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ABSTRACT

We show that the minimal model program on any smooth projective surface is realized
as a variation of the moduli spaces of Bridgeland stable objects in the derived category
of coherent sheaves.
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1. Introduction

1.1 Motivation

This paper is a continuation of the previous paper [Tod13b], in which the following question
on the relationship between minimal model program (MMP) and Bridgeland stability
conditions [Bri07] was addressed (cf. [Tod13b, Question 1.1]).

Question 1.1. Let X be a smooth projective variety and consider its MMP
X=X1--+Xo----- - Xy.

Then is each X; a moduli space of Bridgeland (semi)stable objects in the derived category of
coherent sheaves on X, and MMP is interpreted as wall-crossing under a variation of Bridgeland
stability conditions?

The main result of [Tod13b] was to answer the above question for the first step of MMP, i.e.
extremal contraction, when dim X < 3. The purpose of this paper is to give a complete answer
to the above question for further steps of MMP when dim X = 2.
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1.2 Bridgeland stability

For a smooth projective variety X, Bridgeland [Bri07] introduced the notion of stability
conditions on DYCoh(X), which provides a mathematical framework of Douglas’s II-
stability [Dou02]. In [Bri07], Bridgeland showed that the set of stability conditions

Stab(X) (1)

forms a complex manifold, and studied it when X is a K3 surface or an abelian surface [Bri08].
Since then there have been several studies on the space (1), or the associated moduli spaces
of semistable objects in the derived category, when X is a K3 surface or an abelian surface
(cf. [AB13, HMS08, MYY1la, MYY11b, Tod08a, YY12]).

On the other hand, there are few papers in the literature in which the space (1) is studied
for an arbitrary projective surface X. If X is non-minimal, the birational geometry of X is
interesting, and we expect that it has a deep connection with the space of stability conditions
(1). This idea is motivated by Bridgeland’s work [Bri02] on the construction of three dimensional
flops as moduli spaces of objects in the derived category. This result is not yet possible to realize
in terms of Bridgeland stability conditions, since constructing them on projective 3-folds turned
out to be a very difficult problem (cf. [BMT14]). However, in the surface case, we have the
examples of stability conditions constructed by Arcara and Bertram [AB13]. Given the above
background, we shall establish a rigorous statement connecting two-dimensional MMP and the
space of Bridgeland stability conditions (1).

1.3 Main result
Our main result is formulated in the space Stab(X)g, defined to be the ‘real part’ of the space
(1). This is the space which fits into the following Cartesian square (cf. §2).

Stab(X)r — Stab(X) (2)

H]Ri O il_[
NS(X)s X N(X)Y

Recall that the ample cone A(X) C NS(X)gr plays an important role in birational geometry. We
will see that there is an open subset

U(X) C Stab(X)g (3)

which is homeomorphic to A(X) under the map IIg of the diagram (2). The subset (3) coincides
with the set of o € Stab(X)gr in which all of the objects O, for x € X are stable. The closure
U(X) is the analogue of the nef cone of X, and expected to contain information of the birational
geometry of X.

Our purpose is to construct an open subset such as (3) associated to each birational morphism
f: X = Y, and investigate how they are related under the change of (f,Y’). Here we fix the
notation: for a Bridgeland stability condition o = (Z,.A), we denote by M?([O;]) the algebraic
space which parameterizes Z-stable objects £ € A with phase one and ch(E) = ch(O;) for z € X
(cf. [Ina02]). The following is the main theorem in this paper.

THEOREM 1.2 (Propositions 4.12 and 4.14). Let X be a smooth projective complex surface.
Then for any smooth projective surface Y and a birational morphism f: X — Y there is a
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connected open subset
U(Y) C Stab(X)r

satisfying the following conditions:

(i) if f factors through a blow-up at a point Y — Y, we have
TY)NT') 9 (4)

which is of real codimension one in Stab(X)g;
(ii) for any o € U(Y'), M7(]Oy]) is isomorphic to Y.

The above result shows that the space Stab(X)g is a fundamental object, beyond the ample
cone A(X), in the study of birational geometry of X. Indeed, the geometry of any birational
morphism f: X — Y is captured from the space Stab(X)gr. Here is a simple example of
Theorem 1.2.

Example 1.3. Let f: X — P2 be the blow-up at a point p € P2. Let H be the pull-back of a line
in P? and C the exceptional curve of f. Then [H] and [C] span NS(X)g. The subsets U(X) and
U(P?) in Stab(X)g are homeomorphic to their images in Ilg, and they are given by

r(U(X))={z[H]| +y[C]: 2> 0,—z <y < 0},
Mg (U(P?)) = {2[H] + y[C];2 > 0,0 < y < x}.

The following is the obvious corollary of Theorem 1.2.

COROLLARY 1.4. Let X be a smooth projective complex surface and
X:X1—>X2—>---—>XN

a MMP, i.e. contractions of (—1)-curves. Then there is a continuous one-parameter family of
Bridgeland stability conditions {0}y (0,1y on D’ Coh(X) and real numbers

O=t<ti<ta<---<ty=1

such that X; is isomorphic to M7 ([Oy]) for t € (t;—1,t;).

The result of the above corollary completely answers Question 1.1 for surfaces: any MMP of
a smooth projective surface X is realized as wall-crossing of Bridgeland moduli spaces of stable
objects in DY Coh(X). The real numbers ¢; correspond to walls in this case.

1.4 Technical ingredients

As we mentioned before, the space (1) has not been studied for an arbitrary projective surface X.
Although it was studied for a K3 surface or an abelian surface in [Bri08], there are several
technical arguments in [Bri08] which are not applied directly to an arbitrary projective surface X.
It seems that these technical issues have prevented us to study the space (1) beyond the case of
K3 surfaces or abelian surfaces.

One of the technical issues is to prove the support property of the stability conditions. This
property is required in order to make the topology of the space (1) desirable. It has now turned
out that proving the support property is not an easy problem in general, and closely related to
the Bogomolov—Gieseker (BG)-type inequality of semistable objects in the derived category. In
the case of K3 surfaces or abelian surfaces, proving the BG-type inequality is easier: this follows
from the Serre duality and the Riemann—Roch theorem. However, this is not the case for an

1757

https://doi.org/10.1112/50010437X14007337 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007337

Y. Toba

arbitrary projective surface, and we need to find a general argument proving such an inequality.
In the previous paper [Tod13b], we established such a BG-type inequality for semistable objects
on an arbitrary projective surface, and proved the support property for some stability conditions
in U(X). We use this result to show the support property for stability conditions contained in
other subsets U(Y).

Another issue is that the analysis of the boundary of U(X) in the case of K3 surfaces
in [Bri07] is not applied for an arbitrary projective surface X. In the former case, if we cross the
codimension-one boundary of U(X), then the resulting stability condition is obtained by applying
some autoequivalence of the derived category. In the latter case, this is not the case in general.
Indeed we will see that, after crossing the boundary of U(X) corresponding to a (—1)-curve
contraction, then the resulting stability condition is not described by an autoequivalence but
by a certain tilting of the t-structure which appears at the boundary. We will describe the
resulting tilting explicitly, and investigate the wall-crossing behavior of the open subsets U(Y")
in Theorem 1.2 in detail.

1.5 Relation to existing works

There are some recent works in which the relationship between Bridgeland stability conditions
and MMP is discussed (cf. [ABCH13, BM14, Tod08b, Tod13b]). The works [ABCH13, BM14]
treat the cases of P? and K3 surfaces respectively. Also the works [Tod08b, Tod13b] treat the
cases of local flops, contraction of a (—1)-curve, respectively. The result in this paper generalizes
the result of [Tod13b], and completely answer [Tod13b, Question 1.1] for an arbitrary projective
surface.

The examples of Bridgeland stability conditions on arbitrary projective surfaces are given
in [AB13]. In the works [Mac12, MM13, MYY1la, MYY11lb, YY12], the structure of walls and
wall-crossing phenomena with respect to these stability conditions are studied. Our construction
of U(Y) provides other examples of Bridgeland stability conditions on arbitrary non-minimal
surfaces. It would be interesting to study the moduli spaces of semistable objects in U(Y") with
arbitrary numerical classes, and investigate their behavior under crossing the intersection of the
closures (4).

1.6 Plan of the paper

In §2, we give some background on Bridgeland stability conditions, especially on projective
surfaces. In §3, we construct some t-structures on relevant triangulated categories. In §4, we
give a proof of Theorem 1.2. In § 5, we prove some technical results which are stated in previous
sections.

1.7 Notation and convention

In this paper, all of the varieties are defined over C. For a triangulated category D and a set
of objects § C D, we denote by (S) the smallest extension closed subcategory of D which
contains objects in S. The category (S) is called the extension closure of S. For the heart of a
bounded t-structure A C D, we denote by 7'[24(*) the ith cohomology functor with respect to
the t-structure with heart A. If § is contained in 4, the right orthogonal complement of S in A
is defined by

St:={E e A:Hom(S,E) = 0}.
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2. Background

In this section, we briefly recall Bridgeland stability conditions, and prepare some results which
will be needed in the later sections.

2.1 Bridgeland stability conditions

Let X be a smooth projective variety and N(X) the numerical Grothendieck group of X. This
is the quotient of the usual Grothendieck group K(X) by the subgroup of E € K(X) with
X(E,F) =0 for any F € K(X), where x(F, F') is the Euler pairing

X(E,F):=Y (~1)"dim Ext'(E, F).
i€z
DEFINITION 2.1 [Bri07]. A stability condition on X is a pair

(Z,A), AcC D’Coh(X) (5)

where Z: N(X) — C is a group homomorphism and A is the heart of a bounded t-structure,
such that the following conditions hold.

(i) For any non-zero E € A, we have
Z(E) € {rexp(ir¢) : v > 0,¢ € (0,1]}. (6)
(ii) (Harder-Narasimhan property) For any E € A, there is a filtration in A
O0=FEyCFE{C---CEpn

such that each subquotient F; = F;/E;_1 is Z-semistable with arg Z(F;) > arg Z(F;11).
Here an object E € A is Z-(semi)stable if for any subobject 0 # F' C E we have

arg Z(F) < (L)arg Z(E).

The group homomorphism Z is called a central charge. The central charges we use in this paper
are of the form

Z,(E) = — /X e~ ch(E) (7)

for w € NS(X)r. If dim X = 2, we have

ZW(E) = —ChQ(E) + Q;Q Cho(E) + iChl(E) s W. (8)

We fix a norm ||*|| on the finite-dimensional vector space N(X)r. We need to put the following
technical condition on the stability conditions.

DEFINITION 2.2. A stability condition (5) satisfies the support property if there is a constant
K > 0 such that for any non-zero Z-semistable object E € A, we have

LE]]

z@) <"

The set Stab(X) is defined to be the set of stability conditions on D? Coh(X) satisfying the
support property. The following is the main result of [Bri07] (see also [KSO08]).
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THEOREM 2.3 [Bri07]|. There is a natural topology on Stab(X) such that the forgetting map
II: Stab(X) — N(X){
sending (Z,A) to Z is a local homeomorphism.

We are interested in the set of stability conditions whose central charges are of the form (7).
So we restrict our attention to the space Stab(X)gr defined as follows.

DEFINITION 2.4. We define Stab(X)r to be the following Cartesian square.

Stab(X)g — Stab(X) 9)

HRi O il’[
- fX 672‘* \V
NS(X)r —— N(X)¢
Here the bottom map takes w € NS(X)gr to the central charge Z,, given by (7).

2.2 Gluing t-structures
We use the following gluing t-structure method in order to produce several t-structures. Let

ciple

be an ezxact triple of triangulated categories. Namely C, D and £ are triangulated categories, i,
j are exact functors with j o ¢ = 0. Both of ¢ and j have the left and the right adjoint functors,
which satisfy some axioms. For details, see [GMO03, IV. Example 2].
Let
€0,c*0), (£,6*)

be bounded t-structures on C and &, respectively. Then they induce the bounded t-structure on
D whose heart is given by

{EeD:j(E)c&, Hom(i(C<"), E) = Hom(E,i(C~°)) = 0}.

Here £° := £50N €20 is the heart on €. For details, see [BBD82, number 1.4] and [GMO3,
IV. Example 4].

2.3 Perverse t-structure
Let X and Y be smooth projective surfaces, and f a birational morphism

f: X—=>Y.

We recall the construction of the perverse t-structure associated to the above data,
following [Bri02, vdB04].
It is well known that the derived pull-back

Lf*: D’ Coh(Y) — D’ Coh(X)
is fully faithful. The functor L f* has the right adjoint Rf, and the left adjoint R fi,
Rf.,Rfi: D°Coh(X) — D’ Coh(Y)

where R f) is given by
RAE =Rf(F®wx) @ wy'.
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We define the triangulated subcategories Cx/y, Dx/y in D’ Coh(X) to be

Cx)y :={E € D" Coh(X) : RAE = 0},
Dx)y :={E € D" Coh(X) : Rf.E = 0}.
They are related by Cx/y ® wx = Dx/y. Here we only use the latter category Dx/y. The

category Cx/y will be treated in the next section.
We have the sequences of exact functors

Dy )y — DPCoh(X) =5 Db Coh(Y),

where the left functor is the natural inclusion. The above sequence determines an exact triple,
and the standard t-structure on D? Coh(X) induces a t-structure

<0 >0
(DX/Y7 DX/Y)

on Dx,y (cf. [Bri02, Lemma 3.1]). By gluing the standard t-structure on D’ Coh(Y) and the
shifted t-structure (D;?;,Diﬁl/), we have the heart of the perverse t-structure (cf. [Bri02,
vdB04])

Per(X/Y) C D®Coh(X).

The perverse heart Per(X/Y') is known to be equivalent to the module category of a certain
sheaf of non-commutative coherent Oy-algebras (cf. [vdB04]). In particular, it is a noetherian
abelian category. Also if f =idx: X — X, the category Per(X/X) coincides with Coh(X).

2.4 Tilting of Per(X/Y)
Let us take
w € NS(Y)Q

such that w is a Q-ample class. We have the following slope function,
pfew: Per(X/Y)\{0} - QU {oo}
by setting fif«,(E) = oo if cho(E) = 0, and

_ci(B) - fw

fipew(E) cho(E)

if cho(E) # 0. The above slope function determines a weak stability condition on Per(X/Y),
which satisfies the Harder—Narasimhan property (cf. [Tod13b, Lemma 3.6]).
We define the pair of subcategories (Tf«(, Ff+y) in Per(X/Y') to be

Tiew :=(E : E is pif+,,-semistable with pi«,(E) > 0),
Fpew = (E : Eis pip=,-semistable with pir+,(F) < 0).

The above pair is a torsion pair [HRS96] in Coh(X). The associated tilting is

Agpeg 1= (Frewll], Tpew)- (10)
By a general theory of tilting, the category A+, is the heart of a bounded t-structure on
DP Coh(X). In particular, it is an abelian category. Later we will need the following property on
the above category.
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LEMMA 2.5. We have the embedding
Lf* Ay, C Afxy.
Proof. 1t is enough to show the following statements:
(i) for any M € Coh(Y), we have Lf*M € Per(X/Y);
(ii) if M is a torsion free ji,-semistable sheaf on Y, then L f*M € Per(X/Y) is pi+,-semistable.

We first show the first statement. By the projection formula, we have
Rf.Lf*M = M.

Also we have
* 2 ~Y
Hom(Lf*M,D5),) =0

by adjunction. Let us take F' € Df(ﬁ, We have

Hom(F, Lf*M) = Hom(Rf,F, M)
>~

since RfiF € CohS™1(Y). Therefore, L f*M € Per(X/Y) follows by the definition of the gluing.
As for the second statement, let us take an exact sequence in Per(X/Y)

0> F—>LffM—->G—0

such that F' and G are non-zero. We need to show that
ppw(F) < prpew(G). (11)
Applying R f,, we obtain the exact sequence in Coh(Y")
00— Rf,F - M— Rf.G— 0.

If both of Rf.(F) and Rf.(G) are non-zero, the inequality (11) holds by the u,-stability of
E and noting i p«,(Lf* (%)) = piw(*) for non-zero x. If Rf,G = 0, then p+,(G) = oo and (11)
holds. Suppose that Rf.F' = 0. Then F' € Dy/y N Coh(X)[1], hence RAF € DS%(Coh(Y)) and
its zeroth cohomology is a zero-dimensional sheaf. By adjunction and the torsion freeness of M,
this implies

Hom(F,Lf*M)=Hom(RfF, M)
=0

which is a contradiction. O

2.5 Bridgeland stability conditions on projective surfaces
Let f: X — Y be a birational morphism between smooth projective surfaces, and w € NS(Y)g
is ample. We consider the pair

Ofxy += (Zf*wa -Af*w)

where Zg«,: N(X) — C is the central charge defined by (8), and Ay« is the heart of a
bounded t-structure on D® Coh(X) constructed in the previous subsection. We have the following
proposition.
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PROPOSITION 2.6. Suppose that f satisfies one of the following conditions:
(i) f=idx: X - X;
(ii) f contracts a single (—1)-curve C' on X to a point in Y.

Then we have
Ofy € Stab(X)R.

In particular, oy, satisfies the support property.
Proof. If f = idx, the result of [AB13] shows that o+, is a stability condition on D® Coh(X). If f
contracts a (—1)-curve C on X, the result of [Tod13b, Lemma 3.12] shows that o+, is a stability
condition on D® Coh(X). The support property of o+, is proven in [Tod13b, Proposition 3.13]
when f contracts a (—1)-curve. When f = idx, the proof for the support property follows from
the same (even easier) argument of [Tod13b, Proposition 3.13]. O
If f =idx, the stability condition o, satisfies the following property.

LEMMA 2.7. Let w € NS(X)qg be ample and f = idx.

(i) For any x € X, the object O, is a simple object in A,,. In particular, it is Z,,-stable.

(ii) For any object E € A, with ch(E) = ch(O;), we have E = O, for some x € X.

Proof. The result of part (i) is essentially proved in [Bri08, Lemma 6.3]. The result of part (ii)
is obvious from the construction of A,,. O

The ample cone A(X) is defined to be
A(X) :={w € NS(X)Rr : w is R-ample}.
We define its partial compactification A(X) C NS(X)g to be
Ax)y:= |J rAw).
fiX>Y

In the above union, f is either idx: X — X or contracts a single (—1)-curve on X to a point in
Y. Below, we sometimes write an element of A(X) as w for a nef divisor w on X, omitting f*
in the notation. We have the embedding

A(X) C NS(X)g. (12)
The following proposition shows the existence of stability conditions for irrational w.

PROPOSITION 2.8. The embedding (12) lifts to a continuous map

o: A(X) — Stab(X)g, (13)
which takes any rational point w € A(X) to the stability condition o, in Proposition 2.6.
Proof. The proof will be given in §5.1. O

Remark 2.9. For w € A(X), it is possible to construct the heart A, similarly to (10), even if w
is irrational. However the Harder—Narasimhan property for the pair (Z,,.A,) is not obvious. In
the proof of Proposition 2.8, we will also show that any object O, for z € X is o(w)-stable, even
when w is irrational. Combined with Lemma 5.1, it shows that the pair (Z,,, A, ) indeed satisfies
the Harder—Narashiman property for an irrational w. (See also the argument of [Bri08, §11].)
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We set U(X) C Stab(X)g to be
U(X) :=0o(A(X)).

Note that U(X) is a connected open subset of Stab(X)gr, which is homeomorphic to A(X)
under the forgetting map Stab(X)r — NS(X)gr. It satisfies the property of Theorem 1.2 for
f =1idx: X — X. Our purpose in the following sections is to construct a similar open subset
associated to any birational morphism f: X — Y.

3. Construction of t-structures
In what follows, X and Y are smooth projective surfaces and
[ X—=>Y
a birational morphism. In this section, we construct some t-structures on Cx/y and Db Coh(X),

which will be needed in the proof of Theorem 1.2.

3.1 t-structure on Cx/y

Let Cx/y be the triangulated subcategory of DP Coh(X) defined in §2.3. The purpose here is to
construct the heart of a bounded t-structure

Cg(/y C CX/Y

satisfying the following conditions: there are objects Sq,..., S5y € Cg)( ne satisfying

Cx/y = (15, SN), RfuSi[1] € Cohg(Y). (14)

Here Cohg(Y) is the abelian category of zero-dimensional coherent sheaves on Y, and N is the
number of irreducible components of Ex(f), the exceptional locus of f. We construct Cg( Iy by
induction on the number of irreducible components N. This approach is convenient to describe
generators of Cg( /v and the relationship under blow-downs.

When N = 0, then Cx/y = {0} and the heart Cg(/y is taken to be the trivial one. Suppose
that N > 0, and let us consider the finite set of points,

FEX(F) =A{p1,-...pi}-

Since any object E € Cx/y is supported on U; f ~1(p;), there is a decomposition

l
Cxyy = EPCxyv,

=1

where X % Y; — Y is a factorization of f so that Ex(f;) = f~1(p;). We construct t-structures
on each Cy/y,, and take their direct sum to construct the t-structure on Cx/y. Since f;(Ex(f;))
is a point, we may assume that [ = 1.
Let
h:Y' =Y

be the blowing up at f(Ex(f)) = {p}, and C C Y’ the exceptional locus of h. The birational
morphism f: X — Y factors through h: Y/ — Y,

xSy hy
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The functor R fi also factors as
Rfi: D’ Coh(X) 2% Db Con(Y") B4 D Con(Y).

Therefore, we have the sequence of exact functors

Ry
CX/Y’ — CX/Y _g) Cy//y, (15)

where the left functor is the natural inclusion. The functors Lg*, ¢' satisfy
RgLy'E=~E, Rgg'E=E

for any E € D®Coh(Y’). This implies that Lg* and ¢' induce the right and the left adjoint
functors of

Rg: Cx/y — Cyryy,

respectively. From this fact, it is straightforward to check that the sequence (15) is an exact
triple as in §2.2.

By [Bri02, Lemma 3.1], the standard t-structure on D® Coh(Y”) induces a bounded t-structure
on Cy//y. The heart is described by (cf. [vdB04, Proposition 3.5.8])

Cy//y N COh(Y’) = <Oc> (16)

On the other hand, by the inductive assumption, we have the heart Cg]( /v C Cx/y+ written as

Cg(/Y’: < iv"'as;V—1> (17)
for some objects S’ € C%/Y, with 1 < j < N — 1 satisfying Rg.Si[1] € Cohg(Y”). By gluing the
t-structures with hearts (16), (17) via the exact triple (15), we obtain the heart

Let us set C := g*C, where g* means the total pull-back. We naturally regard C as a subscheme
of X. We have the following lemma.

LEMMA 3.1. We have _
Cg{/y = <09(/Y" Oc) (18)
such that (CE(/Y,, (Og)) is a torsion pair on 59(/3/.

Proof. We first check that the right-hand side is contained in the left-hand side. By the definition
of gluing, it is obvious that Cg( Iy is contained in the left-hand side. Also since Oz = Lg*Oc¢, we
have ROz = O¢ € Coh(Y”). We have

Hom(Cx /vy, Og) = Hom(RgiCx /v, Oc)
~( (19)

since RgiCx/y = 0, and

Hom(Opg, C;?Y,) =~ Hom(O¢, Rg*Ci%ﬂ)
=0

since Rg*Ci?Y, € D>!(Coh(Y')) by the inductive assumption. These imply that O is contained
in the left-hand side.
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Conversely, let us take an object £ € C())( v By the adjointness, we have the distinguished
triangle
F — FE — Lg*RgE.

Note that we have
Lg*RglE S <06>, F e CX/Y/.

: 0 ~0
Moreover, since Cy 1y C Cx Jy> We have

oo (F)=Hg (F)

x/Y’ - C?{/Y

for all ¢. Therefore, we have the exact sequence in CNE)( ne

0— Hgg(/w (F) > E - Lg*RgE — Hég(/w (F) =0
and Hég(/w (F) =0 for i # 0,1. On the other hand, for any A € Coh(Y”) and A’ € Cg(/y,, we
have
Hom(Lg*A, A’) 2 Hom(4, Rg.A4")
=0

since Rg,A" € Cohy(Y')[—1]. Therefore, we have ’Hég(/w (F) =0, F € Cg(/y, and an exact
sequence in 59( ne

0> F—FE— L¢gRgFE — 0. (20)
This implies that FE is contained in the right-hand side of (18). Together with the vanishing (19),
the exact sequence (20) implies that (C% Iy (Og)) is a torsion pair on C% Iy O

We also have the following lemma.

LEMMA 3.2. There is a torsion pair on 59(/5/ of the form
C,L
where (’)g’L is the right orthogonal complement of Og in 59( /Y.l

Proof. By the inductive assumption, the abelian category Cg( Iy is the extension closure of some

finite number of objects. Hence, by Lemma 3.1, it follows that the abelian category 59( Y is
also the extension closure of some finite number of objects. In particular, it is a noetherian
abelian category. Hence, it is enough to check that (Oz) is closed under quotients (cf. [Tod13a,
Lemma 2.15(i)]). To prove the latter statement, note that (Og) is closed under subobjects since
it is a free part of some torsion pair by Lemma 3.1. Also since the self-extension of O vanishes,

any object in (Op) is a direct sum of Op. Let us take an exact sequence in Cg( Iy

0—>F—>(’)§m—>G—>O.

By the argument above, F' is isomorphic to (’)gl for some [. Then the object G must be isomorphic

to Ogmfl, proving that (Og) is closed under quotients. O

! We put ‘C’ in the notation of the right orthogonal complement, in order to distinguish it from a similar orthogonal
complement in other abelian category in §4.4.
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By taking the tilting with respect to the torsion pair (21), we define the heart of a bounded
t-structure Cg(/y on Cx/y to be

Cyy = (05, 0p-1]). (22)

LEMMA 3.3. We have
Cx/y = (S1,--, SN-1,5N) (23)

where Sy = Og[—1] and S; for 1 <i < N — 1 is given by the universal extension in CNS)(/Y
0— S — S > Oz ®Ext'(0g, 5}) — 0. (24)
Proof. We first note the vanishing

~—

Hom(Og, Cx/y+) = 0 (25

since Rg*Cg(/Y, C Cohg(Y’)[~1]. By the vanishing (25), we have Hom(Og, Sj) = 0 for 1 < i <
N — 1. Combined with the fact that (24) is the universal extension, it follows that Hom(Og,
S;) =0,1ie. S; € O%L for 1 < ¢ < N — 1. Therefore, the right-hand side of (23) is contained in
the left-hand side of (23).
Conversely, let us take an object FE € Oca’i. By Lemma 3.1, there is an exact sequence in
Cx/v
0>F—>FE—->00V -0

for some F' € Cgf ne and some finite-dimensional C-vector space V. Since Hom((’)é, E) =0, we
have the injection
V < Ext!'(Og, F).

Let W be the cokernel of the above injection. There is an exact sequence in Cg)( ne
O—>E—>ﬁ—>(’)5®W—>O

where F' is the universal extension in Cg( ne

0— F— F— 0z ®Ext' (0g, F) — 0. (26)
It is enough to show that F is contained in the right-hand side of (23). Since C% /yr 15 the
extension closure of S7,..., Sy _;, this follows from the following claim: for an exact sequence in
CX/v

suppose that their universal extensions ﬁ‘z in 59( Iy
0— F — F; - (’)@@Extl((?a,Fi) -0

are contained in the right-hand side of (23). Then F is contained in the right-hand side of (23).
To prove this claim, first note that Hom(Og, F2) = 0 by the vanishing (25). Therefore, applying
Hom(Og, *) to the sequence (27), we obtain the exact sequence

Y
0 — Ext'(Og, F1) — Ext!'(Og, F) > Ext!(Og, F).
It follows that there is an exact sequence in Cg( Iy

0> F —>F—>TFy—0 (28)
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where F5 fits into the exact sequence in 59( n%
0> Fy, > Fy — Oa®lmw—>0.

We have the exact sequence in Cg]( ne
0— O ® Cok(yh)[~1] — Fay — F5 — 0.

Since ﬁg is contained in the right-hand side oi (23), the object F is also contained in the
right-hand side of (23). Combined with that [ is contained in the right-hand side of (23),
the exact sequence (28) implies that the object F' is also contained in the right-hand side
of (23). O
Moreover, we have the following lemma.

LEMMA 3.4. For the objects S; in Lemma 3.3, we have

Rf.:Si[1] € Cohp(Y), 1<i<N. (29)
Proof. The claim for i = N is obvious. Suppose that 1 <i < N —1. Applying Rg, to the sequence
(24), we obtain the distinguished triangle

Rg.S. — Rg.S; — O%mi
where m; = dimExt'(Og, ). Since Rg..S] = Q;[—1] for some zero-dimensional sheaf Q; on Y,
the object Rg,.S; is isomorphic to the two-term complex
;@
(O5™ = Qi)

with Ogm" located in degree zero. It is enough to check h, Ker(¢) = 0, which is equivalent to
H°(C,Ker(¢)) = 0. If H(C,Ker(¢)) is non-zero, then there is a non-zero section s € H°(C,

O™ satistying ¢ o s = 0. By adjunction, there is non-zero 5 € HO(C, Ogmi) such that the
composition

Oz > Ogmi — SI1]
is zero. Here the right morphism is induced by the extension (24). This contradicts the fact that
(24) is the universal extension. Hence, h, Ker(¢) = 0, and the condition (29) holds. O
By the above lemmas, the heart Cg)( 1y C Cx/y satisfies the desired property (14). As a
summary, we have obtained the following proposition.

ProposITION 3.5. Let X be a smooth projective surface. Then for each smooth projective
surface Y and a birational morphism f: X — Y, we can associated the heart of a bounded
t-structure Cg( Iy C Cx/y satistying the following conditions:

(i) for any F € Cg(/y, the object Rf.F[1] is a zero-dimensional sheaf on Y';
(ii) Cg(/y is the extension closure of a finite number of objects in C%/Y.
(iii) suppose that f(Ex(f)) is a point p € Y, and take the factorization
xSy Ay
where h is a blow-up at p which contracts a (—1)-curve C on'Y’', and C())( Iy is the extension
closure of objects S{, cee vafl; then Cg(/y is the extension closure of objects S1,...,SN_1,

Sy = Og[—1], where C = g*C and S; is the cone of the universal morphism

Si— 0 ® Eth(O@a Si) — Si].
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3.2 Generators of the heart C())(/Y
In this subsection, we give an explicit description of the generator of C% ne The description here

is not canonical, since it depends on a choice of a factorization of f as in (30) below. However,
it will be useful in constructing stability conditions. Before giving a general description, we look
at our resulting generators in some examples.

Ezample 3.6. (i) Suppose that f: X — Y contracts disjoint (—1)-curves C1,...,Cxy on X. Then
we have

C_())(/Y = <001[_1]7 s >OCN[_1]>'
(ii) Suppose that the f: X — Y factors as

X=X42x8x;,=Y7
so that each g; contracts a (—1)-curve C; C X;, and p; = g1(C1) satisfies p; € Cy. Then we have
0
Cx)y = (0g,(-1),0¢, 5, [-1]).

Here C; C X is the strict transform.
(iii) Suppose that f: X — Y factors as

X=X12x3x8x,=Y

so that each g; contracts a (—1)-curve C; C X;, and p; = g;(C;) satisfies p; ¢ Co, {g2(p1),p2} C Cs.
Then we have
C-[))(/Y - <OCQ+63(_p1)7 OCl+63(_p2)’ 001+02+63[_1]>'

Our strategy is to factorize f into a composition of contractions of (—1)-curves, and describe
the generator of Cg( ne by the induction on the number of contractions. We divide (—1)-curves
which appear in the contractions into two types: a (—1)-curve is of type I if it is essentially
obtained as an exceptional curve of a blow-up of Y, and otherwise it is of type II. For instance,
in Example 3.6(iii), the curve Cj is of type I, and C1, Cy are of type II. We describe the generator
of Cg( Iy according to the above types of (—1)-curves.

For a birational morphism f: X — Y as in the previous subsection, we factorize it into a
composition of contractions of (—1)-curves

X=xX32x3 2 xyAxy,=Y (30)

The birational morphism
gi: Xi > Xin1
contracts a single (—1)-curve C; C X; to a point p; € X;+1. We also set
gij =gj-10---0gi: Xj > Xj,
fir=g1i: X = X;

and @ := frC;. For j > i, we also write g; ;(C;) as p; € X; by abuse of notation. The curves C;
are classified into two types.

(i) Type IL: for any j > i, we have p; ¢ Cj.
(ii) Type II: there is j > i so that p; € C;. In this case, we define (i) > i to be the smallest
J > i satisfying p; € Cj.
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If C; is of type I, we set S; = Og [—1]. If C; is of type II, we consider the exact sequence of
sheaves on X;

0—>S5; — an(i)OC — O¢, = 0 (31)

r(2)
and set S; = LffS;(= fiS;). Here (31) is obtained by restricting gfﬁ(i) Oc,; to Cj, and taking
its kernel. The sheaf S; is written as

i = OW(—M)
for p; € Cyy)-

ProPOSITION 3.7. In the above notation, we have
Cx/y = (S1,---, SN).

Proof. We show the proposition by the induction on N. Suppose that the claim holds for
fnv: X = Xpy. Then we have

where S} are the objects defined similarly to S;, applied for the composition

1 92 gN-1

X=x8x, 8 ... 55 xy.

Noting Proposition 3.5 and Sy = (’)aN[—l], it is enough to show that there is a distinguished
triangle for each 1 <i < N — 1,

Si = Og, @ Ext'(Og_,S;) — Sif1]. (32)
For 1 <i < N — 1, we have the following three cases.

Case 1. The curve C; is of type I for both of X — Xy and X — Y.

In this case, we have S; = 5; = Og [—1]. Also we have

Extl((’)aN, S = Hom((’)aN, (9@_)
= HomXN (OCN7 Opi)
=0

since p; ¢ Cy. Therefore, we have the distinguished triangle (32).

Case 2. The curve C; is of type I for X — Xy and type II for X — Y.
In this case, we have S} = Op [~1], (i) = N and S; = LfrS;. We have

Extl(OaN, Si) =2 Homx, (Ocy, Op,)
=C

since p; € Cy. By pulling back the exact sequence (31) to X via f;, we have the distinguished
triangle (32).
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Case 3. The curve C; is of type II for both of X — Xy and X — Y.
In this case, 1 < k(i) < N — 1 and S/ = S; = Lf’S;. We have
Ext!(Og, ,57) = Exty, (Lgf yOcy, i)
= EXt%(N (OCN7 RgZ,N*gl) (33)
Applying Ry; «(;)« to the sequence (31), we obtain the distinguished triangle
Rgm(i)*gi g OC,M) g OPi

such that the right morphism is non-trivial since p; € Cy(;). Therefore, we have Rgm(i)*gi =
OCM”(—l)and
Rgi N+Si = Ryp(i) n+Oc, ;) (—1)
=0.
Therefore, (33) vanishes and we have the distinguished triangle (32). O

Remark 3.8. By the construction of S;, we obviously obtain the generators of Cg](/y in
Example 3.6.

3.3 t-structures on D® Coh(X)
Let f: X — Y be a birational morphism as in the previous subsections. Let

Ay € D’ Coh(Y)

be the heart of a bounded t-structure such that O, € Ay for any y € Y. We construct the heart
of a t-structure on D® Coh(X) by gluing Ay and Cg( Iy constructed in the previous subsections.
Let us consider the following sequence of exact functors

Cx/y — D Coh(X) =4 Db Coh(Y)

where the left functor is the natural inclusion. It is straightforward to check that the above
sequence is an exact triple as in §2.2. By gluing Ay and C% Jy> We obtain the heart

Ax C D®Coh(X).
The heart Ax is described as follows.

LEMMA 3.9. We have
Ax = (C v L Ay) (34)

and (Cg(/y, Lf*Ay) is a torsion pair on Ax.

Proof. The proof is very similar to Lemma 3.1. First we show that the right-hand side of (34) is
contained in the left-hand side of (34). It is obvious that C% - is contained in the left-hand side,
so we show that Lf*Ay is contained in the left-hand side. For M € Ay, we have RfiLf*M =

M € Ay and
by the adjunction. Also we have
Hom(Lf*M,C3),) = Hom(M, Rf.C3), )
=0 (36)
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since R f*Cf(?Y C D>%Coh(Y) with cohomology sheaves zero-dimensional, and Cohy(Y) C Ay
Therefore, Lf*M is an object in Ax by the definition of the gluing.

Conversely, we show that Ax is contained in the right-hand side of (34). For an object
E € Ax, there is a distinguished triangle

F— FE— LffRHE
with F' € Cx/y. Similarly to the proof of Lemma 3.1, we have the exact sequence in Ax

0— Hgg(/y(p) ~ E - LfRAE — Hégqy(F) -0

and Hég(/y(F) =0 for i # 0, 1. By the vanishing (36), we also have Hé‘;(/y(F) =0and F € Cg)(/y.

Consequently, we have the exact sequence in Ax

0> F—FE—LffRAHAE— 0 (37)
with F' € Cg(/y. Therefore, E is contained in the left-hand side of (34). By (35) and (37), the
pair (Cg(/y, Lf*Ay) is a torsion pair on Ax. O

4. Proof of Theorem 1.2
In this section, we construct a connected open subset
U(Y) C Stab(X)R

for each birational morphism f: X — Y, and prove Theorem 1.2. In what follows, we always
assume that f: X — Y is a birational morphism between smooth projective surfaces.

4.1 Central charges corresponding to U(Y)
Let
NS (X)r € NS(X)s
)

be the orthogonal complement of f*NS(Y) with respect to the intersection pairing. Note
that NS¢(X)g is a linear subspace of NS(X)r spanned by the irreducible components of the
exceptional locus of f. For fixed k > 0, we set

Fec D?24+k>0

D-ci(F)>0 forall
Cri(X) = {DGNSf(X)R: ci( /) or a }
X/Y>

We have the following lemma.

LEMMA 4.1. The set Cy(X) is a non-empty connected open subset of NS (X )g.

Proof. We factorize f: X — Y into the composition of blow-downs as in (30). In the notation
of §3.2, we have

N
NS (X)r = EPRICI]
i=1

for C; = [7C;. For D € NSy (X)g, it is contained in Cy(X) if and only if D - ¢((S;) > 0 for all
1 <i < N, where S; is given in §3.2, and D? + k > 0. If we write D € NS;(X)g as

N ~
D = Z ti[CZ]
=1
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for t; € R, then D - ¢1(S;) is calculated as

N 1 is of type I,
D Cl(Sz) = {ti _ tn(i)v 1 is of type II.

Therefore, C (X) is identified with

t; >0, 1 is of type I
Cﬁk(X) =1 (t1,...,tn) € RV : bi > Ty(is 1 is of type II
413 <k

Hence, Cf (X) is a non-empty connected open subset of NS¢(X)g. O
We consider the following sets
ANY):={f'w+D:we AY), DeC2(X)},
A'Y):={ff'w+D:wedAY), De (X))}
The set AT(Y) is a topological fiber bundle
for AT(Y) > A(Y)
whose fiber at w is C,2(X). By Lemma 4.1, AT(Y) is an open connected subset of NS(X)g,
and ZT(Y) is its partial compactification. We will consider the central charges of the form
Zpwip € N(X)E, flo+Ded (V).
The compatible t-structure will be given in the next subsection.

4.2 t-structures corresponding to U (Y)
For a rational point w € A(Y'), we have the heart of a bounded t-structure

A, € D’ Coh(Y)

constructed in §2.4. By construction, all of the objects O, for y € Y are contained in A,.
Therefore, Lemma 3.9 implies the existence of a bounded t-structure on D Coh(X) with heart
given by

Au(X/Y) 1= (C% )y, LI AL) (38)

such that (Cg(/y, Lf*A,) is a torsion pair on A, (X/Y). Later we will need the following lemma.
LEMMA 4.2. The subcategories

Cx/y> Lf* Ay C Ay(X/Y)
are closed under subobjects and quotients.

Proof. Since (C% v b f*Ay) is a torsion pair on A, (X/Y), the subcategory C% /y 18 closed under
quotients, and the subcategory Lf*A, is closed under subobjects. For F' € C())( /y» Suppose that
A — F' is an injection in A, (X/Y). Then it induces an injection RfiA — RfiF in A,. Since
RfiF =0, we have RfiA = 0, hence A € CE{ Iy This implies that Cg( ne is also closed under

subobjects.
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For M € A, let us take an exact sequence in A, (X/Y)
0— Fy —> Lf*M — E; — 0.
As we have observed before, we have F1 € Lf*A,,. For any F' € C'g( Jys We have
R Hom(F,Lf*A,) =0

since RfiF' = 0. Therefore, we have Hom(F, Ey) = 0, hence Ey € Lf*A,, since (C%/Y,Lf*.Aw) is
a torsion pair on A, (X/Y'). This implies that Lf*A, is also closed under quotients. O

We will also need the following lemma.
LEMMA 4.3. The abelian category A, (X/Y') is noetherian.
Proof. Suppose that there is an infinite sequence of surjections in A, (X/Y)
EFE=F »Fy—» - > FE —»FEi —- . (39)
Applying R f; to the sequence (39), we obtain surjections
RfiE; — RfiEi 1 (40)

in A, C D’ Coh(Y). Since A, is noetherian by the proof of [Tod13b, Lemma 5.2], we may assume
that (40) are isomorphisms for all i. Hence, if we take the exact sequences in A, (X/Y)

0—->F,—-FE— FE;,— 0,
then F; € Cg(/y. On the other hand, we have the exact sequence in A, (X/Y)
0—>F—FE—->LffM — 0

for F € Cg(/y and M € A,. Since Hom(F;,Lf*M) = 0, we have the sequence of injections in
Au(X/Y)

Fi —> Fy— .- — F.

By Lemma 4.2, the above sequence is a sequence of injections in ng v Since C())( n% is the extension
closure of a finite number of objects, it is noetherian, hence the above sequence terminates.
Therefore, the sequence (39) also terminates. O

4.3 Construction of U(Y)
For f*w+ D € ZT(Y) with w, D rational, we consider the pair
OprwtD = (Zprwp, Au(X/Y)). (41)

The purpose here is to show that o« p gives a point in Stab(X)r. We first prepare a lemma:
let us consider the central charge Z, p € N(Y){ defined by

D2
Zyp(M):=Z,(M) + > cho(M).

Note that, for any M € D? Coh(Y), it satisfies the following equality:

Zprwyp(Lf™M) = Zyp(M). (42)
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LEMMA 4.4. We have
0u,p = (Zw,p, As) € Stab(Y).

Proof. Note that the pair (Z,,A,) is shown to be an element of Stab(Y) in [Tod13b,
Lemma 3.12], and almost the same argument is applied. Indeed for a non-zero M € A,,, Z,, p(M)

is written as e (M
—cha (M) + C();)(D2 + w?) +ichy (M) - w.

By the construction of \A,,, we have ch; (M) -w > 0. Moreover, the proof of [Tod13b, Lemma 3.12]
shows that if ch; (M) - w = 0, then M satisfies either chg(M) < 0,cha(M) > 0 or cho(M) = 0,
chy(M) > 0. By the definition of Cj,2(X), we have D?* + w? > 0, hence Z, p satisfies the
property (6).

The proofs for other properties are also the same as in [Tod13b, Lemma 3.12]. Indeed the
abelian category A, is noetherian, so there is no need to modify the proof for the Harder—
Narasimhan property. As for the support property, since D € Cy 2,2(X) for any s > 1, the
wall-crossing method in [Tod13b, Theorem 3.23] for the family {og, p}s>1 works as well. This
implies that the Chern characters of Z,, p-semistable objects in A, satisfies the same BG-type
inequality as in [Tod13b, Theorem 3.23|, and the same computation in the proof of [Tod13b,
Lemma 3.12] shows the support property for o, p. Since there is no need to modify the proof,
we omit the detail. a

Using the above lemma, we show the following.
LEMMA 4.5. In the above situation, the pair (41) is a stability condition on D® Coh(X).

Proof. We first check that o+, p satisfies the property (6). For non-zero F' € Cg]( Iy and M € A,,
we have the equality (42) and

Ime*w+D(F):Cl(F)'D>O. (43)

Combined with Lemma 4.4 and the fact that A,(X/Y) is the extension closure of C% sy and
Lf*A., it follows that o« p satisfies the property (6).

In order to show the Harder—Narasimhan property, since A,(X/Y) is noetherian by
Lemma 4.3, it is enough to show that there is no infinite sequence

E=FED>E> --D2EDE1D-- (44)
in A, (X/Y) such that
arg Zprp(Fig1) > arg Zy«yp(Ei [ Eiy1) (45)

for all ¢ (cf. [Bri07, Proposition 2.4]). Suppose that a sequence (44) satisfying (45) exists. Since
Im Z g4 p(*) is discrete by the rationality of w and D, we may assume that Im Zg«, 1 p(E;) is
constant, hence Im Z¢«, p(E;/E;+1) = 0. This implies that arg Z s« p(E;/Eiy1) = m, which
contradicts (45). O

We also have the following lemma.

LEMMA 4.6. Anobject M € A, is Z,, p-(semi)stable if and only if Lf*M € A,(X/Y) is Zf+w4D-
(semi)stable.

Proof. Since the equality (42) holds, the lemma obviously follows from Lemma 4.2. O
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The final step is to show the support property for the pair (41). We have the following
proposition.

ProPOSITION 4.7. In the above situation, we have
O frwtp € Stab(X)gr
i.e. 0=, p satisfies the support property.

Proof. We first note that, for any F' € Cg)( vy We have

Zfwip(F) = Zp(F)

and its imaginary part is positive by (43). Since Cg( Iy is the extension closure of a finite number
of objects, there is 0 < 0 < 1 so that
Zp(Cx/y\{0}) C Ho, (46)
where Hy is defined by
Hy := {rexp(in¢) : r > 0,¢ € [0,1]}.

We can find a constant K (#) > 0, which only depends on 6, satisfying the following: for any
k>1and z,...,z2; € Hy, we have

Jat ] > K(6). (47)

|21 4+ - - + |2k

For instance, one can take K (#) = sin? /2. The proof of this fact is an easy exercise, and we
omit the proof.
Let us take a Zjf«,4p-semistable object E € A,(X/Y). We have the exact sequence in

Au(X/Y)

0—>F—>FE—->LffM—0 (48)
for F € Cg( ne and M € A,. We find a constant K as in Definition 2.2 by dividing into the three
cases.

Case 1. We have M =0, i.e. E € Cg(/y.

In this case, let us take K’ > 0 so that the following holds:
15l

1Zp(Si)]

for all 1 <7 < N. Here Si,...,Sy are the objects in C%/Y as in Proposition 3.7. Then by (47),
it follows that

<K'

Bl K
| Zpwrn(E)| — K(0)
Note that the Zg«,4 p-stability of E is not needed in the above argument.
Case 2. We have FF =0, i.e. E=2Lf*M.

In this case, the object M is Z, p-semistable by Lemma 4.6. By Lemma 4.4, the pair (Z,, p,
A,,) satisfies the support property. Therefore, we can find K > 0, which is independent of M, so
that

(= K).

Bl M)
ZgwrpB)]  [Zu.0(M)]

< K.
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Case 3. We have F # 0 and M # 0.

In this case, note that the object M may not be Z,, p-semistable. So there may be an exact
sequence in A,
0—-M'—-M-—->M -0

satisfying
arg Zw’D(M”) > arg Z,, p(M) > arg Zw,D(M’). (49)

We have the surjections in A, (X/Y)
E - Lf*M — Lf*M’

such that the kernel of their composition has the numerical class [F]+ [Lf*M"]. By the Zf«,p-
stability of E, we have

arg(Zp(F) + Zu,p(M")) = arg Zy. o p(F ® Lf*M")

< arg Zw,D(M/)' (50)

On the other hand, by (46), the exact sequence (48) and the Z s+, p-stability of E, we have the
inequalities

0 < arg Zp(F) < arg Z, p(M). (51)

The inequalities (49), (50) and (51) imply that arg Z, p(M’) > w6. Let us take the Z, p-
semistable factors of M,
My,..., M € A,.

Then the above argument implies that Z,, p(M;) € Hp for all 1 <4 < k. Let K > 0 be a constant
which we took in the previous cases. Then we have

Bl _ 1 IFI M
| Zwrn(B)] ~ K(0) | Zp(F)| + i | Zpw (M:)
< K
S K@)

by (47) and the results in the previous steps. Therefore o s+, p satisfies the support property. O

For an irrational f*w + D, we have the following analogue of Proposition 2.8.

PROPOSITION 4.8. The embedding ZT(Y) C NS(X)r lifts to a continuous map

oy : A (V) - Stab(X)g (52)
which takes any rational point f*w + D in ZT(Y) to the stability condition of«,+p In
Proposition 4.7.
Proof. The proof is given in §5.2. O

We define U(Y') to be
U(Y) := oy (AT(Y)) C Stab(X)g.

Note that U(Y) is a connected open subset of Stab(X )r, which is homeomorphic to Af(Y") under
the forgetting map Stab(X)r — NS(X)g.

Remark 4.9. In the situation of Example 1.3, it is easy to see that
AN(X) = {z[H] +y[C] : 2 > 0,—z < y < 0},
AN(P?) = {z[H] + y[C);z > 0,0 < y < x}.

Therefore, we obtain the description in Example 1.3.
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4.4 Relations of U(Y) under blow-downs
In the situation of the previous subsections, suppose that f factors as

xSy by

where h contracts a single (—1)-curve C' on Y’ to a point in Y. The purpose of this subsection
is to prove that U(Y) N U(Y’) is non-empty of real codimension one.

We first see the relationship between the hearts of bounded t-structures (38) under blow-
downs. Let us take a rational point w € A(Y'), and consider h*w € A(Y”).

LEMMA 4.10. There is a torsion pair on Ap«,(X/Y") of the form
A, L
(0g), 024 (53
where C = ¢*C and (’)g’L is the right orthogonal complement of Og in Ap«,(X/Y").

Proof. Since Oc¢ € Per(Y'/Y), we have Op € Ap+(X/Y’). Also the abelian category
Ap,(X/Y') is noetherian by Lemma 4.3, so it is enough to check that (Og) is closed under
quotients in Ap«,(X/Y’) (cf. [Todl3a, Lemma 2.15(i)]). Let us take an exact sequence in
Ah*w(X/Y,)

O—>E1—>Ogm—>E2—>0

for m € Z>,. By Lemma 4.2, E; is of the form Lg*M; for some M; € A+, and we have the

exact sequence in A+,
0—>M1—>O%m—>M2—>0

Since O¢ is a simple object in Per(Y’/Y) (cf. [vdB04, Proposition 3.5.8]), it easily follows that
Oc is also a simple object in Aps,. Hence, M; € (O¢) and E; € (Og) follows. This implies
that (Op) is closed under quotients. O

The abelian categories A, (X/Y) and Ap+,(X/Y") are related as follows:

LEMMA 4.11. In the above situation, we have
A, L
AX/Y) = (04, 0p[-1)
ie. A,(X/Y) is the tilting with respect to the torsion pair (53).

Proof. Since both sides are the hearts of bounded t-structures, it is enough to show that the
left-hand side is contained in the right-hand side. This is equivalent to the following inclusions:

Ch/y C (04, 05[-1), (54)

* AzJ—
Lf*A, C <(9a , Oa[—1]). (55)
We first show the inclusion (54). By the construction of C%/Y in (22), it is enough to show
C,L A, L
Oz C oL (56)
Since Op € Lg* Ap+y, we have the following inclusion

<C9(/Y/’ Oa> C <C§(/Y/7Lg*./4h*w>

1778

https://doi.org/10.1112/50010437X14007337 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X14007337

STABILITY CONDITIONS AND BIRATIONAL GEOMETRY

or, equivalently, 59( sy C Ap+(X/Y"). The inclusion (56) obviously follows from the above
inclusion.
Next we show the inclusion (55). By Lemma 2.5, we have the inclusions

Lf*A, C Lg* Aps C Apo(X/Y7).
Also we have
Hom(Og, Lf*A,) = Hom(RMOc, A,,)
=0
since RhiO¢ = 0. This implies that Lf*A, is contained in (’)g’L, proving (55). a

Note that h* A(Y) is a real codimension-one boundary of A(Y"). We define the subset AL(Y) C
ZT(Y’ ) by the following Cartesian square.

Al(y)—=4A'(v)

g*i g lg*

MAY)—— A(Y)
By Proposition 4.8, we have o

oy (A} (Y)) C T(Y) (57)
and it is a real codimension-one boundary of U(Y”). The following proposition shows the desired
property of U(Y)NU(Y").

PROPOSITION 4.12. We have B
oy (Al (Y)) c T(Y).

Proof. 1t is enough to show the claim for rational points in AIL(Y). Let us take a rational point
in Al (V)
g*h*'w+ D= f‘w+De AL (Y)
for w € A(Y) and D € C, 2(X). By (57), we have the point
Of*w+D € U(Y’). (58)

On the other hand, if we take a rational number 0 < ¢t < 1, which is sufficiently small depending
on w and D, we have R
ffw+D+tC e AT(Y) (59)

by the description of C,2(X) in the proof of Lemma 4.1. Hence, we have the point

O pespirc € UY):
It is enough to show that

t1—i>I£0 O prwtDtC — O wtD- (60)

The relation (60) obviously follows at the level of central charges. Also the hearts of bounded
t-structures associated to (58), (59) are

Ah*w(X/Y/)7 'Aw(X/Y)7

respectively. By Lemma 4.11, these t-structures are related by a tilting. Moreover the heart
A,(X/Y) is independent of t. Therefore, we can apply Lemma 4.13 below, and conclude that
the relation (60) holds. O
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We have used the following lemma, which is proved in [Tod10].

LEMMA 4.13 [Tod10, Lemma 7.1]. Let A, A" be the hearts of bounded t-structures on D, which
are related by a tilting. Let
[0,1) >t Zy € N(X)¢

be a continuous map such that oy = (Z;, A) for any rational number 0 < t < 1 and o9 = (Zy, A)
determine points in Stab(X). Then we have lim;_, .o oy = 0.

4.5 Moduli spaces
Let M be the algebraic space which parameterizes objects £ € D’ Coh(X) satisfying

Ext<(E,F) =0, Hom(E,E)=C
constructed by Inaba [Ina02]. For o = (Z,.A) € Stab(X)g, let
M([04]) ¢ M

be the subspace which parameterizes Z-stable objects E € A with ch(E) = ch(O,) for z € X.
Note that, a priori, M?([O3]) is just an abstract subfunctor of M from the category of C-schemes
to the category of sets. The subspace M7 ([O,]) is shown to be an algebraic subspace if the
openness of o-stable objects is proved. (See [Tod08a] for the arguments when X is a K3 surface
or an abelian surface.) The following proposition completes the proof of Theorem 1.2.

PROPOSITION 4.14. For o € U(Y), the space M?([O,]) is an open algebraic subspace of M, and
isomorphic to Y.

Proof. By deforming o € U(Y'), we may assume that o is written as
(Zfws s ALX/Y)

for some rational point f*w+ D € AT(Y). In order to reduce the notation, we write Z = Z w4 D-
Let us take an object E € Al,(X/Y), giving a C-valued point of M7 ([0,]). It fits into an exact
sequence in AL(X/Y)
0—>F—FE—->LffM — 0

for some F' € C% 5 and M € A,. If F' # 0, we have ImZ(F) > 0, Im Z(Lf*M) > 0, hence
Im Z(E) > 0. This contradicts to ch(E) = ch(O,), hence F' =0 and E 2 Lf*M. Since M € A,
satisfies ch(M) = ch(O,), Lemma 2.7 implies that M = O, for some y € Y, i.e. E = Lf*0O,.
Conversely, let us consider the object Lf*O, € A,(X/Y). Since O, € A, is Z, p-stable by

Lemma 2.7, Lemma 4.6 implies that Lf*O, € A,(X/Y) is also Z-stable.
The above argument shows that the morphism

Y - M (61)

sending y to L f*O, induces a bijection between closed points of ¥ and those of M7 ([O,]). Also
since the functor
Lf*: D’ Coh(Y) — D’ Coh(X)

is fully faithful, the morphism (61) is bijective on the tangent spaces. Therefore, it is enough to
show that M7 ([0,]) is open in M, which follows if we show that the objects of the form Lf*O,
are closed under deformations.
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Note that an object E € D®Coh(X) is written as Lf*M for some M € D?Coh(Y) if and
only if

Hom(DX/Yv E) =0, (62)

where Dx/y is defined in §2.3. Since Dx/y is the smallest triangulated subcategory which

contains some finite number of objects in Dy/y, the condition (62) is an open condition by

upper semicontinuity. Hence, if E is a small deformation of Lf*O,, it is of the form Lf*M for

some M € D®Coh(Y). Then M is a small deformation of O, hence M = O, for some y' € Y.
The statement is now proved. O

5. Some technical results

In this section, we give proofs of Propositions 2.8 and 4.8.

5.1 Proof of Proposition 2.8
Proof. We divide the proof into four steps.
Step 1. Continuity of o at rational points.

Let us take a rational point w € A(X). By Theorem 2.3 and Proposition 2.6, there are open
neighborhoods
we U, CNS(X)r, o, €U, C Stab(X)r (63)

such that Iy restricts to a homeomorphism between U, and U,,. We claim that, after shrinking
(63) if necessary, we have

0. € U,, for any rational w’ € U, N A(X). (64)

To prove this, we may assume that w’ lies in the interior A(X) C A(X) since Stab(X)g is
Hausdorff. Let us take a stability condition o, € U, satisfying IIg(c,/) = w’. By [Tod13b,
Proposition 3.14], after shrinking (63) if necessary, any object O, for z € X is g,-stable of
phase one. Then Lemma 5.1 below shows that

Tl = O
Therefore, the condition (64) holds.

Step 2. Partial extension of o to irrational points.

By the property (64) and Theorem 2.3, there is an open subset U C A(X), which contains
all of the rational points, such that the construction in Proposition 2.6 extends to a continuous
map

oy: U — Stab(X)g.

It is enough to show that oy extends to the whole A(X). We first show that oy extends to
U UA(X). Let us take an irrational point w € A(X), and rational points w; € A(X) for j > 1
which converge to w. By Proposition 2.6, there is a constant K; > 0 such that

1]

< K;
|Zo,(B)

for any non-zero o,-semistable object E. By the evaluation of K; in the proof of [Tod13b,
Proposition 3.13], one can easily check that the K; is taken to be independent of j. Indeed we
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can take K; so that

Kf<co+cl-0wj+02-lj+03-mj (65)
where ¢; are positive constants which are independent of j, and C,,;, [; and m; are given by
D2 . wz
Cu,; = sup{—‘j2 : D is an effective divisor on X, D? < O},
(D - wj)

lj = supd ——————u >0,
(u+ w?/2)?

y2

m;i= su (z,y) € R 2?2 > 202y b,

Here C,; is obtained in [Tod13b, Lemma 3.20] and [BMT14, Corollary 7.3.3], [; appears in the
proof of [Tod13b, Proposition 3.19] and m; appears in the proof of [Tod13b, Proposition 3.19].
The argument of [Tod13b, Proposition 3.19] implies the inequality of the form (65). By the
openness of A(X), the values Cu;, lj and m; are are bounded above by a positive constant which
is independent of j.

The fact that K is bounded above easily implies that

. |ij(E)_Zw(E)|
hm{ Z.,(B)]

Therefore, by [Bri07, Theorem 7.1], there is o,, € Stab(X)g satisfying

: FEis awj—semistable} =0.

j—o00

lim oy, = oy,. (66)
J]—>00

Step 3. Well-definedness of o,,.

We need to show that o, in (66) is independent of w;. In order to show this, we claim that
O, is o,-stable for any z € X. Suppose that O, is not o,,-stable. Since wj is rational, O, € Ay,
is 0,,-stable by Lemma 2.7, hence O, is o,-semistable. This implies that there is a non-trivial
o,-stable factor A of O, and w is a solution of w - ¢1(A4) = 0.

On the other hand, let us take a sufficiently small open neighborhood o, € U,,. Since o,
satisfies the support property, there is a wall and chamber structure on U, with finite number of
codimension one walls such that the set of semistable objects E with ch(E) = ch(O;) is constant
at a chamber but jumps at a wall. By the argument as above, o, lies at the wall of the form
IIg(*) - ¢1(A) = 0. Since the image of this wall under IIg contains dense rational points, we can
deform o, to &, on the wall such that its image under Il is a rational point w” € A(X). Since
o, lies on the wall, it is a limit of stability conditions of the form Tu for j > 1 with w} rational
and w}’ — w”. However, by the property (64), the stability condition o~ is also the limit of
Tut- Therefore, o,,» = o, which is a contradiction since O, is not o,~-stable but o,-stable.
Therefore, O, is o,,-stable,

Since O, is o,-stable, if we take open subsets as in (63) for an irrational w, then the same
argument as in Step 1 shows that they satisfy the condition (64). This immediately implies that
0, is independent of the choice of w;. Hence, oy extends to the continuous map from U U A(X),
by sending w to o,,.

Step 4. Extension of o to all of the irrational points.

The final step is to extend the map from U U A(X) to the map from A(X). Let us take an
irrational point w € A(X)\A(X), and rational points w; € A(X)\A(X) for j > 1 which converge
to w. By the same argument as in Step 2, the limit oy, of 0.,; exists. Note that A(X) is continuously
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embedded into Stab(X)r by the previous step, which gives a section of IIg over A(X). Since
Ow;, 0w lie at its boundary, oy, is uniquely determined by w if it exists, and independent of the
choice of w;. Now the assignment w — o, gives the desired continuous map (13). O
We have used the following lemma, which is essentially proved in [Bri08].
LEMMA 5.1. Let A C DYCoh(X) be the heart of a bounded t-structure and w € NS(X)g is
ample. Suppose that the following conditions hold:
(i) the pair (Z,, A) is a stability condition on D? Coh(X);
(ii) for any x € X, we have O, € A, and it is Z,-stable;

Then we have A = A,,.

Proof. The result is essentially proved in [Bri08, Proposition 10.3, Step 2], using [Bri08,
Lemma 10.1]. Although these results in [Bri08] are stated for K3 surfaces or abelian surfaces,
one can see that the arguments work for arbitrary projective surfaces. O

5.2 Proof of Proposition 4.8
Proof. The proof is similar to that of Proposition 2.8, but we need to take more care because
we are no longer able to use Lemma 5.1.
Step 1. Continuity at rational points: reduction to the equality of stability conditions given as
(70).

Let us take a rational point f*w + D € ZT(Y). By Theorem 2.3 and Proposition 2.6, there
are open neighborhoods

f*w + D e Uw,D C NS(X)R, (67)
OfrwtD € Uy p C Stab(X)g, (68)
such that IIr restricts to a homeomorphism between U, p and U, p. We claim that, after
shrinking (67), (68) if necessary, we have
0w+ € Uy p for any rational f*w’ + D' € U, p HZT(Y). (69)
Let us take G f+y pr € Uy, p whose image under Ilg is f*w’ + D’. It is enough to show
5f*w’+D’ = Uf*w’+D/- (70)
Step 2. A preparation of slicing to prove (70).

Below, we assume that the reader is familiar with the notion of slicings in the original
paper [Bri07], and the related notation. The stability conditions o f«.,4p, 0 =4 pr are written
as pairs

0 fswtD = (Zp+wtD, P),
Ef*w’—l—D’ = (Zf*w’—i-D’aP,)a
for slicings P = {P(#) }per, P’ = {P'(¢) }scr- We also consider stability conditions on D® Coh(Y')
Ow,D = (Zw,Da -Aw)
Ow' D' = (Zw’,D’; Aw’)

considered in Lemma 4.4. We denote by

{Q(d)}per, {Q()}oer

the slicings corresponding to oy, p, 0. pr, respectively.
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By shrinking (67), (68) if necessary, there is 0 < € < 1/8 so that
d(P,P") <e

where d(x,*) is given in [Bri07, §6]. Then the category P’(¢) is the category of Zp«,4pr-
semistable object in the quasi-abelian category (cf. the proof of [Bri07, Theorem 7.1])

P((¢— €0+ ). (71)

Also, similarly to the proof of Proposition 2.8, Step 1, we see that o,s p/ is contained in an
open neighborhood of o, p. Consequently, we may assume that d(Q, Q') < ¢, and Q'(¢) is the
category of Z,/ p/-semistable objects in the quasi-abelian category

Q(¢—€ 0 +e)).
Step 3. Reduction of (70) to some statements on Q((¢ — €, ¢ + €)), given as (77) and (79).

The relation (70) follows if we show

AL, C P'((0,1]) (72)
since both sides are hearts of bounded t-structures on D? Coh(X). The inclusion (72) is equivalent
to

Lf*A, C P'((0,1]). (74)

We first prove (73). Since Cg)( ne is the extension closure of a finite number of objects, and
Im Zp(C% /- \{0}) > 0, we have
Cx/y C P((6,6) (75)

for some 6,60" € (0, 7). By shrinking (67), (68) if necessary, we may assume that
[0 — €0+ ¢ C(0,m). (76)

Then the condition (73) follows since d(P,P’) < e.
The inclusion (74) follows if we show Lf*Q'(¢) C P/(¢) for any 0 < ¢ < 1. By the argument
in Step 2, it is enough to show that

Lf*Q((¢—€¢0+¢€) CP((¢—€d+e) (77)

and for any M € Q((¢ —€,¢ + €)) and an exact sequence in P((¢ — €, ¢ + €))

0> F - LffM — F, — 0 (78)
we have
FeLf Q¢ —€¢+¢)). (79)
Step 4. Proof of (77) and (79).
By Lemma 4.6, we have
Lf*Q(y) C P(¥) (80)
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for any ¢ € R. Then the inclusion (77) is obvious from (80). Suppose that there is an exact
sequence (78) in P((¢p — e, +¢€)). If ¢ € (¢,1 —€), we have P((¢p —€,¢ +€)) C A,(X/Y). By
Lemma 4.2, it follows that F; € Lf*A,, for i = 1, 2. Together with F; € P((¢ —€, ¢ +€)) and the
condition (80), we conclude that (79) holds.

If ¢ ¢ (e,1 — €), we have either ¢ € (0,¢) or ¢ € (1 — ¢,1]. These cases are treated similarly,
so we assume ¢ € (1 — ¢, 1] for simplicity. By setting A = A, (X/Y), we have the exact sequence
in A

0— H' (F) = H (LA M) > H ' (F)
— HY(Fy) — HYLF*M) — HY(Fp) — 0. (81)

Since Lf* A, C A,(X/Y), we have
HA(LS"M) = Lf"Hy, (M)
for all . By Lemma 4.2 and the exact sequence (81), we have
H (L), HY(F2) € Lf* A,
By the condition (76), we have
Hom(CYy M5! (F2)) = 0

since H ' (Fb) € P((0,€)). This implies that H ;' (Fs) € Lf* Ay, hence H(F}) € Lf* A, also
holds by Lemma 4.2 and the exact sequence (81).
We have shown that ”Hi\(FZ) is an object in Lf*A,, for all 4 and j. Since the functor

Lf*: D Coh(Y) — D" Coh(X)

is fully faithful, it follows that F; € L f*D® Coh(Y) for i = 1, 2. Combined with (80), we conclude
that (79) holds.

Step 5. Partial extension of o to irrational points.

Now we have proved (69). By the property (69), there is an open subset Uy C Al (Y), which
contains all of the rational points, such that the construction in Proposition 4.7 extends to a

continuous map
ouYy: Uy — Stab(X)R.

We next show that oy y extends to the Uy U AT(Y). For an irrational point f*w+D € AT(Y), let
us take rational points f*w; + D; € AT(Y) for j > 1 which converge to f*w + D. By Lemma 4.5,
there is a constant K; > 0 so that

1]
| Z w40, (E)]

for any non-zero oy, p;-semistable object E. By the evaluation of Kj in the proof of
Proposition 4.7, and the argument in the proof of Proposition 2.8, Step 2, it is easy to see that
the constant K is taken to be independent of j. Therefore, as in the proof of Proposition 2.8,
Step 2, the limit exists

<Kj

OfrwtD '= Jliglo O fraw;+D;- (82)
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Step 6. Well-definedness of o f«,4p-

We claim that the limit (82) does not depend on a choice of f*w; + D;. Indeed if we take
another rational points f *w;- + D;- € AT(Y) which converge to f*w+ D, then Theorem 2.3 implies
the existence of

5f*w;+D; S Stab(X)R

for 7 > 0 whose image under Iy is f *wé- + D; and converge to 0«4 p. Let us write

Ofwi+D; = (Zprw;+D;5 Pj),
~ /
g = (Zpwwir )y Pj),

for slicings P; = {P;(¢) }yper and P; = {P;($)}secr- Then d(P;, P;) goes to zero for j — oo. Also
we can take 6,0 € (0,7), which does not depend on j, so that

Cx/y € P;([0,67)
for all j > 0. If we take 0 < € < 1/8 satisfying (76), we have
Cx/y © Pi((0,1]) (83)

for all j > 0 satisfying d(Pj,P]{) < €. Also, by the same argument of Proposition 2.8, Step 3,
one sees that the stability conditions o, p, and Oy, Dy, converge to the same point in Stab(Y ).
Using this fact instead of the two sentences after (71), the same argument proving (74) shows
the inclusion

Lf* A, C P;((0,1]). (84)

The inclusions (83), (84) imply 7((0,1]) = A’

*,,
fwj

for 7 > 0, which implies

Hence, o+, p is independent of f*w’ + D7, and the assignment f*w + D > o+uyp gives a

continuous map from Uy U AT(Y).
Step 7. Extension of o to all of the irrational points.

We finally extend the map from Uy UAT(Y") to the map from Al (Y). Let us take an irrational
point f*w+ D € ZT(Y)\AT(Y), and rational points f*w; + D; € ZT(Y)\AT(Y) for j > 1 which
converge to f*w + D. Similarly to the argument of Step 5, the limit o+, p of o« 4 p; exists.
Since we have shown that Af(Y) is continuously embedded into Stab(X)g, the same argument
in the proof of Proposition 5.1, Step 4 shows that o+, p is independent of f*w; + D;. Now the
assignment f*w + D +— o+, p gives the desired continuous map (52). |
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