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Real Hypersurfaces in Complex Projective
Space Whose Structure Jacobi Operator is
Lie ID-parallel

Juan de Dios Pérez and Young Jin Suh

Abstract. 'We prove the non-existence of real hypersurfaces in complex projective space whose struc-
ture Jacobi operator is Lie D-parallel and satisfies a further condition.

1 Introduction

We will consider connected real hypersurfaces M in complex projective space CP",
m > 3, endowed with the metric of constant holomorphic sectional curvature equal
to 4. Let J be the Kaehlerian structure of CP” and N a unit normal vector field on M.

The problem of classifying such hypersurfaces is still open, although several par-
tial results have been obtained in works due to Takagi [13] and [14], Okumura [8],
Maeda [6], Montiel [7], Kimura [3], among others. In Berndt [1] there is a survey of
the most important results along this line.

The fact of a Riemannian manifold being a real hypersurface in CP™ yields hard
restrictions to its intrinsic geometry. For example, it cannot be Einstein, thus its sec-
tional curvature is not constant. It neither can be a locally symmetric space. There-
fore some weaker intrinsic conditions have been studied (Ricci-parallelness [4], har-
monic curvature [5], and so on).

The Jacobi operator Rx with respect to a unit vector field X is defined as Ry =
R(-,X)X, where R is the curvature tensor field on M. Then we see that Ry is a
self-adjoint endomorphism of the tangent space. It is related to Jacobi vector fields,
which are solutions of the second order differential equation (the Jacobi equation)
V4(V5Y) + R(Y,¥)7 = 0 along a geodesic v in M. We call the vector field given
by £ = —JN the structure vector field on M. The corresponding Jacobi operator R¢
is called the structure Jacobi operator on M. We denote the maximal holomorphic
distribution on M by I, given by all vectors orthogonal to £ at any point of M.

Along the line of characterizing real hypersurfaces of CP” in terms of R¢ it is nat-
ural to consider the problem about the parallelism and the invariance, or Lie paral-
lelism. In [9] the non-existence of real hypersurfaces in nonflat complex space forms
with parallel structure Jacobi operator is proved. Also in [10] the first author and
Santos prove non-existence of real hypersurfaces in CP”, m > 3, whose structure

Received by the editors August 17, 2010; revised September 8, 2011.

Published electronically November 22, 2011.

The first author is partially supported by MEC Project MTM 2010-18099. This work is supported by
grants No. NRF-2011-220-C00002 and BSRP-2011-0025687 from National Research Foundation of Korea.

AMS subject classification: 53C15, 53C40.

Keywords: complex projective space, real hypersurface, structure Jacobi operator.

306

https://doi.org/10.4153/CMB-2011-193-6 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-193-6

Lie D-parallel 307

Jacobi operator is Lie-parallel, that is, its Lie derivative in any tangent direction van-
ishes.

In [12] the present authors and Santos obtain the following result.

Theorem 1.1 Let M be a real hypersurface of CP™, m > 3, such that the structure
Jacobi operator R is invariant under the structure vector field &, that is L¢Re = 0. Then
either M is locally congruent to a tube of radius 7 /4 over a complex submanifold in CP™
or to either a geodesic hypersphere or a tube over a totally geodesic CP, 0 < k < m — 1,
with radius r # /4.

Nevertheless the condition of Lie D-parallelism of the structure Jacobi operator
has not been studied until now.

On the other hand, we do not know the classification of real hypersurfaces in CP™
satisfying

(1.1) AR; = ReA

where A denotes the shape operator associated to N, although we know that every
Hopf real hypersurface (a real hypersurface whose structure vector field is principal)
satisfies it.

Thus this paper is devoted to study real hypersurfaces satisfying (1.1) and at the
same time

(1.2) LxRe =0

for any X € [D. We call such a real hypersurface a real hypersurface with Lie D-parallel
structure Jacobi operator. We will prove the following theorem.

Theorem A There does not exist any real hypersurface in CP™, m > 3, satisfying
(1.1) and (1.2).

Corollary  There does not exist any Hopf real hypersurface in CP™, m > 3, whose
structure Jacobi operator is Lie D-parallel.

2 Preliminaries

Throughout this paper, all manifolds, vector fields, etc., will be considered of class
C®° unless otherwise stated. Let M be a connected real hypersurface in CP™", m > 2,
without boundary. Let N be a locally defined unit normal vector field of M. Let V be
the Levi—Civita connection on M and (J, g) the Kaehlerian structure of CP™.

For any vector field X tangent to M we write JX = ¢X + n(X)N, and —JN = &.
Then (¢, £, n, g) is an almost contact metric structure on M. That is, we have

2.1) ¢’ X=-X+nX)E @ =1, geX,¢Y)=gX,Y)—nX)n(Y),

for vector fields X, Y tangent to M. From (2.1) we obtain
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From the parallelism of ] we get

(Vx9)Y =n(Y)AX — g(AX,Y)¢

and

Vx§ = ¢AX

for any vector fields X, Y tangent to M, where A denotes the shape operator of M in
CP™ defined by AX = —VxN for the connection V of CP™. As the ambient space
has holomorphic sectional curvature 4, the equations of Gauss and Codazzi are given
respectively by

R(XY)Z = g(Y.2)X — g(X, 2)Y +g(¢Y, 2)$X — g(¢X, Z)¢¥
— 29(6X,Y)Z + g(AY, Z)AX — g(AX, Z)AY

and

(VxA)Y — (VyA)X = n(X)oY —n(Y)opX — 28(¢X, Y)¢

for any vector fields X, Y and Z tangent to M, where R is the curvature tensor of M.
We will write, in general, A, = o + SU, where U is a unit vector field in D. Then
M is Hopf (respectively, non-Hopf) if 5 = 0 (respectively, 5 # 0).
We will need the following results.

Theorem 2.1 ([2]) There exist no real hypersurfaces in CP™, m > 2, such that A¢ +
PA = 0.

Theorem 2.2 ([6]) Let M be a real hypersurface in CP™, m > 2 such that A = af.
Then « is locally constant and if X is a tangent vector field on M such that AX = \X

and X is orthogonal to £, then ApX = ;’A’\—ji(bX.

Theorem 2.3 ([11]) There exist no real hypersurfaces in CP™, m > 3, whose shape
operator satisfies AL = a +U, AU = &, ApU = —é(bU, where U is a unit vector field
in D and o a nonnull function defined on M.

Theorem 2.4 ([11]) There exist no real hypersurfaces in CP™, m > 3 whose shape
operator satisfies A = £+ U, AU = B+ (8% — 1)U, ApU = —¢U and there exists
Z € Dy = Span{&,U, ¢U}* such that AZ = —Z, ApZ = —¢Z, where U is a unit
vector field in 1D and 3 is a nonnull function defined on M.

As in [10] we can prove the next theorem.

Theorem 2.5 Let M be a real hypersurface in CP™, m > 3, satisfying (1.2). Let E
be a subspace of D that is both ¢-invariant and A-invariant. Let G = {X € E |
(pA + Ap)X = 0} and let F be its orthogonal complement in E. Then AZ = oZ for
all Z € F, where 1 + oo = 0. Furthermore, there is a principal basis for G of the form
{X;, ¢X;} with corresponding principal curvatures \; and —\;. In particular, F and G
are A-invariant.
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3 Proof of Theorem A

We continue writing A6 = a& + SU and suppose that M is non-Hopf, that is, 5 # 0.
Condition (1.2) gives

(3.1)  —g(PAX,Y)E — n(Y)PAX + g(Vx(AE), §) AY + g(AE, pAX)AY
+aVyAY — g(Vx(AY),§) AE — g(AY, pAX)AE — n(AY)Vx(AE)
+n(Y)VeX —aVay X + n(AY)Vae X — aAVxY
+8(VxY, AAL — g(Vy X, §)§ + aAVy X — g(Vy X, A§AE =0

forany X € D, Y tangent to M.
Taking the scalar product of this equation and £ we obtain

(3.2)
— 8(PAX,Y) +1(AY)g(pAX, AL) — ag(AY, pAX)

+n(Y)g(VeX,§) — ag(VarX, §) + n(AY)g(VaeX, §) — g(VyX,§) =0
for any X € D, Y tangent to M.
Lemma 3.1 If M satisfies (1.1), we get cAU = o3¢ + (8> — 1)U.

Proof If we apply (1.1) to &, we have 0 = R¢(A&) = BR¢(U). As we suppose 3 # 0,
we get Re(U) = U + aAU — BAE = 0. From this equality we obtain the result. H

Thus we have two possibilities:

eithera =0and 32 =1, ora # 0and AU = 3¢ + ‘32(:1

U.

Lemma 3.2 In the above conditions, if M satisfies (1.2), o # 0.

Proof Suppose that & = 0. Thus 3? = 1. So we suppose 3 = 1 (if not, we change &
by —¢). From (3.2) we have

(33)  —g(pAX,Y) + n(AY )n(AgAX) — n(Y)g(X, pAE)
— (AY)g(X, pA%E) + g(X, pAY) = 0.

forany X € D, Y tangent to M.
Take X = U,Y = ¢U in (3.3). It yields

(34) g(AU, U) + (49U, ¢U) = 0.
Taking Y € Dy, X = ¢U in (3.3) we have —g(pA@U,Y) + g(U,AY) = 0 for any
Y € Dy. Thatis, —pA¢U + AU has no component in Dy. As g(—pA¢U + AU, U) =
g(—AQU + AU, ¢U) = 0, where we have used (3.4), and g(—pA¢pU + AU, ¢) = 1
we get —pAPU + AU = £. Applying ¢ to this equality we get

(3.5) AdU + pAU = 0.
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From (1.1),
Re(AQU) = AR¢(¢U) = ApU = —Re(¢pAU) = —(pAU — g(¢AU, AS)AS) .
From (3.5) this yields
g(AU, ¢U) = 0.

Now suppose that AU = £ + U + €Z, for a unit Z € Dy and some function € on M.
We have pAU = v¢U +e¢Z. From (3.5), ApU = —y¢pU —epZ. Then —pApU =
YU +€Z. Thus —pAPU +AU = YU +eZ+E+~yU+eZ = &. Thisyields 29U +2eZ = 0.
Thus v = € = 0. Now we have AU = £, ApU = 0.
From the Codazzi equation (VyA){ — (V:A)U = —¢U. This gives us VyU +
AV U = 0. Taking its scalar product with ¢U we get

(3.6) g(VoU,oU) = 0.

On the other hand, (VyA)pU — (V4 A)U = —2£. This gives —AVy U +AV 4,y U =
—2¢. Taking its scalar product with & we have

(3.7) ¢(VygU,U) = 2.

From (3.6) and (3.7) we have a contradiction, finishing the proof. [ |
Thus we have a # 0 and AU = ¢ + @U.

Lemma 3.3 Let M be a non-Hopf real hypersurface in CP™, m > 3, satisfying (1.1)
and (1.2). Then ApU = ~¢pU, where either v = fé orvy = 1;—32

Proof We suppose that ApU = y¢U + €Z, where Z is a unit vector field in Dy .

If we take X = ¢U, Y € Dy in (3.2), we obtain that pA¢U + aApAdU has no
component in Dy. Taking its scalar product with £ (respectively, with U and ¢U ) we
obtain

(3.8) GAGU + aApAPU = —afivé — AU

As pAQU = —yU +epZ, ApApU = —fyﬁg—'yngl U +€eApZ. From (3.8) this yields

«

epZ + aeApZ = 0.

Suppose € # 0. Then ApZ = —L¢Z.

a

Taking X = ¢U, Y € Dy in (3.2) we obtain that 32A¢U + aA2¢U has no com-
ponent in Dy. This yields 3*A¢U + aA?pU = 1_—(fz(;SU. Taking its scalar product
with Z we get %€ + aye + aeg(AZ, Z) = 0. As we suppose € # 0 we have

(3.9) B+ ay+ag(AZ,Z) = 0.
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Taking X = ¢Z, Y = ¢U in (3.2) we obtain ag(Z, A’¢U) = 0. This yields ve +
eg(AZ,Z) = 0. If € # 0 we get

(3.10) v+g(AZ,Z) = 0.

From (3.9) and (3.10) we have 3 = 0, which is impossible. Thus € = 0.
2
Now, if we take Y = ¢U, X = U in (3.2), we obtain a~y? + 5%y + % = 0. From
this equation the result follows. ]

Now let Z € Dy be a unit vector field such that AZ = \Z. LetY € Dy such
that Y is orthogonal to Span{Z, ¢Z}. Applying (3.2) to Z and ¢Y we obtain that
(1+aN)g(APZ, ¢Y)+ag(A2pZ, pY) = 0. Thus (1+aN\)ApZ+aA%¢Z is proportional
to ¢Z and we can write (1+a\)APZ+aA2pZ+ugpZ = 0 for a certain function p. But
if we take X = Z,Y = ¢Z in (3.2) we obtain (1 + a\)g(AdZ, ¢2Z) + ag(A*pZ, $Z) +
A = 0. Then pr = X and we get

(3.11) (1+ aN)APZ + aA*PZ + \pZ = 0

for any unit principal vector Z € Dy such that AZ = A\Z.
Let w be one more eigenvalue of A, w # A, and let W € Dy be a unit eigenvector
associated to w. We also have

(3.12) (1 + aw)APW + aA?pW + wpW = 0.
If we take the scalar product of (3.11) and W, we obtain
((1 +aNw + wla + )\) g(@Z,W) =0
and taking the scalar product of (3.12) and Z we have
((1 + aw)\ + Na + o.)) g(oZ, W) =0.
From both equations we get
(w? — A)g(6Z, W) = 0.

So we arrive at two possibilities:

(1) For any unit eigenvector W with eigenvalue distinct to A, g(¢Z, W) = 0. This
means ApZ = ApZ.
(2) There exists a unit W as above such that g(¢Z, W) # 0. In this case w = — .
In the first case, from (3.11) we have (1+aX)A+aX\*+\ = 0. This yields 2A (aA+1) =
0. So either A =0or A = —i.
Suppose A = 0. The Codazzi equation gives (VzA)pZ — (V4zA)Z = —2€. This
yields A[¢Z, Z] = —2£. Taking its scalar product with £, we get

(3.13) ([62,2),U) = —%.
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And the scalar product with U yields

(3.14) g1
01

g§([9z,2],U) = 0.

From (3.13) g([¢Z,Z],U) # 0. Thus from (3.14), 32> = 1. We can take 8 = 1,
replacing £ by —¢ if necessary. Therefore AU = &. From Theorem 2.3 this case
does not occur if v = f%. Therefore ApU = 0. The Codazzi equation yields
(VguA) — (VeA)pU = U. This gives (pU) ()€ + VyuU + AVepU = U. If we
take its scalar product with U we obtain —1 = 1, which is impossible. Thus we must
suppose A = —é.

Again (VzA)pZ — (Vy4zA)Z = —2£. Taking its scalar products with £ and U,
we obtain ﬁ = % Thus o = 1 and, probably after a change of £ by —¢, we can
suppose that & = 1. From Theorem 2.4 this is not possible if AU = —¢U. Thus we
have to suppose ApU = (1 — 8%)@U. Let us denote § = 3% — 1.

From the Codazzi equation (V4yA)§ — (VeA)pU = U. Taking its scalar product

with U, we obtain

(3.15) (PU)(B) +20g(VepU,U) + 6 — 6* — B> = 1.

And the scalar product with ¢ gives

(3.16) g(VedU,U) =36 + 1.

From (3.15) and (3.16), bearing in mind § = 3% — 1 we get

(3.17) (pU)(B) =2 — 26 — 56%.

Now (VyA)§ — (VeA)U = —¢U. This yields

(3.18) U(B)U + BVyU + 82U — E(B)E — £(0)U — 6V:U + AV:U = 0.

The scalar product of (3.18) and & gives £(8) = £(d) = 0, and its scalar product with
U yields U(3) = 0. Thus (3.18) becomes

BVyU +6*¢U — 6VU + AV:U = 0.

Taking its scalar product with ¢pU, we get

762 +26
(3.19) g(VyU,U) = — 5
On the other hand, (VyA)pU — (V4uA)U = —2€. Its scalar product with U gives

(@U)(6) = —20¢(VuyoU,U) — 6. From (3.19) we get

(3.20) 2(0U)(B) = —;—2(752 +26) — 6.

From (3.17) and (3.20) we have 46> — 962 + § + 4 = 0. Thus ¢ is constant and 3 is
also constant. From (3.17), 2 — 26 — 55% = 0. This means § # 0. From (3.20) we get
2(78% + 20) + 8% = 0. This gives 146% + 55 + 1 = 0. As this equation does not have
real solutions we have proved the following.
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Proposition 3.4 Case (1) does not occur.

We begin with Case (2). In this case we can write ¢Z = w1 Z; + w,Z; for unit
vector fields Z,, Z, such that AZ, = \Zy, AZ, = —\Z,, w; and w; as functions on M
such that w} + w? = 1. Then A?¢Z = N\ (w1 Z; + w2Z,) = N?*@Z. From (3.11) we get
1+ aX)ApZ = —A(1 + aX)pZ. So we can conclude that either ApZ = —A¢pZ or

1

As ID{;U is holomorphic and A-invariant we can consider G = {Z € Dy | (¢A +
A$)Z = 0} and F its orthogonal complement in Dy. By Theorem 2.5, AX = —1X
for any X € F and there exists a principal basis of G, {Z;, ¢Z;} such that AZ; = \;Z;,
A¢pZ; = —\;¢Z;. Moreover F and G are A-invariant.

Thus we have three possible cases:

Case A: A = —211d on Dy, that means G = {0}.

Case B: G =Dy.

Case C: 0 < dim(G) < 2m — 4. This case only occurs if m > 4.

For Cases A and C we have the following.

Lemma 3.5 With the conditions of either Case A or Case C, we have o? =1

Proof Take Z € Dy such that AZ = —1Z7, ApZ = —1¢Z. From the Codazzi
equation we have (VzA)¢Z — (VzA)Z = —2€. Its scalar product with £ gives
(3.21) (162,2),U) = —

. g e V)= Cag
And the scalar product with U yields

2

(3.22) g[eZ,Z],U) = 3
From (3.21) and (3.22) the result follows. |

Then, perhaps after changing £ to —&, we can suppose a = 1. Thus A = £+ 8U,
AU = B£+ (8% — 1)U and AgU = v¢U, where either y = —1 ory = 1 — 3%

From Theorem 2.4, Cases A and C do not occur if y = —1. Suppose now 7 =
1 - 3%

In Case A, for any X € Dy, AX = —X. From the Codazzi equation (VxA)U —
(VyA)X = 0. Its scalar product with U yields g(VyU,X) = %X(ﬁ), and its scalar
product with & gives X(3) = 5g(VyU, X). Thus

(3.23) X(B) =0.

We also have (VyA){ — (VA)U = —@U. Its scalar product with £ implies {(3) = 0
and its scalar product with U gives U(3) = £(5%). So we get

(3.24) B =U(B) =0.
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The Codazzi equation also gives (VyyA)§ — (VcA)pU = U. Its scalar product
with € yields g(V¢pU,U) = 1 —3(1 — %) and from its scalar product with U we get
(@U(B) —2 — (B> — 1)* +2(B* — 1)g(V¢pU, U) = 0. Both equations imply

(3.25) (@U)(B) =2 — 26 — 56*

where we denote § = 32 — 1. From (3.23), (3.24), and (3.25) we have

grad(B) = (2 — 26 — 562)¢U = 7¢U.

As for any X, Y tangent to M we have g( Vx grad(3),Y) = g(Vy grad(8),X), we
obtain

X(7)g(oU,Y) + 78(VxoU,Y) =Y (7)g(oU, X) + 7¢(VyoU, X).
If we take Y = &, this yields 7¢g(Vxo¢U, &) = 7¢(V:¢U, X), for any X tangent to M.
Taking X = U and bearing in mind that g(V¢¢U,U) = 1 — 3(1 — 3%), we have
7(1—4(1— %) =0.If 7 # 0, we obtain * = 3, thus 3 is constant and we have a
contradiction. Thus 7 = 0 and grad(5) = 0. This means

(3.26) 562 +25 —2 = 0.

From the Codazzi equation (VyA)pU — (VayA)U = —2&. If we take its scalar
product with U we get

2(82 = 1g(VuU,¢U) = (5 — 1).

If 2 = 1, then § = 0 and (3.26) is not possible. Thus 32 # 1 and g(Vy U, ¢U) =
g. Asg((VUA)f — (V:AU, ¢U) = —1 we get

Bg(VyU, oU) + (82 = 1)? = 2(8> = 1)g(VeU, ¢U) = 0.
Thus
Be(VyU, 9U) = —(B2=1)* =2(8* = 1) (—1+3(8* - 1)) = —2(8 - 1)+5(8— 1),
Asg(VyU, ¢U) = 2 we conclude that
(3.27) 1062 — 55 — 1 = 0.

From (3.26) and (3.27), § = % Now (3.26) and (3.27) are not true and we have
proved the following.

Proposition 3.6 Case A does not occur.
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We continue with Case C. Recall that A6 = & + BU, AU = B¢ + (82 — DU,
AgU = (1 - B*)¢U, F # {0}, G # {0}.

Take Z € G such that AZ = \Z. If we take X = ¢Z,Y = Z in (3.1) and its scalar
product with U we obtain

A+ 1)(8(VyzZ,U) = g(Vz9Z,U)) = 0.

Suppose first that g(V42Z,U) = g(Vz¢Z,U). From the Codazzi equation, we have
(VZA)E — (VeA)Z = —@Z. If we take the scalar product with ¢Z we get

(3.28) Bg(V2U,0Z) —20g(VeZ, ¢Z) = —1 — X — A%
As ApZ = —\¢Z, if in the above procedure we change Z to ¢Z, we have
(3.29) Bg(VozU,Z) +20g(VedpZ,Z) = 1 — A+ A%
From (3.28) and (3.29) we get 2A\? + 2 = 0, which is impossible. Thus g(V 422, U) —
gVz0Z,U) #0and A = —1.
Taking X = Z,Y = ¢Z in (3.1) and its scalar product with U, we get

(—A+1)(g(V26Z,U) — g(V2Z,U)) = 0.

Asg(VzpZ,U)—g(VyzZ,U) # 0, A = 1 and we arrive at a contradiction. Thus the
following proposition is proved.

Proposition 3.7 Case C does not occur.

So, we study Case B. Now A = al+8U, AU = BE+ F-1 U, ApU = v¢U, where

«
eithery = —% ory = 1_Tﬂ2, and forany Z € Dy such that AZ = \Z, ApZ = —\pZ.
A similar proof as in Lemma 4.3 in [10] gives us the following lemma.

Lemma 3.8 Forany Z € Dy with AZ = \Z we get:
(1) aXg(V262,2) = 0,

(2) aXg(VzZ, 6Z) = 0,

(3) MZ(a) + aZ(N) =0,

(4) (A +1)(8(Vy2Z,U) — g(Vz29Z,U)) = 0.

First suppose that A = 0. Then the fourth equation in Lemma 3.5 yields
eVyzZ,U) — g(Vz0Z,U) = 0. As g((V@ZA)Z — (VzA)oZ, f) = 2 we obtain
B(g(VZ¢Z, U) —g(VyzZ, U)) = 2. This is impossible. Thus A # 0, and from the
two first items in Lemma 3.5, ¢(Vy42Z, ¢Z) = g(Vz¢Z,Z) = 0. From Lemma 3.5
we have either ad +1 =00r g(VyzZ,U) = g(Vz0Z, U). ffad +1 =0, A = fé.
Then A¢pZ = %(ﬁZ, and by the same argument —aA + 1 = 0. This is impossible, thus
g(VpzZ, U) = g(Vz¢Z,U). Asin Case C, this gives a contradiction. Therefore we
have proved the following proposition.

Proposition 3.9 Case B does not occur.
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Summing up Propositions 3.2, 3.3 and 3.4, we conclude the following.
Proposition 3.10 Case (2) does not appear.

So, we have proved that there do not exist non-Hopf real hypersurfaces in CP™,
m > 3, satisfying (1.1) and (1.2).

Now we suppose that M is Hopf with A = a€. Take X € D such that AX = A\X.
As above we obtain aA2¢pX + (a) + 1)AdX + A\pX = 0. If a = 0, A = 0, then by
Theorem 2.2 this is impossible. Then av # 0. As above, bearing in mind Theorem 2.2,
the unique possibility is to have AX = AX, ApX = —A¢X forany X € ID. This means
that Ap + ¢A = 0 and Theorem A follows from Theorem 2.1. [ ]
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