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Abstract

Let k be any given positive integer. We define the arithmetic function g; for any positive integer n by

[T+ 2+ 1)

lemogicr{(n + D)% + 1}

8k(n) :=

We first show that g; is periodic. Subsequently, we provide a detailed local analysis of the periodic
function g, and determine its smallest period. We also obtain an asymptotic formula for log lcmg<;<x
{(n+0)*+1}.
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1. Introduction and the main result

There are many beautiful and important theorems about arithmetic progressions in
number theory, the two most famous examples being Dirichlet’s theorem [12] and the
Green—Tao theorem [6]. See [2, 15] for some other results. However, there are few
renowned theorems but more conjectures about quadratic progressions, among which
the sequence {n> + 1}, is best known. A famous conjecture [8] states that there are
infinitely many primes of the form n? + 1. This seems to be extremely difficult to
prove in the present state of knowledge. The best result is due to Iwaniec [13], who
showed that there exist infinitely many integers n such that n> + 1 has at most two
prime factors.

To investigate the arithmetic properties of a given sequence, studying the least
common multiple of its consecutive terms seems quite natural. The least common
multiple of consecutive integers was investigated by Chebyshev in the first significant
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attempt to prove the prime number theorem in [3]. Since then, the topic of least
common multiple of any given sequence of positive integers has become popular.
Hanson [7] and Nair [14] respectively obtained the upper bound and lower bound
of lcmi<;<,{i}. Bateman et al. [1] obtained an asymptotic estimate for the least
common multiple of arithmetic progressions. Recently, Hong et al. [10] obtained an
asymptotic estimate for the least common multiple of a sequence of products of linear
polynomials.

In [4], Farhi investigated the least common multiple lcmg<;<;{n + i} of finitely many
consecutive integers by introducing the arithmetic function

[, +i)

B = i + 11

and also proved some arithmetic properties of lcmg<;<;{n + i}. Farhi showed that g is
periodic and k! is a period of it. Let P, be the smallest period of g;. Then Py | k!. But
Farhi did not determine the exact value of Py in [4], so he posed the open problem
of determining the smallest period P,. Hong and Yang [11] improved the period
k! to lem<;<{i} by showing that g,(1) | g«(n) for any positive integer n. Moreover,
they conjectured that lem;<;<;,1{i}/(k + 1) divides Py for all nonnegative integers k.
Farhi and Kane [5] confirmed the Hong—Yang conjecture and determined the exact
value of P;. Note that Farhi [4] also obtained the following nontrivial lower bound:
lem;<icn{i> + 1} > 0.32 - (1.442)" (for all n > 1).

Let Q and N denote the field of rational numbers and the set of nonnegative integers.
Define N* := N\ {0}. Let &, b € N and a € N*. Recently, Hong and Qian [9] studied the
least common multiple of finitely many consecutive terms in arithmetic progressions.
Actually, they defined the arithmetic function g, : N* — N* by

[T + (n + i)a)
lemo<j<i (b + (n + Da}’

8k.ab (n) =

They proved that g, is periodic and determined the exact value of the smallest period
of 8k.ab-

In this paper, we are concerned with the least common multiple of consecutive
terms in the quadratic sequence {n* + 1},cx. Let k be a positive integer. We define the
arithmetic function g for any positive integer n by

[T+ 02+ 1)
lemggi<{(n + 0* + 1}'

gk(n) :=

One may naturally ask the following question: Is g; periodic and, if so, what is the
smallest period of g;?

Suppose that g is periodic. Then we let P, denote its smallest period. Now we can
use Py to give a formula for Icmo<;<;{(n + i)> + 1} as follows: for any positive integer 7,

[T+ i)+ 1)

lemo<icr{(n + i)* + 1} = gk((m)p,)
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where (n)p, means the least positive integer congruent to n modulo Pj. Therefore, it is
important to determine the exact value of P;.

As usual, for any prime number p, we let v, be the normalised p-adic valuation of
Q, thatis, v,(a) = b if P’ || a. We also let ged(a, b) denote the greatest common divisor
of any integers a and b. For any real number x, we denote by | x] the largest integer no
greater than x. For any positive integer k, we define

Ry := lem i {i(i® + 4))

and
Ry
2V2(Rk) Hp53(m0d 4 pr(Rk)

Evidently, v,(Qx) = v,(Ry) for any prime p =1 (mod 4). We can now state the main
result of this paper.

0y := 2(V+D/2,

THeEOREM 1.1. Let k be a positive integer. Then the arithmetic function g is periodic,
and its smallest period equals Q. except that vy(k + 1) > v,(Or) 2 1 for at most one
prime p = 1 (mod 4), in which case its smallest period is equal to Qy/p*»'%.

In Section 2, we first show that the arithmetic function g; is periodic with Ry as a
period of it by a well-known result of Hua. Then, with a little more effort, we show that
Oy is a period of g; (see Theorem 2.5). Subsequently, in Section 3, we develop further
p-adic analysis of the periodic function g, and determine the smallest period of g.
In the final section, we give the proof of Theorem 1.1 and then provide an asymptotic
formula for log lemo<;<{(n + i)* + 1}.

2. Qy is a period of g,

In this section, we first prove that g, is periodic by a theorem of Hua in [12]. We
also arrive at a nontrivial period of gi.

Lemma 2.1. The arithmetic function gy is periodic, and Ry is a period of gj.

Proor. For any positive integer 7, using [ 12, Theorem 7.3] (see [12, p. 11]), we obtain
that

k
am=[] [] (ed@+i+1.....a+i)*+ 1"

r=1 0<ip<--<i, <k

and

k
gk(n+Ry) = l_[ I_[ (ged((n+ Ry +i0)* +1,...,(n+Re +i,)% + 1)V
r=1 0<ip<-<i <k

We claim that gi(n + Ry) = gr(n). To show this claim, it suffices to prove that

ged((m+ R+ )2+ 1L, (m+ R+ )+ D=ged((n+ >+ 1,(n+ j)*> + 1)
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for any 0 <i < j < k. Evidently
Qu+3j-in+)*+ D+ (=2n+j-30(n+ )*+ 1) =G - —-i)*+4).

Hence
ged((n+ i) + L (n+ >+ D[ (= i) — ) +4).

But (j — i)((j — i)> + 4) | R. So
ged((n+ 0>+ 1, (n+ j)*> + 1) | Ry. 2.1)
We then derive that
ged((n+ i) +1,(n+ >+ D |(n+i+R)* +1

and
ged((m+ i) + 1, (n+ j)* + D | (n+ j£ R)* + 1.

It follows that

ged((n+ > +1,(n+ j)* + 1) |ged((n+ R +i)* + 1, (n+ Ry + j)> + 1)
and

ged(+D?+1,(n+ >+ D) |ged((n—Re+i)> +1,(mn—Re + )* + ). (22)
Replacing n by n + Ry in (2.2),

ged(n+ Ry + > + 1, (n+ R + j)> + 1) | ged((n + i)* + 1, (n + j)* + 1).
Therefore

ged((n+i) +1,(n+j)* + D=ged((n+i+R)*+1,(n+ j+R)* + 1)

for any positive integer n and any integers i, j with 0 <i < j <k. The claim is proved.
Thus gy is periodic with Ry as its period. m|

For any given prime p, define the arithmetic function g, for any positive integer n
by gpx(n) :=v,(gr(n)). Since g is a periodic function, g, is periodic for each prime
p and Py is a period of g, x. Let P, be the smallest period of g, x. Then we have the
following result.

Lemwma 2.2. For any prime p, Py divides p"r®. Further,

Pe=]]Pp

PRk
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Proor. First, we show that p*»® is a period of g, x for each prime p. For this purpose,
it is sufficient to prove that

vp(ged((n +i+ p B + 1, (n + j+ p®)? + 1))

X 5 (2.3)
=v,(ged((n +i)* + 1, (n + j)* + 1))
for any given positive integer n and any two integers i, j with0 <i < j<k.
By (2.1), we obtain v,(ged((n + i)* + 1, (n + j)* + 1)) < v,(Ry). Hence
vp((n+ )2+ 1) <vy(Ry) or vy((n+ j)* +1) <v,(Ry).
Therefore
vp((n+ iy + 1) < vp((n+ i+ pr 02 4 1)
or
vo((n+ )? + 1) <vp((n+ j+ pr®)2 4 1),
So we obtain that
vp(ged((n +i)* + 1, (n + j)* + 1))
= min{v,((n +i)* + 1), v,((n + j)* + 1)}
<min{v,((n + i+ p®)2 + 1), v,((n + j + pr®)? + 1)}
=vy(ged((n + i+ p" BN + 1, (n+ j+ pr &) + 1))
and ) ,
vy(ged((n+i) +1,(n+ j)" +1
p(ged((n + i) (n+)) ) 2.4)

<vp(ged((n +i - pv,,(Rk))Z +1,(n+j— pr(Rk))Z +1)).

Replacing n by n + p"»® in (2.4) gives us that

vy(ged((n+ i+ pr®N2 + 1, (n + j+ pr®)? 4 1))
<vy(ged((m +i)* + 1, (n + j)* + 1)).

Therefore (2.3) is proved. It then follows that for any given prime p, we have
gpx(n) = gpx(n + p» &) for any positive integer n. That is, p"»® is a period of
8pk- Thus Ppy| p»®9 " This implies that P, are relatively prime for different
prime numbers p and P, = 1 for those primes p t Ry. Hence [[yime gir, Poi | Pi since
Py | Py for each prime g. Moreover, since v,(gx(n + [ Iprime gz, Pgx)) = vp(gk(n)) for
each prime p and any positive integer n, it follows that [],g, Py« is a period of g,
which implies that Py | [],z, Pp«- Hence Py =[] g, Py as required. O

To determine the smallest period Py, of g, by Lemma 2.2 it is enough to determine
the value of P, for all prime factors p of Ry. In the following, we treat some special
cases, and show that Qy is a period of g;.
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Levma 2.3. We have Py = 2D +D/2,

Proor. Clearly, for any even integer n, vo(n> + 1) = 0. For any odd integer n, letting
n=2m+ 1 gives us that

@+ D =m@m+ D+ D) =v@mm+1)+2)=1.

If 2 1 k, then by direct computation, v,(gx(n)) = (k — 1)/2 for any positive integer n.
Thus P2,I< =1 1f2)(k
If 2 | k, then by direct computation,

if n is odd,
va(gr(n)) =
—1 ifniseven.

[NSNEFl NON BP ol

That is, va(gr(n +2)) =va(gr(n)) and vy(ge(n + 1)) # va(gr(n)) for every positive
integer n. Thus Py, =2 if 2 | k. So Lemma 2.3 is proved. m]

Lemma 2.4, If p = 3 (mod 4), then Py = 1.

Proor. It is a well-known fact that for any positive integer n, n> + 1 has no prime
factor p of the form p =3 (mod 4) (see, for example, [12]). Thus for any prime
p =3 (mod 4), we have vp(n2 +1)=0. It then follows that g,(n) = v,(gk(n)) = 0.
So P, =1 as desired. m|

From the above three lemmas, we get the following result.
THEOREM 2.5. Let k be a positive integer. Then Qy. is a period of gy.
Proor. By Lemmas 2.2-2.4,

szpz,k( I P,,,k)( [ Pp,k)zz“—“"“)/2 [T 7o (2.5)

p=3 (mod 4) p=1 (mod 4) p=1 (mod 4)
DIRy DRy DPIRy

Since P, is a power of p for each prime p,

Ry
Pp,k 2V2(Rk) I—[ Vp(Rk) :
Ple,PEI (mod 4) pE3 (mod 4) p

Thus Py | Oy and Qy is a period of g;. This completes the proof of Theorem 2.5. m|

3. The case p =1 (mod 4)

By Theorem 2.5, Oy, is a period of g;. In order to determine its smallest period,
we need to develop more detailed p-adic analysis to treat the remaining case p =
1 (mod 4). Let

Se):={?+1,(n+ 1> +1,...,(n+k*+1}

be the set of any k + 1 consecutive terms in the quadratic progression {m? + 1},ex.
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In what follows, we only need to treat the remaining case that p|R; and p =
1 (mod 4) by Theorem 2.5. First, it is known that for any prime p =1 (mod 4),
x?> +1 =0 (mod p) has exactly two solutions in a complete residue system modulo p.
It then follows immediately from Hensel’s lemma that for any positive integer e, the
congruence x> + 1 =0 (mod p?) has exactly two solutions in a complete residue system
modulo p°. In other words, we have the following result.

Lemma 3.1. Let e and m be any given positive integers. If p =1 (mod 4), then there
exist exactly two terms divisible by p° in any p° consecutive terms of the quadratic
progression {(m + i)> + 1}jex.

Similarly, for all primes p with p = 1 (mod 4), we have by Hensel’s lemma that the
congruence x> + 4 =0 (mod p¢) has exactly two solutions in the interval [1, p¢]. For
any positive integer e, we define

X, := the smallest positive root of x> +4=0 (mod Po).

Since X is the smallest positive root of x? + 4 =0 (mod p°) for any positive integer e,
we have that Xpe < Xt and X < Xperr for some positive integer r. Moreover, we
have the following result.

Lemma 3.2. For any prime p = 1 (mod 4) and any positive integer n, if Xpe < k < X,
for some positive integer e, then there is at most one element divisible by p**' in S (n).

Proor. Suppose that there exist integers nop > 0 and 0 <i; <k, 0 <ip <k (i; # i) such
that (ng +i;)> + 1 =0 (mod p**!) and (ng + i»)*> + 1 =0 (mod p¢*'). Then 2(ng + i1)
and 2(ng + i) are both the solutions of the congruences x> + 4 =0 (mod p°*!). Since
2(ng + i1) # 2(ng + ir) (mod p**1) for 0 < iy # i <k < Xpent < p°*!, we can assume that

2(ng +i1) = Xpenr (mod p°*') and  2(ng +iz) = =X, (mod p°*').

Then
2ng + i1) = 2ng + i) = 2(i1 — i) =2X e (mod p),

which implies that i} — i = X1 (mod p°*h). That is, Xpert + 1y —ip =0 (mod prh.
On the other hand, from the fact that

e+1
-1
O<Xp€+l —kSXPm +i — I SXpm +k<2Xp€+l SZ-pT

e+1

<p -,

we deduce that X e + i — i # 0 (mod p°™h). This is a contradiction. Thus we obtain
the desired result. O

For simplicity, we write [:=v,(R;). For all primes p=1 (mod 4), since
vp(ged(i, i +4)) = vy(ged(i, 4)) = 0,

1= max{v, @ + ) = max{vy(@® +4), vy (D) = max{{rgllaﬁ{vp(iz T 4)), E%{{v,,(i)}}.
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Note that the congruence x> + 4 =0 (mod p™=i{"»}) hag exactly two solutions in
the interval [1, p™ =<0 It follows that there is an integer io € [1, k] such that
v,,(i(z) +4) > max;<i{v,(i)}, which implies that maxlgigk{vl,(z‘2 + 4)} > max << {v, ().
Hence
[ = max{v,(i* + 4)}. 3.1)
1<i<k

Then ;2 + 4 =0 (mod p') for some 1 < j <kand i> + 4 £ 0 (mod p'*!) forall 1 <i <k.
By the definition of X, we have k > j > X, and v,,(X;, +4)>1. Sincek > X, by (3.1)

we have v,(X? +4) < L. So
p
[=vyp(X, +4),

We claim that k < X,,.1. Otherwise, vp(Xf)M +4) <[ by (3.1), which is impossible
since v,,(XIZJI+1 +4) > [+ 1. The claim is proved. Therefore

Xpl Sk<Xp1+1. 3.2)

Now, by (3.2) and Lemma 3.2, there is at most one element divisible by p/*! in
S x(n) for any positive integer n. It is easy to see that

gpam)=" > vy(m) = max {v,(m))

meS (n)
meS ;(n)
— (e) _ oo e
= 2118\l = Y (Lif p* | m for some m € S x(n)) (3.3)
ex1 ex1
= > max{0, IS (m)] - 1),
ex1
where
S'n) = (me Syn): p* | m). (3.4)

Based on the above discussion, all the terms on the right-hand side of (3.3) are O if
e > 1+ 1. Therefore by (3.3),

l -1
gpim) = D flm) = )" fulm) + fitn), (3.5)

e=1 e=1

where f.(n) := max{0, |S\”(n)| - 1}. Evidently,
L =1SPmI -1 if|ISVm)|> 1,

and 0if |S\”(n)| < 1.

Lemwma 3.3. There is at most one prime p = 1 (mod 4) such that p | Ry and v,(k + 1) >
Vp(Rk).
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Proor. Suppose that there are two distinct primes p and g congruent to 1 modulo 4
such that v,(k + 1) > v,(Ry) > 1 and v,(k + 1) > v,(Ry) > 1. Then

k+1> p"p(Rk)qVq(Rk) > max{pq, pr(Lk)qVq(Lk)}’

where L :=lem; << {i}.
Ifv,(Ly) = 0orv,(Ly) = 0, thenk + 1 = p or g, which is impossible since k + 1 > pq.
If v,(L) 2 1 and v,(Ly) > 1, then

Vp(Lip)+1 , Ve(Li)+1 }’

k+13> prdogrado s min{p q

which implies that k > min{p"»t0*1, g"LO+1} This is in contradiction to
POt 2 plog KL s j 41 and g0 > k4

Thus there is at most one prime p=1 (mod 4) such that v,(k+1) > v,(Ry) > 1.
Lemma 3.3 is proved. O

Now by providing p-adic analysis of (3.5) in detail, we get the following result.

Lemma 3.4. Let p be a prime satisfying p | Ry and p=1 (mod 4). Then P, = prr R
except that v,(k + 1) 2 v,(Ry), in which case P,j = 1.

Proor. We begin with the proof for the case v,(k +1) >v,(Ry) =I. For any given
positive integer n, the set {(n + 1)> + 1,..., (n + k)> + 1} is the intersection of S (1)
and S(n+ 1). The distinct terms of S(n) and Sy(n+1) are n®? + 1 and (n+k+1)>+ 1,
respectively. Therefore, to compare the number of terms divisible by p¢ in the two sets
Si(n)and Si(n + 1) foreach e € {1, ..., 1}, it suffices to compare the two terms n® + 1
and (n + k + 1)* + 1. Since v,(k + 1) > 1,

" +1=m+k+1)72+1 (mod p)

for each 1 <e <I. Thus, for any positive integer n and each e € {1, ..., [}, we have
ISI(:‘))(n)I = ISI((E)(n + 1)|, where Sl(f)(n) is defined in (3.4). Hence we deduce by (3.5)
that f,(n) = fo(n + 1) foreache € {1, ..., l}. Thus g, (n) = g,x(n + 1) for any positive
integer n. Thatis, P,y =1if v,(k + 1) > v,(Rt). So Lemma 3.4 is true if v,(k + 1) >
vp(Ry) = 1.

In what follows, we let v,(k + 1) <v,(Ry) = I. Since v,(k + 1) <[, we can suppose
that k + 1 = r (mod p') for some 1 < r < p! — 1. By the definition of X, we have Xy <
(p' = 1)/2, so there exists a positive integer vy € [1, (p + 1)/2] such that (vo — 1)p'~! <
X, <vop'™'. For any positive integer n, (n +i+vop'™")* + 1 = (n +i)* + 1 (mod p°)
for all integers i € {0, 1, ..., k}and 1 <e <I— 1. So|S\”(m)] = |S\”(n + vop'™")| for all
integers 1 < e </ — 1. It then follows that

-

—_

-1
fen+vop™ =3 L.
e=1

Il
—_

e
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By Lemma 2.2, p' is a period of gpk- We claim that there is a positive integer ng
such that fi(ng + vop"™") < fi(ng) — 1. It then follows from (3.5) and the claim that
p'~! is not a period of gp.x and this concludes the proof of Lemma 3.4 for the case
vp(k + 1) <v,(Ry) = L. Our final task is to prove the claim.

First, we note the fact that we can always find a positive integer xy with xé +1=
0 (mod p') such that either (xo + X,,)* + 1 = 0 (mod p') or (xg — X,»)* + 1 = 0 (mod p').
Actually, for any root y, of the congruence x>+ 1=0 (mod p'), it is obvious that
Xy =2y, or =2y, (mod ). So if we choose a positive integer x, such that
2x0 = —X,; (mod p'), then x} +1=0 (mod p') and (xo+ X,)* +1=x3 + 1+ XIZJ, -
Xy - X =0 (mod p'). On the other hand, if we choose xg such that 2xy = X » (mod ),
then x5 + 1 =0 (mod p') and (xo — X,»)* + 1 =0 (mod p'). We now divide the proof of
the claim into the following two cases.

Case 1. k <vop'~'. By the above discussion, we can choose an integer ng satisfying
n% +1=0 (mod p') and (ng + Xpr)2 +1=0 (mod p'). In order to prove the claim in
this case, it is sufficient to compare the number of terms divisible by p' in the following
two sets:

Seno)=f{ng+1,..., (o + X,)* +1,..., (o + k)* + 1}

and
-1\ _ I-152 112
Sr(ng+vop ™ )={(ng+vop” )"+ 1,...,(np+k+vop )"+ 1}.

Since S (o) consists of k + 1 terms and k + 1 < p, there are by Lemma 3.1 exactly two
terms divisible by p' in the set S x(n9): n + 1 and (ng + X,)* + 1. Therefore fi(ng) = 1.

We now consider the set S (10 + vop'™"). By Lemma 3.1, we know that the terms
divisible by pl in the quadratic progression {(rny + i)?> + 1};ay must be of the form
(no + t1p")* + 1 or (ng + Xy + t:p')? + 1, where t;, 1, e N. If vy < (p — 1)/2, then

Xy < vop  <vop! Tt j<vopT v k< 2vp < (p - Dp' Tt < p! forall0< j<k.
Hence there is no term of the form (ng + t;p')* + 1 or (ng + X,y + 1,p')* + 1 in the set

S(ng + vop™'), where 11, 1, € N. That is, |S,(f)(n0 +vop1) = 0. Thus fi(ng + vop'™") =
Oifvo<(p—1)/2. If vg=(p + 1)/2, then forall 0 < j <k,

Xy <vop'™h <vop™t + j<vop + k< 2vp™ < plH P < P+ Xy

and

k+vop'™! > X, + vop' =t = Qvo + Dptt = pl.

Hence there is no term of the form (ng + X, + z‘zpl)2 + 1 in the set Sy(ng + vopl_l)
while the term (ng + p’)> + 1 is the only term divisible by p' in the set S(ng +
vop' ™). So ISV(ng +vop' Ol =1 and fi(ng +vop'~") =0 if vo=(p+ 1)/2. Thus
fi(no + vop'™) < fi(no) — 1 as desired. The proof of the claim in this case is concluded.
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Case 2. k> vop"'. Asin the proof of case 1, to prove the claim in this case, we need to
choose a suitable ny and compare the number of terms divisible by p in the following

two sets:
Semo)={ng +1, ..., (g +vop' ™ = D? + 1, (g +vop' ™ + 1,..., (no + k)* + 1)
and
Sr(ng +vop'™) = {(ng + vop" ™V + 1, ..., (ng + k)* + 1,
(o +k+172+1,...,(ng+k+vop™H2% +1}.
Evidently, {(ng +vop"™1)?> +1,...,(nyg +k)*> + 1} is the intersection of S;(ny) and

Si(no +vop'™"). So to compare ISg)(no)l with |S,(<l)(n0 +vopth)|, it is enough to
compare the number of terms divisible by p’ in the set

ng+1,...,(nog +vop™ = 1)? + 1)
with the number of terms divisible by p' in the set
(o +k+ 12 +1,...,(ng+k+vop'™H*+1}.
Consider the following three subcases.

Subcase 2.1. 1 <r<p' —vyp'~'. In this case, we choose the same ng as in case 1.
Since k+1=r (mod p') and 1 <r < p' —vop'!, we have k+ j=r+ j—1 (mod p')
and 1 <r+j—1<p'—1forall 1 <j<vyp'~'. Hence there is no term of the form
(no + 11p")* + 1 and at most one term of the form (ng + (X, + 1,p"))* + 1 in the set

{(no+k+ 12 +1,..., g+ (k+vop™"))* + 1}, where 1,1, € N. On the other hand,
by Lemma 3.1 the terms n(z) + 1 and (n9 + X,4)* + 1 are the only two terms divisible by
plinthe set {n} + 1,..., (ng + vop"™' = 1)* + 1}. Consequently,

1S (no + vop" O < IS (no)| — 1.
Thus fi(ng + vop'™") < fi(ng) — 1 as required.

Subcase 2.2. pl—vop!~' <r<p'—1 and 1<vy<(p—1)/2. We can choose a
suitable ng such that

(ny + vopl_1 —1)?+1=0 (mod pl)

and
(no +vop"™" =1 -X,)*+1=0 (mod p).

By Lemma 3.1, the terms divisible by plin the quadratic progression {(ng + i)* + 1}
must be of the form (ng + vop™ — 1 + 1;p)? + Lor (ng + vop'™' =1 = X,y + rp')* + 1,
where 1,1, € N. Since k+ 1 =r (mod p') and p! —vop" ! <r<p'—1 with 1 <vy <
(p-1)/2, wehave k+ j=r+ j— 1 (mod p') and

p+1

vop't+ 1< Prlat<sp —vop T +1<r+j—1<p +vpt -2
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for all 1 < j <vop'~!. Hence there is no term of the form (ng + vop'™' = 1 + 1, p)*> + 1
and at most one term of the form (ng + vop™' — 1 = X,y + 1,p")* + 1 in the set {(no +
k+1)2+1,...,(ng+k+vop™")? + 1}, where #,, t, € N. Furthermore, the two terms
(no+vop!™' =12+ 1and (ng +vop'~' =1 -X pz)2 + 1 are the only two terms divisible
by p' in the set {ng +1,...,(ng+vop'~t = 1) + 1}. Therefore, |S,(<l)(n0 +vopih <
15" (no)| = 1. That is, fi(no + vop'™") < fi(mo) — 1 as desired.

Subcase 2.3. pl —vop"™t <r<p' =1 and vo=(p+1)/2. Then ((p — )/2)p'' <r<
p! — 1. We partition the proof of this case into the following three subcases.

Subcase 2.3.1. (p— D/2)p" ' <r<X - In this case, we pick a suitable ng such that

-1 _

12
(n0+ ) +1=0 (mod pl)

and
-1

2

2
(o + +X,) +120 (mod p).

By Lemma 3.1, terms divisible by p’ in the quadratic progression {(ng + i)*> + 1}ien
must be of the form (ng+ (p"' = 1)/2+1,p)> +1 or (ng+ (P~ =1)/2+ Xy +
trp')? + 1, where t;,, € N. Since k+1=r (mod p’) and ((p — 1)/2)p""! < r< Xy,
we have forall 1 < j <vop'!thatk+ j=r+ j— 1 (mod p') and

Flo1 p-1 -1
P 5 <prH<r+j—1sszJrvopH—lsp +vopl_l—l
-1
;o p -1
=p + - 1.
P 2
Hence there is no term of the form (ng + (p'~' = 1)/2 + t; p)> + 1 and at most one term

of the form (ng + (p"™' = 1)/2 + X,y + t,p')* + 1 in the set
{(no+k+ 12 +1,...,(ng+k+vop™)* +1},

where 11, t, € N. On the other hand, since

-1 _ -1 _ I _
p 1 p 1+p 1<p+1

5 + Xy < 3 ) Pl —1=yp' ™ =1,

the terms (ng + (p"' = 1)/2)* + 1 and (ng + (p"' = 1)/2 + X,»)* + 1 are just the only
two terms divisible by p’ in the set {n} + 1, ..., (ng + vop'~' — 1)* + 1}. Therefore,

1S P no + vop' M1 <18 Vo)l - 1.

Thus fi(ng + vop'™!) < fi(ng) — 1 as required.
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Subcase 2.3.2. X,y <r < vop'~'. We choose the same n as in case 1. Since
k+1=r (mod pl) and (vo— l)pl_1 <Xy <r< vopl_l,
we have k + j=r+ j— 1 (mod p') and
Xy <r+j-1 <pl+pt-1 <pl+sz forall 1 < j<wp™.

Thus there is no term of the form (ng + X, + 1, pH? +1 and at most one term
of the form (no + tLp")> + 1 in the set {(ng +k+ 1>+ 1,..., (no + k+vop'™1)? + 1},
where 71, 1, € N. Therefore |S " (g + vop'))| < IS " (no)| - 1. That s, fi(no + vop'™") <
fi(ng) — 1 as desired.

Subcase 2.3.3. vop'~' <r < p' — 1. Then we select the same integer ny as in subcase
2.2. Since
k+1=r(modph and vop"'<r<p' -1,

we have k + j=r+ j— 1 (mod p') and
-1 . ! -1 ; -1
vop' <r+j-1<p +vpT =2 foralll <j<vyp~.

Hence there is no term of the form (ng + vop'™' = 1 + #;p")*> + 1 and at most one term
of the form (ng + vop"™' = 1 = X,y + 1,p")* + L in the set {(ng + k+ 1)* + 1,..., (no +
k +vop'™')? + 1}, where 11, 1, € Z. This implies that |S (9 + vop' ") < IS " (o) - 1.
Thus fi(ng + vop'™!) < fi(ng) — 1 as required.

The claim is proved and so the proof of Lemma 3.4 is complete. O

4. Proof of Theorem 1.1 and application

Using the lemmas presented in previous sections, we are now in a position to prove
Theorem 1.1.

Proor or THEorEM 1.1. First, g; is periodic by Lemma 2.1. By (2.5),

R

p=1 (mod 4)
PIR

_ 2((—1)k+1)/2 . Ry 1_[ Ppi

2200 T p=3 mod 4y P ™ _noa 4y P
PIRk
I S
- vp(Ry) T :
[Tp=1 (mod 4 £ P A

DRy

By Lemma 3.3, we know that there is at most one prime p = 1 (mod 4) such that p | Rk
and v, (k + 1) > v,(Rp).
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If there is exactly one prime p = 1 (mod 4) such that p | Ry and v,(k + 1) > v,(Ry),
then for such prime p, Lemma 3.4 tells us that P,;=1. For all other primes
g=1 (mod 4) with g | Ry, we obtain by Lemma 3.4 that P,; = ¢"®. In this case,
Ay = p»®) Then Py = Qy/p"»®). Notice that v,(Ry) = v,(Qy) for such prime p.
Hence P; = Qi/p*»'% in this case.

If there is no prime p = 1 (mod 4) satisfying p | Ry and v,(k + 1) > v,(Ry), then for
all primes ¢ = 1 (mod 4) with ¢ | Ry, we have P,y = ¢"® and so Ay = 1. Therefore
P = O in this case. This completes the proof of Theorem 1.1. O

By Theorem 1.1, we can easily find infinitely many positive integers k such that
P, = O as the following two examples show.

Exampre 4.1. If k + 1 has no prime factors congruent to 1 modulo 4, then P, = Oy by
Theorem 1.1. For instance, if k + 1 equals 6" with r a positive integer, or is a prime
number congruent to 3 modulo 4, then P = Q.

ExampLe 4.2. Let a and b be any two positive integers. If k is an integer having
the form k = 3%5” — 1, then Py = Q. In fact, since k = 395" — 1 > (5*! — 1)/2, the
congruence x> +4 =0 (mod 5°*!) has at least one root modulo 5**! in the interval
[1, k]. So

vs(Ry) = vs(lemy<ir{i(i* + 4} = b+ 1> vs(k + 1) = b.

Then Py = O by Theorem 1.1.

On the other hand, there are also infinitely many positive integers k such that Py
equals Q. divided by a power of one prime p = 1 (mod 4). The following proposition
gives us such example.

Prorosition 4.3. Ifk + 1 is a prime congruent to 1 modulo 4, then Py, = Qi/(k + 1).

Proor. For any integer 1 <i<k, since k+ 1 is a prime congruent to 1 modulo 4,
implying that k > 4, we obtain i* + 4 <k* + 4 < (k + 1)>. Note that k + 1 is a prime.
Hence vi.1 (i + 4) < 2. Then, by (3.1),

Vi1 (R) = max{vg, (2 + 4)} < 2.
1<i<k

In addition, there is an integer x € [1, k] satisfying x*> + 4 = 0 (mod k + 1). In other
words, max; <j<{ve.1(i> + 4)} > 1. Thus

Va1 (Re) = max{vis (i + 4} = 1 = v (k + 1).
1<i<k

Then Proposition 4.3 follows immediately from Theorem 1.1. |

In concluding this paper, we give an interesting asymptotic formula as an
application of Theorem 1.1.
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ProrosiTion 4.4. Let k be any given positive integer. Then the following asymptotic
formula holds:

log lemg<; < {(n + i)2 +1}~2(k+1)logn asn— oo.

Proor. By Theorem 1.1, g is periodic. So for all positive integers n, grp(n) < M :=
max<p,<p,{8k(m)}. Hence

log(ﬁ((n +i)* + 1)) —log M < log lemo<;t{(n + i)* + 1} < IOg(ﬁ((n +i + 1)).

i=0 i=0
Since
k k . K
2% 2+1
log( (n+ i) + 1))—logM:2(k+ 1)10gn+Zlog(l P22 )—logM,
=0 =0 h n

it follows that

log(TTEo((n+ > + 1)) —log M |

I
s 20k + 1) logn
Note that .
_log(TTise((n +)* + 1))
lim =1.
n—oo 2(k+1)logn
Therefore
. loglemoci<i{(n + i)2 + 1}
lim =1
n—oo 2(k+ 1)logn
as desired. The proof of Proposition 4.4 is complete. O
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