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Abstract. In this work we prove that every shift of finite type (SFT), sofic shift, and strongly
irreducible shift on locally finite groups has strong dynamical properties. These properties
include that every sofic shift is an SFT, every SFT is strongly irreducible, every strongly
irreducible shift is an SFT, every SFT is entropy minimal, and every SFT has a unique
measure of maximal entropy, among others. In addition, we show that if every SFT on a
group is strongly irreducible, or if every sofic shift is an SFT, then the group must be locally
finite, and this extends to all of the properties we explore. These results are collected in
two main theorems which characterize the local finiteness of groups by purely dynamical
properties. In pursuit of these results, we present a formal construction of free extension
shifts on a group G, which takes a shift on a subgroup H of G, and naturally extends it to
a shift on all of G.
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1. Introduction

For a finite set of symbols A and a group G, the field of symbolic dynamics studies the
action of G by translations on the set AC, called full G-shift with alphabet A, and the
subsystems within. Equipped with the product topology (with the discrete topology on A),
a closed, translation-invariant subset of AC is called a G-shift, and understanding what
properties such subsystems can exhibit is central to symbolic dynamics. In its conception,
the primary group of interest was Z, the group of integers under addition. Even in this
case, complex behavior arises, though much is known in general about shifts on Z [16].
A natural extension of this case is the group Z¢ for some natural number d, the study of
which has been called multi-dimensional symbolic dynamics. More recently, interest in
shifts on Z¢ has grown, though this case already adds much complexity [11, 17, 20], and
less is known about Z?-shifts in general. Interest in the general group case is even more
recent, and as may be expected, it is even less tractable than the case of 74, though a recent
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2 J. Raymond

result about tilings of amenable groups [8] has made a few results about shifts on amenable
groups possible [3, 4, 9].

The class of G-shifts of finite type or (G-SFTs) are of particular interest, as they are
characterized by a finite amount of information. More precisely, a G-SFT X is a G-shift
for which there is a finite collection of patterns (an element of A’ for a finite F C G)
so that X is the collection of all configurations in AC for which these patterns never
appear. The finite nature of G-SFTs makes them amenable to analysis using finitary and
combinatorial methods, and in general G-SFTs are well behaved in comparison to general
shifts. Furthermore, every shift on a group can be represented as an intersection of SFTs, so
in this sense SFTs are plentiful and are good approximations for shifts in general. Formal
definitions of G-shifts and G-SFTs can be found in §2.2.

Understanding what properties are possible for SFTs on groups is at the core of symbolic
dynamics. One such property is the entropy (Definition 2.14) of an SFT on a countable
amenable group G, or in particular the set of entropies which are attainable by SFTs on
G, which is denoted E(G). E(Z) was classified by Lind [15], and more recently, S(Zd)
for d > 2 was classified by Hochman and Meyerovitch [12]. Recent results by Barbieri
[1] classify &(G) as E(Z?) for a certain class of amenable groups. Currently, to the
knowledge of the author, there are no known finitely generated groups G for which E(G)
does not coincide with either E(Z) or E(Z?), and further classifying &(G) for other groups
and classes of groups is an open goal in symbolic dynamics. Another property is strong
irreducibility (Definition 2.9), which loosely gives that a G-shift is large, and contains a
large variety of configurations. In general, a G-SFT need not be strongly irreducible, and
a strongly irreducible G-shift need not be a G-SFT. The additional structure which strong
irreducibility imposes on a shift has been useful in proving results about shifts [3, 6, 18].
We also explore several other properties of shifts, which are outlined in §2 and discussed
informally after the statement of our two main theorems below.

Our motivation for studying locally finite groups comes from the following example.
Let G = €D, oy Z/2Z, the countable direct sum of the two-element group. Elements of
G are infinite sequences of Os and 1s which only contain finitely many 1s, and the group
operation is componentwise addition modulo 2. Using elementary methods for computing
the entropy on shifts, it is possible to show directly that

log(n)
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providing an example of an infinitely generated group for which E(G) does not coincide
with E(Z) or E(Z?). In general, classifying the entropies which are attainable by SFTs for
a group G is quite difficult; however, the process is made tractable for this group by the
fact that
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is a sequence of finite subgroups of G such that H, < H,4+1 and G = UneN H,,, which

makes {H,} a Fglner sequence for G. As it turns out, a countable group with such a
sequence {H,} of finite subgroups is necessarily locally finite. A group is locally finite
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if every finitely generated subgroup is finite. In fact, any countable locally finite group
must have such a sequence of subgroups, and so this property coincides exactly with the
property of being locally finite when the group is countable. Locally finite groups naturally
extend finite groups in a way that allows for finitary methods to be used when analyzing
the groups, despite being possibly infinite. As a result, one may suspect SFTs on locally
finite groups are highly structured and have many nice dynamical properties.

The main results of this paper confirm that SFTs on locally finite groups have very
strong dynamical properties. Furthermore, we show that locally finite groups are the only
groups for which all SFTs exhibit these properties. These results are grouped in two, one
in the case where G is an arbitrary group, and the second where G is a countable amenable
group. The first is given below, and followed by a brief explanation of each statement in
the result, though formal definitions for every term below can be found in §2.

THEOREM 1. Let G be a group. Then the following statements are equivalent.
(@) G is locally finite.

(b) Every G-SFT is the free extension of some SFT on a finite subgroup of G.
(c) Every G-SFT is strongly irreducible.

(d) Every strongly irreducible G-shift is a G-SFT.

(e) Every sofic G-shift is a G-SFT.

(f) Forevery G-SFT X, Aut(X) is locally finite.

Statement I(b) is not a typical dynamical property, but involves a specific type of shift
defined in §3 called a free extension shift. Free extension shifts are by no means a new
concept and have been used in the past [1, 12]; however, we present a formal construction
and derive many useful properties of free extensions, some of which, to the knowledge
of the author, are new. The equivalence between statements I(b) and I(a) is at the core
of nearly every argument involved in proving this theorem and the next. Free extension
shifts are defined for general groups in §3, and may be useful in studying shifts on groups
in general, beyond the study of shifts on locally finite groups. Statement I(e) involves
sofic shifts, which are the image of SFTs under continuous, shift-invariant factor maps.
Along with SFTs, sofic shifts are a noteworthy class of shifts which are defined by a
finite amount of information. Every SFT is necessarily sofic; however, the converse does
not hold in general, and Theorem I gives that the converse holds only in the case that
the group is locally finite. The definition of factor maps and sofic shifts can be found in
§2.2.3. Statement I(c) gives that every SFT on a locally finite group is strongly irreducible.
A formal definition is given by Definition 2.9, but informally, strong irreducibility is a
property which guarantees that for any two elements in the shift, there exists an element
of the shift which is equal to one of the elements on a finite subset, and equal to the
other on any sufficiently separated finite subset. In this sense, strongly irreducible shifts
are rich with configurations. Statement I(d) is the converse of the previous statement,
and is independently equivalent to the group being locally finite. These two statements
in combination give that the set of G-SFTs and the set of strongly irreducible G-shifts
coincide exactly when G is locally finite, but that neither is contained in the other when G
is not locally finite. Statement I(f) involves Aut(X), the automorphism group of an SFT X.

https://doi.org/10.1017/etds.2024.14 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.14

4 J. Raymond

This group consists of homeomorphisms from X to itself which preserve the action of G,
and is formally defined in §2.2.3.

For the second result, we restrict to the case that G is a countable amenable group,
which permits the development of topological entropy, and each of the statements in the
result involves this entropy. A brief discussion of each statement follows the statement of
the result, and the formal definitions of every term can be found in §2. In statement I1(d),
we use the non-standard notation H < G to denote that H is a finite subgroup of G.

THEOREM II. Let G be a countable amenable group. Then the following statements are
equivalent.

(@) G islocally finite.

(d)  If X is a non-empty G-SFT with h(X) = 0, then X = {x}, where x is a fixed point.
(c) Every G-SFT is entropy minimal.

(d) G islocally non-torsion and

S(G)z{M;H«G,nEN} CQIJr Z{log(n) :n,meN}.
|H | g m

(e) Every G-SFT has a unique measure of maximal entropy.

We remark that while we restrict the results to countable amenable groups, entropy
can also be extended to the more general class of countable sofic groups [5]; however,
we will not need this more general definition, since any countable locally finite group is
necessarily amenable. The definition of entropy can be found in §2.2.4. Statement II(b) is
about what sorts of zero topological entropy SFTs can exist, and in the case of locally finite
groups there is a single zero-entropy SFT (up to conjugacy). This result indirectly answers
a question of Barbieri in the affirmative.

Question 3.19. [1] Does there exist an amenable group G and a G-SFT which does not
contain a zero-entropy G-SFT?

Since the only zero-entropy SFTs on locally finite groups are single fixed points, it
suffices to construct an SFT which contains no fixed points, which is trivial to do using
free extensions. There is further discussion about this construction in §5.

Statement II(c) involves entropy minimality, which is the property that a shift has no
proper subshift with the same entropy as the entire shift. A formal definition is given
by Definition 2.16. Statement [I(d) consists of two parts. The first is that G is locally
non-torsion, and means that every finitely generated subgroup of G either is finite or
contains an element of infinite order. The need for this requirement in this statement is
discussed further in §§4.2.3 and 5. The second part of the statement classifies the set of
entropies attainable on any locally finite group, and gives the following corollary which
may be of independent interest to the remainder of the theorem.

COROLLARY. Let G be a countable locally finite group. Then

log(n)
|H |

8(G)={ :H<<G,neN}
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Finally, the last statement in the theorem, Statement II(e), involves measure-theoretic
entropy and measures of maximal entropy, which are invariant measures on the SFT that
have a measure-theoretic entropy equal to the topological entropy of the system. Formal
definitions for these can be found starting at Definition 2.20.

1.1. Overview. In §2 we present the relevant background and notation used in the
remainder of the paper. In §3 we define free extension shifts generally for groups, and then
prove some properties of these shifts. In §4 we prove Theorems I and II, each of which
is broken down into several individual lemmas. Finally, in §5, we discuss some general
consequences of Theorems I and II and properties of free extensions, and indicate possible
directions for future work.

2. Definitions and notation
We begin by defining all necessary background terms and notation. This section is broken
up into subsections based on what is being defined.

2.1. Sets and groups. For any set A, let B € A denote that B is a finite subset of A. The
set difference of two sets A and B is denoted by A \ B. The disjoint union of two sets A
and B is denoted by A LI B. The symmetric difference of two sets A and B is denoted by
AAB.

Given two sets A and B, the set A5 refers to the collection of all functions f:B— A.
If A is endowed with a topology, then A® is endowed with the product topology.

For a group G, we denote that a subset H C G is a subgroup of G by H < G, and
to additionally specify that H is a finite subgroup of G we use the notation H < G.
For F C G, the subgroup of G generated by F is denoted by (F). A group is periodic
if all of its elements have finite order, and is torsion if it is periodic and infinite. This
definition of a torsion group is non-standard, as typically the terms ‘torsion’ and ‘periodic’
are equivalent; however, we require the distinction between arbitrary periodic groups and
infinite periodic groups. If P is a property which a group can posses, then a group G is
said to be locally P if, for all F' € G, the subgroup (F') has property P. A group G is then
locally finite if, for all F € G, we have (F) < G, that is, every finitely generated subgroup
of G is finite. G is locally non-torsion if, for all F € G, the subgroup (F') is non-torsion,
or in other words, either finite or not periodic. In addition, we use the terminology
non-locally finite to mean that a group is not locally finite (and similarly for non-locally
non-torsion).

Given a group G and subgroup H < G, we denote the set of right cosets of H in G
by H\G. This notation is similar to that used for set difference (though the spacing is
different); however, it is generally clear from context which is being referred to.

A countable group G is amenable if there exists a sequence {F,,}>° | such that F,, € G,
{F,} exhausts G so that G = | J,, F;,, and for all g € G,

F,AF,
lim |g n n| — 0

n—oo | Fyl
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Such a sequence is called a left Fplner sequence, and similarly, right Fglner sequences
exist for amenable groups, which satisfy

| Frg AF,| _

lim =0.

n—00 |Fn|

2.2. G-shifts. For the remainder of the section, (A is a finite alphabet (set), endowed
with the discrete topology.

Definition 2.1. Let G be a group. A is endowed with the product topology, which makes
it a compact Hausdorff space. When G is countable AC is metrizable, and we will take
this fact to be evident when G is countable. For any g € G, define 6% : A° — AY by

(04x)(h) = x(hg)

for any 4 € G. Each o'¢ is a homeomorphism from AC to AY, and o4 o 6" = 08" for all
g, h € G. Also, 0°x = x for each x € X, and therefore the collection o = {c8 : g € G} is
a continuous action of G on AY. The pair (A, o) is called the full G-shift with alphabet
A, or simply the full G-shift when the alphabet A is clear, which is typically the case. The
elements of AC are referred to as configurations.

Though the full G-shift is interesting in its own right, we are primarily interested in
subsystems of the full G-shift, which are called G-shifts.

Definition 2.2. Let G be a group. A subset X C A is said to be G-invariant, or merely
shift invariant when the group G is clear from context, if for every x € X, and g € G,
o8x € X. A closed, G-invariant subset X C A°, along with the action of G on AC
restricted to X, is called a G-shift of A, or just a G-shift when the full shift is clear from
context.

2.2.1. Patterns. Although an element of A® is known as a configuration, the term
pattern is used when considering elements of A for some F C G. In addition, we define
a few operations on patterns that are quite useful when working with shifts.

Definition 2.3. For any group G and F C G, an element w € A" is called an A-pattern
on F, or just a pattern if A is clear. The shape of a pattern w € A’ is the set F itself.

For E, F C G and patterns w € A* and v € A", we say that w and v are disjoint if E
and F are disjoint. Similarly, w € A’ is said to be finite if F is finite, and infinite if F is
infinite.

For any E C F C G (including E = F = G), the restriction of a pattern w € A’ to
E, which is denoted by w|g and contained in AE | is defined as w|g(g) = w(g) for every
g € E. Conversely, for some w € AE | the set of F-extensions of w is defined as

[wlr = {ve A" 1 v|p = w).

In the case that F' < G, then [w]F is known as a cylinder set. In the case that F = G, then
[w] is used instead of [w]g, unless clarity is necessary.
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Patterns are very useful in describing the structure of G-shifts. For any G-shift X
(including the full G-shift), the set

B={wlgNX:FeG weA"}

is a basis for the subspace topology on X as a subspace of the full G-shift. Note that
[w]g N X may be empty or non-empty, and we define the following sets in order to
distinguish when this is or is not the case.

Definition 2.4. For any G-shift X, and any F C G, let L (X) denote the F-language of X,
which is defined as
Lr(X)={x|p:x e X} cA.
We then let L(X) be the language of X, which is defined as
Lx)= | | £rx).
FEG
By this definition, note that w € £(X) if and only if [w]g N X # &. In addition, let
L°%°(X) denote the set
LX) = || Lr(0).
FCG
The main difference between this and L(X) is that £°°(X) also contains infinite patterns.
We also let Fr(X) = A" \ Lr(X) and
FX) = | | Frx.
FeEG

These sets are known as the forbidden F-patterns of X and the forbidden patterns of X,
respectively.

In constructions which appear in §3, we utilize an extension of the shift action o to
L%°(X), as well as a joining operation which allows taking two disjoint patterns and
combining them into one pattern. These are defined next.

Definition 2.5. Let G be a group, and X be a G-shift. Let g € G. Then for any F C G,
define 0% : Ly (X) — Lpg-1(X) by

(ofw)(h) = w(hg), forallhe Fg~'.

Note that in the case F = G, this covers the typical shift maps. We then define o8 :
LX(X) — L2(X) forany F C G and pattern w € A’ as

gy — ~8
o°WwW =0pw.

Restricting patterns to subshapes and shifting behave well in relation to each other.
Let EC F C G, and let g € G. Then for any w € L, (X), the pattern 0w has shape
Egg ' =E,andforany h € E,

o8 (wlgg)(h) = (wlgg) (hg) = w(hg) = (c¥w)(h).
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Since this holds for any 4 € E, it follows that
o8 (wlgg) = (0¥w)|E.

This rule is used in many proofs without reference.
Similar interplay exists between the shifts and extension sets. Let £ C F C G, and
g € G.Then Eg C Fg, and for any w € LEg(X),

of[wlre = [08w]F.
This is also used in many proofs without reference.

Along with this natural notion of shifting patterns, there is a natural way to define
joining two disjoint patterns.

Definition 2.6. Let G be a group, and X be a G-shift. For any disjoint u, v € £L%°(X),
with shapes F, and F, respectively (so that F,, N F\, = &), we define the join of u and v,
denoted by u V v, as follows. Let w = u V v be defined as

u(g), g€k,
w(g) =
v(g), g€ Fy,
which is a pattern with shape F, U F,. Since F,, and F,, must be disjoint to take a join, it
is clear that Vv is commutative.

Additionally, the shift action distributes over V. For any disjoint u, v € £°°(X) and
g € G, it is always the case that o8 (1 vV v) = (68u) Vv (c8v).

Furthermore, for any infinite collection of mutually disjoint patterns, all of these pat-
terns can be joined together into one (possibly infinite) pattern, and by this commutativity,
the order of the infinite join is irrelevant. Also, the shifts commute with infinite joins for
similar reasons. Infinite joins and the commutativity of the shifts with infinite joins are an
integral part of several proofs in §3.

2.2.2. Properties of G-shifts. Each G-shift X defines a set of forbidden patterns;
however, it is also possible to define a G-shift from a set of forbidden patterns.

Definition 2.7. Let G be a group, A be a finite alphabet, and let F ¢ £(A) be a set of
forbidden patterns. Define

XCO[F] = {x € AY : for allg € G, forall F € G, (6x)|r ¢ F}.

It is an elementary exercise to show that XU [F] is a G-shift (though possibly empty), so
X© [F] is called the G-shift defined by F. X[F] is used whenever G is clear from the context.

Another elementary result is that X = X[F(X)] for any G-shift X, and therefore every
G-shift is generated by some set of finite forbidden patterns.

While #(X) is always a set of forbidden patterns which defines the G-shift X, there may
be much smaller sets of forbidden patterns which also define X. In some cases, there may
be a finite set of forbidden patterns which defines a G-shift X, in which case the G-shift is
called a shift of finite type.
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Definition 2.8. Let G be a group, and X a G-shift. Then X is called a G-shift of finite type,
or typically a G-SFT, if there exists a finite F € £(X) such that X = X[F].

For any G-SFT X there always exists some F € G such that X = X[FFr(X)]. Such a
shape F is called a forbidden shape for X. Additionally, given some forbidden shape F, any
H € G with F C H is also a forbidden shape, meaning X = X[Fr(X)] = X[Fr(X)].
This property is used in many results without reference.

The finitary nature of G-SFTs makes them amenable to analysis using more combinato-
rial methods, and they are generally well behaved in many regards. Another strong property
a G-shift can possess is strong irreducibility, which is a strong mixing type property that
is of general interest in the literature.

Definition 2.9. Let G be a group, and X be a G-shift. Then X is strongly irreducible if
there exists a finite K € G with the following property. For any u, v € £(X) with shapes
F, and F,, if F, N K F, = &, then there exists x € X such that x|r, = u and x|r, = v.
This definition differs from typical definitions of strong irreducibility of shifts on finitely
generated groups [9]. In the case that G is finitely generated, this definition is equivalent
to more typical definitions using the distance induced by a word metric, and is merely an
extension of the more typical definition to (possibly) infinitely generated groups.

2.2.3. Factors and sofic shifts. We begin with the definition of factor maps on shift
spaces.

Definition 2.10. Let A and B be two finite alphabets, G be a group, X be a G-shift of A
and Y be a G-shift of 8. Then amap ¢ : X — Y is a factor map if

e ¢ is continuous,

e ¢ is surjective, and

o foreveryge G,080¢ =¢oos.

In the case that a factor map ¢ is a homeomorphism, then ¢ is called a conjugacy, and
X and Y are said to be conjugate. The collection of conjugacies from a G-shift X to itself
forms a group under composition denoted Aut(X).

This definition of a factor map applies more generally between actions of a group on two
topological spaces; however, in the context of G-shifts, factor maps have a very specific
structure. We begin by defining a specific kind of factor map which can be constructed
between two G-shifts.

Definition 2.11. Let A and B be two finite alphabets, let G be a group, and let X be a
G-shift of AC. For some F € G, let B : Lr(X) — B be any function, called a block map.
Then g induces a map qbﬂc : X — B9 called a block code by

(@ ())(8) = B((@*X)|F),

and Y = qbg(X ) is a G-shift of BY . Rather than BG, however, we consider the codomain
of ¢>g to be Y, which makes ¢>g surjective and therefore a factor map from X to Y.
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Block codes are generally easy to work with, due to the finitary nature of the block map
that generates them. Surprisingly, any factor map between G-shifts (on possibly different
alphabets) is a block code generated by some block map, and this fact is given by the
following theorem.

THEOREM 2.12. (Curtis, Hedlund and Lyndon) Let G be a group, A and B be finite
alphabets, X be a G-shift of A° and Y a G-shift of BC, and let ¢ : X — Y. Then ¢ is
a factor map if and only if there exist F € G and block map B : Lr(X) — B such that
¢ =95

A proof of the theorem at this level of generality can be found in [21, Corollary 6].
Informally, the theorem gives that factor maps for G-shifts are defined by a finite amount
of information. A broader class of G-shifts which are defined by a finite amount of
information, which contains all SFTs but generally includes more shifts, is the class of
sofic G-shifts.

Definition 2.13. A G-shift Y is called a sofic G-shift if there exists a G-SFT X such that Y
is a factor of X.

Weiss noted when first introducing sofic Z-shifts that ‘the finite type subshifts are flawed
by not being closed under the simplest operation, namely that of taking [factors]’ [23]. The
collection of all sofic shifts is clearly closed under taking factors, and this is one of the
many reasons why the class of sofic shifts is of interest in symbolic dynamics.

2.2.4. Entropy. Another important aspect of shifts which is studied in dynamics is
entropy (both topological and measure-theoretic), though this theory is generally restricted
to countable amenable groups, as computing averages for shifts on non-amenable groups
is not possible in general. Notions of entropy do exist for the broader class of countable
sofic groups [5]; however, certain undesirable properties arise from such definitions, such
as the potential for the entropy of a factor of a system being higher than the entropy of
the system itself [24]. Formal treatment of topological and measure-theoretic entropy for
G-shifts (and more generally continuous actions of groups on metric spaces), as well as
results about these notions of entropy, can be found in [13].

Definition 2.14. Let G be a countable amenable group. Then the (topological) entropy of
a non-empty G-shift X is defined as

log(|LF, (X)) — lim log(|.LE, (X))
| F | n—00 | Fy |

k)

h(X) = inf
n

where {F},} is some Fglner sequence for G. This limit always exists and is equal to the
infimum above [13, §9.9]. The entropy of X is also independent of the choice of Fglner
sequence.

Furthermore, some results pertain to the set of real numbers which are attained as the
(topological) entropies for SFTs on a particular group.
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Definition 2.15. Let G be a countable amenable group. Then let
&(G) = {h(X) : X anon-empty G-SFT}.

Note that E(G) is a countable subset of [0, c0), since there are only countably many
G-SFTs for any countable group G. Determining exactly what the set &(G) is for a
given group G is in general quite difficult. A classic result of Lind [15] precisely
classifies £(Z) as non-negative rational multiples of logarithms of Perron numbers. More
recently, Hochman and Meyerovitch determined that E(Z?) is the set of non-negative
upper semi-computable real numbers [12]. For finitely generated amenable groups G
with decidable word problem which admit a translation-like action by Z?, recent work
by Barbieri [1] has classified £(G) as the set of non-negative upper semi-computable real
numbers.

With entropy, we may also define the following notion of minimality.

Definition 2.16. Let G be a countable amenable group, and X a G-shift. Then X is entropy
minimal if for each subshift Y C X, we have h(Y) < h(X).

A weaker but related notion of minimality is SFT-entropy minimality.

Definition 2.17. Let G be a countable amenable group, and X a G-shift. Then X is
SET-entropy minimal if for each SFT Y C X, we have h(Y) < h(X).

Although in general SFT-entropy minimality is weaker than entropy minimality, they
are in fact equivalent if the shift in question is an SFT. Proving this is a fairly standard
argument involving approximating subshifts by SFTs, so we omit its proof. This fact is
quite useful for proving that an SFT is entropy minimal, as it significantly reduces the
amount of shifts to consider when proving entropy minimality.

Along with topological entropy, measure-theoretic entropy can be defined if the shift X
is additionally endowed with a Borel probability measure (which is always Radon, since
AC is metrizable when G is countable) that behaves nicely with the shift action of G.

Definition 2.18. Let G be a countable amenable group, and let X be a G-shift. A measure
@ on X is G-invariant if for any g € G and measurable E C X, it is the case that

-1
no®  E) = p(E).
Let M(X) denote the set of all G-invariant Borel probability measures (& on X.

For a G-shift X and w € L(X), u[w] is used as a shorthand for u([w] N X). To define
the p-entropy of X, first an associated partition entropy must be defined.

Definition 2.19. Let G be a countable amenable group, X be a G-shift, and u € M(X).
Then, for any F € G, the (F, w)-entropy of X is defined as

Hy (X, F)=— Y plwllog(ulw)),
weLrp(X)
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where 0 - log(0) is taken to be 0 by convention. The maximum of H, (X, F') over M(X)
is log(|LF(X)]), and is attained only by any u € M(X) for which u[w] = 1/|LF(X)| for
all w € Lr(X) [22, Corollary 4.2.1].

With this, the measure-theoretic entropy can be defined.

Definition 2.20. Let G be a countable amenable group, X be a G-shift, and u € M(X).
Then for any Fglner sequence {F,}7° | for G, the u-entropy of X is defined as
Hy (X, Fn) _ lim H, (X, Fn).

[ Fal n—oo  |Fy|
As with topological entropy, this limit always exists, is equal to this infimum, and is
independent of the choice of Fglner sequence [13, §9.3]. Furthermore, the Variational
Principle [13, Theorem 9.43] gives that

h,(X) = inf
n

h(X)= sup h,u(X).
neM(X)
A measure i € M(X) satisfying h(X) = h,(X) is called a measure of maximal entropy,
and for G-shifts there always exists at least one measure of maximal entropy, since shift
actions are expansive and the entropy map u — h,(X) is upper semi-continuous in this
case [24].

3. Free extension shifts

Though the primary purpose of this paper is to prove that locally finite groups are precisely
the groups which exhibit strong dynamical properties for all SFTs, proving many of these
properties directly is somewhat tedious. Instead, we develop a general theory of free
extension shifts, which simplifies (and even trivializes) many of the results for locally finite
groups. Essentially all of the primary results in this paper use properties of free extensions,
which are constructed in this section.

The notion of a free extension shift is not new, however. Hochman and Meyerovitch
[12] used them (though not explicitly by name) in their landmark paper characterizing
the possible entropies of Z¢ SFTs. The term free extension and some associated notation
used were coined by Barbieri [1], with free extensions appearing as a special case of a far
more general method of constructing ‘extensions’ of shifts. The definition given here is far
less general than Barbieri’s construction, but it is perhaps more amenable to specifically
analyzing free extensions.

3.1. Definition of free extensions. Though there are a few equivalent ways of defining
free extensions, we use the following as the primary definition, and prove its equivalence
to other definitions.

Definition 3.1. Let G be a group, H < G, and Y be an H-shift with alphabet A. Then the
free G-extension of Y, which is denoted by Y16, is defined as

Y10 = {x e AY : forall g € G, (o8x)|yg € Y}.

Given a free extension Y 1€, we call Y the base shift.
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While it is clear from this definition that Y 1€ is always G-invariant, it is less clear that
Y16 is necessarily closed, and therefore a G-shift. Rather than proving this directly, we
use the following lemma to deduce that ¥ 1€ is a G-shift.

LEMMA 3.2. Let G be a group, H < G. Then for any F C L(AM), we have (XY [F)10 =
XC[F].

Proof. First, we show that (X”[F))19 ¢ XC[F]. To do so, let x € (XY[FD1Y, g € G,
and F € G, and since F C L(ﬂH ), we may consider only when F € H. By definition,
we have that y = (08x)|x € X [F], which gives that y|r = (6¢y)|r ¢ F. With F € H,
we have y|g = ((68x)|g)|F = (68x)|F ¢ F. Since x, g, and F were arbitrary, we obtain
the desired inclusion.

To show that XC[F]  (X”[F])1C, let x € X9[F] and g € G, and we must show that
(08x)|g € X"[F]. Leth € H and F € H. Then

@ @) mlF = (") m)|F = (6"8x)|F ¢ F,

by the fact that x € X© [F]. As such, (o8x)|g € XH[F], so we have shown the desired
result. ]

With this lemma, we can easily see that Y16 is a G-shift.

COROLLARY 3.3. Let G be a group, H <Y, and Y an H-shift. Then Y16 = x¢ [F()],
and in particular Y1 is a G-shift.

Proof. Taking F = #(Y) in Lemma 3.2 gives the desired result, along with noting that
XO[F(Y)] is a G-shift. O

In addition to proving that free extensions are shifts, the previous corollary gives an
alternative characterization of free extensions, namely the free extension of an H-shift ¥
is the G-shift defined by the set of finite forbidden patterns for Y. We now provide another
characterization of free extensions which is useful in constructing elements of the free
extension of a shift. We begin by defining the following function.

Definition 3.4. With H\G denoting the set of right cosets of H in G, let 4(H\G) denote
the set of all choice sets for H\G, whose existence is given by the axiom of choice. In
particular, an element C € $(H\G) is a subset of G such that { Hc}.cc is an enumeration
of the right cosets of H in G.

For any group G, H < G, C € ¥(H\G), and alphabet A, define a map Kcﬂ : (ﬂH)C —
AC by

Kc ({wc ceC) = \/ o we.
ceC

Such a map is called a construction function. When A is clear from context, k¢ is used
instead.

Note that with {w.}cec € (AMC | each w, has shape H, which makes a“ilwc have
shape Hc. Since {Hc}.cc 1s an enumeration of all right cosets of H in G, this makes all
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—1 e .. . ..
o¢ w, disjoint, and so we may join them together to form a configuration on G, giving
that k¢ is well defined.

We now show that every construction function is bijective.

LEMMA 3.5. Let G be a group, H < G, and C € C€(H\G). Then k¢ is a bijection, and
k' () = {(0°0) | n}eec

Proof. First, we show that «¢ is injective. Let {wc}cec, {vc}cec € (AH )C be such that
kc({we}) = kc({ve}). For any d € C, it must be that kc {w})|Ha = kc {ve}) | H4- Since

ke (weh)|ra = ( \/ oC"wc>|Hd,

ceC
and each a"ilwc has shape Hc, this restriction must result in a‘rlwd. Similarly,
ke(eDlpa = 04 vy, and s0 04wy = o vy. Applying o? to both sides gives that
wg = vg. Since d € C was arbitrary, we have that {w.} = {v.}, and therefore xc is
injective.
Next, let us show that k¢ is surjective. Let x € AC. Then

X = \/ X|He = \/ Gcil(GC(x|Hc))

ceC ceC
=V o (@D = k@Dl a)eeo),
ceC

and so k¢ is surjective.
This makes k¢ a bijection, and is therefore invertible, and the previous display gives the
exact rule for k. 0

In fact, with (A7)C endowed with the product topology, ¢ is a homeomorphism from
(3{” )C to AY; however, we do not use this. For the remainder of the paper, it will be taken
as a given that x¢ is a bijection. With x¢, we may now give our last characterization of
free extensions.

LEMMA 3.6. Let G be a group, H < G, and Y be an H-shift. Then for any C € $(H\G),
we have Y19 = kc(Y©).

Proof. First, let x € Y1C. Then «;' (x) = {(0°x)|#}cec, and by definition of Y10, we
have (o¢x)|g € Y for each ¢ € C, and therefore {(6°x)|g}cec € YC, 50 x € kc(YC). As
such, Y16 C kc(Y©).

Now let x € kc(YS). Then, by definition, we have that KEl(x) ={(06°X) | }eec € YE,
and so (c°x)|g € Y for each ¢ € C. Let g € G. Then there exists a unique c € C
and h € H such that g = hc. Since (cx)|y € Y, by shift invariance we also have
o"(6x)|g € Y, and therefore we have

(08x) |y = ("x) |y =" (0x) |y €Y.

As g € G was arbitrary, this gives that x € Y19, and therefore xc(Y¢) c Y1C. O
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Each of these characterizations provides a useful perspective on the structure of free
extensions, and is useful in proving different properties of free extensions. The definition
used here indicates that a free extension shift is locally a shift on a subgroup, which
is broadly useful in ensuring restrictions of configurations in the free extension are an
element of the shift on the subgroup. The second characterization by forbidden patterns
clearly makes free extensions a type of shift, and provides an implicit connection between
free extensions and SFTs. The final characterization with construction functions gives free
extensions a natural strong mixing condition, in the sense that for any C € ¢({H\G) and
collection {x.}cec C Y17, there exists an element of ¥ T¢ which is equal to x,. on the coset
H . This strong mixing condition is at the core of the utility of studying free extensions in
general.

3.2. Properties of free extensions and their base shifts. Having established that free
extensions are well defined, we now prove that many useful properties can be transferred
from a base shift to its extension, and vice versa.

First, we observe that the topological entropy of a free extension is the same as its base
shift.

PROPOSITION 3.7. [1, Proposition 5.2] Let G be a countable amenable group, H < G,
and X an H-shift. Then

h(X1%) = h(X).

Second, if there are three groups K < H < G, then taking a K-shift and extending it to
G produces the same thing as first extending to H and then to G.

LEMMA 3.8. Let G be a group, K < H < G, and Y a K-shift. Then Y16 = (YTH)TG.

Proof. By Corollary 3.3, we have Y19 = XC[F(Y)] and YTH = X [F(Y)]. Then, by
Lemma 3.2, we have

Y6 = (XHFDTY = XO[F(Y)] = 11°. 0

Next, we prove a stability result for free extensions, namely that the intersection of free
extensions is the free extension of an intersection of shifts.

LEMMA 3.9. Let G be a group, H < G, and {Y;}ic; be a collection of H-shifts. Then
Mier YiTG = (Nies Yphe.
Proof. Let C € ¥(H\G). Then by Lemma 3.6 and the fact that «¢ is a bijection,
16 c c ¢ re
(¥ =k )=Kc<ﬂY,. > =Kc<<ﬂy,~> ) = (ﬂm) . O
iel iel iel iel iel
Lemma 3.2 readily gives that the free extension of an SFT remains an SFT. Perhaps

surprisingly, the converse also holds; if the free extension of a shift is an SFT, then the
base shift must have been an SFT to begin with.
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LEMMA 3.10. Let G be a group, H < G, and Y be an H-shift. Then Y is an H-SFT if and
only if Y19 is a G-SFT.

Proof. First, suppose Y is an SFT. Let F € H be a forbidden shape for Y, and F € A" be
a set of forbidden F-patterns so that ¥ = XH[F]. By Lemma 3.2, Yo = (XH [FD1Y =
XO[F], which is clearly an SFT.

Now suppose that ¥ 1¢ is an SFT. Let C € €(H\G), and let d € C such that H =
Hd. Let F € G be a forbidden shape for Y16 so that Y16 = XG[TF(YTG)]. Now define
Co C Ctobethesetofall c € C forwhich F N\ Hc # @,andforc € Colet F. = F N He.
This partitions F into the finitely many disjoint subsets F,, which are each contained within
a separate coset of H. Then define

E = U F.c 'cH

CEC()

and
F= U Ec.
ceCy

Note that for each ¢ € Cy we have F.c~! C E, and therefore F, = (F.c )¢ C Ec C ﬁ,
so F C F. Assuch, Y10 = X[TI;(YTG)]. For any w € AE | let

Pw) = Jlo* wl; car,

CECO

and define
F={weA": Pw) Cc Fr¥).

Let us now show that ¥ = X [F], which clearly shows Y is a H-SFT, since F is finite.
First, let x € Y16 = XG[?}(YTG)]. Let g € G, and pick any ¢ € Cy. Then, from the
definition of P (w),

(@ #0)lp € [0 0 ey = [0¢ (@*0)|E]p C P((@*2)]E).

Since x € XG[TIs(YTG)], it follows that (a"_lgx)lﬁ ¢ Tﬁ(YM;), and therefore,
P((c8x)|g) & TF(YTG). This gives that (c8x)|g ¢ F. Since g was arbitrary, this implies
x € XCO[F], and therefore Y '¢ ¢ XC[F].

Now let x € XC[F]. By definition, for each g € G, it must be that (68x)|¢ ¢ F, and
therefore for every ¢ € Co, we have P((6°x)|g) ¢ Tﬁ(YTG). As such, for each ¢ € Cy,
there exists w, € P((6%x)|g) \ Tﬁ(YTG). Note that this means that for each ¢ € Cy, there
exists d. € Cg such that (c%w.)|g = (6°8x)|£. Let x. € Y1C be such that Xelp = we.
This must be possible since w, ¢ Tﬁ(YTG), and Y1 is shift invariant. Let {aj}aec =
ke 1(xc), and note that ag € Y foreach ¢ € Cp and d € C by Lemma 3.6. Furthermore, for
each ¢ € Cyp, we have aflf |E = (0°8x)|g, which gives that

@ af)pe =0 @5 1E) = 0¢ ((02)|E) = (@) k.
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Define {ys}qec € Y€ as follows. For each ¢ € Cp let y. = agﬁ, and for d € C\ Cp
let y; € Y (it does not matter how these are chosen). Then y = kc({y4}) € Y 16 so
for each ¢ € Cy it is the case that y|g. = (acflac,d(,)mc = (08x)|Egc, which gives that
ylg = (08x)|;. Since y € Y16, this implies (@8x)|p ¢ Tﬁ(YTG). As this is true for all
g € G, this implies x € X[Tﬁ(YTG)] = Y16 and therefore XC[F] c Y1C.

The results of the two previous paragraphs give that Y19 = X¢[F]. By Lemma 3.2,
since F ¢ AL, and E C H, we have Y10 = X [F] = (XY [F])1C, and so kc(YC) =
ke (XHP[F)C). Since k¢ is a bijection, it must be that Y€ = (XH[F])€, and therefore
XH[Fl=vY. O

Next, we show a similar result to the previous one, replacing the property of being a
G-SFT with being strongly irreducible.

LEMMA 3.11. Let G be a group, H < G, and Y be an H-shift. Then Y is strongly
irreducible if and only if Y16 is strongly irreducible.

Proof. First, suppose that Y is strongly irreducible. Then there exists K € H such that for
any u, v € £(Y) with shapes F, and F, such that F, N K F, = @, there exists x € Y10
such that x|z, = u and x|, = v. We will now show that X = ¥ 1C is strongly irreducible
with the same K. Let u, v € £(X) with shapes F, and F, such that F, N KF, = &.
Since u, v € L(X), let x,, x, € X such that x,|r, = u and x,|r, = v. Let C € €(H\G).
Since x,, x, € X = Y10, we may take {y.}cec = /{El(xu) and {z;}cec = KEl(xU) with
Ve, Z2c € Y for all ¢ € C by Lemma 3.6. Let ¢ € C, and define U, = e 1N H and
V. = Fye™!' N H. With U, and V. being subsets of H, we have that Yelu. € L(Y) and
Zclv, € L(Y). Furthermore, we have

UNKV,CF,e 'NKF,e™' =(F,NKF)c ! = .

As such, the strong irreducibility of Y gives that there exists w., € Y such that
Wely, = Yelu. and wely, = z¢lv,. Letx = kc({weleec) € X. We now show that x|r, = u
and x|f, = v. Indeed, as

Fo=||FunHe=| |(Fuc ' nH)e=| | Uec
ceC ceC ceC

(and similarly for F,, with V. in place of U.), we may obtain that x|r, = u by checking
X|y.c = uly,c forevery ¢ € C (and similarly for x|, = v). Forc € C,wehave U.c C He,
and so

—1 —1 —1
x|UCc = (lec)|Urc = (OC xc)|Ucc =0° (xc|U() =0° (yc|UC)
—1 —1 .
=0 ((6“x)lv) =0 o(xulu.e) = ulues

where the final equality follows from the fact that x,|r, = u. By the same argument,
replacing U, with V., y. with z., x, with x,, and u with v, we obtain x|y.. = v|y.., and
therefore x|, = u and x|f, = v. As such, Y10 is strongly irreducible.

Now suppose that X = Y1¢ is strongly irreducible. Let L € G be such that if
u, v € L(X) with shapes E, and E, satisfy E, N LE, = &, then there exists x € X such
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that x|g, =u and x|g, = v. Let K = L N H, and we will now show that Y is strongly
irreducible with this K. Note that K must be non-empty because L must contain an element
of H (otherwise, if E,, and E, are finite subsets of H which intersect, then E, N LE, = @,
but if u and v disagree on some element of E, N E,, there clearly cannot be an element
in X that contains both u and v). Let u, v € £L(Y) with shapes F, and F, such that
F,NKF,=@.Since u, v € L(Y), we clearly have that u, v € L(X). We now show that
F,NLF,=@.Indeed,sinceK =LNH,F,NKF,=9,and F,, F, C H,

F.NLF, = (F,N(LNH)F)U(F,N(L\ H)F,)
C(F,NKF,)UHN L\ H)H)

= U HNIH.
leL\H

Since H is a subgroup of G, forany / € L \ H we have H N[/H = &, since [ H is a proper
left coset of H. As such, F, N LF, = &, and so by the strong irreducibility of X, there
exists x € X such that x|r, =u and x|r, =v. Let y = x|y €Y, and so y|fr, = u and
v|F, = v. Therefore, Y is strongly irreducible. O

Lastly, factor maps which are defined by block maps on a base shifts can be extended
to a factor map of the free extension of the base shift in a natural manner. This does not
apply to arbitrary factor maps from a free extension shift, however, and only applies to
factor maps whose block maps are defined on a subset of the group for the base shift. In
the result, for a function ¢ : X — X, we denote by (¢)€ the product function on X€.

LEMMA 3.12. Let G be a group, F € H < G and C € $(H\G). For finite alphabets ‘A
and B, let Y be an H-shift of A, and let B : Lr(Y) — B be a block map. Then for any
X € YTG,

¢ (x) = (€ o (BHC o (H ().

Proof. Let x € Y'C. Then for any g € G, let h € H and d € C such that g = hd.
Expanding the definition of K? , we have

(€ o (P5)™\C 0 () ™H))(e) = ( \/ o< @ff ((Kg‘r‘(x)c)))(g)

ceC
= 0" @ (D W) hd),

where g € Hd implies that we only need to observe the pattern in the join on Hd.
Applying the shift od™! , and expanding the definition of ¢gl at h, we obtain

@ @ (T @) (hd) = ¢f (60 (h) = B (6| p)-
Simplifying, we have
B ()| u)IF) = B X) -] ) = BUoBx)| 1) = (9§ ())(g)

by the definition of qSﬁG at g. With this, we have shown the desired result. [
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A direct consequence of the previous result is that certain factors of a free extension are
equal to the free extension of a factor of the base shift. This is not the case for all factors,
but the property is quite useful nevertheless.

COROLLARY 3.13. Let G be a group, H < G, A and B be finite alphabets, and Y be an
H-shift of A", Let F € H and B : Lr(Y) — B be a block map. Then

o5 (Y19) = ¢f (N)1C.

Proof. Let C € €(H\G). By Lemma 3.12, for any x € Y16, we have ¢ﬂG(x) = (K&B o
(¢§1 )€ o (k1) (x), and therefore, using Lemma 3.6,

¢ (x) = (€ o (B 0 (cH ™M (x)
= (kg o BHNKIH ™ (x))
e kCBFH (X))
= k(¢ ()
=g (N)1°.
Similarly, for any y € ¢f (¥)'¢, we have (@)~ (y) € pf () = (@) (¥C) =
(qﬁg’ ()Y 19)). Applying k2 to both sides, we obtain by Lemma 3.12 that

y e kg o @ ot Hr19) = pf (¥19). 0

3.3. Applications of free extensions to shifts on groups. Using free extensions, it is
possible to analyze shifts on arbitrary groups, though only to an extent. First, we can look
at SFTs on arbitrary groups. We use the following result extensively in the study of SFTs
on locally finite groups in particular; however, it applies in full generality to all groups.

LEMMA 3.14. Let G be a group, and X a G-SFT. Then there exist F € G and (F)-SFTY
such that X = Y1C. In other words, every SFT on a group G is the free extension of an
SFT on a finitely generated subgroup of G.

Proof. Since X is an SFT, let F' € G be a forbidden shape for X, so X = X GlFr(X)]. Let
H = (F) < G, which makes H finitely generated. Additionally, since F' € H, the H-shift
Y = X" [Fr(X)]is an H-SFT. By Lemma 3.2,

Y1 = xMFp 01 = XOFr(X0] = X,
which proves the desired result. O

In the case that G itself is finitely generated, it may be that F' € G is such that (F) = G,
and so X =Y = Y16, which is a trivial result. In the case that G is infinitely generated,
however, this can never be the case and leads to interesting results such as the following
corollary.
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COROLLARY 3.15. Let G be an infinitely generated amenable group. Then

&6G) = | 8(F).

FeG

Proof. This follows immediately from the previous lemma and Proposition 3.7. O

In addition to SFTs, which are defined by a finite forbidden shape, sofic shifts are defined
by an SFT and a finite block map, and using a technique similar to the lemma above, we
can show that any sofic shift on a group is the free extension of a sofic shift on a finitely
generated subgroup.

LEMMA 3.16. Let G be a group and X be a sofic G-shift. Then there exist F € G and sofic
(F)-shift Y such that X = Y1C.

Proof. Since X is sofic, let Z be a G-SFT, and 8 : Lg(Z) — A be a block map such that
X = qbﬂG(Z) with £ € G. Since Z is a G-SFT, by Lemma 3.14 that there exist F € G and
(F)-SFT W such that WG = Z. Let H = (F U E), and we have that U = W' is an
H-SFT by Lemma 3.10, and that UT¢ = (WTH#)1¢ = w1C = Z by Lemma 3.8. As such,
Lemma 3.12 gives us that

X =¢g(2) = ¢5 (U9 = @f W'Y,

since E € H. Since U is an H-SFT, we have that Y = qbg(U) is a sofic H-shift, and clearly
H is finitely generated with X = Y 1. O

Furthermore, the finite nature of the strong irreducibility condition (namely, the
finiteness of K) allows us to prove the same result as for SFTs and sofic shifts.

LEMMA 3.17. Let G be a group and X be a strongly irreducible G-shift. Then there exist
F € G and strongly irreducible (F)-shift Y such that X = Y1°.

Proof. Since X is strongly irreducible, let K € G be such that, for any u, v € L(X) with
shapes F,, and F), respectively such that F, N K F,, = &, there exists x € X such that
x|r, = u and x|r, = v. We will now show that K is an option for the finite set F in the
statement of the lemma. Forany F' € H letFr = ¥r(X), and define Yr = X H [Fr]. Then
since F is finite, Y is an H-SFT for each F. Furthermore, by Lemma 3.2, we have that
Y16 = (XH[Fp])'C = XC[FF], and so clearly X  Y1¢. As such, X y1¢

Fo= F = Fl, and so clearly X C Y. As such, X C (pey Yp
and by Lemma 3.9 we have that

1G
M ri¢= ( N YF> :
FEH FEH
Let Y = ﬂF@H Yr, which is an H-shift, so we have X C Y16, We now show that
Y1 c x.
Let C € €(H\G),letz € Y1 andlet g € G and F € H. By the construction of ¥ 1,
we have z € Y;G = XG[FF], and so z|r ¢ Fr = Fr(X). Therefore, there exists xp € X
such that z|r = xr|F. In particular, this shows that the set Er = [z|r] N X is non-empty
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and closed. Additionally, since for each g € G we have 08z € Y1¢, we also have that
[(082)|F1N X = 0¥([z|Fg] N X) is non-empty and closed. Since o'¢ is a homeomorphism
on AY and X, we have that E Fg = [2|Fg]l N X is a non-empty closed subset of X. As such,

Y={Er,: F € H,g G}

is a collection of non-empty closed subsets of X. We now show that ¢ has the finite
intersection property.

Let Er,g, Erygys - - - » EF,q, € Y. Note that since F; € H and g; € G, we have that
F;gi € Hc; for some unique ¢; € C. If we have that F;g; € Hc; for some j # i, then
FigiUF;g; € Hc;, giving (Fig; U Fjgj)cl-_l € H, and so we have

EF,'g,‘ N EFjgj = [Z|Fig,'] n [Z|Fjgj] NX= [Z|(F}giUFjgj)C;lci] nx = EFigiUFjgj’

which is an element of ¢, and so we may assume without loss of generality that ¢; # c;
for i # j. For finite induction, we have that Ef, ¢, is non-empty, so suppose that we have
shown ﬂle EF,¢; is non-empty for some k < n. As such, there exists an element x € X
such that u = x'Uf-;] Figi = z|U£¢=l Fia’ meaning that u € £(X). Let v = z|F,_ g,,> and
note that v € £(X), as Ef, g, 15 non-empty. Now, since F;g; C Hc; for each i, and
K C H by definition of H, we have that

k k k
(U Figz‘) N K (Fx+18k+1) C (U HCi) NH(Hcpt1) = (U HCi) N Hcpy.

i=1 i=1 i=1
Since ¢; # ¢ fori # j, we have in the rightmost set an intersection of a right coset with
a union of distinct right cosets, which is necessarily empty, and so we have

k
( U F,-gl-) N K (Fi+18k+1) = 2.

i=1
By the strong irreducibility of X, there exists x € X such that X|U‘k71 Fig = U and

X| Feq1gr41 = V- This gives thatx € ﬂfill EF,q;, so this set is non-empty. By inducing until
n, we obtain that ()/_, Ef,,, is non-empty. As such, ¢has the finite intersection property.

Since X is a closed subset of A, which is compact, we have that X is compact. As
such, since ¢ is a collection of closed subsets of X with the finite intersection property,
() ¢is also non-empty; in particular, there exists x € X such that

X € ﬂ ﬂ EFpg.
geG FeEH
With {e} € H, this gives that for each g € G we have x € E(4) = [z](g)] N X, which gives
that x(g) = z(g) and therefore x = z € X. Since z € Y16 was arbitrary, we have shown
that Y1¢ c X, and therefore X = Y19,
Finally, by Lemma 3.11, since X = Y1C is strongly irreducible, we have that Y is
strongly irreducible. O

As is the case with SFTs, the two previous results may be trivial in the case that G is
finitely generated; however, this is not the case when G is infinitely generated. Further study
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into the properties of free extensions and which properties translate from a free extension
to its base shift and vice versa, may prove to show that the study of SFTs on arbitrary
groups may be reducible to studying SFTs on finitely generated groups. While we do not
require any further properties for the results of this paper, it may be fruitful to explore other
such properties in the context of free extensions.

4. Locally finite groups
With the theory of free extensions sufficiently developed, we may move on to proving
properties of SFTs on locally finite groups. This section contains all parts of the proofs of
Theorems I and II.

We first begin by introducing the following construction, which applies to any group G
which is not locally finite, and which will be referenced throughout the remainder of the
section.

Definition 4.1. Let G be a non-locally finite group, and A = {0, 1}. Since G is non-locally
finite, there exists an infinite, finitely generated group H < G. Let S € H be such that
e € Sand (S) = H. Then, taking F = A5\ {05, 15}, where 05 and 15 are the constant 0
and 1 patterns, let 2y = XH[F].

2 is clearly an SFT from this construction, and in particular contains exactly two
points, the constant 0 and 1 patterns on H, which will be denoted by 07 and 17,
respectively. By Lemma 3.10, QLG is also an SFT.

4.1. Proof of Theorem 1. We now have everything needed to prove Theorem I. Each
of the results in this section which contributes to the theorem will be marked with the
implication that it provides. For instance, Proposition 4.2 is marked as (I(a) = 1(b)) to
indicate that it provides the implication that if G is locally finite, then every G-SFT is the
free extension of an SFT on a finite subgroup of G. Many of these results follow readily
from the properties of free extensions developed in the previous section. Theorem I is
restated below for convenience.

THEOREM 1. Let G be a group. Then the following statements are equivalent.
(@) G is locally finite.

(b) Every G-SFT is the free extension of some SFT on a finite subgroup of G.
(c) Every G-SFT is strongly irreducible.

(d) Every strongly irreducible G-shift is a G-SFT.

(e) Every sofic G-shift is a G-SFT.

(f) For every G-SFT X, Aut(X) is locally finite.

We begin by proving the following chain of implications:
I(a) = 1(b) = I(c) = I(a)
The first of these implications follows directly from Lemma 3.14.

PROPOSITION 4.2. (I(a) = I(b)) Let G be a locally finite group, and X a G-SFT. Then
there exist H < G and an H-SFT Y such that X = Y16,
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Proof. By Lemma 3.14 there exists F € G and (F)-SFT Y such that X = Y% But G is
locally finite, so H = (F') is finite, which gives the desired result. O

Next we show that if G is a group for which every G-SFT is the free extension of a shift
on a finite subgroup of H, then every G-SFT is strongly irreducible. In fact, we can show
the following result, which is stronger; if X is a G-SFT for which there exist H < G and
H-SFT Y such that X = Y10 then X is strongly irreducible.

LEMMA 4.3. (I(b) = I(c)) Let G be a group and X be a G-SFT such that there exist
H <« G and H-SFT Y such that X = Y19, Then X is strongly irreducible.

Proof. Since H is finite, Y is vacuously strongly irreducible with K = H. By Lemma 3.11,
X = Y19 is strongly irreducible. O

Lastly, we prove the final implication by contrapositive, where we use the SFT QIIG as
an example of an SFT on non-locally finite groups which is not strongly irreducible.

LEMMA 4.4. (I(c) = 1(a)) Let G be a non-locally finite group. Then there exists a G-SFT
which is not strongly irreducible.

Proof. Let H < G be an infinite, finitely generated subgroup of G, which must exist
because G is not locally finite.

To show that QLG is not strongly irreducible, it is necessary to show that for all
K € G, there exist patterns u, v € L(QLG) with shapes F, and F), respectively such that
F, NKF, =,butthereisnox € X with x|, =u and x|r, = v.

Let K € G. Since K is finite, it must be that H \ K is non-empty, so let h € H \ K.
Let u = 0" and v = 1%¢}, which are trivially in L(QLG). Then F, = {h} and F, = {e},
and clearly, since & ¢ K, we have F, N KF, = {h} N K = &. But, for any x € X, it must
be that x|z € {07, 17}, and therefore X|(ny = X|{e}, s0 it cannot be that x|, = u and
x|F, = v simultaneously.

Therefore, QLG is not strongly irreducible. U

Next, we shall prove that I(a) = I(d), and prove the converse direction in the
subsection immediately following, as we will need an example introduced then.

LEMMA 4.5. (I(a) = I(d)) Let G be a locally finite group, and X a strongly irreducible
G-shift. Then X is a G-SFT.

Proof. By Lemma 3.17, there exist F' € G and strongly irreducible (F')-shift ¥ such that
X = Y16, Since G is locally finite and F is finite, H = (F') is finite, and therefore Y is an
H-SFT. By Lemma 3.10, Y16 = X is a G-SFT. O]

4.1.1. Sofic shifts on locally finite groups. Next, we prove the following implication
involving the statement that every sofic G-shift is a G-SFT.

I(a) < I(e)

First, we show directly that all sofic G-shifts on locally finite groups are G-SFTs.
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LEMMA 4.6. (I(a) = I(e)) Let G be a locally finite group, X be an SFT, and ¢ be a factor
map. Then ¢ (X) is an SFT.

Proof. By Proposition 4.2, there exist H < G and H-SFT Y such that X = Y16 Let
F €G and let 8 : Lg(X) — B be a block map such that ¢ = ¢g. Let K =(HUF),
which is finite because G is locally finite, and let Z = YK, By Lemma 3.8, we have
X =v16 = (y"*)16 = z1G Since F C K, Lemma 3.13 gives that

¢(X) = 9§ (219 = ¢f (D).

Since K is finite the K-shift ¢>§ (Z) C AKX is an SFT, and by Lemma 3.10 we obtain that
¢K(2)1¢ = ¢(X) is an SFT. o

For the converse result, we will prove the contrapositive by constructing, for any
non-locally finite group, a sofic shift which is not an SFT. We begin with the construction.

Definition 4.7. [14, Example 1.11] Let H be an infinite, finitely generated group, and let
S € Hsuchthat S = ™', e ¢ S,and H = (S). The even H-shift Seven C {0, 1} is the set
of all configurations x such that any maximal finite connected component of x (1) ¢ H
in the Cayley graph I'(H, S) has even size. To put it another way, each finite connected
component of 1s has even size.

Proposition 1.10 of [14] gives that Seyen 1s a sofic H-shift, but not an H-SFT. Using this,
we can prove the converse result.

LEMMA 4.8. (I(e) = 1(a)) Let G be a non-locally finite group. Then there exists a sofic
G-shift which is not a G-SFT.

Proof. Let H < G be infinite and finitely generated. Then Seyen as defined above is a sofic
H-shift, but not an H-SFT. Let X be an H-SFT and ¢ : X — Seven be a factor map, which
must exist by the soficity of Seyen. Then there exist F € H and ablock map 8 : Lr(X) —
{0, 1} such that ¢ = qbg. Then by Lemma 3.10 it follows X' is a G-SFT, and by Lemma
3.13, we obtain

SIS, = oH ()16 = 9§ (X19),

and therefore nggn is sofic. By the contrapositive of Lemma 3.10, however, SJVEH is not an
SFT. O

In addition to Seven being a sofic H-shift, we also have that it is strongly irreducible.
With K = (SU {e})z, and two patterns u, v € Seven With shapes F,, and F, such that
F,NKF, =2, we may extend u to a pattern on (S U {e}) F,, by using the symbol 0 or
1 in a manner that ensures this extension has an even number of 1s in any connected
component of 1s. The same can be done for v. By the definition of K, we have that these
extensions are disjoint, so let x € {0, 1}H which matches these extensions of # and v, and
is 0 elsewhere. Since the extensions of # and v have connected components of 1s of even
size, x only has connected components of 1s of even size, even if a connected component
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in the extension of u is connected with a connected component of the extension of v, since
both individually have even size. As such, we have the following result.

LEMMA 4.9. (I(d) = I(a)) Let G be a non-locally finite group. Then there exists a
strongly irreducible G-shift which is not a G-SFT.

Proof. Let H < G be infinite and finitely generated. Then Seye, as defined above is a
strongly irreducible H-shift, but not an H-SFT. By Lemma 3.10, nggn is not a G-SFT, and
by Lemma 3.11, S;gn is strongly irreducible. ]

4.1.2. Automorphism groups for locally finite SFTs. Finally, we prove the last implica-
tions for Theorem I in the following manner.

I(a) <= I(1)

First, we show that the automorphism group for any SFT on a locally finite groups is
locally finite.

LEMMA 4.10. (I(a) = I(f)) Let G be locally finite and X a G-SFT. Then Aut(X) is locally
finite.

Proof. Let F € G be a forbidden shape for X so that X = XO[Fr(X)]. Let
E ={¢1,¢2,...,¢,} C Aut(X) be a finite set of autoconjugacies, and let K = (E).
Without loss of generality, E may be assumed to be symmetric. Then, for each ¢;, there
exist F; € G and block maps B; : Lr, (X) — A such that ¢; = ¢>g. Now let

H=<FU£J1E>.

H must be finite, since G is locally finite. Then, since F C H, it is the case that
X = X9[Fx (X)), and by Lemma 3.2, we have X = X[Fy (X)] = XY [Fu (X)]'C. For
simplicity, let ¥ = X [F (X)]. Additionally, by Corollary 3.13, for each i, we obtain

Y16 = ¢;(r19) = gl (N1,

and therefore ¥ = qbg(Y), which gives qbg € Aut(Y). Let C € ¥(H\G). Then, for each i
and j and using Lemma 3.12, we have for every x € Y1 that

(¢ 0 ) (x) = (icc 0 (@) ok o ke 0 (@) 0 rcH(X)
= (kc o ($f 0 Pf) o recH (),

with ¢>g ) qﬁg € Aut(Y). As such, the behavior of each ¢ € K on Y16 is entirely deter-

mined by an element in Aut(Y). Since H is finite, Y is finite, and therefore Aut(Y) C YYis
also finite, which gives that K must be finite. Since E was arbitrary, this gives that Aut(X)
is locally finite. O

Lastly, we show that if the automorphism group of an SFT is locally finite, then the
group on which the SFT is defined must be locally finite.
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LEMMA 4.11. (I(f) = I(a)) Let G be a group. If, for every G-SFT X, Aut(X) is locally
finite, then G is locally finite.

Proof. Since the full G-shift ¥ is a G-SFT, then by assumption Aut(X) is locally finite.
Clearly, the map ¢ : G — Aut(X) defined by ¥ (g) = o¢ is an injective homomorphism,
since for any & # g, we have 0" # o8 on ¥, as it is possible to describe a configuration
which gets sent to different configurations under o and o8. As such, ¥ (G) < Aut(X).
Since Aut(X) is locally finite, ¥ (G) is locally finite. But ¥ (G) and G are isomorphic, and
therefore G is locally finite. O

4.2. Proof of Theorem II. Next, we will prove Theorem II. As with the previous section,
results pertaining to certain implications in Theorem II are marked. The main additional
assumption we will need is that G is a countable amenable group, rather than any group.
Most of these results also depend heavily on the properties of free extensions developed in
the previous section. We restate Theorem II below for convenience.

THEOREM II. Let G be a countable amenable group. Then the following statements are
equivalent.

(@) G islocally finite.

(b) IfXis a non-empty G-SFT with h(X) = 0, then X = {x}, where x is a fixed point.
(¢) Every G-SFT is entropy minimal.

(d) G is locally non-torsion and

log(n)
|H|

(e) Every G-SFT has a unique measure of maximal entropy.

S(G)z{ :H<<G,neN}CQfgg.

Each of the equivalences in the theorem will be shown individually to be equivalent to
statement II(a). We begin by showing this for statement II(b). Additionally, note that all
countable locally finite groups are amenable, so we omit amenability as an assumption for
a few of the results.

4.2.1. Zero-entropy SFTs on locally finite groups. We begin by showing that
zero-entropy SFTs on locally finite groups consist of single fixed points.

LEMMA 4.12. (Il(a) = 1I(b)) Let G be a countable locally finite group. Then if X is a
non-empty G-SFT with h(X) = 0, then X = {x} for some fixed point x.

Proof. Let X be a G-SFT with h(X) = 0. Then, by assumption, X =Y G for some
H <« G and H-shift Y. By Proposition 3.7, we have h(X) = h(Y) = 0. Since H is finite,

1
0=n(Y) = TH]| log(Y']),

which implies that |Y| = 1. Then for any C € €(H\G) we have |Y€| = 1, and therefore
1X| = |kc(YE)| = 1s0 X = {x} for the only x € X. Since X is shift invariant, it must be
that x is a fixed point. O

To show the converse, recall the definition of the SFT 2y from the beginning of §4.
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LEMMA 4.13. (II(b) = 1I(a)) Let G be a countable amenable non-locally finite group.
Then there exists a G-SFT X with zero topological entropy; however, | X| > 1.

Proof. Let H < G be an infinite, finitely generated subgroup. By Proposition 3.7, we have
h(Q;IG) = h(2p). Since G is countable and amenable, and H < G, it is the case that H is
also countable and amenable, so let { F,,}°° | be a Fglner sequence for H. Since 25 contains
exactly two points, 077 and 177, it is clear to see that L, (2y) = {0F", 172}, and therefore
|LF,(2n)| = 2. Additionally, it must be that lim,,_, », | F,,| = 00, because H is an infinite
subgroup. Then

h@)0) =h@p) = lim [F,| 7 log(1LE, 2)]) = log(2) lim |F,|™" =0.
n—oo n—oo
Also, since |2y| = 2, |21T,{G| > 1, which gives the desired result. O

4.2.2. Entropy minimality of SFTs on locally finite groups. Recall that a G-SFT X is
entropy minimal if for every G-shift Y C X, we have h(Y) < h(X). The following result
shows that for a countable locally finite group, every SFT on the group is entropy minimal.

LEMMA 4.14. (Il(a) = 1I(c)) Let G be a countable locally finite group, and X be a
G-SFT. Then X is entropy minimal.

Proof. Since X is an SFT, let F € G be such that X = XO[Fr(X)]. Let Y C X also
be an SFT, and let E € G be such that ¥ = XC[F£(Y)]. Let H = (F U E), which
is finite because E and F are finite and G is locally finite. Also we have E, F C
H, and therefore X = XC[Fy(X)] and Y = XC[Fx(Y)]. By Lemma 3.2, we obtain
X = (XA[FgXODTC and ¥ = (X [F5 (Y)])TC. Given that Y C X, it must then be that
XH[TH(Y)] C XH[TH(X)]. With Proposition 3.10, this gives

h(Y) = k(X" [Fa ()] = [H|~ Tog(1 X7 [F ()]])
< |H|™ og(IX" [Fu (X)1N) = h(X" [Fu (X)]) = h(X),

where the strict inequality follows from the fact that log is strictly increasing, and this
implies that X is SFT-entropy minimal. Since X is an SFT, and SFT-entropy minimality
and entropy minimality are equivalent for SFTs, we have that X is entropy minimal. O

For the converse result about entropy minimality, we again use the SFT 2.

LEMMA 4.15. (Il(c) = 1I(a)) Let G be a countable amenable non-locally finite group.
Then there exists a G-SFT X which is not entropy minimal.

Proof. Let H < G be an infinite, finitely generated subgroup. We have that QLG is a
G-SFT, and h(QLG) = 0, an argument for which can be found in Lemma 4.13. It is clear
that {0¢} C QTG, and {09} is clearly a G-shift, as it is conjugate to the full G-shift on one
symbol. Additionally, #({0¢}) = 0, and therefore QLG is not entropy minimal. O

4.2.3. The set of SFT entropies for locally finite groups. Next, we establish the set of
all entropies that SFTs can obtain for locally finite groups. The following result shows that
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II(a) implies I1(d). The first part of the implication is trivial; if G is locally finite, then every
finitely generated subgroup is finite, and therefore G is locally non-torsion. The second part
of the implication is given below.

LEMMA 4.16. (Il(a) = 1I(d)) Let G be a countable locally finite group. Then

log(n)
|H|

S(G)z{ :H<<G,neN}chgg.
Proof. First, consider the case when G is finite. Let X be a G-SFT. Then 4 (X) = (log(|X1)/
|G)) € Qfgg, and so

log(n)

|H|
since G < G.Now let H <« G andn € N. Since G and H are finite, letm = |G|/|H| € N.
Let A be a finite alphabet with |A| = n™. Then, let X = {a® : a € A}, which is a G-SFT,
and | X| = n". Then

S(G)C{ :H<<G,neN},

log(IX[) _ log(n™) _ mlog(n) _ log(n)

h(X) = = = = ,
|G| |G| |G| |H |
and therefore,
1
{ °|g;|1) T H<Gne N} C &G,

which gives the desired result.
If G is infinite, then G must be infinitely generated, and so by Corollary 3.15,

8G) = ] 8(F).

FEG
Since G is locally finite, H < G if and only if H is finitely generated, which gives

e = em=J {M:K«H,neN}

H<G H<G K]
log(n) }
= tH < G,neNj. O
{ |H|

Many locally finite groups do not satisfy E(G) = Qﬂ—)g’ due to the lack of subgroups of
certain orders. For example, @, .y Z/2Z is locally finite, but only has subgroups of order
2. However, there are locally finite groups which do attain &(G) = (@fgg, with the most
prominent example likely being Hall’s universal group U [10], which has the property that
every countable locally finite group can be embedded within it, which includes all finite
groups. As such, it has finite subgroups of every order, and so &E(U) = Ql—gg'

A direct converse of the previous lemma has been elusive to the author, which is the
reason for the additional statement that G is locally non-torsion in II(d). The following
lemma gives the most general form of a converse that has been found by the author.

LEMMA 4.17. Let G be a countable amenable group such that E(G) C Qltg. Then G is

periodic.
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Proof. We proceed by the contrapositive. Let G be a group which is not periodic, meaning
that there exists 7 € G whose order is infinite. Let H = (h) so that H is isomorphic to
7, and define F = {1!¢"1} c {0, 1}{¢}, and let X = X" [F]. Since G is amenable, and
H < G, it must be that H is amenable. Then X is conjugate to the well-known golden
mean shift on Z, so h(X) = log(p), where ¢ = (1 + \/3)/2 is the golden ratio. X is also
clearly an SFT, so by Lemma 3.10 the G-shift X' is an SFT, and by Proposition 3.7 we
have h(X1C) = h(X) = log(¢). It is an elementary number theory exercise to show that
@™ is irrational for all n € N, and so it must be that for any n, m € N, we have ¢ # n.
Therefore for all n, m € N, it is the case that log(¢) # (log(n)/m), so log(¢) ¢ Ql“;g. But

log(p) € &E(G), and therefore E(G) ¢ Qfgg. O

It remains to show that periodic but not locally finite groups have SFTs with entropy
outside of @fgg; however, it is in general quite difficult to construct SFTs on such groups in
a manner conducive to computing its topological entropy. As a result, we instead add the
statement that G is locally non-torsion, which removes the need to consider such groups.

LEMMA 4.18. (II(d) = 1I(a)) Let G be a countable amenable group which is locally
non-torsion, and E(G) C Qﬂ;g. Then G is locally finite.

Proof. By Lemma 4.17, G is periodic. Let F € G, and consider H = (F). Since G is
periodic, H is periodic. Since G is locally non-torsion, H is finite or not periodic, and
therefore H must be finite. Since F' € G was arbitrary, G is locally finite. O

The author suspects that if 5(G) C Qfgg, then &(G) must be locally finite. This would
allow for statement I1(d) to have the locally non-torsion assumption removed, and only
leave E(G) C Qltg.

4.2.4. Measures of maximal entropy for SFTs on locally finite groups.  Finally, we show
that every SFT on a countable locally finite group has a unique measure of maximal
entropy, and that if every SFT on a countable amenable group has a unique measure of
maximal entropy, then the group must be locally finite. First, we require a simple but
powerful result about the topological structure of SFTs on countable locally finite groups.

LEMMA 4.19. Let G be a countable locally finite group, and let X be a G-SFT. Then there
exists a sequence {Hn}zoz1 with H, < Hy1 < G for all n, such that G = UneN H,, and
there exist H,-SFTs Y,, such that X = YnTG for all n. Furthermore, the set

BV} ={yINX:neN,y €Y}
is a basis for the subspace topology on X.

Proof. First, since X is a G-SFT, by Proposition 4.2, there exist H; < G and H{-SFT Y
such that X =Y ITG. Then, since G is countable, let G = {g, : n € N} be an enumeration
of G. Define, forn > 2,

H, =(H U{g; :i <n}).
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Since H; and {g; : i < n} are both finite, H,, is finitely generated, and therefore finite.
Furthermore, for any g € G, there is some n € N for which g = g,, and clearly g, € Hj,+1.
Also, H, < Hy41.

Now, for each n>2, let Y, = YITH". By Lemma 3.8, we obtain X = YITG =
(YITHn)TG — YnTG.

Finally, let B be the standard basis of all cylinder sets for X. To show that B[{Y,}] is a
basis for the topology on X, first note that B[{Y,}] C ‘B, and therefore it suffices to show
that any set in 8 can be constructed by sets in B[{Y},,}]. Let w € £(X) so that [w] N X is
non-empty, and let F be the shape of w. Since G = |J,,cy Hx and H,, < H, 41, it follows
there exists N € N such that F C Hy. Then it is clear that

winx="{J [Inx,

ZE[w]HN NYn

which implies that 7(*8), the topology generated by ‘B, is contained in 7 (*B[{Y,}]), so
B[{Y,}] is a basis for the topology on X. O

LEMMA 4.20. (Il(a) = 1l(e)) Let G be a countable locally finite group. Then for any
G-SFT X, there exists a unique measure of maximal entropy.

Proof. Since shift actions of countable amenable groups are expansive, the map
= h,(X) is upper semi-continuous [7, Theorem 2.1], and so X has a measure of
maximal entropy u € M(X) such that i, (X) = h(X).

By Lemma 4.19, there exist {H,,};'lo:] and H,-SFTs Y,, such that B[{Y,}] is a basis for

the topology on X, and therefore also generates the Borel o-algebra on X. Furthermore,
. 1G .
since X =Y, ~, Lemma 3.7 gives that

YN < (D B < (1)

|Hil  [Hyl
for all n € N. Also note that { H,} is a Fglner sequence for G, and therefore
H, (X, H,
h,(X) = inf M.
n | Hy |
As such, we obtain
H, (X, Hy)
hu(X) < =
g | Ha|

for all n € N. But
H, (X, Hy) < log(|Lp, (X)) = log(|¥xl)
for any v € M(X), and therefore

I Y, H, (X, H, I Y,
og(|Yy1) = h(X) = hM(X) < u( n) < og(|Yy])
| Hy| | Hy | | Hy |

s

so all of these quantities must be equal, which further implies that for every n and y € Y,,,
we have u[y] = 1/|Yy|. This is true for any n € N, and therefore any measure of maximal
entropy must take these specific values for every element of B[{Y, }]. By the Carathéodory
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Extension Theorem, there exists a unique Borel probability measure with these properties,
and therefore there exists only one measure of maximal entropy. O

Though the previous proof does not explicitly mention how to construct the measure of
maximal entropy, its construction is fairly simple. For a countable locally finite group G
and G-SFT X, take some H < G and H-SFT Y such that X = Y1C. Let v be a measure
on Y defined by v(y) = 1/|Y| for all y € Y. Then for any C € ¢(H\G), the pushforward
measure u = (v)€ o Ko !'is an invariant measure of maximal entropy for X. Informally, u
is the uniform measure on X, which is obtained as the push forward of a product measure
under a construction function. It can also be shown that w is independent of choice of H
and Y for which X = Y16,

For the converse result, we give an SFT on any non-locally finite group which has
multiple measures of maximal entropy.

LEMMA 4.21. ((e) = (a)) Let G be a countable amenable non-locally finite group. Then
there exists a G-SFT X which has multiple measures of maximal entropy.

Proof. Since h(2LG) =0, the Variational Principle gives that for all u € M(X), we
have 0 < hM(QLG) < h(QLG) =0, and so &, (QLG) = h(QLG). This means every measure
€ M(X) is a measure of maximal entropy.

Since 0% and 1€ are both elements of QLG, the two Dirac measures dyc and ;¢
are distinct, and since both 0¢ and 1¢ are fixed points they are both invariant, and
therefore contained within M(QLG). As such, ZEIG has at least two measures of maximal
entropy. O

5. Final remarks

The main results of this paper give that the class of locally finite groups presents interesting
dynamical behaviors that are unexpected in general. Combined with the converse results,
which show these interesting behaviors are unique to locally finite groups, this gives
insights into the types of groups where interesting behavior is possible. As mentioned in
§1, Theorem II(b) gives that the only groups for which there are only trivial zero-entropy
dynamics are precisely the locally finite groups, and this property indirectly answers in
the affirmative Question 3.19 of Barbieri [1]: ‘Does there exist an amenable group G
and a G-SFT which does not contain a zero-entropy G-SFT?" For any countable locally
finite group G, take any finite H < G with |H| > 1, and pick any H-SFT Y which
does not contain any fixed points. Then X = Y1¢ also does not contain a fixed point,
and therefore contains no zero-entropy SFTs. This answer to the question leads to the
following refinement of the question, as infinite locally finite groups are necessarily
infinitely generated.

Question. Do there exist an infinite, finitely generated amenable group G and a G-SFT
which does not contain a zero-entropy G-SFT?

Theorem II(d) also aids in the overall classification of the possible sets which are
attainable as the set of entropies of SFTs on a specific amenable group. In the case that
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G is locally finite, E(G) C Qfgg (and, in particular, an exact form for &(G) is known). In
the case that G is not periodic, then it contains an element of infinite order (and therefore
a subgroup isomorphic to Z), and thus, by Lemma 3.14, &(Z) C E(G). Although more
research is needed to classify &(G) exactly for these types of groups (such as the work of
Barbieri [1]), at least it is known that Z-SFT entropies are attainable. The remaining class
of groups are the finitely generated amenable torsion groups. We have shown in Lemma
4.17 that 8(G) C Qfgg does imply that the G is periodic; however, it is unclear whether the

following question can be answered in the affirmative.
Question. If G is a countable amenable group such that E(G) C Qﬂ;g, then must it be the
case that G is locally finite? If not, is

log(n)
|H |

sufficient to conclude that G is locally finite?

8(G)={ :H<<G,neN}

Answering either of these questions in the affirmative would permit the locally
non-torsion statement I1(d) to be dropped, leading to a strictly stronger result. Following the
method used in proving that E(G) C Qﬂ;g implies periodicity, it would suffice to produce,
for any finitely generated, amenable, torsion group H, an H-SFT with entropy outside of
Qfgg. Then, for any amenable torsion group G which is not locally finite, it must contain a
finitely generated torsion subgroup H (potentially the whole group), and this SFT can be
defined on H, and then freely extended to G with the same entropy. Defining SFTs is not
difficult in general; the primary difficulty is in computing their entropy, especially when
arbitrary finitely generated groups are considered.

Including strengthening statement I1(d), there are likely other statements that could be
added to Theorems I and II. The types of dynamical properties explored in this work are
by no means exhaustive, so future work may be able to add to these theorems, and any such
work will likely use free extensions extensively as they have been used here. In addition
to extending these theorems, expanding the theory of free extensions may be fruitful in
the study of shifts on groups. For instance, while the forward direction of Lemma 3.10 is
true in greater generality using the more general embeddings of Barbieri [1], the reverse
direction for the specific case of free extensions is, to the knowledge of the author, a new
result. Lemmas 3.14, 3.16 and 3.17 indicate that the study of SFTs, sofic shifts and strongly
irreducible shifts may be reduced to the study of such shifts on finitely generated groups.
Furthermore, it is possible to take a minimal such finitely generated subgroup, so that the
shift may not be further reduced from the perspective of free extensions. Such shifts may
be considered intrinsic to the group, in the sense that they do not arise as the free extension
of any shift on a proper subgroup.

Given that Lemmas 3.14, 3.16 and 3.17 give strong connections between free extensions,
and the finite type, sofic and strongly irreducible properties, along with Lemmas 3.10 and
3.11 giving that the finite type and strongly irreducible properties transfer readily between
a free extension and its base shift, there is some indication that a similar result may exist
for sofic shifts. Lemmas 3.12 and 3.10 readily give that if a shift is sofic, then any free
extension of it is also sofic; however, the converse result is not so simple. Jeandel first
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posed whether the free Z>-extension of a Z-shift X being sofic implies that X is sofic,
which has remained open since at least 2011 [19]. We may say that a group G has property
S if, for any subgroup H < G and H-shift Y, the G-shift Y ¢ being sofic implies that Y is
sofic. Jeandel’s question may then be posed more generally for all groups as follows.

Question. Which groups have property S?

By Theorem I and Lemma 3.10, we have that any locally finite group has property S,
and so there are groups with this property. However, not all groups have property S, as
Barbieri, Sablik and Salo have shown that a certain class of non-amenable G do not have
property S [2]. It remains to be seen whether groups such as Z and Z? have property S,
and perhaps whether amenable or sofic groups have property S.

Lastly, the mere existence of the two main theorems suggests that it may be possible to
classify other dynamical properties by properties of the group, such as property S. To the
knowledge of the author, these results may be the only results in symbolic dynamics that
give implications about the group only from dynamical properties of the group, let alone
a complete characterization of the group by dynamical properties. By assuming additional
structure on the group, it may be possible to characterize other dynamical properties by
this structure, and derive similar theorems to Theorems I and II for other classes of groups.
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