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Abstract

We describe a family of hyperplane arrangements depending on a positive integer parameter r, which we refer
to as the r-braid arrangements, and which can be viewed as a generalization of the classical braid arrangement.
The wonderful compactification of the braid arrangement (with respect to its minimal building set) is well-known
to yield the moduli space Mo,n, and, in this work, we generalize this result, constructing a moduli space ﬂ;
of certain genus-zero curves with an order-r automorphism that we identify with the corresponding wonderful
compactification of the r-braid arrangement. The resulting space is a variant of the previously studied moduli space
Z:, of [CDH*22], related via a change of weights on the markings.
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2 V. Blankers et al.

1. Introduction

For an arrangement A of hyperplanes in PV, a wonderful compactification is, roughly speaking, a way
of replacing PV by a different ambient variety in such a way that the complement of the hyperplanes is
preserved but the arrangement A itself is replaced by a divisor with normal crossings whose intersection-
theoretic structure is encoded in the combinatorics of the arrangement. There are a number of such
compactifications, given by blowing up PV (in a prescribed order) along certain sets of subvarieties
obtained via intersecting subsets of .A, known as building sets. The collection of building sets is partially
ordered by inclusion, and it has a unique maximal and minimal element.
An important special case is when A is the braid arrangement, which consists of the hyperplanes

Hij={[x1: 1 xy] |xi:xj}§P"_1

for all 0 < i < j < n, under the convention that xo = 0. In this case, the wonderful compactification
with respect to the minimal building set coincides with the moduli space mo,,ﬁz of genus-zero stable
curves [DCP95, Section 4.3].

For any positive integer r, there is a natural generalization of the braid arrangement, which we refer
to as the r-braid arrangement, consisting of the hyperplanes

HE = {[v1 5o 2] L = ¢} < B

foralll <i<j<nand0 < k <r—1, where { denotes a fixed primitive rth root of unity. The primary
goal of this paper is to give a modular interpretation of the wonderful compactification of the r-braid
arrangement with respect to its minimal building set.

Specifically, we construct a moduli space M:, parametrizing genus-zero stable curves with an order-
r automorphism o, equipped with two marked fixed points of o and n marked orbits of o-. Our main
theorem is the following.

Theorem 1. Let r > 2 and n >

1. Then the wonderful compactification of the r-braid arrangement in
P!, with respect to its minimal building set, is the moduli space M,,.

Remark 2. This space is closely related to the moduli space Z; constructed and studied in [CDH*22,
CDLR23, CDE*24], which has interesting connections to generalizations of the permutohedron and
matroids see also [BB11]. More precisely, the marked fixed points and all but one of the marked orbits
in ﬁ are “hght” in the sense that they are allowed to commde with one another, whereas the marked
points in /\/l are requlred to be all distinct. In this way, M can be viewed as relating to ﬁ in much
the same way that Mo,n relates to the Losev—Manin moduli space En, which parametrizes genus-zero
curves with two “heavy” (non-coinciding) marked points and » light marked points.

Remark 3. For a curve Cin /\_/l; with order-r automorphism o, the quotient map C — C/o is a degree-
r ramified cover of genus-zero curves, so in this way, ﬂ; can be viewed as a very special compactified
Hurwitz space. The fact that ﬂ; is a wonderful compactification—which is not true in general for
compactified Hurwitz spaces—makes it more amenable to combinatorial study than is typically the case
for Hurwitz spaces; for example, it would be interesting to study whether the associated tropical moduli
space is a tropicalization with respect to the torus embedding associated with the r-braid arrangement.

The strategy for the proof of Theorem | is as follows. First, we study the combinatorics of the
intersection lattice of the r-braid arrangement in P"~!, relating it to a certain poset of decorated graphs.
This allows us to describe the minimal building set explicitly as consisting of all subspaces spanned by
a subset of the coordinate points

[1:0:---:0], [0:1:0:---:0], ..., [0:---:0:1]
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and at most one of the 7*~! points whose coordinates are all rth roots of unity. In particular, the desired
wonderful compactification ﬂ; is the blow-up of P"~! along all such subspaces, in any inclusion-
increasing order.

From here, we leverage the known perspective on both the moduli space of curves and the Losev—
Manin moduli space L,, as similar iterated blow-ups. A key fact about Losev—Manin space is that, by
virtue of its stability condition, the genus-zero curves being parametrized are chains of projective lines,
as opposed to the arbltrary trees of f projective lines that are parametrized by Mo n+2. This allows us
to define an “rth power” map ¢ : £, — L, given by [x : y] — [x" : y"] on each P! in the chain.
Using ¢, together with the above explicit perspective on the wonderful compactification of the r-braid
arrangement as an iterated blow-up, we identify the wonderful compactification with a fiber product

1k

in which c is a weight-reduction morphism. This fiber diagram allows us to construct a universal family
over F of the objects parametrized by /\/l; by combining the data of the universal families over Mg 42
and L,,. From here, the fact that F is the requisite moduli space follows.

2. Wonderful compactifications

Wonderful compactifications were introduced by De Concini and Procesi [DCP95] in the context
of hyperplane arrangements in projective space and later generalized by Li [Li09] to more general
arrangements of subvarieties in a smooth ambient variety. We review the necessary background in this
section, referring the reader to such references as [DCP95, FY04, Li09] for further details.

2.1. Basic combinatorics

A hyperplane arrangement in PV is a finite collection
A={H,,...,Hy}
of hyperplanes H; C PV . The intersection lattice of A is the collection £ 4 of all subsets
Hy = ﬂ H; c PV
iel

for I C [k] := {1,...,k}. We consider L4 as a poset under reverse inclusion, so that the unique
minimal element is 0 = Hy = PN.
By the complement of an arrangement .4, we mean

One compactification of Y° is, of course, PN itself, and PV \ Y° is (the union of) the original ar-
rangement. The hyperplanes in .4 may not form a normal crossings divisor, however, and a wonderful
compactification is, roughly speaking, a compactification ¥ of Y° in which A is replaced by a divisor
Y \ Y° with normal crossings. The way to produce such a compactification is, unsurprisingly, by blowing
up PV at subspaces along which unwanted intersections of A occur.
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Figure 1. Hyperplanes Hy, H,, Hz in three-space that intersect at a common line X = Hy N Hy N Ha,
and the corresponding poset [0, X|, which has rank two but does not decompose as a product of two
rank-one posets.

Since some subsets of A may already intersect in normal crossings, one generally need only blow up
at a subset of £ 4 in order to obtain a compactification with the requisite “wonderful” properties (some of
which we describe below). In particular, the subsets of £ 4 that give rise to wonderful compactifications
are as follows.

Definition 4. Let A be a hyperplane arrangement in PV. A building set of A is a subset G € £4 \ {0}
such that, for all X € £ 4 \ {0}, there is an isomorphism of posets

0.x1= [] 107
maximal Y €G
with Y <X
given by the natural map sending a tuple on the right-hand side to its join. Here, < denotes the reverse-
inclusion order in £ 4, and [A, B] denotes the interval

[A,B] :={CeL4|A<C<B).

The condition of Definition 4 is automatically satisfied when X € G, so G = £ 4 \ {0} is a building
set (the maximal building set); this corresponds to the observation that one can obtain a wonderful
compactification by blowing up PV at every intersection of the hyperplanes in .A. On the other hand,
if the arrangement includes distinct hyperplanes H; and H; for which X = H; N H, and no other
hyperplane in the arrangement meets X, then it is straightforward to verify that

[0, X] = [0, H] x [0, Ha].

Therefore, a building set can include H; and H, without including X = H; N Hj; this corresponds to
the observation that H; and H; already have normal crossings, so no blow-up along their intersection is
needed. In Figure 1, we contrast this situation with the situation where there is a third hyperplane H3 for
which H; N H, = H; N H3 = Hy N H3, in which case a building set must contain this (non-transverse)
intersection X since [0, X] does not decompose as a product.

Once a building set is chosen, the precise definition of a wonderful compactification is as follows.

Definition 5. Let A be a hyperplane arrangement in PV, and let G C £ 4 \ {0} be a building set. Choose
an ordering of the elements of G that is compatible with inclusion; that is, let

G={Gy,...,G¢}

in which i < j whenever G; C G ;. Then the wonderful compactification of .A with respect to G is the
variety ?g obtained by blowing up PV along G, then blowing up the result along the strict transform
of G,, then blowing up the result along the strict transform of G3, and so on.
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Remark 6. While there are generally many orderings of G compatible with inclusion, the results of
[Li09, Proposition 2.13] imply that the resulting wonderful compactification is independent, up to
isomorphism, of this choice.

Among the “wonderful” properties of Y are the following [DCP95, Section 3]:

o Because 7g is obtained from PV by blowing up only at subvarieties that do not meet Y°, there is an
inclusion

YO;)YQ

as a dense open set; in other words, Y is a compactification of ¥°.

o The boundary Y \ Y° is a divisor with normal crossings.

o The intersection-theoretic structure of the boundary can be read off combinatorially: namely, ?g \Y°
is a union of divisors D¢ for nonempty G € G, and Dg, N --- N D¢, is nonempty if and only if
{G,...,G} forms a “G-nested set.”

The notion of “G-nested set” is entirely combinatorial (see [DCP95, Definition 2.4] or [Fei05, Definition
3.2]); for example, when G is the maximal building set, G-nested sets are simply chains in the poset

L4\ {0}.

2.2. The minimal building set

In this paper, we will be primarily concerned with the minimal building set. To describe this more
explicitly, refer to X € £ 4 \ {0} as decomposable if there is an isomorphism of posets
[0,¥1] x [0, Y2] = [0, X]
(Hy\,Hy) = Hy vV Hy = H| N H; (1)

for some Y1, Y» < X, and otherwise, refer to X as indecomposable.
Note that, for any X € £ 4 \ {0}, one has

[0, X] = | | [0,Y].
maximal
indecomposable Y <X

This fact follows from two observations:

1. Any interval [0, X] can successively be decomposed into products of subintervals until the upper
bounds on those subintervals are indecomposable; and

2. Any element of a product of intervals that is not contained in one of the intervals is decomposable,
as it can be decomposed by its factors in the product.

Thus, it follows that the set of indecomposable elements forms a building set. Conversely, it is straight-
forward from Definition 4 to see that any building set must contain all indecomposable elements, so the
minimal building set is the set

Gmin = {indecomposable elements of £ 4 \ {(3}}

As an illustrative example, let us determine the minimal building set of the braid arrangement. These
results are well-known to experts, but we summarize them here as they provide a helpful template for
the setting of the r-braid arrangement to come.
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Example 7. Recall from the introduction that the braid arrangement in P"~! is the arrangement A,
consisting of all hyperplanes

Hijz{[xl R |xl-:xj} gpn—l

for 0 < i < j < n, where we set xo = 0. Elements of the intersection lattice £ 4, can be naturally

identified with set partitions of {0, 1, ..., n}, in which the set partition
{0,1,...,n}=S;u---USy

corresponds to the linear subspace
{[xl:---:xn]|xi=xjif{i,j}gSk forsomek}. 2)

Let us denote a set partition by S = {S1, ..., S;»}, where we omit any parts of size 1 from the notation
(since they do not contribute to the condition defining (2)), and let us denote the corresponding subspace
by Xg. If m > 2, then

[0, Xs] = [0, Xs,] x [0, Xs,],

in which S| and S, are given by removing S| and S,, respectively, from S.
Thus, the indecomposable elements of £ 4, correspond to set partitions with only one non-singleton
part S. As subsets of P"! these are of the form

X = X5y = {[xl R \xi:xj if {i, j} QS}
for any nonempty subset S € {0, 1,...,n}. Setting po =[1:1:---:1] and, for 1 <i < n,
pi=[0:---:0:1:0:---:0]

(with a 1 in the ith spot), then Xg can equivalently be expressed as the linear subspace spanned by p;
withi ¢ S.

One finds, then, that the wonderful compactification of .4,, with respect to its minimal building set is
the iterated blow-up of P"~! along all subspaces spanned by subsets of {pg, p1, . . . Pn}, in inclusion-
increasing order. This precisely coincides with Kapranov’s description [Kap93] of My 2.

In the next section, we adapt the argument in the above example to give an explicit description of the
minimal building set of the r-braid arrangement.

3. The r-braid arrangement and its minimal building set

Fix a primitive rth root of unity /. The r-braid arrangement in P"~! is the arrangement A’ consisting
of all hyperplanes of the form

HE = ([ o] | = 2Ry € B

forl <i<j<nandO0 < k <r — 1. Note, in particular, that we allow i = j, but in this case we must
insist that k£ # 0 (as H?l. isall of P*! nota hyperplane), and for such &,

Hiy = {[x1: - xa] |5 = 0}
The goal of this section is to give an explicit description of the minimal building set of the r-braid
arrangement along the lines of Example 7. Here, as above, we denote by p1, ..., p, the coordinate points
in P"~!. Furthermore, we denote Z, = {0, 1,...,r — 1}, and for any a = (ay, ..., a,) € Z", we denote
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pa=I[d" {® e L.
The description that we aim to prove is the following.

Proposition 8. The minimal building set of the r-braid arrangement in P"~' consists of all subspaces
spanned either by a subset S of the coordinate points p1, ..., pn, or by S U {pa} for some a € Z'.

To prove this, we first identify the intersection lattice £ 4 with a purely combinatorial lattice, in
much the same way that the intersection lattice of the braid arrangement is identified with the lattice of
set partitions. The combinatorial objects in this case are somewhat richer; we refer to them as (r, n)-
graphs and introduce them below.

3.1. The lattice of (r, n)-graphs

Fix r > 2 and n > 1. In what follows, a complete graph refers (as usual) to a simple graph with an
edge between every pair of distinct vertices, and a complete r-flower refers to a non-simple graph with
r edges between every pair of distinct vertices and r — 1 self-edges at each vertex.

Definition 9. An (r,n)-graph is a graph G with vertex set
V(G) =[n] ={1,2,...,n}
and a fixed edge labeling
E(G) > Z,
{i,jy = kij=kj;
such that G decomposes as a vertex-disjoint union of connected subgraphs

G=GouGiu---uGyp

for some b > 0, satisfying the following conditions:

1. Gy,...,Gy are nonempty complete graphs, and their edge labels are compatible in the sense that
for any triple of vertices i; < iy < i3, we have

kijiy = (kiji, + kiyi;) mod r.

2. Gg is a (possibly empty) complete r-flower with the r edges between distinct vertices labeled
0,1,...r — 1 and the r — 1 self-edges at each vertex labeled 1,...,r — 1.

Let I}, denote the poset of all (r, n)-graphs, where G < H if E(G) C E(H) and the edge labeling
on G agrees with that on H.

Example 10. An example of a (3,7)-graph is shown below, with vertices labeled in black and edges
labeled in blue:

1 0 |

I\ o,
v s -

\S}
@)

\S]
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The key point of Definition 9 is that there is an (r, n)-graph associated to each element X € £ 4r; for
instance, the graph in Example 10 is the (3, 7)-graph associated to

X={lx1:...:x7] | x1 =x3 =0, xa=2{xs=70"x, x5=2x7},

which can be viewed as the intersection of H lk] for all i < j such that there exists an edge from i to j
labeled by k. More precisely, we have the following result.

Lemma 11. There is an isomorphism of posets

Ly =Ty,
X!—)Gx,

in which Gx is the graph on vertex set [n] with an edge between vertices i < j labeled by k € Z, if and
onlyif XCH lkj

Proof. First, we must check that Gx is indeed an (r, n)-graph. To do so, let
Zx ={i € [n] | x; =0forall x € X}.

Then X C Hf. forall i, j € Zx and all k € Z,, so Gx contains the complete r-flower on vertex set Zx
with edge labeling as required by the second condition of Definition 9. From here, let G’ be any other
connected component of Gx. Then G’ is a simple graph, because if there were multiple edges (meaning
XCcH lk NH Z‘.' for some k # k’) or self-edges (meaning X C H lkl for some k£ # 0), then their vertices
would be in Zy . Furthermore, we claim that G’ is a complete graph. To see this, first notice that for any
vertices i < j € V(G'), the fact that G’ is connected means that there exists a path in G’ from i to j.
Denote the vertices in this path by

i=1i1,0p...,0g=].
Then, by the definition of the edge labels on G, each x € X satisfies
xim = gpi"lirn+lxim+l

form=1,...,—1, where

Pii . kimirn-H lflm < im+l
Imlm+l P .
—k if i, > i

Imlm+1

Adding these equations for all m shows that each x € X satisfies x; = (P x; with

-1
pij = Z Pipimr -
m=1

This means that X C Hl‘." '/, so G’ contains an edge from i to j, proving that G’ is indeed a complete
graph. Finally, applying this argument with i = j shows that we have

xp = {Pixg.

Since i ¢ Zx, there exists some x € X with x; # 0. Thus, the above equation is only possible if p;; = 0
mod r, and applying this to paths of length £ = 3 proves that the first condition of Definition 9 is
satisfied. This shows that Gx is an (r, n)-graph, as claimed.
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To see that the association X — Gy is bijective, let G be any (r, n)-graph, and let
S ={(i,j,k) € [n] X [n] XZ, |i < jand 3 an edge in G from i to j labeled k}.

Setting

Xg = ﬂ HY.,

(i,j,k) €S

it is straightforward to see that the associations X — Gx and G — X are inverse.
Finally, to see that this bijection matches up the poset structures in £ 4, and I';,, note that by definition,
X <Yin L4 if and only if X D Y. Thus, if Gx has an edge from i to j labeled k, then X C H{‘j and

hence Y C Hlkj This shows that Gy also has an edge from i to j labeled k, so Gx < Gy inT7,. O

In light of Lemma 11, we can determine the minimal building set of the r-braid arrangement by
instead determining the indecomposable elements of the poset I'),. These are characterized by the next
lemma. To state the lemma, we refer to a connected component of an (r, n)-graph as trivial if it has no
edges; in particular, note that if Gy # 0, then it is always nontrivial. The minimal element 0 of I} is the
unique (r, n)-graph with no edges, meaning all of its connected components are trivial.

Lemma 12. An element G € T'}, \ {0} is indecomposable if and only if G has exactly one nontrivial
connected component.

Proof. We prove both directions by contrapositive. First, suppose that G € I7, \ {0} has multiple
nontrivial connected components G;,, . . ., G;, . These are not themselves (r, n)-graphs since their vertex
set is a proper subset of [n], but for any such graph H, we denote by H the (r, n)-graph with edges and
edge labels as in H, so that any vertices in [n] \ V(H) constitute trivial connected components in H.We

claim that
k ——
0,61 = [ 10,651, (3)
j=1
via the isomorphism
Hw (HNG;,)'

with inverse given by

(Hl,...,Hk)l—)HIV"'VHk

for H; € [0, Z}‘;] The fact that these are inverses is straightforward to check: given an element
H € [0, G] and denoting Hj := HN G;;, we have

E(H) = E(Hy) U---UE(Hy)

(with matching edge labels) and hence H = Hy V - - - V Hy, whereas given an element (Hy, ..., Hy) €
[1[0,G;;] with Hy V - -- V Hy = H, we have

HﬁG,‘j ZHj.

This proves (3) and hence verifies that G is decomposable.
Conversely, suppose that G is decomposable, so that

[0,G] = [0, k1] x [0, k2] 4)
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for (possibly disconnected) subgraphs 0 < K|, K, < G. The fact that K|, K> # 0 means that they
contain nontrivial connected components H;, H;, respectively, and we claim that these are contained in
disjoint connected components G;,, G;, of G. In other words, the claim is that there are no edges of G
connecting a vertex in H; to a vertex in H, and this is straightforward to see: if e were such an edge,
then the subgraph consisting only of the edge e would be in [0, G] but not the join of a graph in [0, K]
and a graph in [(), K], which would violate (4). O

3.2. Description of the minimal building set

Equipped with these results on (r, n)-graphs, we are prepared to prove the description of the minimal
building set of the r-braid arrangement given above.

Proof of Proposition 8. By Lemmas 11 and 12, the indecomposable elements of the lattice £ 4 are
X € L 4, such that Gx has exactly one nontrivial connected component. These are precisely those X of

the form
X={[x;: - :x,] €P" ! |x; = =x;, =0} S
for some iy, ...,i¢ € [n] (if the nontrivial connected component is the complete r-flower) or
X={[x1:ix] € P Py == g, ) (©6)
for some distinct iy,...,iy € [n] and some ky,..., ks € Z, (if the nontrivial connected component
is not the complete r-flower). In the first case (5) above, X is equal to the subspace spanned by the
coordinate points p; fori ¢ {i1,...,is}, and in the second case (6), X is equal to the subspace spanned

by these same coordinate points together with the point p, given by

—k; modr ifie{i,..., i}
a; =
"o ifi¢ {i1,...,ic}.

Thus, the indecomposable elements of L 4 are those subspaces spanned by a subset of the coordi-
nate points {py,...,p,} and at most one root-of-unity point py = [ : --- : (%], proving the
proposition. |

Proposition 8 implies that the wonderful compactification of A, with respect to its minimal building
set is the iterated blow-up of P"~! along all subspaces spanned by subsets of {p1, ..., p,} and at most
one element of {p, | a € Z!'}, in any inclusion-increasing order. Toward the ultimate goal of giving this
blow-up a modular interpretation, we first devote the next section to reframing it as a fiber product of
the usual moduli space of curves ﬂo,m with the Losev—Manin space Zn.

4. The wonderful compactification as a fiber product

We begin this section by recalling some preliminaries on Hassett’s moduli spaces of curves with weighted
marked points, following [Has03].

4.1. Background on Hassett spaces

For any weight vector w = (wy,...,w,) € QN (0,1]" such that 3} | w; > 2, the moduli space Mo,w
is a smooth scheme that provides an alternative compactification of My, in which the marked points
are allowed to coincide in a controlled way prescribed by w. Specifically, elements of My y are tuples

(C;p1,-..,pn) up to isomorphism, where C is a genus-zero curve with at worst nodal singularities,
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and pi,...,p, € C are marked points with assigned weights wy,...,w,, satisfying the following
conditions:

1. the sum of the weights of any collection of coinciding marked points is < 1;
2. the sum of the weights at all special points (i.e. marked points or half-nodes) of any irreducible
component is > 2, where half-nodes are given weight 1.

We refer to such curves as w-stable. Note, in particular, that MO,,, is recovered as the special case where
w; = 1 for all i.

Part of what makes Hassett spaces interesting is that certain choices of weight vector give rise to
toric moduli spaces. A simple special case is the weight vector

wp = (€,...,6,1),
N———
n+l1 times

where € = 1/n. In this case, the stability condition ensures that a wp-stable curve has a single P!
component. Choosing coordinates on this P! in which the last marked point is co and the second-to-last
marked point is O, the data of a wp-stable curve is a choice of the remaining » marked points (up to
automorphism via scaling), which are complex numbers that do not all coincide with 0 by the choice
of €. That is:

Vi -1
Mow, =P"7.
A more interesting toric case is given by the weight vector

wim = (6,...,6,1,1),
————
n times

where again € = 1/n. The resulting moduli space is denoted
L = Mo wy

and is referred to as Losev—Manin space [LLM00]. The stability condition now forces that wy y;-stable
curves are chains of projective lines with the last two marked points on the two ends:

Each component of such a curve has two distinguished special points (the half-nodes or the “heavy”
points p,+1, Pn+2), and one can choose coordinates so that these distinguished special points are 0 and
oo, with 0 being the one closer to the marked point p,+ and co being the one closer to the marked point
Pn+2. In these coordinates, we can view pj, ..., p, € C, and there is an action of (C*)" on £,, in which
(t1,...,1,) acts by sending the marked point p; in each P! component to the point #; p; in the same
component. In fact, this action endows L, with the structure of a smooth toric variety: it is the toric
variety associated to the braid fan [LMO00, Section 2].

Another perspective on £,, and why it is toric is given in terms of the weight-reduction maps between
Hassett spaces. Namely, for any weight vectors w and w’ with w; > w for all i, there is a birational map

Mo,w 4 M()‘w/
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given by iteratively contracting components of a w-stable curve that fail to be w’-stable. Applying this
to the weight vectors wry; and wp above, one obtains a map

d: L, - P

Analyzing this map via [Has03, Proposition 4.5], one sees that it is an iterated blow-up of P"~! along
all subspaces spanned by subsets of the coordinate points, in dimension-increasing order. Because such
subspaces are all torus-invariant, the fact that £,, is toric follows.

Along the same lines, there is a weight-reduction map

[ MO,n+2 - £n9

which can be viewed as an iterated blow-up of L, along the strict transforms of all subspaces of P"~!
spanned by [1 : 1:---: 1] together with some subset of the coordinate points. The composition of the
two reduction maps d o c : M()JH.Q — P"! recovers the Kapranov description of /Vo,mz as an iterated
blow-up discussed in Example 7. (The crucial difference between this blow-up and the one discussed in
the previous paragraph is that, since [1 : 1 : ---: 1] is not torus-invariant, the resulting blow-up is not
toric. In this sense, £,, can be viewed as “the last toric blow-up on the way to Mg n4+2.”)

4.2. The wonderful compactification as a fiber product

In this section, we realize the wonderful compactification of the r-braid arrangement in P! as a fiber
product Mo 2 Xz Ly. The key insight that we require is that the r-braid arrangement is the preimage
of the braid arrangement under the map P"~! — P! that takes the rth power of each coordinate.
Since blow-ups commute with flat base change, we might then try to conclude that the wonderful
compactification of the r-braid arrangement is the fiber product Mo, ns2 Xpn-1 P71 where the maps are
the iterated blow-up d o ¢ : MO,M — P! and the rth power map. However, this is not quite right:
what goes wrong is that the coordinate hyperplanes happen to lie in the ramification locus of the rth
power map, so instead of blowing up along these subspaces, the fiber product Mg 12 Xpn-1 P"~! blows
up along nonreduced schemes supported on the coordinate subspaces. To remedy this, we first blow up
the coordinate spaces, obtaining L, and then we use the rth power map on L, instead.

More precisely, since L, is a smooth toric variety, there is a natural map ¢ : L, — L, that extends
the rth power map on the torus. In the coordinate description of elements of £, from the previous
subsection, g preserves the underlying curve C and the last two marked points, and it acts on the first
n marked points by [x : y] — [x" : y"]. Observe that g is finite locally free of degree (n — 1)": in the
affine toric chart of any torus-invariant point of L,, the pullback ¢* can be realized as the inclusion of
polynomial rings

(C[xl, oo ,xn_l] — C[xl, “ o ,xn_l]

e ooxam) = f], L x0),

which exhibits the codomain as a free module of rank (n— 1)" over the domain. Being finite locally free

im[ilies, in particular, that ¢ is finite and flat. Note that the ramification locus of ¢ is the toric boundary
of L,.
With this notation in place, the main result of this section is the following.

Proposition 13. The wonderful compactification of Al, with respect to its minimal building set is the
fiber product ﬂ; in the following diagram:
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Proof. We begin by setting up notation. Viewing £, as the iterated blow-up of P"*~! along the coordinate
subspaces of P!, let Z be the collection of strict transforms of the linear subspaces in P"~! spanned
by [1:---: 1] together with a set of coordinate points, and let WV be the collection of strict transforms
of the linear subspaces in P"~! spanned by one of the points p, = [£%! : --- : {%] together with a set
of coordinate points. As discussed in the previous subsection, ¢ : mo,mz — Zn is the iterated blow-up
along the elements of Z, in in any inclusion-increasing order.

We aim to prove that M — L, is the iterated blow- -up along the elements of V. Once we have
accomplished this, we can combine it with the fact that L, — P" ! is the iterated blow- -up along the
coordinate subspaces of P"~! to see that ﬂ; — P! is the iterated blow-up along the collection of
linear subspaces spanned by a subset of the coordinate points and at most one of the points p,. By
Proposition 8, this is precisely the minimal building set of .47, from which we conclude that ﬂ; is the
wonderful compactlﬁcatlon with respect to this building set, as desired.

To prove that M — L, is the iterated blow- -up along the elements of W, begin by decomposing the
map c as follows:

) _
Mo = Yn PR A= (- (N

where the map cy is the blow-up of Y; along the union of the strict transforms of the k-dimensional
elements of Z. Denote the intermediate compositions of these blow-up maps by ¢y =cpo -0y :
Yx — L, and let Z; C Y denote the union of the strict transforms of the k-dimensional elements of Z:

Z = &N Zi \ Zie-),

where Z; C Zn is the union of the k-dimensional elements of Z. With this notation, we have
Yir1 = Bl (Yi).

Recursively define Xy = Zn and X; = Yx Xy, , Xk-1, so that every square in the following diagram
is a pullback:

Mn = Anp-2 Xn-3 T X Xo = Zn
| J L
Monsz = Yna Y3 e Y Yo =Ly

We prove inductively that the map X; — L, is the iterated blow-up along the elements of W of
dimension less than k; the desired result then follows from the kK = n — 2 case.
To prove the induction step, consider the diagram

by
Xiv1 — Xk

Ck
Yiei — Yk
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Since ¢ is flat and since flatness is preserved by base change, g is flat. Furthermore, since blow-ups
commute with flat base change (see [Vak24, Exercise 24.1.P]) and since Y4 = BIZk (Yr), it follows
that by, is a blow-up:

Xiw1 = Blz, . x, (Xi)-

It remains to study the blow-up locus Zi Xy, Xx € Xi; we must argue that it is equal to the strict
transform of the union of the k-dimensional elements of V. More precisely, after unraveling definitions,
we must argue that

N Zi\ Zior) Xy, X = b7 (Wi \ Wiy, @)

where Wy is the union of the k-dimensional elements of YV and b k =bgo---o0by_;. By definition of Z
and W, it is not hard to see that Wy = ¢~'(Zy), and it then follows that Wy \ Wi_; = ¢~ (Zx \ Zik_1).
Since Wy \ Wx_, is disjoint from the blow-up locus of by and Zj \ Z_; is disjoint from the blow-up
locus of ¢, it then follows that

b (Wi \ Wimt) = gy (601 (Zi \ Zi2)).

Lastly, since ¢ is finite locally free, which is preserved by base change, so is gx+1, and since none of
the components of Z; are contained entirely within the ramification locus of g1, the equality (7) is a
special case of the lemma below. O

Lemma 14. Let g : X — Y be a finite locally free map of irreducible varieties and let Z C Y be a subset
such that none of the irreducible components of the Zariski closure Z lie entirely within the ramification
locus of q. Then

Zxy X =q'(2).

Remark 15. The lemma fails if a component of Z lies within the ramification locus of ¢. For example,
if X =Y = Al, g(x) = x%, and Z = {0}, then the fiber product is a point of multiplicity two supported
at the origin, while the closure of the preimage is a point of multiplicity one supported at the origin.

Proof of Lemma 4. 1t suffices to prove the lemma when X and Y are affine and ¢* : C[Y] — C[X]
is an inclusion that endows C[X] with the structure of a free module over C[Y], since our hypotheses
imply that Y has an affine open cover over which the restriction of ¢ has this form. In this case,

ClY]
7(2)

Zxy X = Spec(

®cly] C[X]) = Spec( Cix] )

Z(Z)C[X]

and

7o _ C[X]
(D)= Spec(z(q-l(zn)'

Thus, we must prove that Z(Z)C[X] = Z(¢~'(Z)). The inclusion Z(Z)C[X] € Z(q~'(Z)) simply
follows from the fact that the inclusion ¢* : C[Y] — C[X] maps Z(Z) into Z(g~'(Z)), so the crux of
the lemma is proving the other inclusion.

Let ¢ € Z(¢~'(Z)). Choose a basis fi,..., f,n of C[X] as a module over C[Y], and write
g=81fi+ - +gnfm for some gi,...,g, € C[Y]. Note that m is the degree of the finite map gq.
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Let z € Z be any point over which ¢ is unramified, and set ¢~'(z) = {x1,...,x,,}. Evaluating g at
X1,...,%y and noting that g(x;) = 0 and g;(x;) = g;(z) for all i, j, we obtain equations

0=2g1(filxj) +- - +8gm(2) fin(x;) for j=1,....m.
In other words, the function

g1 fi+- - +gm(2) fm € C[X]

vanishes at all the preimages x1, . . ., x;,, of z, which means that it descends to zero in the quotient
Clx1__ (CIY" L o
IG)ICX] \Z()
Given that the images of fi, ..., f;, in this quotient form a basis as a C-vector space, we conclude that
g1(z) = -++ = gm(z) = 0. Since this holds for every z € Z over which ¢ is unramified, and since these
points form a dense subset of Z by our hypotheses on Z, it then follows that gy, ..., gn € Z(Z). The
expression g = g1 f1 + - - - + g fm then implies that g € Z(Z)C[X], as desired. O

At this point, we have successfully identified the wonderful compactification of the r-braid arrange-
ment with the fiber product ﬂ; of a diagram in which three of the corners are moduli spaces. It likely
comes as no surprise, then, that M; has a modular interpretation, as well. We turn to this interpretation
in the next and final section.

5. The wonderful compactification as a moduli space

We begin this section by describing the moduli problem of interest, and we then prove that the fiber
product M:l is indeed a fine moduli space for this moduli problem. Throughout, as above, we fix a
primitive rth root of unity . Furthermore, all schemes are assumed to be finite-type over C.

5.1. The moduli problem

Fix r > 2 and n > 1. We will refer to the objects in our moduli space as heavy (r,n)-curves, to
distinguish them from the (r, n)-curves studied in [CDH*22]; their definition is as follows.

Definition 16. A heavy (r,n)-curve is a geometrically reduced and connected nodal curve C of
arithmetic genus zero, equipped with rn +2 distinct marked points (denoted by x*, x~, and z{ fori € [n]
and j € Z,) as well as an order-r automorphism o : C — C, subject to the following conditions:

ocxt)=xtando(x™) =x~;
0'(z{) = z{“ mod 7 for each i € [#] and j € Z,;

o is generically free (that is, o has finite fixed locus);

the (rn + 2)-pointed curve (C; {z{ }, x*) is stable (i.e., it is an element of ﬂo,mz).

O O O O

We also require one further condition, but to state it, we must first observe that the above conditions
constrain the geometry of C. Namely, C must consist of a central chain of P!'’s connecting x* to x~, to
which the remaining trees of P!’s are attached with r-fold symmetry (see Figure 2); to see this, note that
any component invariant under the order-r automorphism o has exactly two o-fixed points, and it is only
at these fixed points that the o-invariant components can meet one another. For each component P = P!
of the central chain, denote by p* and p~ the o-fixed points in the directions of x* and x~, respectively.
The final condition we require of a heavy (r, n)-curve is that, in coordinates on P in which p* = oo and
p~ =0, the automorphism o is given by multiplication by the fixed primitive root of unity ¢.

Families of such objects are defined as follows.
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Figure 2. A heavy (r,n)-curve with r = 3 and n = 7. The dual graph of the curve is shown, meaning
that vertices represent components, edges represent nodes, and half-edges represent marked points. The
automorphism o can be viewed as a rotation about the horizontal axis connecting the component with
x* to the component with x~.

Definition 17. A family of heavy (r, n)-curves over a base scheme B is a flat morphism 7 : C — B
of schemes with rn + 2 sections z{ ,x*,x~ along with an order-r automorphism o : C — C satisfying
7 o o = & and such that the tuple

(7 ®): {2l B}, X (B), i

is a heavy (r, n)-curve for every geometric point » € B. An isomorphism of families 7 : C — B and
n’ : C’ — B is an isomorphism f : C — C’ over B that commutes with the sections and the order-r
automorphisms.

It is straightforward to see that families of heavy (r, n)-curves can be pulled back along morphisms
B’ — B, so the above defines a moduli problem. It remains to show that the fiber product M; is a fine
moduli space for this moduli problem. We accomplish this in several steps, first showing that the points

of ﬂ; correspond to heavy (r, n)-curves, then constructing a tautological family over M; and finally
showing that this tautological family is universal.

5.2. Points of ﬂ; parametrize heavy (r,n)-curves

That the geometric points of ./\_/l; parametrize heavy (r,n)-curves makes sense heuristically: the data
of a heavy (r, n)-curve is dictated by the choice of the quotient c /o (which is an element of M ,.42)
together with the choice, for each i € [n], of which of the points z{ is z? (which is given by an element of

L,, whose image under the rth power map g is the contraction of C/o to its central chain). See Figure 3.
The two lemmas of this subsection make this heuristic more precise.

. —r —_— — . . vl :
Since M,, = Mo,ns2 Xz Ly, geometric points of M,, correspond to pairs

(1, v) € Moz X Ly,

such that c(u) = gq(v). The next lemma describes explicitly how every such point can be viewed as a
heavy (r, n)-curve.

Lemma 18. Ler = (Cpaq; {y:i}, y¥) € ﬂo,mz and v = (Cz;{zi}, z%) € L, be such that ¢(u) = q(v).
Let¢: Cyn — Crand G : Cp — Cr be the maps on curves induced by ¢ and q. Define { : C, — C
to be multiplication by { on each component of C. Then

(CmXc, Cos {0 Pz}, %, 2%), o)

is a heavy (r,n)-curve, where o(y,z) = (v, {z2).

https://doi.org/10.1017/fms.2026.10195 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2026.10195

Forum of Mathematics, Sigma 17

71 =23 25 Z6

Y5 Y1
Y4 3 y7
W) = w3
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+ - w*-O/—./—O/— w- L
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Figure 3. An illustration of the interpretation of /V; as a fiber product. Note that we have not labeled
the points z{ for j # 0 in the upper-left diagram, but those labels are uniquely determined by z? and o.

Proof. For convenience, set C = Caq Xc,. C. Since G : Cr — C, is a degree-r cyclic cover of C. that
is fully ramified at the nodes and heavy marked points of C, it follows that C — C is a degree-r cyclic
cover of Cy that is fully ramified over y*, as well as over all nodes of C, that connect components
in the chain from y~ to y*. Up to isomorphism, there is a unique such cyclic cover C — Cp4. More
specifically, C is a nodal rational curve containing a central chain that we identify with C, and for each
tree T C C a4 that is contracted by ¢, the curve C contains » identical such trees attached at simple nodes
at the r points of G~ (&(T)) C Cg.

Given this description of C, one sees that it has an order-r automorphism acting by multiplication by
¢ on the central chain C; and permuting the trees accordingly. The fiber product map fia : C — Cyay is
the quotient by this automorphism, while the map f : C — C contracts the trees to the central chain,
so this automorphism is the o in the statement of the lemma.

Set x* to be the endpoints of the central chain of C, corresponding to z* € C,. Furthermore, for each
ie€[n]andj € Z,,set z‘; =0/ (z?), where z? is the unique element of the preimage f/;% (y;) whose image
under f is z;. This data makes C into a heavy (r, n)-curve, and because (fu(z)), fz(z))) = (vi, i)
and (fu(x®), frz(x%)) = (y*, z%), it agrees with the data in the statement of the lemma. O

—_—r
The previous lemma can be viewed as a map from M, to the set of heavy (r,n)-curves. The next
lemma, on the other hand, gives an explicit procedure for going in the other direction.

Lemma 19. Let (C; {z{}, x*,0) be a heavy (r,n)-curve.

o Define (Cnq;{yi},y*) € mo,,ﬁz by setting Cnq = C/o, setting y; to be the image of the orbit
{z?, e, z?‘l}, and setting y* to be the image of x*.

o Define (Cr;{zi},z%) € L, to be the image of (C; {z{},xi) € MO,,M under the forgetful and
weight-reduction map /Wg,mﬂ — L, that forgets all but the marked points {z?}.

Then C = Cp X, Cr, and under this identification of curves, z{ = (yi, 0 zp), x* = (v%,2%), and
o(y,2) =, {2).
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Proof. Notice that the canonical maps C — Cuq and C — C, give rise to a canonical map
C — Cm Xc,. Cgr, by the universal property of fiber products. Given the explicit description of
Cnmm Xc,. Cr in the proof of Lemma 18, it is not hard to see that this map is an isomorphism of nodal
curves, and that it identifies the marked points and automorphism as stated in the lemma. O

Because Lemma 18 describes a function from M; to the set of heavy (r, n)-curves, while Lemma 19
describes its inverse, we conclude the following.

Proposition 20. There is a bijection
J\_/l:, = {heavy (r, n)-curves}.

Having now described how to view points of ﬂ’ as heavy (r, n)-curves, we next describe how to
carry out this procedure in families, thereby constructing a tautological family of heavy (r, n)-curves

over /\/l

5.3. Constructing a tautological family

Recall that the universal curves over the moduli spaces m() ne2 and Z are given by the forgetful
maps from the associated moduli spaces with one additional marked point: 7 4 Mo 43 — Mo )
and np : Ln+1 — L,. The map maq has n + 2 sections giving the marked pomts which we denote
Y1»+-.»Yn, yE, while the map 7, has n + 2 sections that we denote zy, ..., z,, z5. Consider the two
corresponding fiber squares:

Moy~ T M T,
Sl e ]
mo,ms — Zn+1 Mo,mz — Zn-

Since g o s o fr = ¢ o mpaq © faq, the universal property of fiber products yields a canonical map
Vg M; = M; We will argue that ./V; +1 1s a tautological family of heavy (r, n)-curves over Hf,
In order to do so, we require an automorphism and rn + 2 sections of this family, which we now define.

Let ¢ : L,41 — L4+ be the map that multiplies the final marked point on each chain by . We
define an automorphism o : ./\/ln = /\/ln +1 by applying the universal property of fiber products to the

following diagram:

{ofe ®)

Furthermore, we define sections z{ ofm: M; a— ﬂ; by another application of the universal property
of fiber products to the following diagram:
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and we define the sections x* similarly. With this notation established, we have the following result.

Proposition 21. The map r : /\/ln = /\/l along with the automorphlsm o /\/l,,+1 - Mn +1 and the
rn+2 sections z , Xt x7isa famlly of heavy (r, n)-curves over /\/l Moreover, this family is tautological

in the sense that, for any b € ./\/ln, the tuple

(770 (= D)) 0. )

is isomorphic to the heavy (r,n)-curve parametrized by b (according to Proposition 20).

Proof. We first confirm that 7 is flat, which can be proven by covering ﬂf, +1 by open sets on which &
is flat. Consider the following fiber square over /\_/l;

. 7 —
My —— T2l

W

i D
FaMonss — 8" Las1,

where g = ¢ o faq = g o fr. Since flatness is preserved by pullback, the pullbacks in this diagram are
all flat over M; Notice that g is étale away from the divisor D C f L*Z,Hl of fixed points of £. Since
étaleness is preserved under base change, it follows that fy, is étale on M; a\f - (D). In particular,
the restriction of 7 to /V,rm \ f, n (D) is the composition of an étale morphism and a flat morphism, so
it is flat. On the other hand, the map ¢ is an isomorphism away from the divisor D’ C f/\*/t Mo pe3 of

contracted trees, so it follows that f. is an isomorphism on ﬂ; 1\ fX/} (D’). Thus, the restriction of
7 to this open locus is the composition of an isomorphism with a flat morphism, so it is flat. Because
fc_l (D)N f/(/% (D’) = 0, we have covered /\_/l:m by open sets on which r is flat.

‘We next confirm that 7 o o0 = m. To do so, first note that

fromoo=mgolofr=ncofz,

where the first equality follows from (8) and the second from the definition of . This implies that the
diagram
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commutes with the dashed arrow equal either to o o~ or to 7, so the universal property of fiber products
ensures that 7 o o = 7.
Finally, note that

(7! ®): {2 B}, X (B), Tl

is isomorphic to the heavy (r, n)-curve parametrized by b; this follows from the observatlon that, upon
restricting to the fiber over b € M;, the construction of /\/ln +1> 0 and ], x*, x™ over M specializes
to the construction of Lemma 18 over b. Thus, the given data indeed deﬁnes a tautologlcal family of
heavy (r, n)-curves. O

5.4. The tautological family is universal

We are now prepared to conclude with the following culminating result.

Theorem 22. The fiber product Mf, is a fine moduli space for the moduli problem of heavy (r,n)-
curves. That is, for any base scheme B, pulling back the tautological family gives a bijection

{morphisms B — M;} — { (f?;r;l_léisr‘?;h:fgrylg}.
Proof. To prove surjectivity, let F = (C; {z{ },x*, o) be a family of heavy (r, n)-curves over B. Upon
taking the quotient of C by o, we obtain a family Fq = (Caq; i, y*) of curves in /Vo,mz, and thus a
morphism fuq : B — MO,M. Similarly, after contracting to the central chain of C, we obtain a family
Fr = (Cr;zi,z%) of curves in £, and thus a morphism fz : B — L,. By the universal property of
fiber products, foq and f give rise to a morphism fr : B — /V; We claim that F = f7(F taut) "where
JFaut denotes the tautological family over M.,.

By construction of 7" as a fiber product, we can construct its pullback f5-(F"') from the families
Farand Fr:

FE(FOY = (Cap %, Ces {0 2)] Y, (9%, 2%), o).

The natural maps C — Caq and C — C give rise to a map C — Caq X¢,. Cr, and Lemma 19 implies
that this map is a fiberwise isomorphism of heavy (r,n)-curves over B. Since C is flat over B, the
isomorphism on fibers implies that C — Caq X¢,. C is an isomorphism (see, for example, [Stal9,
Section Tag 05XD]), and we then conclude that F = f5(F™).

To prove injectivity, suppose that two morphisms f,g : B — M; give rise to isomorphic families
of heavy (r, n)-curves f*(F®@u) = g*(F®?"), The description of ﬂ; as a fiber product implies that f is
equivalent to a pair of maps faq : B — Mo,mz and fz : B — L, and similarly, g is equivalent to g aq
and g.. Taking the quotient of f*(F®@") = g*(F™") by its order-r automorphism as above, we find
that the pullbacks of the tautological family on MOJHQ along fq and g 4 are isomorphic, and therefore
fm = gaq from the fact that M .4 is a fine moduli space. Similarly, contracting f*(F@U) = g*(Ftut)
to its central chain, we find that the pullbacks of the tautological family on L, along f, and g, are
isomorphic, and therefore f = g from the fact that £,, is a fine moduli space. Thus, the uniqueness of
maps to fiber products implies that f = g. O

Because Theorem 22 shows that ./V; is a fine moduli space for heavy (r, n)-curves and Proposition 13
shows that .M:l is the wonderful compactification of the r-braid arrangement with respect to its minimal

building set, the proof of Theorem | is complete.
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