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ON THE MODIFIED FUTAKI INVARIANT
OF COMPLETE INTERSECTIONS IN
PROJECTIVE SPACES

RYOSUKE TAKAHASHI

Abstract. Let M be a Fano manifold. We call a Kéhler metric w € ¢1(M)
a Kéahler—Ricci soliton if it satisfies the equation Ric(w) —w = Lyw for some
holomorphic vector field V on M. It is known that a necessary condition
for the existence of Kahler—Ricci solitons is the vanishing of the modified
Futaki invariant introduced by Tian and Zhu. In a recent work of Berman
and Nystrom, it was generalized for (possibly singular) Fano varieties, and the
notion of algebrogeometric stability of the pair (M, V) was introduced. In this
paper, we propose a method of computing the modified Futaki invariant for
Fano complete intersections in projective spaces.

81. Introduction

Let M be an n-dimensional Fano manifold, that is, M is a compact
complex manifold and ¢;(M) is represented by some Kihler form w on
M. If we take holomorphic coordinates (2!, ..., 2") of M, w and its Ricci
form Ric(w) are locally written as
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Since both w and Ric(w) are in ¢;(M), Ric(w) — w is an exact (1, 1)-form.
Therefore, there exists a real-valued smooth function x on M such that
Ric(w) —w = E@é/{.
2

Let g be the Lie algebra consisting of all holomorphic vector fields on
M. Then, any V € g can be lifted to the anticanonical bundle —Kjp; of
M, and naturally acts on the space of Hermitian metrics on —Kjp;. Let
h be a Hermitian metric on —Kj; such that w= F@a log h, and let
pn,v be the holomorphy potential of the pair (h, V) deﬁned by this action
(cf. Definition 2.2). Then, we can easily check that

VI

lyw = Tauh Vv
s

—Appny + pny + V(k) =0,

where Ay = —g denotes the 0-Laplacian with respect to w. A metric

18 7
w is called a Kahler—Ricci soliton if it satisfies the equation

Ric(w) —w = Lyw

for some V € g, where Ly denotes the Lie derivative with respect to V.
This is equivalent to the condition k= pp 1y (up to an additive constant).
In particular, in the case when V =0, this metric is a well-known Kéahler—
Einstein metric. An obstruction to the existence of Kéahler—Ricci solitons
was first discovered by Tian and Zhu [TZ02]. Let F be a function on g

defined by
1
FV)=— / etnvn,
W) =—can Ju

and define the modified Futaki invariant Futy (/) as the Gateaux differen-
tial of F at V in the direction W, that is,

1
T a)r /M pn e "
t=0

1
= —— Wk — elnV™,
ci (M) /J\/[ (k= pnv)

d
Futy (W) = — F(V + W)

Hence, if there exists a Kahler—Ricci soliton w with respect to V', then we
have k= ppy (up to an additive constant), and Futy (W) must vanish.
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Tian and Zhu showed that Futy (W) is independent of the choice of w €
c1(M). (In the case when V =0, this function coincides with the original
Futaki invariant, and its independence was shown in [Fut83].) Recently,
Berman and Nystrom [BN14] generalized this obstruction to arbitrary Fano
varieties (i.e., projective normal varieties with log terminal singularities
and satisfying the property that —Kjs is an ample Q-line bundle), and
introduced the notion of K-stability for the pair (M, V). (Wang, Zhou and
Zhu [WZZ14] also defined the slightly modified notion of K-stability inspired
by the algebraic formula for the modified Futaki invariant in [BN14].) It is
important to examine the sign of the modified Futaki invariant, since we can
know whether ¢ (M) contains a Kéhler-Ricci soliton or not if we examine
the sign of the modified Futaki invariant on the central fiber for any special
test configuration, that is, check the K-polystability.

Chen, Donaldson and Sun [CDS15] and Tian [Tianl5] proved that if
M is K-polystable, there exists a Kahler—Einstein metric. In the case
of Kéahler-Ricci solitons, Berman and Nystrom [BN14] showed that if
M admits a Ké&hler-Ricci soliton with respect to V, then (M, V) is K-
polystable. They also showed that if M is strongly analytically K-polystable
and all the higher-order modified Futaki invariants of (X, V') vanish, then
there exists a Kahler—Ricci soliton with respect to V, where strongly
analytically K-polystable means that the modified K-energy is coercive
modulo automorphisms. However, it is still an open question whether the
K-polystability of (M, V) leads to the existence of a Kahler—Ricci soliton
with respect to V.

Motivated by the above reasons, we propose a method of calculating
the function F (therefore, the modified Futaki invariant Futy as well) for
Fano complete intersections in projective spaces. The main theorem of this
paper is as follows.

THEOREM 1.1. Let M be a Fano complete intersection in CPY, that is,
M is an (N — s)-dimensional Fano variety in CPN defined by homogeneous
polynomials F1, ..., Fys of degree dq, . .., ds respectively, and

VLo (S i
w:?(‘?alog ;\ﬂ

is the Fubini-Study metric of CPN. We suppose that there exists a constant
m > 0 such that mw € ¢i(M). Let V € sl(N + 1,C) be a holomorphic vector
field on CPN such that VF; = o;F; for some constants o; (i=1,...,s).
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Then, we have m=N+1—dy —---—ds, and the function F can be
written as
N —s)!
Fvy= =)

dy - - dgmN =

(1.1) X exp (Z ozi> / H(diw + d;60y — ozi)emev e
i=1 c

N
Py

where Oy :=V log(Zi]io ‘ZiP)-

From the above theorem, we know that F (V') can be written as a linear
combination of the integrals Ip; :=m' [pn (B1)'e™Vw™ (0 <1< s).

Although we can easily get a method of computing F using the localiza-
tion formula for orbifolds in [DT92], our formula (1.1) is still valuable since
we need not assume that M has at worst orbifold singularities. Moreover,
we also do not require the explicit geometric knowledge of M, V and w
(local coordinates (uniformization), the zero set of V', curvature, etc.). More
concretely, in order to apply the localization formula in [DT92] directly to
our case, we have to know the following.

(1) The zero set Zero(V) of V, where we assume that Zero(V') consists of
disjoint nondegenerate submanifolds {Z;}.
(2) The values of integrals

e (w+9V)
/Zi det(LiV\/ + Kl)’

where L;y(W):=[V, W] denotes an endomorphism, and Kj; is the
curvature matrix of the normal bundle of Z;.

If s(=codim(M)) =1 and dim(Z;) =0, the above integral can be com-
puted by taking local coordinates (or uniformization) around Z;. However,
it is very hard to compute in general.

The Futaki invariant of complete intersection was first computed by
Lu [Lu99] using the adjunction formula and the Poincaré-Lelong formula.
Then, it was also computed by many mathematicians using different
techniques (see [PS04, Hou08, AV11]). Lu [Lu03] also computed the mod-
ified Futaki invariant for smooth hypersurfaces in projective spaces. Our
formula (Theorem 1.1) extends Lu’s result [Lu03] for (possibly singular)
Fano complete intersections of arbitrary codimension. Compared with the
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Kéahler—Einstein case [Lu99], our formula has in common that F(V) is
expressed by the degree dy, ..., ds of defining polynomials of M and the
weights aq, ..., ag of the actions induced by the vector field V. However,
we need more knowledge of V' to compute the integrals I; (0 <1< s) (see
Section 5 for more details).

In this paper, we prove the main theorem (Theorem 1.1) based on the
calculations in [Lu99, AV11]. In Section 2, we review some fundamental
materials and results for Kahler—Ricci solitons. The standard references for
(holomorphic) equivariant cohomology theory are [BGV92, Hou08, Liu95].
We introduce an algebraic formula for F with reference to the quantization
of the modified Futaki invariant studied in [BN14]. In Section 3, we give a
proof of Theorem 1.1 by the Poincaré-Lelong formula. Then, in Section 4,
we also give another proof of Theorem 1.1 using the algebraic formula for
F (cf. Proposition 2.8). Finally, we give examples of computation of F in
Section 5.

§2. Preminaries

2.1 Holomorphic equivariant coholomogy

Let M be a complex manifold, and let G be a Lie group acting
holomorphically on M. Denote g := Lie(G) the Lie algebra of G. Then, for
each £ € g, we denote by 5}13[ the real holomorphic vector field on M given by

SiN0) = GHew (1) p) . FECT(0), pe,

and by &y = (&8, — vV=1JE5,) the complex holomorphic vector field on
M. Let C[g] be the algebra of a complex-valued polynomial function
on g. We regard each element in C[g] ® A(M) as a polynomial function
which takes values in differential forms. The group G acts on an element

o€ Clg] ® A(M) by

(g-0)(&)=g-(c(g7"-¢), geGandey.

Let Ag(M) = (Clg] ® A(M))® be the space of G-invariant elements in
Clg] ® A(M). For o € C[g] ® A(M), we define the bidegree of o by

bideg(c) = (deg(P) + p, deg(P) + q),

where 0 =P ® ¢ (PeClg] and ¢ € A»9(M)). For instance, bideg(§) =
(1,1). Thus, Ag(M) = @ A%Y(M) has the structure of a bigraded algebra.
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We define the equivariant exterior differential 9y on Clg] ® A(M) as

(940)(8) = 0(0 (&) + 21V —1Lig,, (0(€)), o € Clg] ® A(M).

Then, 9, increases by (0,1), the total bidegree on C[g] ® A(M), and
preserves Ag(M). Hence, we have a complex (Ag(M), 0y).

DEFINITION 2.1. The holomorphic equivariant cohomology Hy(M) of
the pair (M, G) is the cohomology of the complex (Ag (M), 9y).

Let E be a G-linearized holomorphic vector bundle over M, and let
Herm(FE) be the space of Hermitian metrics on E. The group G acts on
Herm(FE) by the formula

(g-h)(u,v)=h(g™ - u,g ' -v), g€Gandu,vecFE.

Hence, for € € g, we define the real Lie derivative of g on Herm(F) by

d
L]§h == exp(t&) - h .

and the complex Lie derivative of g on Herm(M) by
Leh = L(L¢h — V/—=1L5h).

We can also define the representation of g on the space of sections I'(E) in
a similar way. Let V be the Chern connection with respect to h, and put

Phe = Le — Ve,

Since pne(fs)=&muf s+ f-Les—&uf-s—f-Veus=f-une(s) for any
feC>®(M) and s € T'(E), we have up¢ € I'(End(E)). Moreover, one can
show that
. . v—15
Lgh = —Hhpc¢- h, 15M0(h) = —Hhg and ZgM@(h) == ?8%’5,
where 0(h) = 0h - h~! is the connection form and ©(h) = gé(@h -h) is
the curvature form with respect to h. Define the equivariant curvature form
©g(h) by
Og(h) =O(h) + pne-

Then, O4(h) is Jy-closed and defines an element in Hgl’l(M).
Now, let us consider the case when F = L is a G-linearized ample line
bundle. Then, puj ¢ is a complex-valued smooth function on M.
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DEFINITION 2.2. The function pup¢ is said to be the holomorphy
potential of the pair (h, &).

2.2 Kahler—Ricci soliton
Let M be an n-dimensional Fano manifold.

DEFINITION 2.3. A Kéhler metric w on M is a Kéhler—Ricci soliton if
the metric w solves the equation

(2.1) Ric(w) —w = Lyw

for some holomorphic vector field V on M.

If the pair (w, V) is a K&hler—Ricci soliton, taking the imaginary part
of (2.1) yields Linvyw=0, so w is invariant under the group action
generated by Im(V'). More generally, we have the following proposition.

PROPOSITION 2.4. [BN14, Lemma 2.13] Let M be a Fano manifold, and
let V' be a holomorphic vector field on M. If there exists a Kdhler metric
w that is invariant under the action of Im(V'), then there exists a complex
torus T acting holomorphically on M such that Im(V') may be identified
with an element in the Lie algebra of the corresponding real torus T C Tk.

Proof. First, we check that the isometry group K of w is a compact
Lie group. This is shown by considering the canonical embedding M —
H°(M, —kK ) and the K-invariant Hilbert norm

Is])? := /M sPw (s € HY(M, —kKy)).

Actually, K is identified with a subgroup of the group consisting of unitary
transformations on H°(M, —kKjs) with respect to || - ||, which yields that
K is compact. Taking the topological closure of the 1-parameter subgroup
generated by Im(V') in K, we get a real torus 7" as desired. In general, any
holomorphic action of a real torus on M can be naturally extended to the
corresponding complex torus action on M. 0

2.3 Modified Futaki invariant
Let M be an n-dimensional Fano variety. For simplicity, let us make the
following assumptions.
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(1) M is a compact subvariety of a projective manifold N.
(2) L is an ample line bundle on N such that on the regular part M,c, of
M the isomorphism

(2.2) LMoy =~ —k Ky,

holds for some integer k.
(3) The Lie group G := Aut(M) acts on (N, L) such that the isomorphism
(2.2) is G-equivariant.

REMARK 2.5. In fact, M can be embedded into
CPN ~PHO (M, —kKp)*
for a sufficient large k, and (CP™, O(1)) satisfies the requirement above.

We say that V' is a holomorphic vector field on a Fano variety M if V is
a holomorphic vector field defined only on its regular part M;es. Then, V'
induces a local one-parameter family of automorphisms, which extends to a
family of G since codim(M\ M,g) > 2 by the normality of M (cf. [ BBEGZ11,
Lemma 5.2]). Thus, by the assumption (3), V' is given as the restriction of
some holomorphic vector field on N to M.

DEFINITION 2.6. A Hermitian metric h on —Kj;. . is said to be

reg

admissible if h* can be extended to a Hermitian metric h; on L over N
under the isomorphisms (2.2).

Let h be an admissible Hermitian metric on —Kyy,,,, and put w:=
—g@é log h. For holomorphic vector fields V, W, we define the function
F as

1
2.3 F(V)=— / elth,V
(2.3) (V) (M) .,

and the modified Futaki invariant Futy by
= ! / Hh We'uh’vwna
t=0 1 (M)TL Mreg 7

where pp, v denotes the holomorphy potential of (h, V) defined on M;e,.
Since the construction of equivariant Chern curvature form is local,

(24)  Futy (W) = %}"(VHW)

TSuch a vector field was called an admissible vector field in [DT92, Definition 1.2].
However, the above argument implies that every holomorphic vector field on M;eg is
automatically admissible (see also [BBEGZ11, Remark 5.3]).

https://doi.org/10.1017/nmj.2016.16 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.16

194 R. TAKAHASHI

if : Myeg — N is the embedding, we obtain

V)=~ o /M FOulls = Hase))

_ 1 i* GQ(BL7 L)
 aM)n /Mreg r < k )
1 O4(hr, L)
(M) /Mreg F < k > 7

where P(z) := nle?, and this shows that the integral (2.3) is finite. Moreover,
using the equivariant Chern—Weil theorem, we can show the following.

THEOREM 2.7. [Hou08, Section 2.3] The functions F and Futy are
independent of the embedding M — N and the choice of an admissible
Hermitian metric h on —Kpy,,, -

On the other hand, a pluripotential theoretical formulation of Futy
was introduced by Berman and Nystrom [BN14]. They also introduced
the quantized version of the modified Futaki invariant, which is defined
more algebraically in terms of the commuting action on the cohomology
H°(M, —kKy). Let V be a holomorphic vector field on M generating a
torus action, and put

Ny :=dim(H° (M, —kKyy)).

We define the quantization of the function F at level k as

k
(2.5) Fi(V):= —kTrace(ev/k)HO(M’_kKM) =—k Z exp(v( )

(k)

where (v;’) are the joint eigenvalues for the action of Re(V) on
HO(M, —kK)s) defined by the canonical lift of V to —Kj;. Additionally,
let W be a holomorphic vector field on M generating a C*-action and

commuting with V. We define the quantization of Futy (W) at level k as

d (k)
(2.6) Futy x(W) = — F(V + tW) =_ Z exp(v; /k)w
where (vgk),wl(k)) are the joint eigenvalues for the commuting action of

Re(V) and Re(W). Then, we have the following.
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PROPOSITION 2.8. In the case when M is smooth, we have the following.
(1) We have the asymptotic expansion of Fi(V) as k — oco:
Fi(V)=FOW) k- FOW) g g
where FO(V) is proportional to F(V).
(2) We have the asymptotic expansion of Futy (W) as k — oco:

Futy (W) = Fat® (W) - 7+ + Futl)(W) - k7 + -+ |

where Futg)(W) is the ith-order modified Futaki invariant defined in
[BN1}, Section 4.4/, and Futg))(W) is proportional to Futy (W).

(3) The ith-order modified Futaki invariant Futg)(W) is the Gateaux
differential of F@ at V in the direction W, that is,

d 3 %
ZFEV W) =Pa) (W),
t=0

In general, when M is a (possibly singular) Fano variety, we have the
following.

()

1
Futv(W) = klgilo mFutV’k(W).

Proof. The statements (2) and (5) were shown in [BN14, Section 4.4].
The statement (3) is trivial from the definition of Futy, v (W).

(1) As with the proof of (2) (cf. [BN14, Section 4.4]) or [WZZ14,
Lemma 1.2], F;(V) can be calculated by the equivariant Riemann—Roch
formula as

Fr(V) = —kTrace(ev/k)HO(M’_kKM)

~ K / b (— Ky )tdS (M)
M
= —k / etV . ekt ds (M)
M
1

=-—= etnv i n L gt 4 O(k"),
n't M
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where ch? (respectively td?) denotes the equivariant Chern character
(respectively the equivariant Todd class). Thus, F(O (V) = cl(nij\,@n -F(V).
(4) By definition, (V') can be written as

1
F(V)=— eth vt = —/ vV,
V) c (M)" /M R

is the push-forward measure of the Monge-Ampére measure

where Y

# under pp, . Let I/X be the spectral measure on R attached to the
infinitesimal action of Re(V) on H°(M, —kK):

L
V_ _~
1=

where ¢ o) /1 denotes the Dirac measure at v(k)/k:. Then, by [BN14,

\%

Proposition 4.1], uk converges to ¥ as k — oo in a weak topology. Hence,

we have

1
kT\fk :——Zexp WOE /Me”u,gﬁ—/Re”uV:

as k — oo. 0

REMARK 2.9. When M is smooth, by the equivariant Riemann—Roch
formula, we have an asymptotic expansion as k — co:

(2.7) N = S er(M)" -k + O(k" ).

n!

Combining with Proposition 2.8(1), we have

(2.8) —]—“k(V) F(V)+0(k™)

kN,
as k — oco. In general, when M is a (possibly singular) Fano variety, we
do not know whether we can obtain the expansion (2.8). However, Proposi-
tion 2.8(4) allows us to use the equivariant Riemann-Roch formula formally
to compute the leading term of (2.8) (i.e., the limit limg_, o ﬁf;@(‘/)) even
if M has singularities.
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83. The calculation of the function F

Let M be an n-dimensional variety in CPY, and let X be a holomorphic
vector field on CPY. Then, X can be identified with a linear vector field

vajzo aijzi% on CNT1 and the traceless matrix (a;j)o<ij<n € SU(N +
1,C), such that the push-forward of Zgjzo aijzi% with the standard

projection 7 : CN*t1 — {0} — CP" is equal to X.
For a holomorphic vector field X, we define a complex-valued smooth
function on CV*1 — 0 by

N
(3.1) Ox =X (log (Z |ziy2>> :
=0

which descends to a smooth function on CPY. Let

N
w= \/2j185 log (Z |zi|2> €c1(0(1))

T i=1
be the Fubini-Study metric of CPY. Then, we have
V=1
27
We say that X is tangent to M if Re(X) leaves M invariant. If M is
a hypersurface defined by a homogeneous polynomial F' of degree d, X is
tangent to M if and only if X fixes [F] € P(H'(M, O(d))), or, equivalently,

X F =~F for some constant . For any X that is tangent to M, equation
(3.2) can be written as

(3.2) IxW = 00x.

=00 - 0
3.3 Xi=giZZX (i=1,... x=S x_=
at some smooth point in local holomorphic coordinates (z', ..., z™) of M,

where (g;;) is the matrix of w.

Now, let M be a Fano complete intersection in CPY defined by the
homogeneous polynomials Fy, ..., Fy of degree dq, . .., ds respectively, and
suppose that mw € ¢ (M) for some constant m > 0. Let X be a holomorphic
vector field tangent to M, and let G be the Lie group generated by X. Using
the adjunction formula, we know that m=N+1—-d; —--- —ds and

(34) _KMreg = O(m)|Mreg7
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where we remark that this isomorphism is not G-equivariant. However,
studying the G-action on the normal bundle of M, Hou [Hou08, Section 3]
(also refer to [Lu99, Theorem 4.1]) showed the following.

LEMMA 3.1. Let h be the Hermitian metric on O(1) such that w=

—g@g log h is a Fubini-Study metric of CPYN, and let V be a holomorphic
vector field such that

for some constants a; (i=1,...,s). Then, we have
S
(3.5) Hpm v = Z o+ mGV,
i=1

where h'™ s the Hermitian metric on —Kyy,,, defined via the isomor-
phism (5.4).

Let V' be a holomorphic vector field defined in Lemma 3.1. We set

N;:={F;=0}cCPY (i=1,...,s)
and M;:=N;N---NN; (i=1,...,s). Then, we have
M=M,CMy_,C---CM CM:=CPV.
We define the integrals Ij,; = I, (V) (k=0,1,...,s,1>0) by
(3.6) Iy =m! (Oy ) emOv Nk,
My,
LEMMA 3.2. Fork=1,...,s, I;o satisfies

dy,
N—-k+1

maog

) I 10+ I 1.

Proof. We can prove (3.7) in the same way as [Lu99, Lemma 5.1]. Define
a smooth function & (i=1,...,s) on CPN by
L1
(2, )"
Using the Poincaré—Lelong formula, we obtain

2;135 log & = [Ni] — dyw,

™

&=
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where [Nj] is the divisor of the zero locus of Fj. Then, we have

Ik;,O — / emOVwN—k
My,

J—_1 _
= / <88 log & + dkw) A eV Nk
My_1 27T
/ 788 log &, A ™0V Nk 4 diIr—10.
M1

On the other hand, using the relation
Vlog & = ay — dify

and integrating by parts, we obtain

/ 788 log & A eV Nk
M1

m
- V(lo emeva—lH—l
N—k+1/Mk_1 (log &)
maoy dp

=——1I; ——— I 1.
N kil k 1’O+N—k+1 k—1,1

Thus, we get the desired result. 0
If we set V =0 and [ =0, then we obtain the following.

COROLLARY 3.3.

(3.8) e (M)N=s (— mNS/ wNS> =dy - -dsm"N 5.
M

In order to get the explicit expression of I}, o, we show the next lemma.

LEMMA 3.4. Fork=1,...,s, the equation

k
N — k)!
(WLN_k) /(CPN H(dlw + dlev — ai)eﬂwv . MW

(N —k—1)!
+ TNk Z/(CPN difly — o)
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H (dpw + dpby — )™V - ™

pe{L,....k}—{i}
(N—k—1)! moy mw
(3.9) = /CPNHdw—i-dQV—ogz) ‘e
holds.
Proof. For i= , k, we define integrals J; by

k

/ H(diHV — ;)™ (when i =0),
CPN i=1

7. dy - dyg / e™vwN  (when i =k),

i CcPN

Z dpl T dpz‘ / (d(I19V - ath)
cPN

1<p1<-<pi<k

x - (d

a0 — ag,_)emVwN  (otherwise),

where g1 < -+ <gqg—;and {q1, ..., qk—i} ={1,..., k} —{p1,..., pi}. Then,
the direct computation shows that

k k—i
o mby | mw _ (N_k)'m .
me /CPNHdw+d9V a;)e™V e z; &

and

H (dpw + dpby — )™V - ™

pE{l,...,k}—{i}
— (N =k =)k —i)ymk~ 7
P (N —i)! v
Hence, the left-hand side of (3.9) is
k k—i
Z N k — b
= —i—1 7Y
which is equal to the right-hand side of (3.9). [
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LEMMA 3.5. Fork=1,...,s, I;o can be written as
k
(N —k)! / 0
3.10 Iho=——— d; dify — a;)e™V - ™,
( ) k,0 mek CPN q( ney + AV az)@ e

Proof. We will prove (3.10) by induction for k. When k =1, equation
(3.10) coincides exactly with (3.7), so the statement holds.
Next, we assume that (3.10) holds for a fixed k. Then, by Lemma 3.2, we

have J
may K
Iyy10= <dk+1 - N _Jz) Iy + ﬁfk,l-

Since Oy 4y = Oy + tOy, (V + tV)Fi = (Ozi + tOzi)Fi and

d
7(diw + dify v — a; — toai)

:dlg — Gy,
dt voa

t=0

using the induction hypothesis, we have

k
Mmeg41 (N —k— 1)' mo mw
N k0= NR opn P E(dz‘w + difly — ;)e™V - e
and
di41 dpv1  d
I 1 = c—Tpo(V +tV
N T N g gV >t:0
k
(N —k—1)! /
=dp1———F— difly — a;
+ mN—k ZZ} (CPN( )
X H (dpw + dpfy — p)e™V - ™
k
(N—-Ek-1)! / 0
—_— dp110 d; dify — a;)e™V - e™,
+ N1 [y B vg( w+ difly — ;e e

Hence, combining with Lemma 3.4, we obtain

(N —k—-1)!
Ii+1,0 = dg41 (the LHS of (3.9)) + ~—Fx—%—— (dis10y — vprr)
m cPN
k
(diw + di@v — ai)eme" . e
=1

X

(2
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E+1
(N —k—1)! / )
v (d; d;0y — méy
N (CPNll w + dify — a;)e ce™

Hence, the statement holds for k + 1. 0

Proof of Theorem 1.1. By Lemma 3.1, F can be written as

‘F(V) = _01(1\41)]\[8 /M exp (Z a; + mGV) (mw)N_S

=1
N s

= 1( N S - exp <Zaz> 5,0

Thus, combining with Corollary 3.3 and Lemma 3.5, we get the desired
formula for F. N

84. Another proof of Theorem 1.1

In this section, we give another proof of Theorem 1.1 using the algebraic
formula for F (cf. Proposition 2.8).

LEMMA 4.1. [AV1l, Lemma 5.1] Let B be a holomorphic vector bundle
of rank b on a manifold M, then

b

D (=1)'ch(A'B) = ¢p(B)td(B) !

=0

Proof. Let 71,...,7, be the Chern roots of B. Since ch(A'B*)=
2 1<pr<-<pi<h € ~(ror+47:) e obtain

b b
S DB == Y e )
1=0 1=0 1<p1 < <p;<b
b
=JJa-em™
p=1
b b
1—e™r
=111 r
p=1 p=1 p
= ¢p(B)td(B) ! 0
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Now, let M be an (N — s)-dimensional Fano complete intersection in
CPN, that is, M is a Fano variety in CPY defined by homogeneous
polynomials Fi, ..., Fs, and V is a holomorphic vector field on CPYN
tangent to M. We adopt the notation of Section 3. We further assume
that V € sl(N + 1, C) is a Hermitian matrix, so that Im(V) is Killing with
respect to the Fubini-Study metric w.

LEMMA 4.2. [AV11, Lemma 5.2] We have the following asymptotic
expansion of Ny as k — oo:

dy - - dsmN—s

(4.1) Ne= "

i kN_s + O(k’N_S_]').

LEMMA 4.3. We have the following asymptotic expansion of Fi(V) as

k — oo:
Fi(V) = —exp | D / [[(diw + diby — a;)em™v
i=1 CPN
(4_2) Cew . kN—s—I—l + O(k‘N_S).

Proof. This proof is essentially based on the argument in [AV1I,
Lemma 5.3]. The only difference between Lemma 4.3 and [AV11, Lemma 5.3]
is the linearization of —Kj;, to which we have only to pay attention. In
order to avoid confusion, let L(~ O(m)) be a linearized line bundle on CPV
such that L|ps is isomorphic to —K)s as a linearized line bundle whose
linearization is determined by the canonical lift of V/k to —Kjy.

Let C_,, /& be a trivial bundle on CPN with linearization ¢ - u = t~®/k . 4.
Set L; :=O(d;) @ C_,,/,and B := L1 @ - - - © Ls. Then, rank B = s, and the
section F:= (F, ..., Fs) € H'(CPY, B) is invariant. Since M is complete,
the Koszul complex

0= AB* A 'B* ... = B* = Ocpy — Oy =0

is exact and equivariant, where Oj; denotes the structure sheaf of M.
Tensoring by L* preserves the exactness and equivariance, so we obtain

s
XM, L¥ar) =) (~1)'x3(CPY, LF @ A'BY),
=0
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where x? denotes the Lefschetz number. By the equivariant Riemann—Roch
formula and Lemma 4.1, we get

]-“k(V):—k:Z X8 (CPN, LF @ AN'B*)
= —k Z(—l)i / ch? (A B*)eFdDrqs(CcPN)
- (CPN

= —k (z(—nichﬂ(NB*)) ehigqe(cpN)
CPN

=0

= —k / S(B)td8(B)LeFiDas(cpN)
CPN
_ T (g8 _ YN q8(BY ek D g8 (cpN
k/CPNil_[l(d,cl(O(l)) k) £d#(B) Lkt (Des(C PN,

Let h be a Hermitian metric on O(1) such that w = F@@ log h is the
Fubini-Study metric of the CPY. Then, by Lemma 3.1, the equivariant 1st
Chern forms for (h, V/k) and (™, V/k) are written as

1 m 1O
w+ EQV € c}(0O1)) and mw + ?9\/ + z ; a; € (L)

respectively. Both td?(B)~! and td®(CP") can be written as the form
1
1+A+)° i Bin
i>1
where A (respectively B;) denotes 2[-forms (I > 1 (respectively [ > 0)) not
depending on k. Hence, we have

s

Fe(V) = —kexp (; ai> /CPN 1;[1 <dw+ L (dit — ))
x td9(B) " temfv . ekmwiqs(cpN)
:—exp<Zaz>/C Hdw—l—d@v—al) miy

PNz 1

Cemw  pN—st+l + O(kN_S). []
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Proof of Theorem 1.1. By Lemmas 4.2 and 4.3, we have an asymptotic
expansion as k — oo:

(N /
kafk(V) d - dom Nsexp Zal (CPNHdw—FdGV a;)

x emov . eme L Ok,

On the other hand, by Proposition 2.8(4), kN Fi (V) converges to F(V) as
k — oo. Hence, we have the desired formula. N

§5. Examples

In this section, we compute F for several examples in [Lu99, Section 6].
Let M be a Fano complete intersection in CPY. We adopt the notation
of Section 3. First, we mention some results obtained as a corollary of
the localization formula in holomorphic equivariant cohomology theory
(cf. [Liu95, Theorem 1.6]).

LEMMA 5.1. IfV =diag(\o, ..., An) is a diagonal matriz with different
etgenvalues Ao, . .., An, then we have

N €m/\'i

(5.1) oo = N!

i=0 HZJE{O,...,N}_{Z‘}()\Z' —Ap)

Since the Ij; are given by the derivatives of Iy, we can compute Iy, for
any integer . On the other hand, by Theorem 1.1, (V') can be written as a
linear combination of Iy; (0 <1< s). Hence, we can express F (V') in terms
of the eigenvalues of V.

However, we can calculate F (V') without using Theorem 1.1 in a special
case. We assume that M has at worst orbifold singularities, and V satisfies
the following conditions.

(1) V has isolated zero points {p;}.
(2) V is nondegenerate at each zero point p;, that is, for each local
uniformization 7:U — U/T; C M with «(U)Np; #0, 7*V vanishes
ot
(_Tzi)lgj,ng—s
are local holomorphic coordinates

along 7~ !(p;) and the matrix B; =

near 7T71<p1) where (21, ... x N*S)
0

around 7~ (pz) and V = ZJ 1 UJBZJ

is nondegenerate

In the same way as [DT92, Proposition 1.2], we have the following lemma.
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LEMMA 5.2. Let M and V be as above. Then, we have

_3 5 emBv (pi)
o (£) T

where |I';| is the order of the local uniformization group I'; at a point p;.

REMARK 5.3. One can extend Lemmas 5.1 and 5.2 to the case when
the zero set of V' is the sum of nondegenerate submanifolds, where the word
nondegenerate means that the induced actions of V' to the normal bundle
of submanifolds are nondegenerate. However, since Ioo(V) and F(V) are
clearly continuous with respect to V', we may think that equations (5.1) and
(5.2) hold in the sense of the limit V. — V' of any expression. For instance,
we have the following lemma.

LEMMA 5.4. Let m=1, and let V = diag(Ao, \1, A2, A2) € 6l(4,C) be a
holomorphic vector field on CP3, where Mg, A1 and Ay are different numbers.
Then, we have

I 6 e)\o 6)\1

= +
(o= A1) (Mo —A2)2 T (A1 = Ao)(A1 — )2
(5.3) " {Mo+ A1 —2X2+ (A2 — Ao) (A2 — /\1)}(3)‘2

(A2 —Xo)2 (A2 — \1)?

Proof. Let ¢ 420 be a small number. If we set V :=diag(\g, A1, A2 +
€, \o —€), then V. has different eigenvalues. Hence, we can compute
Ino(V) =lime 0 Lo,0(Ve) directly using (5.1). [

EXAMPLE 5.5. Let M C CP3 be the zero set of a cubic polynomial F :=
2023 + 2923(20 — 23), where (20, 21, 22, 23) are homogeneous coordinates of
CP3, and let V = diag(—Tt, 5t,t,t) (t#0) be a holomorphic vector field
tangent to M. We compute F by two methods.

(1) The variety M has a unique quotient singularity at py :=[1, 0, 0, 0]. If
we restrict V' to M, V has five zeros, pp =[1,0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0],
[0,0,0,1] and [0,0, 1, 1]. Let ¢ := j—é (1=1,2,3) be Euclidean coordinates
defined near pg. Then, we can rewrite F' near pg in the standard form

f= =G - GG - 16,
0
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According to [Lu99, Example 1], we see that there is a uniformization ¢ :
C? — C?/T' C M defined by

(1 =uv(ut —v?),
¢ : C2 = u4 + ’U4,
<3 = U2U2,
where T' is the dihedral subgroup in SU(2) of type Dj4. Thus, we have
o*(V) :2tua% +2tv%. Since the order of the group Dy is 8, applying
Lemma 5.2, we obtain
2 1 6_7t e5t et
F(V)=—Z¢et | 2. 3.
(V) = —3¢ (8 w2 16 T —32t2>

ef4t eSt e4t

T4 o T iee
(2) By Theorem 1.1, we obtain

2
FV) = —ge?’t /@P3(3w + 30y — 3t)e?ver

t 1
3t
= — 1— =) Ipo+ =1 .
e {( 3> 0,0 30,1}

By Lemma 5.4, we have

e T e 3(1+ 8t)et

o0 ="1083 T 308 =~ 12883
and
(Tt +3)e™™ (5t —3)e?  3(8t% — 15t — 3)e!
01= "ogs T 39 128¢3
Hence, we have i o "
e e e
FV)= a8 22 e

EXAMPLE 5.6. Let M C CP* be the zero locus defined by

F1 = Z20%1 + Z%,
F2 = Z% + Z3Z24,

and let V = diag(—T7t, 3t, —2t, 5t,t) (t #0) be a holomorphic vector field
tangent to M. In the same way as (2) in Example 5.5, we get

t 2 2 1 1

2t

(V) = — 1—2 -2 )T N N =

W) ‘ {( 3 2> 00 <3 12> 0112 0’2}’
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- 6_7t 3€3t 246—2t N €5t N 6t
© 2004 25t 525t4 0 284 84’
(Tt +4)e™™  3(4—3t)e3  48(t +2)e 2!
Ipg = — T 1 + 1
200t 25t 525¢
(5t —4)e  (t —4)el

Ioo

284 8t4
and
[ (49t 4 56t +20)e™ ™ 3(9¢* — 24t +20)e*  96(t* + 4t + 5)e
0.2 7 200t 25¢4 525t4
5(5t2 — 8t +4)e®  (t2 — 8t + 20)e!
28t4 8t4 '
Hence, we have
€—5t e?t eSt
FV)=- — .
V) 82 242 162

Here, we remark that V has only three zero points, p1 =[1,0,0,0, 0], p2 =
[0,0,0,1,0] and ps =[0,0,0,0, 1], in M. Actually, the exponents appearing
in the above expression of F (V') are —5t = Oy (p1) + 2t, 7t = Oy (p2) + 2t and
3t = Oy (p3) + 2t, and hence correspond to the three zero points of V.
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