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The maximum density of packings of a given type into the 
whole of a Euclidean space is defined to be the limit of the maxi
mum density of such packings into a cube as the edge of the cube 
goes to infinity. 

For E£> in part icular , a number of well known resul ts such 
as those due to A. Thue [ l ] , L. Fejes-Toth [2], and C. A. Rogers 
[3] yield precise information about packings into the whole space. 
They a re however of limited applicability to problems of finite 
packing in so-far as each requires some rest r ic t ion upon the 
boundary of the configuration. 

In a paper which is shortly to appear [4] we obtain a result 
on the packings of plane convex disks which are free from such 
boundary res t r ic t ions . Our purpose in this note is to apply the 
result to a simple finite packing problem which may be stated: 

Let P i , . . . , Pn be a set of k points contained in a 
closed region bounded by an equilateral triangle of side n (n a 
positive integer). If the distance between any two of the points 
is at least 1 then it is conjectured that the maximum value of k 
is the t r iangular number T{& + l)(n + 2). 

The conjecture can be affirmed by applying the following 
corol lary to our theorem on the packing of convex disks. 

Let IT be a Jordan polygon and E a finite set of points 
which together satisfy the following conditions. 

1 The problem was suggested to us in the course of conversation 
by Prof. Erdos while he was visiting McGill University. 
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(i) The v e r t i c e s of tr be long to E . 

(ii) The set E i s con ta ined in the c l o s e d r eg ion bounded by IT. 

(iii) The d i s t a n c e be tween any two po in t s in E i s not l e s s than 1< 

Then the following inequa l i ty h o l d s : 

(1) ^ A ( 7 r ) + | M ^ ) + * > N 

w h e r e A(TT) i s the a r e a of the r eg ion bounded by IT, M(TT) i s the 
length of TT and N i s the n u m b e r of po in t s in E . 

We c o n s i d e r a se t E con ta ined in o r on a t r i a n g l e T of 
s i d e s n (n a pos i t i ve i n t e g e r ) wi th the p r o p e r t y tha t the d i s t a n c e 
b e t w e e n any two po in t s in E i s a t l e a s t 1. Le t H be the con
v e x hul l of E , i . e . the s m a l l e s t convex se t which con t a in s E . 
It i s c l e a r tha t it i s a polygon whose v e r t i c e s a r e in E and fu r 
t h e r m o r e tha t i t i s con ta ined in o r c o i n c i d e s wi th T. Hence 
A(H) £ A(T) . F u r t h e r s ince H i s convex it i s e a s y to p r o v e tha t 
M(H) < M(T) . 

The inequa l i ty (1) i s a p p l i c a b l e to the p a i r , H and E , and 
y i e l d s 

^jrjA(H) + ~M(H) + 1 > N , 

Having 

a n d 

we find tha t 

A(H) < A(T) = ^4- n2 

— 4 

M(H) < M(T) = 3n 

3 1 2 1 
N < 1 + ~ n + ~ n = ^ ( n + l ) (n + 2). 

It r e m a i n s only to note tha t equa l i ty i s r e a l i z e d for e x a m p l e 
if fo r E we t ake tha t subse t of the l a t t i c e g e n e r a t e d by (0, 0), 

1 J3 
(0, 1) and (T> — ) which i s con ta ined in o r on the t r i a n g l e T 

1 J3 
whose v e r t i c e s a r e ( 0 , 0 ) , (0 ,n ) and (711,-711), 

ù 2 
We c l o s e wi th the r e m a r k tha t a d d i t i o n a l q u e s t i o n s r e l a t i n g 
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to the above and proposed in the same conversation remain open. 
Thus can one find a set of T(n + l)(n + 2) - 1 points, the distance 
between any two being at least one, in an equilateral triangle 
whose sides a re n - £ where z > 0? Though it is not difficult 
to construct such a set of x ( n + l ) ( n + 2) - 2 points in a triangle 
of sides n - e , this question remains open. One may also ask 
by how much a triangle of sides n must be increased in order to 
contain such a set of T ( H + l)(n + 2) + 1 points. In answer to 
this question our inequality provides but a weak est imate. 

REFERENCES 

1. A. Thue, Uber die dichteste Zusammenstellung von kon-
gruenten Kreisen in einer Ebene, Christiania Vid. Selsk. 
1 (1910), 3-9. 

2. h. Fejes-Toth, Some packing and covering theorems, 
Acta Sci. Math. Szeged 12 (1950), 62-67. 

3. C. A. Rogers, The closest packing of convex two dimen
sional domains, Acta Math. 86 (1951), 309-321. 

4. N. Oler, An inequality in the geometry of numbers , 
Acta Math. , 

McGill University 

and 

Columbia University 

155 

https://doi.org/10.4153/CMB-1961-018-7 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1961-018-7

