇 𝑀 𝑢∗E Q

𝑀

d𝑚𝜆

d𝜋

d pr 𝜓

𝜙

𝑚𝜆

𝜋

pr

If we can construct such continuous maps, the fact that 𝜙 is an odd map between two spheres of the
same dimension implies that it is homotopically nontrivial and therefore surjective. In particular for all
[𝑞] ∈ SE𝑢 (𝑥) 	 S𝑢(𝑥) there exists a 𝑣 ∈ 𝑇𝑥𝑀 such that 𝜙(𝑣) = 𝑞. The element w = 𝜓(𝑣) then satisfies
the required conditions, so this finishes the proof.

Now let us construct the maps 𝜙 and 𝜓. We first show that for all 𝑣 ∈ 𝑇𝑥𝑀 \ {0} we can define 𝜙(𝑣)
and 𝜓(𝑣), and then we explain how to glue these maps together to get a continuous map.

Since u is a fitting immersion, the point (𝑖𝑖𝑖) of Proposition 3.12 implies that given 𝑣0 ∈ 𝑇𝑥𝑀 one can
construct 𝜙(𝑣0) ∈ 𝑢∗E𝑥 and 𝜓(𝑣0) ∈ 𝑇𝜙 (𝑣0)𝑢

∗E such that d𝜋(𝜓(𝑣0)) is positive and d pr(𝜓(𝑣0)) = 𝑣0.
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Note that the condition that d𝜋(𝜓(𝑣)) is positive is an open condition and the condition that
d pr(𝜓(𝑣)) = 𝑣 requires that 𝜓 is a section of an affine sub-bundle. Hence for every 𝑣 ∈ 𝑇𝑥𝑀 \ {0} we
can find a small neighborhood S in a sphere in 𝑇𝑥𝑀 containing 𝑣0 on which we can define 𝜙 and a lift
𝜓 such that d𝜋(𝜓(𝑣)) is positive and d pr(𝜓(𝑣)) = 𝑣 for all 𝑣 ∈ S . We take S small enough so that it
does not contain any antipodal pair of points.

We define U to be the set of nonzero elements 𝜆𝑣 for all 𝜆 ∈ R and 𝑣 ∈ S , and we extend 𝜙 and
𝜓 to U in a homogeneous way. We define 𝜙 on U so that 𝜙𝑖 (𝜆𝑣) = 𝜆𝜙𝑖 (𝑣) for all 𝜆 ∈ R nonzero and
𝑣 ∈ S . We set 𝜓(𝜆𝑣) = 𝜆(d𝑚𝜆)𝜓𝑖 (𝑣) for 𝜆 ∈ R, where 𝑚𝜆 is the multiplication by 𝜆 on 𝑢∗E𝑥 . Note that
d𝜋(𝜓𝑖 (𝜆𝑣)) = 𝜆2d𝜋(𝜓𝑖 (𝑣)) is positive and d pr(𝜓𝑖 (𝜆𝑣)) = 𝜆𝑣 for all 𝜆𝑣 ∈ 𝑈. Indeed 𝜋 ◦ 𝑚𝜆 = 𝜆𝜋 so
d𝜋 ◦ d𝑚𝜆 = 𝜆d𝜋 and 𝑝 ◦ 𝑚𝜆 = 𝑝 so d pr ◦d𝑚𝜆 = d pr.

We therefore can construct an open cover {𝑈𝑖}𝑖∈𝐼 of 𝑇𝑥𝑀 and continuous maps 𝜙𝑖 : 𝑈𝑖 → S𝑢
∗E ⊂

𝑢∗E , and lifts 𝜓𝑖 : 𝑈𝑖 → 𝑇𝑢∗E such that d𝜋(𝜓𝑖 (𝑣)) is positive and d pr(𝜓𝑖 (𝑣)) = 𝑣 for any 𝑖 ∈ 𝐼 and
𝑣 ∈ 𝑈𝑖 . The 𝑈𝑖 can be assumed invariant by scalar multiplication, and 𝜙 and 𝜓 satisfy the aforementioned
homogeneity conditions.

We now glue these maps together. Let 𝜒𝑖 : 𝑈𝑖 → [0, 1] for 𝑖 ∈ 𝐼 be a family of functions that forms
a locally finite partition of the unit. We define:

𝜙 : 𝑣 ∈ S𝑇𝑥𝑀 ↦→
∑
𝑖∈𝐼

𝜒𝑖 (𝑣)𝜙𝑖 (𝑣) ∈ (𝑢∗E)𝑥 .

Let us check that 𝜙(𝑣) is always nonzero. This is where we use that d pr(𝜓𝑖 (𝑣)) = 𝑣 for 𝑖 ∈ 𝐼, and we
also use that the fitting immersion u is defining a smooth fibration of the cone 𝑆2𝑉>0. Let 𝛾 : R→ 𝑀 be
a curve such that 𝛾(0) = 𝑥 and 𝛾′(0) = 𝑣. For all 𝑡 ∈ R the intersection 𝑢◦(𝛾(𝑡)) ∩ 𝑆2𝑉>0 is a nonempty
convex set, so we can construct a section 𝑠 : 𝑡 ∈ R ↦→ 𝑆2𝑉>0 of the fibration, that is, such that for all
𝑡 ∈ R, 𝑠(𝑡) ∈ 𝑢◦(𝛾(𝑡)).

Let us fix 𝑖 ∈ 𝐼. Let 𝑞 : R → S𝑢∗E be such that 𝑞′(0) = 𝜓(𝑣), which implies that 𝑝 ◦ 𝑞(𝑡) is equal
to 𝛾(𝑡) at the first order around 𝑡 = 0 since 𝛾′(0) = d pr(𝜓(𝑣)) = 𝑣. Since 𝑠(𝑡) ∈ 𝑢◦(𝛾(𝑡)), one has
𝜋(𝑞(𝑡)) ·𝑠(𝑡) = 0 at the first order around 𝑡 = 0. Taking the first derivative at 𝑡 = 0 of this equation we get:

𝜋(𝜙𝑖 (𝑣)) · 𝑠′(0) + d𝜋(𝜓𝑖 (𝑣)) · 𝑠(0) = 0.

Since d𝜋(𝜓𝑖 (𝑣)) is positive and 𝑠(0) is a positive tensor:

d𝜋(𝜓𝑖 (𝑣)) · 𝑠(0) > 0.

Hence for all 𝑖 ∈ 𝐼, 𝜋(𝜙𝑖 (𝑣)) · 𝑠′(0) < 0 and therefore 𝜋(𝜙(𝑣)) · 𝑠′(0) < 0. In particular 𝜙(𝑣) does
not vanish.

In order to glue the 𝜓𝑖 we need to be careful since the vectors 𝜓𝑖 (𝑣) do not belong to the same fiber
of the tangent bundle 𝑇𝑢∗E . Let Σ be the following map:

Σ : (𝑞𝑖)𝑖∈𝐼 ∈ (𝑢∗E)𝐼𝑥 ↦→
∑
𝑖∈𝐼

𝑞𝑖 ∈ (𝑢∗E)𝑥 .

Given 𝑣 ∈ S𝑇𝑥𝑀 we set:

𝜓(𝑣) = dΣ
(
(𝜒𝑖 (𝑣)𝜓𝑖 (𝑣))𝑖∈𝐼

)
.

This combination still satisfies that d𝜋(𝜓) is positive, indeed:

d𝜋(𝜓(𝑣)) =
∑
𝑖∈𝐼

𝜒𝑖 (𝑣)d𝜋(𝜓𝑖 (𝑣)).
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Note that we also get the following:

d pr(𝜓(𝑣)) =
∑
𝑖∈𝐼

𝜒𝑖 (𝑣)d pr(𝜓𝑖 (𝑣)) =

(∑
𝑖∈𝐼

𝜒𝑖 (𝑣)

)
𝑣 = 𝑣.

This concludes the construction of 𝜙 and 𝜓, and hence this concludes the proof. �

To prove Proposition 4.8 we use the directions w from Lemma 4.9 and we glue these vectors into a
vector field using once again a partition of the unit. We construct the vector field 𝑊 : S𝑢∗E → 𝑇S𝑢∗E in
a similar manner as 𝜓 : S𝑇 𝑀 → 𝑇S𝑢∗E . Morally “𝑊 = 𝜓 ◦ 𝜙−1,” but the map 𝜙 constructed previously
is not a priori bijective.

Proof of Proposition 4.8. We construct a continuous vector field W over 𝑢∗E , except the zero section
that is homogeneous, that is, such that for all 𝑥 ∈ 𝑀 and non zero 𝑞 ∈ 𝑢(𝑥) one has 𝑊𝜆𝑞 = d(𝑚𝜆)𝑊𝑞

for all 𝜆 ∈ R>0, where 𝑚𝜆 is the multiplication by 𝜆 on E . Such a vector field defines a vector field 𝑊
on S𝑢∗E . We require moreover that d𝜋(𝑊) is always positive.

Given any nonzero 𝑞0 ∈ 𝑢∗E , Lemma 4.9 provides the existence of some w0 ∈ 𝑇(𝑢 (𝑥) ,𝑞)E for all
(𝑥, 𝑞) ∈ 𝑢∗E such that:

(i) d pr(w0) ∈ d𝑢(𝑇𝑥𝑀),
(ii) d𝜋(w0) is positive.

Property (𝑖) implies that w0 defines a vector in𝑇𝑥,𝑞0 𝑢
∗E . For each such 𝑞0 one can find a neighborhood

U of it in 𝑢∗E that is invariant by the R>0-action, and on which one can define a map W satisfying (𝑖) as
well as the homogeneity condition 𝑊𝜆𝑞 = d(𝑚𝜆)𝑊𝑞 . Condition (𝑖𝑖) being an open condition invariant
by the action of 𝑚𝜆 it is satisfied automatically for U small enough.

Using a partition of the unit as in Lemma 4.9 we construct the desired vector field on 𝑢∗E . Note that
both property (𝑖) and the homogeneity are preserved by linear combinations, and (𝑖𝑖) is preserved by
positive combinations.

Finally note that the collection 𝑈𝑖 as well as the partition of the unity can be chosen to be 𝜌-
equivariant, so that the vector field W is also 𝜌-equivariant, and hence also the fitting flow Φ. �

5. The Anosov property and fibrations

In this section we show that the existence of an equivariant map of pencils that admits a fitting flow
implies that the representation is Anosov. Moreover we describe the domain that is fibered in RP2𝑛−1.
Finally we apply this to show that some quasi-Fuchsian representations do not admit equivariant maps
that admit a fitting flow.

5.1. The Anosov property

In order to show that a uniform contraction is taking place along the flow lines of the fitting flow, we
define a way to measure the distance between two quadric hypersurfaces nested into one another. The
characterization of Anosov representations that we use is similar to the characterization in terms of
inclusion of multicones from [BPS19].

Let SQmix be the set of quadrics that are not semi-positive or semi-negative up to a positive scalar.
If we fix an affine chart of L so that ℓ1, ℓ2, ℓ′2, ℓ′1 correspond to the real numbers 𝑥 ′1 < 𝑥 ′2 ≤ 𝑥2 < 𝑥1,

the cross ratio [ℓ1, ℓ2, ℓ′2, ℓ′1] is defined as:

[ℓ1, ℓ2, ℓ′2, ℓ′1] =
𝑥2 − 𝑥 ′1
𝑥2 − 𝑥 ′2

×
𝑥1 − 𝑥 ′2
𝑥1 − 𝑥 ′1

. (2)
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Figure 1. Illustration of Proposition 5.2.

Another equivalent definition, if we take nonzero representatives 𝑣1, 𝑣2, 𝑣′2, 𝑣′1 of ℓ1, ℓ2, ℓ′2, ℓ′1:

[ℓ1, ℓ2, ℓ′2, ℓ′1] =
𝑣2 ∧ 𝑣′1
𝑣2 ∧ 𝑣′2

×
𝑣1 ∧ 𝑣′2
𝑣1 ∧ 𝑣′1

.

This expression makes sense as
∧2 𝐿 	 R, and it is independent of the chosen identification. The

equivalence betweens these formulations is due to the fact that if 𝑣1 = 𝑒1 + 𝑥1𝑒2 and 𝑣2 = 𝑒1 + 𝑥2𝑒2 then
𝑣2 ∧ 𝑣1 = (𝑥2 − 𝑥1)𝑒2 ∧ 𝑒1.

Definition/Proposition 5.1. Let [𝑞1], [𝑞2] ∈ SQmix be such that for some choice of representatives,
the difference 𝑞2 − 𝑞1 is positive. For every projective line L intersecting {𝑞1 > 0} and {𝑞2 < 0}
we can define ℓ1 and ℓ′1 are the zeros of 𝑞1 on L and ℓ′1 and ℓ′2 and the zeros of 𝑞2 on L so that
the points ℓ1, ℓ2, ℓ′2, ℓ′1 ∈ P(𝑉) are cyclically in this order on L. We define the cross-ratio distance
cr([𝑞2], [𝑞1]) ∈ [1,∞) between [𝑞2] and [𝑞1] as the minimum of the cross ratio [ℓ1, ℓ2, ℓ′2, ℓ′1] for any
such projective line L, which is well defined and in (1,∞).

We now verify that this minimum exists and is in (1,∞).

Proof. First note that the assumption 𝑞2 − 𝑞1 is positive implies that {𝑞1 ≥ 0} ⊂ {𝑞2 > 0} and
{𝑞2 ≤ 0} ⊂ {𝑞1 < 0}. If L intersects {𝑞1 > 0} and {𝑞1 < 0} then the quadratic forms 𝑞1 and 𝑞2 are
both positive on some points and negative on some points of L, and hence they both admit exactly two
zeroes on L. These zeroes, denoted respectively ℓ1,ℓ′1 for 𝑞1 and ℓ2,ℓ′2 for 𝑞2 are in the following cyclic
order on L up to exchanging ℓ1 and ℓ′1: (ℓ1, ℓ2, ℓ′2, ℓ′1). One can refer to Figure 1 where {𝑞𝑖 > 0} is the
interior of the corresponding ellipse.

Consider the compact space X of projective lines L intersecting {𝑞1 ≥ 0} and {𝑞2 ≤ 0}. For every
such line we can define the lines ℓ1, ℓ′1 and ℓ2, ℓ′2 as in previously where ℓ1, ℓ′1 ≠ ℓ2, ℓ′2 but eventually
ℓ1 = ℓ′1 or ℓ2 = ℓ′2 which occur respectively exactly if L intersects trivially {𝑞1 > 0} or {𝑞2 > 0}. Indeed
in these cases the quadratic forms 𝑞𝑖 are semi-positive or semi negative on L and hence have a double
zero. By looking at the formula (2) on an affine chart such that 𝑥 ′1 < 𝑥 ′2 ≤ 𝑥2 < 𝑥1 we see the cross ratio
[ℓ1, ℓ2, ℓ′2, ℓ′1] is in (1,∞]. This ratio is finite if and only if ℓ1 ≠ ℓ′1 and ℓ2 ≠ ℓ′2 which occurs exactly
when L belongs to the interior of X, that is, when L intersects {𝑞1 > 0} and {𝑞2 < 0}. Finally note that
this ratio depends continuously on 𝐿 ∈ 𝑋 and that the interior of X is nonempty since 𝑞1 and 𝑞2 are
mixed. Therefore the minimum on X is well defined in (1,∞) and is reached on the interior of X. �

The logarithm of this quantity satisfies a reversed triangular inequality.

Proposition 5.2. Let [𝑞1], [𝑞2], [𝑞3] ∈ SQmix be such that 𝑞3 − 𝑞2 and 𝑞2 − 𝑞1 are positive. Then:

cr([𝑞3], [𝑞1]) ≥ cr([𝑞3], [𝑞2])cr([𝑞2], [𝑞1]).
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We illustrate this proposition and its proof in Figure 1. This figure illustrates 3 quadrics of signature
(1, 2) in RP2. In these pictures the quadrics are positive on the inside of the ellipse they define.
Proof. Pick any projective line that crosses {𝑞1 > 0} and {𝑞3 < 0}. Let the intersections of L with the
zeroes of 𝑞1, 𝑞2 and 𝑞3 be respectively (ℓ1, ℓ2, ℓ3, ℓ′3, ℓ′2, ℓ′1), counted with multiplicity and cyclically
ordered. We fix an affine chart for L such that this tuple corresponds to the tuple 𝑥 ′3 < 𝑥 ′2 < 𝑥 ′1 ≤ 𝑥1 <
𝑥2 < 𝑥3 of real numbers. This yields the following:

[ℓ1, ℓ3, ℓ′3, ℓ′1] =
𝑥3 − 𝑥 ′1
𝑥3 − 𝑥 ′3

×
𝑥1 − 𝑥 ′3
𝑥1 − 𝑥 ′1

.

[ℓ1, ℓ3, ℓ′3, ℓ′1] =

(
𝑥3 − 𝑥 ′1
𝑥3 − 𝑥 ′2

×
𝑥1 − 𝑥 ′2
𝑥1 − 𝑥 ′1

)
×

(
𝑥3 − 𝑥 ′2
𝑥3 − 𝑥 ′3

×
𝑥1 − 𝑥 ′3
𝑥1 − 𝑥 ′2

)
.

Note that if 𝐵 > 𝐴 > 0, for all 𝑐 > 0 one has 𝐴
𝐵 ≤ 𝐴+𝑐

𝐵+𝑐 and respectively 𝐵+𝑐
𝐴+𝑐 ≤ 𝐵

𝐴 . Hence, due to the
ordering of the tuple, we have the following inequalities by setting respectively 𝐴 = 𝑥2 −𝑥 ′1, 𝐵 = 𝑥2 −𝑥 ′2,
𝑐 = 𝑥3 − 𝑥2 and 𝐴 = 𝑥1 − 𝑥 ′2, 𝐵 = 𝑥1 − 𝑥 ′3, 𝑐 = 𝑥2 − 𝑥1:

𝑥2 − 𝑥 ′1
𝑥2 − 𝑥 ′2

≤
𝑥3 − 𝑥 ′1
𝑥3 − 𝑥 ′2

,
𝑥2 − 𝑥 ′3
𝑥2 − 𝑥 ′2

≤
𝑥1 − 𝑥 ′3
𝑥1 − 𝑥 ′2

.

Hence we obtain:

cr([𝑞2], [𝑞1]) ≤ [ℓ1, ℓ2, ℓ′2, ℓ′1] =
𝑥2 − 𝑥 ′1
𝑥2 − 𝑥 ′2

×
𝑥1 − 𝑥 ′2
𝑥1 − 𝑥 ′1

≤
𝑥3 − 𝑥 ′1
𝑥3 − 𝑥 ′2

×
𝑥1 − 𝑥 ′2
𝑥1 − 𝑥 ′1

.

cr([𝑞3], [𝑞2]) ≤ [ℓ2, ℓ3, ℓ′3, ℓ′2] =
𝑥3 − 𝑥 ′2
𝑥3 − 𝑥 ′3

×
𝑥2 − 𝑥 ′3
𝑥2 − 𝑥 ′2

≤
𝑥3 − 𝑥 ′2
𝑥3 − 𝑥 ′3

×
𝑥1 − 𝑥 ′3
𝑥1 − 𝑥 ′2

.

Hence one has [ℓ1, ℓ3, ℓ′3, ℓ′1] ≥ cr([𝑞2], [𝑞1])cr([𝑞3], [𝑞2]) for every such projective line L.
Therefore cr([𝑞3], [𝑞1]) ≥ cr([𝑞3], [𝑞2])cr([𝑞2], [𝑞1]). �

A sequence of quadrics such that the cross ratio distance between the first and last quadric goes to
+∞ satisfies that the intersection of all half-spaces determined by the quadrics is a projective subspace.

Proposition 5.3. Let (𝑞𝑛)𝑛∈N be a sequence of quadrics such that 𝑞𝑛+1 − 𝑞𝑛 is positive for all 𝑛 ∈ N

and cr([𝑞𝑛], [𝑞0]) goes to +∞. Then
⋂
𝑛∈N{𝑞𝑛 ≤ 0} ⊂ P(𝑉) is a projective subspace.

This proposition is proven in [BG09]. We write a version of the argument here for the sake of
completeness. We illustrate this proposition with quadrics of signature (1, 2) in RP2 in Figure 2.

Proof. The intersection 𝐼 =
⋂
𝑛∈N{𝑞𝑛 ≤ 0} is a compact nonempty subset. Let 𝑥 ≠ 𝑦 ∈ 𝐼 and let L

be the projective line from x to y. Suppose that there exists 𝑧 ∈ 𝐿 such that 𝑧 ∉ 𝐼. Without any loss
of generality one can assume that the open interval 𝑆 ⊂ 𝐿 bounded by 𝑥, 𝑦 and containing z does not
intersect I. Indeed one can otherwise replace 𝑥, 𝑦 by the points on 𝐿 ∩ 𝐼 closest to z on both sides.

Figure 2. Illustration of Proposition 5.3.

https://doi.org/10.1017/fms.2026.10166 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2026.10166


Forum of Mathematics, Sigma 21

Figure 3. Illustration of the proof of Theorem 5.4.

Since 𝑧 ∉ 𝐼 there exist 𝑛0 ∈ N such that 𝑞𝑛0 is positive on z. For 𝑛 ≥ 𝑛0, let 𝑧1, 𝑧2 be the two
intersections of L with the zeroes of 𝑞𝑛 so that the points (𝑥, 𝑧−𝑛 , 𝑧, 𝑧+𝑛, 𝑦) are cyclically ordered. The
sequences (𝑧−𝑛) and (𝑧+𝑛) are monotonic in S and must converge to x and y since 𝑆 ∩ 𝐼 = ∅. The value of
cr([𝑞𝑛0 ], [𝑞𝑛]) is bounded from above by the cross ratio [𝑧+𝑛0 , 𝑧+𝑛, 𝑧−𝑛 , 𝑧−𝑛0], which in turn converges to
the cross ratio [𝑧+𝑛0 , 𝑥, 𝑦, 𝑧−𝑛0] < ∞ when n goes to +∞. This contradicts the fact that cr([𝑞𝑛], [𝑞0]) goes
to +∞. Hence for every pair of points in I, the associated projective line is contained in I. In particular I
is a projective subspace. �

Let Gr(𝑛,𝑛)𝑑 (Q) ⊂ Grmix
𝑑 (Q) be the open subset of Gr𝑑 (Q) of pencils P such that for all 𝑞 ∈ 𝑃

nonzero, q has signature (𝑛, 𝑛). We now apply the previous results to prove that representations that
admit an equivariant fitting immersion in this open set, and more generally a fitting map with a fitting
flow, are Anosov. For examples of such immersions, see Proposition 7.1. Here again 𝑀 = 𝑁 for a
compact N, Γ = 𝜋1 (𝑁) and 𝜌 : Γ → SL(𝑉) is a representation.

Theorem 5.4. Let 𝑢 : 𝑁 → Gr(𝑛,𝑛)𝑑 (Q) be a continuous 𝜌-equivariant map that admits an equivariant
fitting flow. The representation 𝜌 is {𝑛}-Anosov, and for any 𝑞 ∈ S𝑢∗E , the limit map 𝜉𝑛𝜌 (𝜁) ∈ Gr𝑛 (R2𝑛)
at the limit 𝜁 ∈ 𝜕Γ of the flow line (Φ𝑡 (𝑞)) is the following projective subspace:⋂

𝑡≥0
{𝜋(Φ𝑡 (𝑞)) ≤ 0}.

Note that the flow lines of an equivariant fitting flow are quasi-geodesics by Proposition 4.5, and
S𝑢∗E is quasi-isometric to Γ, hence the limit point 𝜁 is well-defined.

Proof. The flat V-bundle over S𝑢∗E associated with 𝜌 admits a continuous splitting 𝐸 ⊕ 𝐹 where for
𝑞 ∈ S𝑢∗E :

P
(
𝐸𝑞

)
=

⋂
𝑡≥0

{𝜋(Φ−𝑡 (𝑞)) ≥ 0},

P
(
𝐹𝑞

)
=

⋂
𝑡≥0

{𝜋(Φ𝑡 (𝑞)) ≤ 0}.

This defines transverse vector subspaces by Proposition 5.3 since cr(Φ𝑡 (𝑞), 𝑞) and cr(−Φ−𝑡 (𝑞),−𝑞)
go to +∞when t goes to+∞. Moreover the quadrics in the pencils in the image of u are of signature (𝑛, 𝑛),
one must have dim(𝐸𝑞) = dim(𝐹𝑞) = 𝑛 so this splitting is well-defined. This splitting is preserved by Φ.

We now construct a metric h on this flat V-bundle over S𝑢∗E . Given 𝑞 ∈ S𝑢∗E we define the
symmetric bilinear form ℎ𝑞 on 𝑉 = 𝐸𝑞 ⊕ 𝐹𝑞 so that this sum is orthogonal and ℎ𝑞 is equal to 𝜋(𝑞) ∈ Q
on 𝐸𝑞 and −𝜋(𝑞) ∈ Q on 𝐹𝑞 . Note that by definition of 𝐸𝑞 and 𝐹𝑞 , ℎ𝑞 is positive.

We also introduce an auxiliary symmetric bilinear form ℎ̄ of signature (𝑛, 𝑛) on this flat V-bundle
over S𝑢∗E so that the sum 𝐸𝑞 ⊕ 𝐹𝑞 is orthogonal and ℎ̄𝑞 is equal to 𝜋(𝑞) ∈ Q on 𝐸𝑞 and on 𝐹𝑞 .
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Our first step is to compare the quadric ℎ̄𝑞 with 𝜋(𝑞). Let L be a projective line intersecting P(𝐸𝑞)
at some e and P(𝐹𝑞) at some f. In Figure 3, we illustrate some RP2 ⊂ RP2𝑛−1 containing the projective
line L. Let ℓ1, ℓ′1 be the zeroes of 𝜋(𝑞) on L and ℓ2, ℓ′2 be the zeroes of ℎ̄𝑞 on L, so that ℓ1, ℓ2 lie in the
same connected component of 𝐿 \ {𝑒, 𝑓 }. Since N is compact, there exists a maximum 𝛿 < ∞ for all
𝑞 ∈ S𝑢∗E and all such projective line L of the quantity | log( [ℓ1, ℓ2, 𝑓 , 𝑒]) |.

Now we turn our attention to the contraction properties of Φ. Let 𝑡 > 0 be a real number and let
𝑞 ∈ S𝑢∗E . Let 𝑣 ∈ 𝐸𝑞 and 𝑤 ∈ 𝐹𝑞 . We are interested in the following ratio:

𝑅 =
ℎΦ𝑡 (𝑞) (𝑣)ℎ𝑞 (𝑤)

ℎΦ𝑡 (𝑞) (𝑤)ℎ𝑞 (𝑣)
.

Let 𝑒, 𝑓 be the lines generated by 𝑣, 𝑤 and L be the projective line joining them. Let ℓ1, ℓ′1 be the zeroes
of 𝜋(𝑞) on L, ℓ2, ℓ′2 the zeroes of ℎ̄𝑞 on L, ℓ3, ℓ′3 be the zeroes of 𝜋(Φ𝑡 (𝑞)) on L and finally ℓ4, ℓ′4 the
zeroes of ℎΦ𝑡 (𝑞) on L. We assume that ℓ1, ℓ2, ℓ3, ℓ4 all lie on the same component of 𝐿 \ {𝑒, 𝑓 }.

The cross ratio [ℓ2, ℓ4, 𝑓 , 𝑒] is equal to 𝑅
1
2 . Indeed ℓ2 is generated by ℎ

1
2
𝑞 (𝑤)𝑣 + ℎ

1
2
𝑞 (𝑣)𝑤 and ℓ4 is

generated by ℎ
1
2
Φ𝑡 (𝑞)

(𝑤)𝑣 + ℎ
1
2
Φ𝑡 (𝑞)

(𝑣)𝑤, up to changing ℓ𝑖 by ℓ′𝑖 for 1 ≤ 𝑖 ≤ 4. Hence:

[ℓ2, ℓ4, 𝑓 , 𝑒] =

(
ℎ

1
2
𝑞 (𝑤)𝑣 + ℎ

1
2
𝑞 (𝑣)𝑤

)
∧ 𝑤(

ℎ
1
2
𝑞 (𝑤)𝑣 + ℎ

1
2
𝑞 (𝑣)𝑤

)
∧ 𝑣

×

(
ℎ

1
2
Φ𝑡 (𝑞)

(𝑤)𝑣 + ℎ
1
2
Φ𝑡 (𝑞)

(𝑣)𝑤

)
∧ 𝑣(

ℎ
1
2
Φ𝑡 (𝑞)

(𝑤)𝑣 + ℎ
1
2
Φ𝑡 (𝑞)

(𝑣)𝑤

)
∧ 𝑤

= 𝑅
1
2 .

However due to our comparison of 𝜋(𝑞) and ℎ̄𝑞 one has:

𝑒−𝛿 ≤ [ℓ2, ℓ4, 𝑓 , 𝑒], [ℓ1, ℓ3, 𝑓 , 𝑒] ≤ 𝑒𝛿 .

Therefore [ℓ2, ℓ4, 𝑓 , 𝑒]/[ℓ1, ℓ3, 𝑓 , 𝑒] ≥ 𝑒−2𝛿 . Hence 𝑅
1
2 > 𝑒−2𝛿 [ℓ1, ℓ3, 𝑓 , 𝑒]. This last cross ratio is

larger than:

[ℓ1, ℓ3, ℓ′3, ℓ′1] ≥ cr(𝜋(Φ𝑡 (𝑞)), 𝜋(𝑞), ).

Since Φ is a fitting flow and since N is compact, there exist 𝛼 > 0 such that cr(𝜋(Φ1 (𝑞)), 𝜋(𝑞)) ≥ 𝑒𝛼

for all 𝑞 ∈ S𝑢∗E . Hence by the triangular inequality from Proposition 5.2, for all 𝑡 > 0:

cr(𝜋(Φ𝑡 (𝑞)), 𝜋(𝑞)) ≥ 𝑒𝛼(𝑡−1) .

Hence we get the following estimate:

ℎΦ𝑡 (𝑞) (𝑣)ℎ𝑞 (𝑤)

ℎΦ𝑡 (𝑞) (𝑤)ℎ𝑞 (𝑣)
≥ 𝑒2𝛼𝑡−4𝛿−2𝛼 .

This implies that the splitting 𝑉 = 𝐸𝑞 ⊕ 𝐹𝑞 is {𝑛}-contracting in the sense of [BPS19] with respect
to the flow Φ for the metric h. Moreover Γ acts cocompactly on S𝑢∗E and every geodesic in Γ is at
uniform distance from a flow line of Φ. The domination of this splitting implies an exponential gap for
the singular values [BPS19, Theorem 2.2], which implies that 𝜌 is {𝑛}-Anosov. The vector subspace
𝜉𝑛𝜌 (𝜁) is the contracted subspace 𝐹𝑞 . �

5.2. Fibered domain of discontinuity

Such an equivariant map into the space of pencils that admits a fitting flow induces a fibration of the
Guichard-Wienhard domain of discontinuity.

Recall that 𝑢𝑜 (𝑥) ⊂ 𝑆2𝑉 is the annihilator subspace of 𝑢(𝑥) ⊂ Q =
(
𝑆2𝑉

)∗.
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Proposition 5.5. Let N be a compact manifold of dimension d with fundamental group Γ. Let 𝜌 : Γ →

SL(𝑉) and 𝑢 : 𝑁 → Gr(𝑛,𝑛)𝑑 (Q) be a 𝜌-equivariant continuous map that admits an equivariant fitting
flow Φ on S𝑢∗E . The union of P(𝑢◦(𝑥) ∩ 𝑆2𝑉>0) for 𝑥 ∈ 𝑁 covers all of P(𝑆2𝑉>0), and the closure of
this union intersects the space of rank one points P(𝑉) 	 𝑆2

P(𝑉) ⊂ P(𝑆2𝑉 ≥0) exactly at the domain of
discontinuity for {𝑛}-Anosov representations considered by Guichard-Wienhard [GW12]:

Ω = P(𝑉) \
⋃
𝜁 ∈𝜕Γ

P(𝜉𝑛𝜌 (𝜁)). (3)

The intersection of P(𝑢◦(𝑥) ∩ 𝑆2𝑉>0) with the set of rank one points for 𝑥 ∈ 𝑁 defines a fibration
over 𝑁 of Ω.

In this argument we will use the Hilbert distance on P(𝑆2𝑉>0) already introduced for the proof of
Proposition 4.5. For a subset 𝐴 ⊂ P(𝑉) we write 𝑆2 𝐴 ⊂ P(𝑆2𝑉) the corresponding set of rank one lines.

Proving first that P(𝑆2𝑉>0) is fully covered helps us proving that the Guichard -Wienhard domain is
also fully covered.

Proof. Let us first prove that all of P(𝑆2𝑉>0) is covered by the union of P(𝑢◦(𝑥) ∩𝑆2𝑉>0) for 𝑥 ∈ 𝑁 . We
fix a Riemannian metric on N that defines a Riemannian metric g on 𝑁 , with associated distance 𝑑𝑔. Since
u is globally fitting, see Remark 4.6, for all 𝑥 ∈ 𝑁 there exists a neighborhood U of P(𝑢◦(𝑥) ∩ 𝑆2𝑉 ≥0) in
P(𝑆2𝑉 ≥0) that is covered by the manifolds P(𝑢◦(𝑦) ∩ 𝑆2𝑉 ≥0) for y in the ball for 𝑑𝑔 of radius 1 centered
at 0, by Proposition 3.12, part (i).

This neighborhood contains an 𝜖-neighborhood of P(𝑢◦(𝑥) ∩ 𝑆2𝑉>0) for the Hilbert metric on
P(𝑆2𝑉>0) for some 𝜖 > 0. Since N is compact, this 𝜖 > 0 can be chosen independently of x.

Now let us fix some 𝑥0 ∈ 𝑁 and some [𝑠0] ∈ P(𝑢
◦(𝑥0) ∩𝑆2𝑉>0). Given any [𝑠′] ∈ P(𝑆2𝑉>0) one can

find a finite sequence 𝑠0, 𝑠1, · · · , 𝑠𝑘 = 𝑠′ in 𝑆2𝑉>0 so that the Hilbert distance between [𝑠𝑖] and [𝑠𝑖+1]
is less than 𝜖 for all 0 ≤ 𝑖 < 𝑘 . By induction, and since the Riemannian metric 𝑑𝑔 is complete, one can
construct for all 1 ≤ 𝑖 ≤ 𝑘 a point 𝑥𝑖 ∈ 𝑁 such that [𝑠𝑖] ∈ P(𝑢◦(𝑥𝑖) ∩ 𝑆2𝑉>0) and 𝑑𝐻 (𝑥𝑖−1, 𝑥𝑖) ≤ 1.
Therefore the manifolds P(𝑢◦(𝑥) ∩ 𝑆2𝑉>0) cover all of P(𝑆2𝑉>0).

Now let us consider the fibered domain in projective space. We first prove that the fibers are contained
in the domain 𝑆2Ω. Consider a rank one line [𝑠] ∈ 𝑆2

P(𝜉𝑛𝜌 (𝑥)) for some 𝜁 ∈ 𝜕Γ. Suppose that p belongs
to 𝑢◦(𝑥) for some 𝑥 ∈ 𝑁 . There exists a flow line (Φ𝑡 ([𝑞]))𝑡≥0 starting at pr([𝑞]) = 𝑥 and converging
to 𝜁 ∈ 𝜕Γ 	 𝜕𝑁 by Proposition 4.5. Theorem 5.4 implies that 𝜋(𝑞) ∈ Q must be negative on 𝜉2

𝜌 (𝜁) and
hence p cannot belong to 𝑢◦(𝑥).

Conversely let us prove that every point in 𝑆2Ω is covered by some fiber. Fix a point 𝑥 ∈ 𝑁 and
take any rank one point [𝑠] ∈ 𝑆2Ω in the Guichard-Wienhard domain of discontinuity. There exists a
sequence (𝑥𝑛) such that [𝑠] belongs to the limit of P(𝑢◦(𝑥𝑛) ∩ 𝑆2𝑉 ≥0), since these manifolds cover
P(𝑆2𝑉>0). We consider some [𝑞𝑛] ∈ SE𝑥 such that Φ𝑡 ([𝑞𝑛]) ∈ SE𝑥𝑛 for some 𝑡𝑛 > 0, which exist by
Proposition 4.5. If 𝑡𝑛 diverges when n varies, then the set P(𝑢◦(𝑥𝑛) ∩ 𝑆2

P(𝑉)) becomes arbitrarily close
to 𝑆2
P(𝜉𝑛𝜌 (𝜁𝑛)) where 𝜁𝑛 is the limit when t goes to +∞ of Φ𝑡 ([𝑞𝑛]). This would contradict the fact that

[𝑠] ∈ 𝑆2Ω, as in this case [𝑠] ∈ P(𝜉𝑛𝜌 (𝜁)) where 𝜁 is a limit point of (𝜁𝑛). Hence the sequence (𝑥𝑛) is
bounded and therefore converges up to subsequence to some 𝑥∞ ∈ 𝑁 , and [𝑠] ∈ P(𝑢◦(𝑥∞)). �

6. Fitting maps and maximal representations

Let us consider representations 𝜌 : Γ → Sp(2𝑛,R). We prove our main result, which is the characteriza-
tion of maximal representations in terms of maps of pencils. The first part introduces 𝜔-regular pencils,
as well as a connected component of the space of 𝜔-regular pencils. We then state the characterization,
and then present the construction of a map of pencils with a fitting flow for any maximal representation.
This construction relies on a map from the space of pairs of Lagrangians to the space of quadrics.

Throughout this section we set 𝑑 = 2, and consider the case when 𝑁 = 𝑆𝑔 is a surface.
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6.1. Definition of maximal pencils

We say that a quadric q in
(
R

2𝑛, 𝜔
)

is 𝜔-regular if it is positive on some Lagrangian ℓ1 and negative on
some Lagrangian ℓ2. Note that if ℓ1, ℓ2 are only assumed to be n dimensional subspaces, this condition
is exactly the condition of having signature (𝑛, 𝑛). We call Gr𝜔2 (Q) the space of pencils hose nonzero
elements are all 𝜔-regular, which is an open subset of Gr(𝑛,𝑛)2 (Q). These pencils have in particular
the property that the corresponding subsets of P(𝑆2𝑉) intersect transversely the symmetric space of
Sp(2𝑛,R), see Lemma 7.4.

Remark 6.1. If a locally fitting map 𝑢 : 𝑆̃𝑔 → Gr(𝑛,𝑛)2 (Q) admits a fitting flow which is equivariant
with respect to a representation 𝜌 : Γ → Sp(2𝑛,R), the image of u must lie in Gr𝜔2 (Q) as 𝜌 is {𝑛}-
Anosov by Theorem 5.4, and the limit map of {𝑛}-Anosov representations in Sp(2𝑛,R) takes values in
the space of Lagrangians. This last fact is a consequence of the fact that an attractive fixed n-dimensional
subspace of an element in Sp(2𝑛,R) is necessarily Lagrangian, see, for instance, [GW12].

There are nonmaximal representations admitting equivariant fitting immersions, for instance almost-
Fuchsian representations in SL(2,C) ⊂ Sp(4,R), see Appendix A. In order to obtain the maximality
property, we need to restrict ourselves to the correct union of connected component of Gr𝜔2 (Q).

Let 𝑃 ∈ Gr𝜔2 (Q) be a pencil, and fix an orientation for P. Recall that L𝑛 in the space of Lagrangians
in R2𝑛. We construct a “boundary map” for an 𝜔-regular pencil of quadrics, defined up to homotopy.
Before defining this map, note the following:

Lemma 6.2. Let 𝑞 ∈ Q be an 𝜔-regular element. The set of Lagrangians ℓ such that q is positive on ℓ
is homeomorphic to an open ball.

Proof. There exist some ℓ+ ∈ L𝑛 on which q is positive. Moreover there exist some ℓ− ∈ L𝑛 on which
q is negative.

Every Lagrangian ℓ on which q is positive must be transverse to ℓ−, hence it can be written as the
graph {𝑥 + 𝑢(𝑥) | 𝑥 ∈ ℓ+} of some linear map 𝑢 : ℓ+ → ℓ−, and one has for all 𝑣 ∈ ℓ+:

𝑞(𝑣, 𝑣) + 𝑞(𝑢(𝑣), 𝑢(𝑣)) + 2𝑞(𝑣, 𝑢(𝑣)) = 𝑞(𝑣 + 𝑢(𝑣), 𝑣 + 𝑢(𝑣)) > 0.

Since 𝑞(𝑣, 𝑣) > 0 and 𝑞(𝑢(𝑣), 𝑢(𝑣)) < 0, for all 0 < 𝜆 < 1:

𝑞(𝑣 + 𝜆𝑢(𝑣), 𝑣 + 𝜆𝑢(𝑣)) = 𝑞(𝑣, 𝑣) + 𝜆2𝑞(𝑢(𝑣), 𝑢(𝑣)) + 2𝜆𝑞(𝑣, 𝑢(𝑣)) > 0.

We can identify the elements of L𝑛 transverse to ℓ− as the vector subspace of the space of maps
𝑢 : ℓ+ → ℓ−. We just proved that in this chart the set of elements on which q is positive is open and
star-shaped, hence it is an open ball. �

We now define the “boundary map” of the pencil.

Proposition 6.3. Let 𝑃 ∈ Gr𝜔2 (Q). There exists a continuous map 𝜉𝑃 : S𝑃 → L𝑛 such that for all
[𝑞] ∈ S𝑃, 𝑞 > 0 on 𝜉𝑃 ([𝑞]). Moreover any two such maps are homotopic, so the free homotopy type
[𝜉𝑃] is well defined.

Proof. A map 𝜉𝑃 is exactly a section of the bundle {([𝑞], ℓ) | 𝑞 |ℓ > 0} → S𝑃, which is a fiber bundle
whose fibers are open balls. Such sections always exist and are unique up to homotopy. �

We say that a pencil is maximal for some orientation if [𝜉𝑃] = 𝑛[𝜏], where [𝜏] is the generator of
𝜋1 (L𝑛) introduced in Section 2.2. We denote by Grmax

2 (Q) the space of pencils that are maximal for
some orientation. This is a union of connected components of Gr𝜔2 (Q) as the homotopy type [𝜉𝑃] is
locally invariant for 𝑃 ∈ Gr𝜔2 (Q).

Remark 6.4. The previous discussion allows us to distinguish several connected components of the
open subspace Gr𝜔2 (Q) by looking at the homotopy type of the boundary map 𝜉𝑃 .
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As a recall we have the following inclusions:

Grmax
2 (Q) ⊂ Gr𝜔2 (Q) ⊂ Gr(𝑛,𝑛)2 (Q) ⊂ Grmix

2 (Q) ⊂ Gr2 (Q).

All these inclusions are open, and the inclusion 𝐺𝑟max
2 (Q) ⊂ Gr𝜔2 (Q) is a union of connected

components.

6.2. Statement of the characterization

We obtain the following characterization of maximal representations in terms of the existence of locally
fitting maps that admit a fitting flow.
Theorem 6.5. A representation 𝜌 : Γ𝑔 → Sp(2𝑛,R) admits a 𝜌-equivariant locally fitting map 𝑢 :
𝑆̃𝑔 → Grmax

2 (Q) that admits a 𝜌-invariant fitting flow if and only if it is maximal for some orientation
of 𝑆𝑔.

In this case the orientation of 𝑆𝑔 for which 𝜌 is maximal is induced by the orientation of the maximal
pencils 𝑢(𝑥) for 𝑥 ∈ 𝑆̃𝑔 and Lemma 4.3.

In particular if a representation 𝜌 admits an equivariant fitting immersion 𝑢 : 𝑆̃𝑔 → Grmax
2 (Q) then

it is maximal because of Proposition 4.8. This theorem leaves the following question open:
Question 6.6. Given a maximal representation 𝜌 : Γ𝑔 → Sp(2𝑛,R), is there always an equivariant
fitting immersion 𝑢 : 𝑆̃𝑔 → Grmax

2 (Q) ?
We show in Section B that this is true for Sp(4,R), and in this case there exists a fitting immersion

whose image lies in a single special Sp(4,R)-orbit of Grmax
2 (Q).

The following Lemma shows one direction of Theorem 6.5, the other direction is proven by
Lemma 6.13.
Lemma 6.7. Let 𝜌 : Γ𝑔 → Sp(2𝑛,R) be a representation that admits an equivariant continuous map
𝑢 : 𝑆̃𝑔 → Grmax

2 (Q) that admits an equivariant fitting flow. Then 𝜌 is maximal for some orientation of 𝑆𝑔.
Recall that the limit map of {𝑛}-Anosov representations in Sp(2𝑛,R) takes values in the space of

Lagrangians, see Remark 6.1.

Proof. We first apply Theorem 5.4 which shows that 𝜌 is {𝑛}-Anosov. Let 𝑥 ∈ 𝑆̃𝑔, we prove that the
homotopy type of the boundary curve 𝜉𝑛𝜌 is the same as the homotopy type [𝜉𝑢 (𝑥) ] from Proposition 6.3.
We consider the map 𝜁∞ that associates to [𝑞] ∈ S𝑢∗E𝑥 the limit of Φ𝑡 ([𝑞]) in 𝜕Γ. This map is
homotopic in 𝑆̃𝑔 ∪ 𝜕Γ \ {𝑥} to the map 𝜁1 that associates the projection 𝑝(Φ1). Hence by Lemma 4.3,
𝜁1 defines a diffeomorphism of degree 1 between the circle S𝑢(𝑥) with its maximal orientation and the
boundary 𝜕Γ for the induced orientation.

The map 𝜉𝑛𝜌 ◦ 𝜁∞ has the homotopy type [𝜉𝑢 (𝑥) ] associated to 𝑢(𝑥): it defines a boundary map as in
Proposition 6.3. The fact that 𝜌 is maximal is then a consequence of the characterization of maximal
representations from Theorem 2.5. Indeed 𝑢(𝑥) ∈ Grmax

2 (Q) implies that [𝜉𝑢 (𝑥) ] = 𝑛[𝜏], and we already
know that the degree of 𝜁∞ is equal to the degree of 𝜁1 which is equal to 1. �

6.3. Construction of a fitting flow

In this section we study special quadrics in R2𝑛 associated to pairs of transverse Lagrangians. These
objects will allow us to construct fitting continuous embeddings of pencils.
Definition 6.8. Let ℓ1, ℓ2 be two transverse Lagrangians in R2𝑛. We define 𝑞ℓ1 ,ℓ2 to be the symmetric
bilinear form onR2𝑛 such that if 𝜋1, 𝜋2 are the projections on ℓ1, ℓ2 associated to the direct sum ℓ1⊕ℓ2 = 𝑉 :

𝑞ℓ1 ,ℓ2 (𝑣, 𝑣) = 𝜔(𝜋1 (𝑣), 𝜋2 (𝑣)).

Note that 𝑞ℓ2 ,ℓ1 = −𝑞ℓ1 ,ℓ2 .

https://doi.org/10.1017/fms.2026.10166 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2026.10166


26 C. Davalo

Remark 6.9. In particular 𝑞ℓ1 ,ℓ2 is characterized by the fact that ℓ1 and ℓ2 are isotropic and for all
𝑣 ∈ ℓ1, 𝑤 ∈ ℓ2:

𝑞ℓ1 ,ℓ2 (𝑣, 𝑤) = 𝜔(𝑣, 𝑤).

Maximal triples of Lagrangians can be characterized as follows:
Lemma 6.10. A triple of Lagrangians (ℓ1, ℓ2, ℓ3) is maximal if and only if 𝑞ℓ1 ,ℓ3 is positive on ℓ2.
Proof. Let us write ℓ1, ℓ2, ℓ3 as in Section 2.1 for some symplectic basis:

ℓ1 = 〈𝑥1, 𝑥2, · · · 𝑥𝑛〉,

ℓ2 = 〈𝑥1 + 𝜖1𝑦1, 𝑥2 + 𝜖2𝑦2, · · · 𝑥𝑛 + 𝜖𝑛𝑦𝑛〉,

ℓ3 = 〈𝑦1, 𝑦2, · · · 𝑦𝑛〉.

The form 𝑞ℓ1 ,ℓ3 can be written in this basis as:

𝑞ℓ1 ,ℓ3 =
1
2

𝑛∑
𝑖=1

𝑥∗𝑖 ⊗ 𝑦∗𝑖 + 𝑦∗𝑖 ⊗ 𝑥∗𝑖 .

This form is positive on ℓ2 if and only if all of the 𝜖𝑖 are positive, and hence if the triple is maximal. �

These quadrics have also the following remarkable properties for maximal quadruples of Lagrangians.
A quadruple of Lagrangians (ℓ1, ℓ2, ℓ3, ℓ4) is called maximal if each cyclic oriented subtriple is

maximal.
Lemma 6.11. Let (ℓ1, ℓ2, ℓ3, ℓ4) be a maximal quadruple of Lagrangians. The bilinear form 𝑞ℓ4 ,ℓ3 −𝑞ℓ1 ,ℓ2

is positive. In particular the zero set of these quadrics define two disjoint quadric hypersurfaces in
P(R2𝑛).

Note that a triple of Lagrangians (ℓ1, ℓ2, ℓ3) is maximal if and only if corresponding linear map
𝑢 ∈ Hom(ℓ1, ℓ3) whose graph is equal to ℓ2 is such that 𝜔(·, 𝑢(·)) is positive on ℓ1.

Proof. Let us prove the first part of the statement. Since (ℓ4, ℓ1, ℓ3) is a maximal triple of Lagrangians,
ℓ1 can be written as the graph of some linear map 𝑢1 : ℓ4 → ℓ3 such that 𝜔(·, 𝑢1(·)) is a positive bilinear
form on ℓ4. Similarly since (ℓ4, ℓ2, ℓ3) is a maximal triple of Lagrangians, ℓ2 can be written as the graph
of some linear map 𝑢2 : ℓ4 → ℓ3 such that 𝜔(·, 𝑢2(·)) is a positive bilinear form on ℓ4.

Let 𝑣 ∈ R2𝑛, it can be decomposed uniquely as 𝑣 = 𝑣1 + 𝑣2 with 𝑣1 ∈ ℓ1 and 𝑣2 ∈ ℓ2. Moreover there
exist some unique 𝑥, 𝑦 ∈ ℓ4 such that 𝑣1 = 𝑥 + 𝑢1(𝑥) and 𝑣2 = 𝑦 + 𝑢2(𝑦). The vector 𝑣 decomposes
therefore as 𝑣 = 𝑥 + 𝑦 + 𝑢1(𝑥) + 𝑢2(𝑦). One computes that:

𝑞ℓ4 ,ℓ3 (𝑣, 𝑣) − 𝑞ℓ1 ,ℓ2 (𝑣, 𝑣) = 𝜔(𝑥 + 𝑦, 𝑢1 (𝑥) + 𝑢2(𝑦)) − 𝜔(𝑥 + 𝑢1(𝑥), 𝑦 + 𝑢2 (𝑦)),

= 𝜔(𝑥, 𝑢1(𝑥)) + 𝜔(𝑦, 𝑢2(𝑦)) + 2𝜔(𝑦, 𝑢1(𝑥)).

Finally the fact that (ℓ1, ℓ2, ℓ3) forms a maximal triple implies that the bilinear form 𝜔(·, 𝑢2(·)) is
positive on ℓ1, where 𝑢2 ∈ Hom(ℓ1, ℓ3) corresponding to 𝑢2. In particular for all nonzero 𝑥 ∈ ℓ4:

𝜔(𝑥 + 𝑢1(𝑥), 𝑢2(𝑥 + 𝑢1(𝑥)) = 𝜔(𝑥, 𝑢2 (𝑥 + 𝑢1(𝑥)) > 0.

However note that by definition 𝑥 + 𝑢1(𝑥) + 𝑢2(𝑥 + 𝑢1(𝑥)) = 𝑥 + 𝑢2(𝑥) and in particular 𝑢2(𝑥 + 𝑢1 (𝑥)) =
(𝑢2 − 𝑢1) (𝑥). Hence the symmetric bilinear form 𝜔(·, (𝑢2 − 𝑢1) (·)) is positive on ℓ4.

In particular for 𝑦 ≠ 0 the previous expression is strictly greater than the following 𝜔(𝑥, 𝑢1(𝑥)) +
𝜔(𝑦, 𝑢1(𝑦)) + 2𝜔(𝑦, 𝑢1(𝑥)), which is non-negative since 𝜔(·, 𝑢1(·)) is positive. In the case when 𝑦 = 0,
this last inequality is strict for 𝑥 ≠ 0. Otherwise the previous inequality 𝜔(𝑦, (𝑢2 − 𝑢1) (𝑦)) > 0 is strict.
Therefore for 𝑣 ≠ 0, 𝑞ℓ4 ,ℓ3 (𝑣, 𝑣) − 𝑞ℓ1 ,ℓ2 (𝑣, 𝑣) > 0. �

https://doi.org/10.1017/fms.2026.10166 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2026.10166


Forum of Mathematics, Sigma 27

We now state an infinitesimal version of Lemma 6.11 that we will use in Section B.
Lemma 6.12. Let ℓ+, ℓ− : [0, 1] → L𝑛 be smooth and such that ℓ+0 = ℓ+(0) and ℓ−0 = ℓ−(0) are
transverse and the linear maps �𝑢+ ∈ Hom(ℓ+0 , ℓ−0 ) and �𝑢− ∈ Hom(ℓ+0 , ℓ+0 ) corresponding to (ℓ+)′(0) and
(ℓ−)′(0) are such that 𝜔(·, �𝑢+(·)) and 𝜔( �𝑢−(·), ·) are positive respectively on ℓ+0 and ℓ−0 . The derivative
at 𝑡 = 0 of 𝑞ℓ+ (𝑡) ,ℓ− (𝑡) is positive.
Proof. The proof is similar to the previous one. Let 𝑢+(𝑡) ∈ Hom(ℓ+0 , ℓ−0 ) and 𝑢−(𝑡) ∈ Hom(ℓ−0 , ℓ+0 )

be the linear maps whose graph is equal to ℓ+(𝑡) and ℓ−(𝑡) respectively. Let 𝑣 ∈ R2𝑛. The derivative
of the evaluation of 𝑞𝑡 = 𝑞ℓ+ (𝑡) ,ℓ− (𝑡) to 𝑣 can be written in term of the derivative �𝑣+𝑡 , �𝑣−𝑡 of the vectors
𝑣+𝑡 ∈ ℓ+(𝑡), 𝑣−𝑡 ∈ ℓ−(𝑡) such that 𝑣 = 𝑣+𝑡 + 𝑣−𝑡 :

�𝑞0 (𝑣, 𝑣) = 𝜔(𝑣+0 , �𝑣−0 ) + 𝜔( �𝑣+0 , 𝑣−0 ).

One has �𝑣+0 = −�𝑣−0 since 𝑣 = 𝑣+𝑡 + 𝑣−𝑡 does not vary with t. The fact that 𝑣+𝑡 ∈ ℓ+(𝑡) for all t implies that
�𝑣+0 can be written 𝑤+ + �𝑢+(𝑣+0) with 𝑤+ ∈ ℓ+0 . Similarly �𝑣−0 can be written 𝑤− + �𝑢−(𝑣+0) with 𝑤− ∈ ℓ−0 .
Note that 𝜔(𝑣+0 , 𝑤+) = 0 as they belong to the same Lagrangian ℓ+0 . Similarly 𝜔(𝑣−0 , 𝑤−) = 0 and hence:

�𝑞0 = 2𝜔(𝑣+0 , �𝑢+(𝑣+0)) + 2𝜔( �𝑢−(𝑣−0 ), 𝑣−0 ).

This is positive by our assumption. �

We now construct an equivariant continuous map that admits a well-fitting flow.
Proposition 6.13. Let 𝜌 : Γ𝑔 → Sp(2𝑛,R) be a maximal representation. There exists a continuous map
𝑢 : 𝑆̃𝑔 → Grmax

2 (Q) that admits a fitting flow.
We prove this lemma using some averaging argument, where the basic building blocks are the

quadrics associated to pairs of Lagrangians in the limit curve. This construction is not unique, as we
start by fixing a hyperbolic metric.

Proof. Fix a hyperbolic metric on 𝑆𝑔. Since 𝑆𝑔 is oriented it admits an associated complex structure J.
For 𝑣 ∈ 𝑇1

𝑥 𝑆̃𝑔 write ℓ𝑣 = 𝜉𝑛𝜌 (𝜁𝑣 ) where 𝜁𝑣 ∈ 𝜕Γ is the limit point of the geodesic with initial derivative
v. We furthermore define:

𝑞◦
𝑣 = 𝑞ℓ𝐽𝑣 ,ℓ−𝐽𝑣 .

These quadrics for a fixed 𝑥 ∈ 𝑆̃𝑔 do not in general define a pencil of quadrics. We therefore define
the following quadric associated to 𝑣 ∈ 𝑇𝑥 𝑆̃𝑔:

𝑞𝑣 =
∫
𝑤 ∈𝑇 1

𝑥 𝑆
〈𝑣, 𝑤〉𝑞◦

𝑤d𝜆.

Here we take the integral for the measure 𝜆 on 𝑇1
𝑥 𝑆 induced by the hyperbolic metric. For each 𝑥 ∈ 𝑆,

we consider the pencil 𝑢(𝑥) = {𝑞𝑣 |𝑣 ∈ 𝑇𝑆̃𝑔} ∈ Gr2(Q) which is well defined since 𝑞𝑣 depends linearly
on 𝑣 ∈ 𝑇𝑥𝑆.

First we check that these pencils are in Gr(𝑛,𝑛)2 (Q), by proving that they are actually 𝜔-regular.
Let 𝑣 ∈ 𝑇1

𝑥 𝑆̃𝑔 be nonzero for some 𝑥 ∈ 𝑆̃𝑔. For all 𝑤 ∈ 𝑇𝑥 𝑆̃𝑔 if 〈𝑤, 𝑣〉 > 0, the triple (𝜁−𝐽𝑤 , 𝜁𝑣 , 𝜁𝐽𝑤 ) is
positively oriented and hence (ℓ−𝐽𝑤 , ℓ𝑣 , ℓ𝐽𝑤 ) is maximal and hence 𝑞◦

𝑤 is negative on ℓ𝑣 . If 〈𝑤, 𝑣〉 < 0,
the triple (ℓ𝐽𝑤 , ℓ𝑣 , ℓ−𝐽𝑤 ) is maximal and hence 𝑞◦

𝑤 is positive on ℓ𝑣 . Hence 𝑞𝑣 is negative on ℓ𝑣 , and
by a similar argument 𝑞𝑣 is positive on ℓ−𝑣 , which are Lagrangians. In particular 𝑞𝑣 is 𝜔-regular for all
𝑣 ∈ 𝑇1

𝑥 𝑆̃𝑔, and so 𝑢(𝑥) is 𝜔-regular.
We consider the geodesic flow on 𝑢∗

SE 	 𝑇1𝑆̃𝑔, and we prove that this flow is fitting. Let 𝑡 > 0, 𝑥 ∈ 𝑆̃𝑔
and 𝑣 ∈ 𝑇1

𝑥 𝑆̃𝑔. Let (𝑦, 𝑣′) be the image of (𝑥, 𝑣) by the geodesic flow at time t, and let 𝜙 : 𝑇1
𝑥 𝑆̃𝑔 → 𝑇1

𝑦 𝑆̃𝑔
be the identification given by the parallel transport along the geodesic between x and y.
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Figure 4. Proof of Lemma 6.13.

Let 𝑤 ∈ 𝑇1
𝑥 𝑆 be such that 〈𝑤, 𝑣〉 > 0. The following quadruple is positive (𝜁𝐽𝑤 , 𝜁−𝐽𝑤 , 𝜁−𝐽 𝜙 (𝑤) ,

𝜁𝐽 𝜙 (𝑤) ) due to the negative curvature of the metric we put on 𝑆̃𝑔, see Figure 4. Hence the correspond-
ing quadruple of Lagrangians is maximal. Therefore 𝑞◦

𝜙 (𝑤)
− 𝑞◦

𝑤 is positive by Lemma 6.11. When
〈𝑤, 𝑣〉 < 0, the following quadruple is positive (𝜁−𝐽𝑤 , 𝜁𝐽𝑤 , 𝜁𝐽 𝜙 (𝑤) , 𝜁−𝐽 𝜙 (𝑤) ) and therefore 𝑞◦

𝜙 (𝑤)
− 𝑞◦

𝑤

is negative. Hence:

𝑞𝑣′ − 𝑞𝑣 =
∫
𝑤 ∈𝑇 1

𝑥 𝑆
〈𝑣, 𝑤〉

(
𝑞◦
𝜙 (𝑤) − 𝑞◦

𝑤

)
d𝜆 > 0.

We therefore have proven that the geodesic flow for the fixed hyperbolic metric is a fitting flow on
𝑇1𝑆̃𝑔 	 S𝑢E .

Finally as in the proof of Lemma 6.7 the homotopy type of 𝜉𝑛𝜌 is equal to the homotopy type of 𝜉𝑢 (𝑥)

for all 𝑥 ∈ 𝑆̃𝑔. Hence these pencils are in Grmax
2 (Q). �

Remark 6.14. These pencils always lie in the same connected component of Gr𝜔2 (Q). Indeed one can
construct such a pencil 𝑢(𝑥) ∈ Gr𝜔2 (Q) given any maximal continuous map 𝜉 from 𝜕𝑆̃𝑔 into the space of
Lagrangians. The space of such maximal continuous maps being path connected, any two such pencils
can be joined by a path in Gr𝜔2 (Q). It is not clear if Grmax

2 (Q) only contains this connected component.

7. Geometry of the symmetric space

In this section we prove Proposition 7.1 and Lemma 7.4 which are two facts independent from the main
results of the paper. We show how to construct fitting immersions of pencils using totally geodesic
surfaces in the symmetric space P(𝑆2𝑉>0) as in [Dav23]. We then prove that the codimension d sub-
manifolds corresponding to pencils in Gr𝜔𝑑 (Q) intersect transversely the symmetric space of Sp(2𝑛,R)
embedded in P(𝑆2𝑉>0).

Given an immersion ℎ : 𝑀 → P(𝑆2𝑉>0) from a manifold M of dimension d we define its Gauss map
Gℎ : 𝑀 → Gr𝑑 (Q), that associates to 𝑥 ∈ 𝑀 the pencil P associated with the codimension d projective
subspace of Gr𝑑 (Q) orthogonal to dℎ(𝑇 𝑀) at ℎ(𝑥), for the SL(𝑉)-invariant Riemannian metric on
P(𝑆2𝑉).

The invariant Riemannian metric of the symmetric space associated to SL(𝑉) can be described by a
natural identification between P(𝑆2𝑉>0) and its dual cone P(𝑆2 (𝑉∗)>0). We therefore reformulate the
definition of Gℎ as follows.

We first identify P(𝑆2𝑉>0) with P(𝑆2 (𝑉∗)>0) via the map [𝑋] ↦→ [𝑋−1]. Note as once again we
view elements of 𝑆2𝑉 and 𝑆2(𝑉∗) = Q respectively as maps 𝑉∗ → 𝑉 and 𝑉 → 𝑉∗. An immersion
ℎ : 𝑀 → P(𝑆2𝑉>0) hence defines a dual immersion ℎ∗ : 𝑀 → P(𝑆2 (𝑉∗)>0). Fixing a volume form
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on V and 𝑉∗ allows us to lift this map to a map ℎ
∗

into the space of elements in 𝑆2(𝑉∗)>0 whose
corresponding map 𝑉 → 𝑉∗ has determinant 1. We define Gℎ(𝑥) = dℎ

∗
(𝑇𝑥𝑀) ⊂ 𝑆2𝑉∗ = Q.

Proposition 7.1. Let ℎ : 𝑀 → P(𝑆2𝑉>0) be a totally geodesic immersion. Suppose that the image
of the Gauss map Gℎ : 𝑀 → Gr𝑑 (Q) contains only regular pencils, that is, pencils containing only
nondegenerate quadrics. The immersion Gℎ is then a fitting immersion. If h is complete it is a globally
fitting map.

This proposition can be applied for instance to the totally geodesic surface associated to any repre-
sentation of SL(2,R) into Sp(2𝑛,R). This can also be applied to the totally geodesic immersion of H3

induced by the inclusion SL(2,C) ⊂ Sp(4,R).

Remark 7.2. The fibration of a domain of P(𝑉) induced by the fitting map in this proposition is a
particular case of Theorem 6.3 from [Dav23].

Note that if 𝑑 ≥ 2, the signature (𝑎, 𝑏) of the quadrics of a regular pencil must satisfy 𝑎 = 𝑏 since
S
𝑑−1 is connected. Hence the condition that the pencils are regular can be replaced in this case by the

condition that the pencils belong to Gr(𝑛,𝑛)𝑑 (Q) where dim(𝑉) = 2𝑛.
As a corollary one can construct fitting immersions for some representations that factor through

SL(2,R). Indeed if one has a representation 𝜄 : SL(2,R) → SL(𝑉) there exists a 𝜄-equivariant totally
geodesic map ℎ : H2 → SL(𝑉), see Proposition 7.1.

Proof. Let 𝛾 : R → 𝑀 be a geodesic for the metric induced by h. Recall that ℎ(𝛾(𝑡)) for 𝑡 ∈ R is
an element of 𝑆2𝑉 , and hence it defines a positive symmetric endomorphism of 𝑉∗ and as such it is
diagonalizable in an orthonormal basis with positive coefficients. We write the representative of ℎ(𝛾(𝑜))
with determinant 1 in a basis (𝑒𝑖)𝑖∈𝐼 such that for some 𝜆𝑖 ∈ R, for all 𝑡 ∈ R:

ℎ(𝛾(𝑡)) =
∑
𝑖∈𝐼

𝑒𝑡𝜆𝑖 𝑒𝑖 ⊗ 𝑒𝑖 .

The dual immersion can be written as:

ℎ
∗
(𝛾(𝑡)) =

∑
𝑖∈𝐼

𝑒−𝑡𝜆𝑖 𝑒∗𝑖 ⊗ 𝑒∗𝑖 .

The element 𝑞𝑡 ∈ Q corresponding to (ℎ
∗
◦ 𝛾)′(𝑡) is the symmetric bilinear form:

𝑞𝑡 =
∑
𝑖∈𝐼

−𝜆𝑖𝑒
−𝑡𝜆𝑖 𝑒∗𝑖 ⊗ 𝑒∗𝑖 .

The derivative of (𝑞𝑡 ) at 𝑡 = 0 equals: ∑
𝑖∈𝐼

𝜆2
𝑖 𝑒

−𝑡𝜆𝑖 𝑒∗𝑖 ⊗ 𝑒∗𝑖 .

This is a positive bilinear form if and only if all the 𝜆𝑖 are nonzero, which is the case if and only
if the bilinear forms 𝑞𝑡 are nondegenerate, that is, if the image of Gℎ contains only regular pencils. In
this case, the positivity of the derivative of (𝑞𝑡 ) implies that the geodesic flow on S𝑇 𝑀 induces a fitting
flow on Gℎ∗SE , so Gℎ is a fitting immersion.

If moreover h is complete, it is 𝜌-equivariant for the discrete and faithful action of some closed
surface group Γ. Hence Corollary 4.7 implies that h is a globally fitting map. �

Let us fix a symplectic form 𝜔 on 𝑉 = R2𝑛. Let XSp be the subset of P(𝑆2𝑉>0) consisting of tensors
[𝑞−1] that are compatible with 𝜔, that is, such that for some complex structure J on R2𝑛, the bilinear
form 𝑞 + 𝑖𝜔 is a J-hermitian metric on V. Recall that 𝑞 : 𝑉 → 𝑉∗ is a bilinear form, and 𝑞−1 : 𝑉∗ → 𝑉
is a tensor.
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The space XSp is a copy of the symmetric space associated to Sp(2𝑛,R), which is a totally geodesic
subspace of the symmetric space associated to the Lie group SL(2𝑛,R) whose model is P(𝑆2𝑉>0).
However it is not a projective subset: the closure of the projective convex hull of XSp in P(𝑆2𝑉>0) is
equal to P(𝑆2𝑉 ≥0) since it contains all the extreme points of P(𝑆2𝑉 ≥0), that is, the rank one elements
𝑆2
P(R2𝑛).
Indeed, we can write matrices of the form Diag(𝜆, 1, · · · , 1, 𝜆−1) ∈ Sp(2𝑛,R) for any 𝜆 ∈ R>0 and

such that the first basis spans any fixed line ℓ ∈ RP2𝑛−1, one can observe that the closure of the orbit of
any point of XSp by these elements contains the rank one point corresponding to ℓ. Hence the closure
of XSp contains all rank one points.

The intersection of XSp with a general linear subspace is not necessarily transverse. However it is the
case for some special subspaces.

Definition 7.3. We say that an element 𝑞 ∈ Q is 𝜔-regular if for some Lagrangians ℓ+, ℓ− the bilinear
form q is positive on ℓ+ and negative on ℓ−.

We denote by Gr𝜔𝑑 (Q) the set of pencils whose nonzero elements are 𝜔-regular.

In particular an 𝜔-regular pencil q has signature (𝑛, 𝑛).

Lemma 7.4. Let 𝑃 ∈ Gr𝜔2 (Q) be an 𝜔-regular pencil, that is, such that all its nonzero elements are
𝜔-regular. The space P(𝑃◦) intersects transversely the manifold XSp in a codimension 2 submanifold.

Proof. Let 𝑞 ∈ Q be 𝜔-regular, and let 𝑥 ∈ XSp ∩ P(〈𝑞〉◦) be an intersection point. Up to acting by
Sp(2𝑛,R), one can assume that 𝑥 = [𝑋−1] ∈ P(𝑆2𝑉) where X is the bilinear form whose associated
matrix in some symplectic basis is: (

𝐼𝑛 0
0 𝐼𝑛

)
.

The annihilator (𝑇XSp)
◦ ⊂ 𝑆2𝑉 of the tangent space to XSp at this point, viewed as a linear subspace

of Q can be identified with the space of following symmetric matrices where A is symmetric and B is
antisymmetric: (

𝐴 𝐵
−𝐵 𝐴

)
.

Suppose that the intersection is not transverse, that is, that q can be written in this form. Let ℓ+ and ℓ−

be Lagrangians on which q is respectively positive and negative. Since the maximal compact 𝑈 (𝑛) acts
transitively on the space of Lagrangians one can assume that ℓ+ = 〈𝑥1, · · · , 𝑥𝑛〉. Let ℓ−0 = 〈𝑦1, · · · , 𝑦𝑛〉
be its orthogonal for the fixed euclidean metric. The Lagrangian ℓ− is transverse to ℓ+ so for some
symmetric matrix U, one can view ℓ− as the image of:(

𝑈
𝐼𝑛

)
.

The fact that q is positive on ℓ+ implies that A is positive. The fact that q is negative on ℓ− implies
that the following is negative:

𝑈𝐴𝑈 + 𝐴 − 𝐵𝑈 +𝑈𝐵.

But A and 𝑈𝐴𝑈 are both positive and the bracket [𝐵, 𝑈] has trace zero so it cannot be negative. Hence
the intersection must be transverse. �

Proposition 7.5. A tangent vector in 𝑇XSp ⊂ 𝑇P(𝑆2 (𝑉∗)>0) is 𝜔-regular if and only if the corresponding
element of Q is nondegenerate.
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Proof. Given v ∈ 𝑇XSp one can write the corresponding element 𝑞 ∈ Q for some symplectic basis
(𝑥1, · · · 𝑥𝑛, 𝑦1, · · · 𝑦𝑛) as:

𝑛∑
𝑖=1

𝜆𝑖 (𝑥
∗
𝑖 ⊗ 𝑥∗𝑖 − 𝑦∗𝑖 ⊗ 𝑦∗𝑖 ).

This bilinear form is regular if and only if all the 𝜆𝑖 are nonzero. Else we can assume that 𝜆𝑖 > 0 up
to exchanging 𝑥𝑖 by 𝑦𝑖 and 𝑦𝑖 by −𝑥𝑖 in the symplectic basis. Then the bilinear form is positive on the
Lagrangian 〈𝑥1, · · · , 𝑥𝑛〉 and negative on the Lagrangian 〈𝑦1, · · · , 𝑦𝑛〉. �

A. Immersions in the space of geodesics in H3

A.1. The space of geodesics

In this section we set 𝑉 = C2, and restrict ourselves to pencils of Hermitian quadrics. Note that we can
see this way SL(2,C) as a subgroup of Sp(4,R) 	 Sp(𝑉, 𝜔) for 𝜔 the real part of a volume form on C2.
The results of this Section serve as an illustration of the previously introduced notions of fitting pairs
and fitting directions.

Let H ⊂ Q be the subset of Hermitian bilinear forms on 𝑉 = C2. A Hermitian form 𝑞 ∈ H that is not
semi-positive or semi-negative is of Hermitian signature (1, 1), and hence its zero set in CP1 is a circle.

Let 𝑆2𝑉 = 𝑆2
ℎ𝑉 ⊕ 𝑆2

𝑎𝑉 be the eigenspace decomposition for the operator 𝐽 ⊗ 𝐽 where J is the
complex conjugation. Here 𝑆2

ℎ𝑉 is the 4-dimensional eigenspace associated to 1 and 𝑆2
𝑎𝑉 = H◦, the

6-dimensional space associated to −1. The intersection of P(𝑆2
ℎ𝑉) with the space of positive tensors is

the projective Klein model for H3.
The annihilator of a pencil 𝑃 ∈ Grmix

2 (H), that is, a plane 𝑃 ⊂ H such that no nonzero vectors are
semi-positive, is equal to 𝑃◦ = H◦ ⊕ 𝐻 where H is a plane in 𝑆2

ℎ𝑉 , which in turns corresponds to a
geodesic in H3 in the projective Klein model.

A pencil of quadrics 𝑃 ∈ Grmix
2 (H) vanishes completely on two points in CP1, as in Figure 5 where

the zero set of three elements of the pencil are depicted. The space of mixed pencils in H can be
identified with the space G of unoriented geodesics in H3.

Remark A.1. The space G is a SL(2,C)-homogeneous space. Note that however the larger spaces
𝑃 ∈ Grmix

2 (Q) or 𝑃 ∈ Gr𝜔2 (Q) from the rest of the paper are not Sp(2𝑛,R) or SL(2𝑛,R) homogeneous
spaces.

Figure 5. Three Hermitian quadrics in a pencil and the corresponding geodesic in H3.
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Figure 6. Two disjoint geodesics in H3 and disjoint circles in CP1 between their endpoints.

Two pencils in H form a fitting pair if and only if we can find a circle in each of the pencils that are
disjoint. This is possible if and only if the two corresponding geodesics in H3 are disjoint, with disjoint
endpoints. A fitting pair of pencils is illustrated in Figure 6.

The space G of unoriented geodesics in H3 admits a pseudo-Riemannian metric of signature (2, 2):
we now compare the notion of fitting vectors with the notion of spacelike vectors. The tangent space at
a geodesic with endpoints (𝑥, 𝑦) ∈ CP1 can be identified with 𝑇𝑥CP

1 × 𝑇𝑦CP
1. The choice of a point

in the geodesic provides an identification 𝜙 : 𝑇𝑥CP
1 → 𝑇𝑦CP

1 and a metric 𝑞0 on 𝑇𝑦CP
1. Taking a

different point in the geodesic means replacing 𝜙 by 𝜆𝜙 and 𝑞0 by 𝜆−1𝑞0 for some 𝜆 ∈ 𝑅>0.
Hence we can consider the pseudo Riemannian metric that is invariant by the action of the isometry

group of H3:

𝑞 : (𝑇𝑥CP1 × 𝑇𝑦CP
1)2 → R

(𝑣1, 𝑤1), (𝑣2, 𝑤2) ↦→ 𝑞0 (𝜙(𝑣1), 𝑤2) + 𝑞0 (𝜙(𝑣2), 𝑤1).

For this metric a vector (𝑣, 𝑤) ∈ 𝑇𝑥CP
1 × 𝑇𝑦CP

1 is spacelike if and only if 𝑞0 (𝜙(𝑣), 𝑤) > 0.

Proposition A.2. A pair of geodesics is a fitting pair if and only if the corresponding geodesics are
disjoint.

A tangent vector (𝑣, 𝑤) to G 	 Gr2 (H) is fitting if and only if 𝜙(𝑣) and w are not positively anti-
colinear, that is, there are no 𝜆, 𝜇 ∈ R≥0 such that 𝜆𝜙(𝑣) = −𝜇𝑤.

Remark A.3. In particular spacelike vectors are fitting, but not all fitting vectors are spacelike.

Proof. Let 𝑃1, 𝑃2 ∈ Grmix
2 (H). One has P(𝑆2

𝑎𝑉) ∩P(𝑆2𝑉 ≥0) = ∅. Hence the subsets P(𝑃◦
1 ∩𝑆2𝑉 ≥0) and

P(𝑃◦
2∩𝑆2𝑉 ≥0) for 𝑃1, 𝑃2 ∈ Grmix

2 (H) are disjoint if and only if the corresponding geodesics are disjoint.
Let (𝑣, 𝑤) be a tangent vector to 𝛾 ∈ G and let 𝛾𝑡 be a curve in G with this derivative at 𝑡 = 0. If 𝜙(𝑣)

and w are not nonpositively colinear, the distance between 𝛾 = 𝛾0 and 𝛾𝑡 is greater than 𝜖𝑡 for some
𝜖 > 0 and t small enough. Indeed there exist 𝑧 ∈ 𝑇𝑥CP

1 such that 𝑞0 (𝜙(𝑧), 𝜙(𝑥)), 𝑞0 (𝜙(𝑧), 𝑤) ≥ 0, and
the totally geodesic disk in H3 through 𝑥, 𝑦 normal to z at x contains 𝛾0 while being at distance 𝜖𝑡 to 𝛾𝑡 .

Hence the distance between the subsets P(𝑃◦
0 ∩ 𝑆2𝑉 ≥0) and P(𝑃◦

𝑡 ∩ 𝑆2𝑉 ≥0) is also greater than 𝜖 ′𝑡
for some 𝜖 ′ > 0 and all t small enough. Therefore by Proposition 3.7 this direction is fitting.

Conversely if If 𝜙(𝑣) and w are nonpositively colinear, then there is such a curve 𝛾𝑡 such that the
corresponding geodesics all have a common point. Therefore by Proposition 3.7 this direction is not
fitting. �

Remark A.4. If S is a surface inH3 with principal curvature in (−1, 1), then the set of normal geodesics
forms spacelike surface, for the pseudo-Riemannian structure on the space of geodesics described
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in Section A.1. The corresponding map G𝑢 : 𝑆 → G is called the Gauss map. Nearly Fuchsian
representations are representations of a closed surface group Γ𝑔 admitting an equivariant surface with
principal curvature in (−1, 1). They are a priori a larger class of representations than almost Fuchsian
representations, for which the equivariant surface with principal curvature in (−1, 1) is required to be
minimal.

The spaceG also admits a special SL2(C)-invariant symplectic structure. An immersion inG is locally
the Gauss map of an immersion with principal curvature in (−1, 1) if and only if it is spacelike and
Lagrangian for this symplectic structure [ES22]. Therefore if the fitting immersion is not Lagrangian,
it does not come as the Gauss map of a surface in H3. Hence there could be representations admitting
fitting immersions that are not nearly Fuchsian.

A.2. A quasi-Fuchsian representation with no fitting immersions

Having a representation that is Anosov is not sufficient to ensure that there exist an equivariant fitting
immersion. We show that there are quasi-Fuchsian representations that admit no such immersions of
Hermitian pencils of quadrics. We use here the notations from Section A.1.

Theorem A.5. There exists a quasi-Fuchsian representation 𝜌 : Γ𝑔 → SL(2,C) for some genus g large
enough that admits no 𝜌-equivariant fitting immersion 𝑢 : 𝑆̃𝑔 → Grmix

2 (H) = G.
Moreover it also admits no continuous map 𝑢 : 𝑆̃𝑔 → Grmix

2 (H) = G that admits a 𝜌-equivariant
fitting flow.

A particular corollary is the following result on Nearly Fuchsian representations, introduced in
Remark A.4.

Corollary A.6. There exist quasi-Fuchsian representations that are not nearly Fuchsian.

Almost Fuchsian representations were already known to not contain all quasi-Fuchsian representa-
tions see for instance [HW15], but a recent result of Nguyen, Schlenker and Seppi [NSS25] proves that
nearly Fuchsian representations are not all almost Fuchsian, making this corollary new.

Here 𝑉 = C2 and if 𝜌 : Γ𝑔 → SL(2,C) ⊂ Sp(4,R), the Guichard-Wienhard domain of discontinuity
Ω𝜌, mentioned in Proposition 5.5 corresponds to the pullback in RP3 = PR (C2), of a domain of
discontinuity Ω0

𝜌 ⊂ CP1 = PC (C2). This domain is the complement in CP1 of the limit set of 𝜌.
Since Γ𝑔 is a surface group, this domain in CP1 is the union of two topological disks, and hence for

each 𝑥 ∈ 𝑆̃𝑔 the geodesic corresponding to 𝑢(𝑥) has one endpoint in each of these discs. This fact will
be used in the proof of Theorem A.5.

Another ingredient of the proof of Theorem A.5 is the following.

Proposition A.7 [HW15, Corollary 3.5]. Given any C1 embedded circle 𝛾 in CP1, and any 𝜖 > 0, there
exists a quasi-Fuchsian representation 𝜌 : Γ𝑔 → SL(2,C) for some genus g large enough whose limit
set has Hausdorff distance at most 𝜖 with 𝛾.

Proof of Theorem A.5. We consider the Jordan curve 𝛾 from Figure 7. Let 𝑥, 𝑦, 𝑧 be as in the figure. We
consider a quasi-Fuchsian representation of Γ𝑔 for a genus large enough such that its limit set Λ contains
𝑥, 𝑧 and is close enough to 𝛾 using Proposition A.7. More precisely let 𝑠𝑥 and 𝑠𝑧 be the open arcs of the
circle of CP1 passing through 𝑥, 𝑦, 𝑧 respectively between 𝑥, 𝑦 and 𝑦, 𝑧 and let I be the interior of the
Jordan curve Λ. We require that the union 𝑈𝑥 of all the connected component of 𝐼 \ 𝑠𝑧 whose closure
contain x is disjoint from the union 𝑈𝑧 of all the connected component of 𝐼 \ 𝑠𝑥 whose closure contain
z. These two disjoint sets are illustrated for the curve 𝛾 as the two gray regions.

Let 𝜌 : Γ𝑔 → SL(2,C) then be such a quasi-Fuchsian representation. Suppose that it admits an
equivariant continuous map 𝑢 : 𝑆̃𝑔 → Grmix

2 (H) with an equivariant fitting flow Φ on S𝑢∗E . By
Proposition 4.5 there exists a flow line (Φ𝑡 (𝑞))𝑡 ∈R such that its projection 𝛾 : R → 𝑆̃𝑔 is a quasi-
geodesic between the points of 𝜕Γ corresponding to x and z in the limit set.
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Figure 7. A Jordan curve in CP1.

For all 𝑡 ∈ R, let 𝑥𝑡 ∈ CP
1 be the endpoint of the geodesic corresponding to 𝑢(𝛾(𝑡)) that belongs to

the interior of the Jordan curve Λ. When t goes to +∞, 𝑥𝑡 converges to z and it converges to x for t going
to −∞. Moreover 𝑥𝑡 always belong to the circle determined by Φ𝑡 (𝑞).

There exists a 𝑡0 ∈ R such that y belongs to the circle Φ𝑡0 (𝑞). Note that this great circle splits CP1 in
two parts, one containing x and 𝑠𝑥 and one containing z and 𝑠𝑧 . In particular (𝑥𝑡 )𝑡≥𝑡0 must lie in 𝑈𝑧 and
(𝑥𝑡 )𝑡≤𝑡0 must lie in 𝑈𝑥 , leading to a contradiction. Hence no such map u can exist. �

B. Fitting immersions and spacelike immersions for Sp(4,R)

In this section we explain how the data of a maximal immersion into the Pseudo-Riemannian space
H

2,2 with principal curvature in (−1, 1) induces a fitting immersion. Combining this with a result
from Collier-Tholozan-Toulisse we show that our characterization of maximal representations can be
improved in Sp(4,R).

Note first that one has the following exceptional isomorphism:

PSp(4,R) 	 SO𝑜 (2, 3).

This isomorphism comes from the fact that PSp(4,R) preserves a subspace of dimension 5 of Λ2
R

4,
as well as a symmetric bilinear form of signature (2, 3) on this subspace. Hence PSp(4,R) acts naturally
on the pseudo-Riemannian symmetric space with constant negative sectional curvature H2,2, which
consists of vectors of norm −1 in R2,3. The space of Lagrangians L in R4 is naturally identified with the
space of isotropic lines Ein1,2 in R2,3.

To a pointed totally geodesic spacelike plane (𝑝, 𝑃) in H2,2 one can associate an element in a special
G-orbit of Grmax

2 (Q). For every geodesic in this plane passing through the base point, we consider the
endpoints ℓ1, ℓ2 ∈ L 	 Ein1,2, and the space generated by all such quadrics 𝑞ℓ1 ,ℓ2 forms a plane which is
an element of Gr𝜔2 (Q). Indeed for some symplectic basis (𝑥1, 𝑥2, 𝑦1, 𝑦2) the Lagrangians corresponding
to the boundary of the spacelike plane P are for 𝜃 ∈ [0, 2𝜋]:

ℓ(𝜃) = 〈cos
(
𝜃

2

)
𝑥1 + sin

(
𝜃

2

)
𝑦1, cos

(
𝜃

2

)
𝑥2 + sin

(
𝜃

2

)
𝑦2〉.
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The corresponding quadric 𝑞ℓ (0) ,ℓ (𝜋) for 𝜃 = 0 in the basis (𝑥1, 𝑦1, 𝑥2, 𝑦2) is equal to:

�����
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

�����.

Let 𝑅𝜃 be the following rotation matrix:(
cos(𝜃) sin(𝜃)
− sin(𝜃) cos(𝜃)

)
.

The corresponding quadric 𝑞ℓ (𝜃) ,ℓ (𝜃+𝜋) in the basis (𝑥1, 𝑦1, 𝑥2, 𝑦2) is equal to:(
𝑅 𝜃

2
0

0 𝑅 𝜃
2

)
𝑞ℓ (0) ,ℓ (𝜋)

(
𝑅− 𝜃

2
0

0 𝑅− 𝜃
2

)
.

Hence 𝑞ℓ (𝜃) ,ℓ (𝜃+𝜋) is equal to:

�����
sin(𝜃) cos(𝜃) 0 0
cos(𝜃) − sin(𝜃) 0 0

0 0 sin(𝜃) cos(𝜃)
0 0 cos(𝜃) − sin(𝜃)

�����.

These quadrics span a plane in Q when 𝜃 varies, and these quadrics are 𝜔-regular so this plane is in
Gr𝜔2 (Q).

We define the Gauss map G𝑢 : 𝑆 → Grmax
2 (Q) of a spacelike immersion 𝑢 : 𝑆 → H2,2 as the map that

associates to 𝑥 ∈ 𝑆 the pencils corresponding to the pointed totally geodesic spacelike plane (𝑢(𝑥), 𝑃)
where 𝑇𝑢 (𝑥)𝑃 = d𝑢(𝑇𝑥𝑆). Let II𝑢 be the second fundamental form of the immersion u.
Theorem B.1. Let 𝑢 : 𝑆 → H2,2 be a spacelike immersion such that for all 𝑣 ∈ 𝑇𝑆, ‖II𝑢 (𝑣, 𝑣)‖ < ‖𝑣‖2.
The Gauss map G𝑢 : 𝑆 → Grmax

2 (Q) is a fitting immersion.
Let S be a spacelike surface in H2,𝑛. Let 𝛾 : [0, 1] → 𝑆 be a geodesic for the induced metric on S

parametrized with unit speed and let 𝑉 : [0, 1] → 𝑇𝑆 be the unit orthogonal vector field to 𝛾′ in S along
𝛾. We denote by 𝑉+, 𝑉− : [0, 1] → Ein1,2 the endpoints of the geodesic rays starting respectively at V
and −𝑉 . Up to changing the sign of V one can assume that (𝑉+, 𝛾+, 𝑉−) is a maximal triple where 𝛾+ is
the endpoint of the geodesic ray starting at 𝛾′.

We say that an immersed curve 𝑐 : R → Ein1,2 is spacelike if the tangent vectors to one and hence
any lift of c to R2,𝑛+1 is spacelike. At every point 𝑝 ∈ H2,2, the set of tangent vectors of space type
decomposes into two cones, a positive and a negative cone. One can make such a global continuous
choice of positive cones on all of Ein1,2, and this choice is preserved by the action of SO𝑜 (2, 𝑛 + 1), but
not SO(2, 𝑛 + 1). We say that a spacelike curve is positive if its derivative lies in the positive cones, and
negative if it lies in the other cones.

The identification of L and Ein1,2 via the isomorphism PSp(4,R) 	 SO𝑜 (2, 3) identifies a point
𝑝 ∈ Ein1,2 with ℓ ∈ L and identifies the positive cone of vectors of spacelike type at 𝑝 ∈ Ein1,2 with the
cone of 𝑇ℓL 	 Hom(ℓ,R4/ℓ) of elements 𝑢 ∈ Hom(ℓ,R4/ℓ) such that 𝜔(·, 𝑢(·)) is positive definite on ℓ.
Remark B.2. This last identification is a consequence of the fact that the boundary of these cones are
exactly the directions 𝑣 ∈ 𝑇ℓ Ein1,2 	 𝑇ℓL tangent to the locus of flags that are not transverse, that is, in
generic position, with ℓ. Note that changing the choice of positive cones in 𝑇 Ein1,2 amounts to changing
the symplectic form 𝜔 to −𝜔.
Lemma B.3. Suppose that ‖II𝑢 (𝑉, 𝛾′)‖ ≤ 1, then the curves 𝑉+, 𝑉− : [0, 1] → Ein1,2 are respectively
spacelike positive and spacelike negative, up to reversing the choice of positive cones.
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Note that in this lemma II𝑢 (𝑉, 𝛾′) is timelike, so its norm is the timelike norm that we see as a positive
number.

Proof. We fix a orthogonal basis (𝑒𝑖) of R2,𝑛+1 such that 𝑒1 and 𝑒2 have norm 1 and 𝑒𝑖 for 𝑖 ≥ 3 have
norm −1. Without any loss of generality we suppose that 𝛾(0) = 𝑒3, 𝛾′(0) = 𝑒1 and 𝑉 (0) = 𝑒2. Let d be
the flat connection on R2,𝑛 and let ∇ be the Levi-Civita connection on 𝑢(𝑆) for the induced spacelike
metric. We view V as a vector field along the curve 𝛾. For t close to 0 we have 𝑉 (𝑡) = 𝑉 (0) + 𝑡𝑑𝑉 (0)
and along the curve 𝛾 we have 𝑑𝑉 = ∇𝑉 + IIH2,𝑛 (𝑉, 𝛾′) + II𝑢 (𝑉, 𝛾′). Here the second fundamental form
of H2,𝑛 inside R2,𝑛+1 is equal to IIH2,𝑛 (𝑣1, 𝑣2) = 〈𝑣1, 𝑣2〉𝑣0 for 𝑣1, 𝑣2 ∈ 𝑇𝑣0H

2,𝑛. Note also that since 𝛾 is
a geodesic and V an orthogonal unit vector field along 𝛾, ∇𝑉 = 0.

Hence 𝑉 (𝑡) = 𝑒2 + 𝑡II𝑢 (𝑉, 𝛾′) + 𝑜(𝑡). Since V has norm 1, we can write a representative of the
isotropic line 𝑉+(𝑡) as 𝑣+(𝑡) = 𝑉 (𝑡) + 𝛾(𝑡). Therefore:

𝑣+(𝑡) = 𝑒2 + 𝑡 (II𝑢 (𝑉, 𝛾′) + 𝑒1) + 𝑜(𝑡).

This curve is spacelike since 𝑒2 is spacelike of norm 1 and the (timelike) norm of II𝑢 (𝑉, 𝛾′) is strictly
less than 1. The same holds for 𝑉−, 𝑣−(𝑡) = −𝑉 (𝑡) + 𝛾(𝑡), and we get:

𝑣−(𝑡) = −𝑒2 + 𝑡 (−II𝑢 (𝑉, 𝛾′) + 𝑒1) + 𝑜(𝑡).

Now we check that these two tangent directions lie in different families of cones,:

(𝑣+)′(0) = 𝑒1 + II𝑢 (𝑉, 𝛾′) ∈ (𝑒2 + 𝑒3)
⊥ 	 𝑇[𝑒2+𝑒3 ] Ein1,2,

(𝑣−)′(0) = 𝑒1 − II𝑢 (𝑉, 𝛾′) ∈ (−𝑒2 + 𝑒3)
⊥ 	 𝑇[−𝑒2+𝑒3 ] Ein1,2 .

For that we move continuously the second vector by the rotation of angle 𝜃 in the plane 〈𝑒1, 𝑒2〉. When
𝜃 = 𝜋, the vector (𝑣−)′(0) is sent to:

−𝑒1 − II𝑢 (𝑉, 𝛾′) ∈ (𝑒2 + 𝑒3)
⊥ 	 𝑇[𝑒2+𝑒3 ] Ein1,2 .

This vector is in the opposite cone of spacelike vectors to (𝑣+)′(0), hence (𝑣−)′(0) and (𝑣+)′(0) belong
to opposite families of cones of spacelike vectors. The curves 𝑉+, 𝑉− are hence spacelike with one being
positive and one negative. �

Proof of Theorem B.1. The Gauss map G𝑢 : 𝑆 → Grmax
2 (Q) comes with an identification between 𝑢∗E

and 𝑇𝑆, E being the tautological bundle over Grmax
2 (Q). We consider the geodesic flow Φ on S𝑇𝑆 for

the metric induced by u.
Lemma B.3 implies that the curves 𝑉+ and 𝑉− are spacelike. Up to exchanging the positive cones and

negative cones, we can assume that for all starting point 𝛾(0) and tangent vector 𝛾′(0), the associated
curve 𝑉+ is positive and 𝑉− is negative. Hence the corresponding curves of Lagrangians ℓ+, ℓ− in R4

satisfy the hypothesis of Lemma 6.12.
In particular the derivative of the associated quadrics along this flow is positive so Φ is a fitting flow.

Since u admits a fitting flow it is in particular a well-fitting immersion. �

The existence of a maximal spacelike immersion was proven by Collier-Tholozan-Toulisse and a
bound of its second fundamental form is a consequence of a result from Cheng.
Theorem B.4 [CTT19],[Che93]. Every maximal representation 𝜌 : Γ𝑔 → SO𝑜 (2, 3) admits a unique
𝜌-equivariant maximal spacelike immersion 𝑢 : 𝑆̃𝑔 → H

2,2. Moreover it is an embedding and for all
𝑣 ∈ 𝑇𝑆, ‖II𝑢 (𝑣, 𝑣)‖ < ‖𝑣‖2.

The bound on the second fundamental form is a consequence of a maximal principle, see [LT22,
Corollary 5.2]. Note that in this reference it is written that the square norm of II𝑢 is at most 2, but since
u is maximal it implies that the principal values are at most equal to 1.

Putting together Theorem B.1, Theorem B.4 and Theorem 6.5 we obtain:
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Corollary B.5. Every maximal representation 𝜌 : Γ𝑔 → Sp(4,R) admits a fitting immersion 𝑢 :
𝑆̃𝑔 → Grmax

2 (Q) that is 𝜌-equivariant. This characterizes representations which are maximal for some
orientation of 𝑆𝑔.

Remark B.6. Note that a maximal spacelike surface in H2,2 always defines a fibration of the space of
photons and of the symmetric space of Sp(4,R), without assuming any bound on the second fundamental
form. In this case however the bound is useful to deduce that the fibration extends to a fibration of the
symmetric space of SL(4,R).
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