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Abstract
Although the spin parameter of dark matter halos is well known to follow a log-normal distribution at fixed epoch, its quantitative redshift
evolution – encompassing both the mean and the dispersion – remains only partially explored. Prior studies either lack the mass resolution
required to establish reliable evolutionary trends or do not provide analytical relations that enable forward modelling. Using a suite of
�CDM N-body simulations with controlled resolution across the redshift range 0≤ z ≤ 5, we characterise the evolution of the mean and
dispersion of the Peebles (λ) and Bullock (λ′) definitions of spin. We find a mild but statistically robust linear evolution for ln λ and a non-
monotonic trend with a turnover at z ≈ 1− 2 for ln λ′, which we verify are unaffected by mass resolution of choice of halo definition. We
provide closed-form fitting functions for these trends that allowmodellers to draw physically motivated spin values at any redshift within our
range of validity. This is a practical, redshift-dependent alternative to the common assumption of a constant spin distribution and provides
a useful input to semi-empirical and semi-analytic models of galaxy formation.
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1. Introduction

Within the hierarchical structure formation framework, dark mat-
ter halos serve as the building blocks in which the baryonic diffuse
matter collapses to form galactic discs (White & Rees 1978; Fall
& Efstathiou 1980; Mo, Mao, & White 1998; Zavala, Okamoto, &
Frenk 2008). There is an extensive literature on how dark mat-
ter halos gain their angular momentum through gravitational tidal
interactions with the large scale mass distribution of the uni-
verse (Peebles 1969; Doroshkevich 1970; Efstathiou & Jones 1980;
White 1984). This theory, known as Tidal Torque Theory, has
been shown to be consistent with the results of cosmological N-
body simulations and captures well the growth of the angular
momentum of proto-halos (Barnes & Efstathiou 1987; Sugerman,
Summers, & Kamionkowski 2000; Porciani, Dekel, & Hoffman
2002a,b). However, its validity breaks down in the non-linear
regime, when halos have collapsed and virialised (White 1984;
Barnes & Efstathiou 1987; Porciani et al. 2002b; Bailin & Steinmetz
2005), and this is understood to reflect the importance of merger
and accretion in the assembly histories of halos (Gardner 2001;
Maller, Dekel, & Somerville 2002; Vitvitska et al. 2002; Benson,
Behrens, & Lu 2020), and consequently the galaxies that they host.
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In this context, cosmological simulations provide crucial
insight into how halos and galaxies acquire their angular
momentum over time. The properties of galaxies seem to be
strongly correlated to those of the dark matter halo in which they
are embedded (Mo et al. 1998; Dutton et al. 2007). For instance, a
halo’s angular momentum can be connected to properties of galac-
tic discs, such as their size and surface density (Fall & Efstathiou
1980), which in turn affects their star formation rates (van den
Bosch 2000). This relationship between halo angular momentum
and the intrinsic properties of galaxies is one of the core assump-
tions underpinning semi-analytic models (SAMs) of galaxy for-
mation, which evolve baryons in the background of dark matter
halos by means of a coupled set of differential equations which
parameterise key astrophysical processes, such as cooling, star for-
mation, and stellar feedback (Kauffmann et al. 1999a,b; van den
Bosch 2000; Croton et al. 2006). This approach has successfully
reproduced many of the global properties of the galaxy population
across cosmic time (e.g. Knebe et al. 2015).

Despite extensive work on the spin distribution at fixed epoch
(e.g. Vitvitska et al. 2002; Hetznecker & Burkert 2006; Bett et al.
2007; Macciò et al. 2008; Macciò, Dutton, & van den Bosch 2007;
Knebe & Power 2008; Muñoz-Cuartas et al. 2011; Ahn et al. 2014;
Zjupa & Springel 2017), only a limited subset of studies has quan-
tified its redshift evolution. In particular, Hetznecker & Burkert
(2006) present one of the few explicit evolutionary analyses –
but, as we find in this paper, their results are affected by limited
mass resolution.a Similarly, Ahn et al. (2014) track λ(z) and λ′(z)
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directly and find broadly consistent qualitative trends, but focus
primarily on mass dependence and provide no analytical fitting
relations for either the mean or the dispersion of the log-normal
distribution as a function of redshift, making their results difficult
to implement directly in models that require sampling from a
log-normal at arbitrary z. Zjupa & Springel (2017) confirm the
log-normal form of the spin distribution at multiple redshifts in
the Illustris simulation (their Figures 9, 11, 18), but do not extract
or model the redshift evolution of the distribution parameters
quantitatively. Consequently, to our knowledge, no existing work
provides closed-form, resolution-validated expressions for both
μ( ln λ, z) and σ (z) simultaneously – the combination required to
fully specify the spin distribution at any redshift for use in forward
modelling. This is the gap our paper addresses.

The most common means to characterise a dark matter
halo’s angular momentum is the dimensionless spin parameter λ.
Peebles (1969) defined the spin parameter as,

λ = J |E|1/2
GM5/2 (1)

where G is Newton’s gravitational constant; J =
∣∣∣∑Np

i=0 �ri × �pi
∣∣∣ is

the magnitude of the angular momentum of Np particles in the
halo, each of mass M/Np where M is the mass of the halo; and
|E| = |Ekin + Epot| is the absolute value of the halo’s total energy
where Ekin is its kinetic energy and Epot is its gravitational poten-
tial energy. We can interpret Equation (1) as the halo’s rotational
velocity (vrot ∼ J/MR) normalised by its velocity dispersion (σ ∼√
GM/R∼ √|E|/M).
This classic Peebles (1969) definition has been supplemented

subsequently by the Bullock et al. (2001) definition,

λ′ = 1√
2

J
MVR

= 1√
2

J
M

√
GMR

(2)

where V = √
GM/R is the circular velocity of the halo. We can

interpret Equation (2) as the halo’s angular momentum (J) nor-
malised by the angular momentum we would expect if halo mate-
rial was on circular orbits (∼ √

GMR). λ′ has the advantage that
it is computationally cheaper to obtain than λ because it avoids
the expensive calculation of the gravitational potential energy, Epot
(Vitvitska et al. 2002; Knebe & Power 2008). Moreover, its value is
less sensitive to the definition of a halo’s boundary (Bullock et al.
2001), which also makes it a versatile measure for the spin param-
eter of galaxies (Burkert & D’Onghia 2004; Tonini et al. 2006;
Obreja, Buck, & Macciò 2022).

There is a substantial body of work on the growth of the spin
parameter of halos driven by the large-scale gravitational tidal
field in the linear regime (e.g. Peebles 1969; Doroshkevich 1970;
White 1984; Catelan & Theuns 1996). As halos enter the non-
linear regime, their self-gravity dominates the large-scale tidal
torques (e.g. Sugerman et al. 2000) and merger and accretion
events are predicted to become important (e.g. Maller et al. 2002;
Vitvitska et al. 2002; Peirani, Mohayaee, & de Freitas Pacheco
2004; Hetznecker & Burkert 2006; Sharma, Steinmetz, & Bland-
Hawthorn 2012) – although the precise role of mergers in setting
the spin distribution remains debated (e.g. D’Onghia & Navarro
2007; Wang &White 2009).

Maller et al. (2002) used a SAM to demonstrate that both tidal
torques and orbital angular momentum transfer during merg-
ers can produce similar halo spin distributions. Vitvitska et al.

aWe reproduce their setup and show how resolution alters the inferred behaviour
(Appendix B).

(2002) used N-body simulations to model spin growth as a ran-
dom walk driven by uncorrelated orbital angular momenta of
merging subhalos. This framework has been refined subsequently
by Benson et al. (2020), who showed that accurately reproducing
the N-body spin distribution requires including a weak correlation
between the spins of progenitor halos and the angular momenta
of their infalling subhalos, and by Hou, Luo, & Lacey (2025), who
used merger trees drawn from the Millennium and Millennium-II
simulations to construct a stochastic model in which spin vector
evolution is driven by the accretion of mass and angular momen-
tum. Peirani et al. (2004) found that halo angular momentum
evolves in two distinct phases, with mergers increasing spin and
smooth accretion reducing it, but despite these variations, the
overall spin parameter distribution remains largely unchanged
with redshift, apart from a slight increase in the mean value.
Sharma et al. (2012) showed that mergers redistribute angular
momentum, causing the inner halo to lose spin while the outer
regions gain it, leading to a net spin reduction of 40–80% per Gyr.

Interestingly, Hetznecker & Burkert (2006) explicitly tracked
the growth of both the Peebles (λ) and Bullock (λ′) spin param-
eters with redshift and reported contrasting behaviour in their
respective evolutions. They found that λ′ remains nearly constant
but λ increases with redshift. Evolution is driven byminormergers
and accretion rather than major mergers. Although major merg-
ers boost λ – by a factor of ∼1.3 – their infrequency makes them a
secondary influence. Similar trends were reported in Macciò et al.
(2008) and Ahn et al. (2014).

It is worth noting that D’Onghia & Navarro (2007) argued
that the apparent spin-up associated with major mergers is largely
an artefact of unrelaxed systems, and that the virialisation pro-
cess itself leads to a net decrease in spin through the ejection of
high-angular-momentum material beyond the virial radius. More
fundamentally, Wang & White (2009) demonstrated that univer-
sal halo properties, including the spin distribution, are reproduced
even in a hot dark matter universe where structure forms through
monolithic collapse rather than hierarchical merging, suggesting
that mergers may not be the necessary ingredient for establishing
the log-normal form of the spin distribution.

Motivated by the contrasting findings in the literature, we
revisit in this paper the evolution of the Peebles λ and Bullock
λ′ spin parameters across redshift, with two specific aims: to pro-
vide a statistically robust, resolution-validated characterisation of
how the mean and dispersion of the log-normal spin distribution
evolve from z = 5 to z = 0; and to deliver closed-form fitting func-
tions that allow physically motivated spin values to be drawn at
any redshift within this range without recourse to simulations.
Although previous studies have noted that λ and λ′ evolve dif-
ferently (e.g. Hetznecker & Burkert 2006; Ahn et al. 2014), no
existing work provides analytical expressions for both the mean
and the width of the distribution simultaneously – the combi-
nation required to fully specify the spin distribution at arbitrary
redshift. We provide these here and discuss the physical origin of
the differences between the two definitions in Section 4.

The main focus of this work is to quantify, for a dark matter
halo sample found in cosmological simulations, the redshift evo-
lution of both spin definitions (Equations 1 and 2). The approach
will be to study the statistical properties of the spin in the halo pop-
ulation. To this end, this work is structured as follows: in Section 2,
we introduce our suite of simulations, the halo finder used to
identify dark matter halos and provide a brief discussion on the
spin and the halo sample’s basic properties. Secondly, in Section 3
we showcase our main results, based upon studying in detail the
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Table 1. Simulation parameters in the B-suite (columns 1–3), number of halos Nh(z) found by AHF with more than 500 particles at redshifts z= 0.0, 1.1 and 5.0
(columns 4–6, respectively), and number of field halos Nfh(z) after additionally filtering out subhalos (columns 7–9).

Simulation B (Mpc h−1) msim (107 ·M	 h−1) ε (kpc h−1) Nh(z= 0.0) Nh(z= 1.1) Nh(z= 5.0) Nfh(z= 0.0) Nfh(z= 1.1) Nfh(z= 5.0)

B20 20 1.7 1.95 19 233 22 819 11 959 1 115 1 334 267

B40 40 3.4 3.91 22 714 25 539 8 223 1 330 1 364 81

B80 80 6.8 7.81 26 807 27 746 3 705 1 515 1 201 8

B160 160 13.6 15.63 31 211 27 792 614 1 511 684 0

Total − − − 99 965 103 896 24 501 5 471 4 583 356

redshift evolution of the spin probability distribution, eventually
providing fitting functions that describe this evolution. Lastly, in
Section 4 we present a discussion of our results and state the main
takeaways of our experiments.

2. Data andmethodology

A detailed understanding and characterisation of the spin param-
eter of dark matter halos requires numerical simulations that
accurately model the relevant physical processes – in this case,
the gravitational collapse and dynamical evolution of halos in a
cosmological background – with sufficient resolution to produce
reliable results and recover statistical samples of halos through-
out a wide range of masses and scales; a halo finding code that
correctly identifies and characterises the overdensities as bound
objects; and appropriate post-processing pipelines for their anal-
ysis. In this section we introduce all these technical details and
provide some basic discussion of the resulting dataset, setting the
ground for the main results of our work.

2.1. Simulations and halo finder

Simulation Details: We have run four dissipationless �-Cold
DarkMatter (�CDM) cosmological simulations using GADGET4
(Springel et al. 2021). Initial conditions at redshift z = 63 were
created on-the-fly using the internal N-GENIC functionality in
GADGET4 and configured to generate and use a realisation of
the Eisenstein & Hu (1999) power spectrum of primordial density
fluctuations. We stored 48 output snapshots between z = 5 and
z = 0, uniformly distributed in log10 (a) space. The mass resolu-
tion of our runs is insufficient to explore higher redshifts reliably
(i.e. z ≥ 5), but we consider the redshift range large enough for the
conclusions drawn from our data.

Each simulation follows the evolution of N = 2563 equal mass
particles and vary only in the box size B, whose values are
given in column 1 of Table 1. The particle masses varies as
msim = ρcrit�0 (B/N)3, where ρcrit = 3H2

0/8πG, as shown in col-
umn 2 of Table 1. Even with this modest value of N we can
probe a wide range of halo masses from z = 5 to the present
day. We choose a gravitational softening of ε = 0.025 B/N1/3,
which is intermediate between the converged and optimal soften-
ings of Ludlow, Schaye, & Bower (2019); the values used in each
of the simulations is shown in Table 1. We adopt cosmological
parameters of �0 = 0.315, �� = 0.685, h= 67.4 and σ8 = 0.810
and ns = 0.965, in agreement with the latest observations (Planck
Collaboration et al. 2020).

It is worth noting that, although there is an abundance of
state-of-the-art simulation datasets publicly available, there are
good reasons for running our own suite of simulations tailored
to our specific needs. First, we require a uniform minimum parti-
cle number across the different box sizes to maintain a common

resolution threshold over a broad halo-mass range and redshift
interval. Second, we need both spin definitions to be computed in a
consistent manner – crucially, the Peebles spin needs gravitational
potential energy, which is not generally available in public cat-
alogues, and post-processed potential energy calculations across
dozens of snapshots and simulation suites are computationally
prohibitive. Third, our science goal demands explicit resolution-
convergence tests and volume-dependence checks, which we pro-
vide in the Appendix; this shows that resolution and box size
influence the inferred λ′ evolution, underscoring the need for
controlled systematics.

Halo Finding: Dark matter halos were identified using the
Amiga Halo Finder algorithmb (AHF; see Knollmann & Knebe
2009). The halo mass is determined by truncating the halo edge
at a distance R from the centre, where the mean density within the
halo volume goes below a predefined threshold of 	(z) multiplied
by a reference density ρref(z). For our study, we will focus on the
R200 definition, which uses	(z)= 200 and ρref(z)= ρcrit(z), deter-
mining the halo masses as (Knebe et al. 2008; Knebe et al. 2013)

M200 = 4
3
πR3

200 · 200ρcrit(z). (3)

Note that we show in Appendix A our results for when Rvir is
defined by 	(z) as provided by the spherical top-hat collapse
model and ρref(z)= �m(z)ρcrit(z) is the reference density (cf.
Knebe et al. 2013). We find that while the results show only a
minor quantitative dependence on the definition of the halo’s
boundary, the qualitative behaviour and key conclusions remain
consistent with those presented in the main analysis.

2.2 Halo sample

This section provides a succinct summary of the properties of our
halo sample. We investigate three key aspects: first, we ensure that
our sample spans a broad mass range with sufficient resolution
(Section 2.2.1); second, we assess the correlation between spin
and mass and compare to previous studies (Section 2.2.2); and
third, we characterise the spin probability distribution and com-
pare with theoretical expectations (Section 2.2.3). This last point
is particularly important because the statistical properties of the
spin distribution play a crucial role in our analysis. By addressing
these aspects, we establish a solid framework for interpreting the
results presented in Section 3.

2.2.1. Cumulative halo mass function

One of the main tools to study the consistency of a cosmological
simulation and its mass range is the cumulative halomass function
N(>M200), hereafter referred to as cHMF.

bPublicly available at http://popia.ft.uam.es/AHF/.
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Figure 1. Volume-normalised cumulative halo mass functions of our N= 2563 suite
of simulations with B= 20 (blue), 40 (orange), 80 (green), and 120 Mpc h−1 (red) at
redshifts z= 0.0 (solid), z= 1.1 (dashed) and z= 5.0 (dotted). The solid black curves
indicate the analytical cumulative mass distributions obtained using the HMFcalc
code (Murray et al. 2013) at each redshift, whereas the vertical lines indicate the mass
of halos with 500 particles in each simulation, coloured accordingly. The leftmost end
of the curves correspond to the minimum 20-particle limit for a halo.

Figure 1 shows the volume-normalisedc cHMF of the darkmat-
ter halos found in each of our simulations: blue, orange, green and
red correspond, respectively, to B20, B40, B80, and B160 (as desig-
nated in Table 1), at redshifts z = 0.0 (solid), 1.1 (dashed curves),
and 5.0 (dotted). The theoretical results, calculated using the
HMFcalc code (Murray, Power, & Robotham 2013) at the corre-
sponding redshifts, are shown as solid black curves. Furthermore,
the mass of halos with 500 particles in each simulation is marked
by vertical lines, coloured according to their corresponding sim-
ulation. This minimum particle number will be justified in more
detail below, and it sets the mass limit of objects considered in our
study.

The main point of Figure 1 is to show that – stacked together
– our suite of simulations covers a range of halo masses from
approximately 1010h−1 M	 to close to 1015h−1 M	 – smaller sim-
ulation volumes (e.g. B20) provide insight into the low-mass halo
regime, whereas larger volume (e.g. B160) probe the highest mass
halos. The combination of the B-suite results in a continuous halo
mass function which covers a wide mass range and follows well the
HMFcalc theoretical expectations. Note, however, that we apply
two additional selection criteria.

Halos must contain at least 500 particles: This ensures suffi-
cient resolution of a halo’s internal properties to compute its spin
parameter (see, for instance, Appendix A in Allgood et al. 2006, for
a study of the resolution effects on different halo measurements).d

cThe normalisation is done so as to compare simulations with varying volume B3.
dWe note that Benson (2017) demonstrated that particle noise introduces a system-

atic upward bias in halo spin measurements in N-body simulations, with the noise-free
median spin being approximately 3% lower than the directly measured value, and that
measuring an individual halo’s spin to 10% precision requires of order 4× 104 particles.
However, because our analysis is based on fits to the spin distribution or the halo pop-
ulation rather than measurements of individual halo spins, and because Benson (2017)
showed that the noise bias on the population median is small compared to the statistical
uncertainties arising from halo counts, we do not expect this effect to significantly affect
our conclusions.

Figure 2. Correlation between spin andmass at different redshifts z, coloured by den-
sity of data points. Each row indicates, from top to bottom respectively, redshifts z=
0.0, 1.1, and 5.0, whereas left and right columns indicate theλ and λ′ data, respectively.
The text on the bottom right of each plot indicates the redshift z and the spearman rank
coefficient rs.

Substructure halos are removed: Tidal stripping of substructure
and its gravitational interactions with the host halo affect its angu-
lar momentum and spin. In addition, unambiguous definition of
material associated with the halo is difficult for substructure.

For the remainder of this work, we combine halos from all sim-
ulations that satisfy these criteria into a single catalogue, which we
summarise in Table 1 (cf. Nf

h, columns 7–9).

2.2.2. Spin-mass correlation

If we are to reliably identify redshift-dependent trends in the spin
parameter, then we must account for a potential degeneracy with
halo mass. This is because the maximum mass decreases with
increasing redshift (see Figure 1), and so an observed evolution
of spin with redshift may reflect the underlying trend with halo
mass rather than a genuine evolutionary effect. To address this, in
Figure 2 we investigate the correlation between the Peebles spin
(λ), left panels), and Bullock spin (λ′, right panels) and halo mass
at three representative redshifts – z = 0, z = 1.1, and z = 5 (top to
bottom) – corresponding to those in Figure 1. Each panel also
includes the Spearman rank correlation coefficient for the halo
sample at that redshift.

Figure 2 reveals that there is minimal correlation between spin
and halo mass, as indicated by the low Spearman coefficients. The
correlation is weakly negative, except for λ at z = 0, and tends to
strengthen with increasing redshift. This trend is consistent for λ,
while for λ′, the strongest correlation appears at z = 1.1. As noted
by Bett et al. (2007), the small magnitude and substantial scatter
in λ and λ′ makes this correlation difficult to detect. Our results
are consistent with Macciò et al. (2008), Knebe & Power (2008),
Muñoz-Cuartas et al. (2011), Ishiyama et al. (2013), which gives
us confidence that any redshift evolution we observe in the mean
value of the spin parameter is not driven by a correlation between
spin and mass of the underlying halo population.
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Figure 3. Probability distribution of ln (λ) (top panel) and ln λ′ (bottom panel) for our
N= 2563 B-suite of simulations at redshifts z= 0.0 (black filled squares), z= 1.1 (red
filled squares), and z= 5.0 (magenta filled squares), all using Poisson uncertainty. The
solid, dashed, and dotted curves are Gaussian fits to the distributions at each redshift
discussed respectively, coloured according to their associated dataset. The coloured
vertical lines show the mean values of their same-coloured dataset at each redshift.

2.2.3. Spin distribution

There is a rich body of literature (e.g. Barnes & Efstathiou
1987; Bullock et al. 2001; Vitvitska et al. 2002; Maller et al. 2002;
Hetznecker & Burkert 2006; Bett et al. 2007; Knebe & Power 2008;
Antonuccio-Delogu et al. 2010; Davis & Natarajan 2010; Muñoz-
Cuartas et al. 2011; Ahn et al. 2014; Zjupa & Springel 2017) that
has demonstrated that the spin probability distribution is well fit
by a log-normal function, which can be understood physically
as a consequence of the stochastic nature of angular momen-
tum growth.e We verify this in Figure 3, in which we show the
probability distribution of ln (λ) (top panel) and ln (λ′) (bottom
panel) at redshifts z = 0.0, 1.1, and 5.0 (black, red, and magenta,
respectively).

Here the uncertainties are calculated using Poisson statistics.
Both panels also show Gaussian fits to each dataset as continuous,
dashed and dotted curves, respectively (colour-coded by redshift).
Vertical lines indicate the mean value of the data at each redshift,

eFor example, Kim et al. (2015) have shown that log-normality of the distribution arises
directly from a geometric Brownian motion model for halo spin evolution driven by
mergers and accretion.

for comparison with the Gaussian fits. In all subsequent analysis
we use the mean and standard deviation as derived directly from
the data rather than from the Gaussian fits.

Figure 3 confirms that both ln (λ) and ln (λ′) are well fit
by Gaussians, especially at low redshifts. There are small offsets
between mean values measured from the data (marked by the ver-
tical lines) and the values at which the Gaussians peak, which we
would expect to be smaller for larger halo samples. At higher red-
shifts, the larger offsets could be an effect of the binning or an
intrinsic property of the data itself, but there is still very good
consistency between the data and the fits even in this regime.

3. The redshift evolution of the spin parameter

In this section, we present our results for the redshift evolution of
both the mean (Section 3.1) and standard deviation (Section 3.2)
of ln (λ) and ln (λ′). We define the probability distribution of the
mean by,

L(′)(z)= 1
Nf

h(z)

Nf
h(z)∑
i=1

ln
[
λ
(′)
i (z)

]
, (4)

and of the standard deviation by,

S(′)(z)=

√√√√√ 1
Nf

h(z)− 1

Nf
h(z)∑
i=1

∣∣∣L(′)(z)− ln
[
λ
(′)
i (z)

]∣∣∣2. (5)

Here the ‘primed’ notation indicates whether we are dealing with
λ or λ′, and Nf

h(z) is the number of field halos at a given red-
shift. We also demonstrate that our convergence criterion of 500
is sufficient.

3.1. Mean valueL
Redshift evolution: Figure 4 showsL′(z) (upper set of curves) and
L(z) (lower set of curves) plotted against redshift, z. The different
colours correspond to different minimum number of particles per
halo, with Nf

h(z) ∈ [100, 1 000] (see caption for further details).
The uncertainties on L(z), which we compute as

S(′)(z) /

√
Nf

h(z),

are shown as shaded grey regions, only for the datasets with
Nmin

p = 500. For these same datasets, we also include fits to ana-
lytical functions – described below – shown as a continuous thick
black line.

We observe a striking contrast between the evolution of the
mean values estimated from the logarithm of the spin parameter
definitions of ln (λ) and ln (λ′). Themean ln (λ) increases approxi-
mately linearly with decreasing redshift – consistent with previous
findings (e.g. Hetznecker & Burkert 2006) – while the mean ln (λ′)
increases gradually with decreasing redshift to z ∼ 2, after which
it begins to decline – which is inconsistent with Hetznecker &
Burkert (2006). However, as we demonstrate in Appendix B, this
inconsistency in λ′ is an artefact of mass resolution and simulation
volume. If we perform simulations that match those of Hetznecker
& Burkert (2006), then we recover their results. This gives us con-
fidence that we understand this discrepancy, and that our choice
of a minimum number threshold of 500 particles is sufficient for
convergence.
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Figure 4. Redshift evolution ofL(z) andL′(z), for our N= 2563 B-suite of simulations
using different Nminp filtering in the range [100, 1 000] (blue, magenta, and cyan solid
curves, andorange, black, and reddashed curves; see legend). ThePoissonuncertainty
of the Nminp = 500 data is shown as shaded grey regions, and Equations (6) and (7) fit to
L(z) and L′(z) respectively are plotted as solid black curves. The Figure includes two
separate datasets displaying the same style but different behaviour: the bottom set
corresponds toL(z), whereas the top set corresponds toL′(z). Using only host halos.

We note that Ahn et al. (2014) have studied the redshift evo-
lution of the Peebles (1969) and Bullock et al. (2001) spins, as
well as a modified form (an empirical, redshift-dependent, cor-
rection) and find that spin decreases with increasing redshift (cf.
their Figure 12). These authors track the evolution of λ and λ′
rather than ln (λ) and ln (λ′), and so a like-for-like comparison is
not straightforward, but it is noteworthy that they report a steady
monotonic increase with decreasing redshift in λ, whereas λ′
increases monotonically with decreasing redshift before it plateaus
at z � 1 at lower halo masses. This is broadly consistent with our
results in Figure 4.

Fitting functions: The fitting functions used to model the red-
shift evolution of the mean logarithmic spin parameter are shown
in Figure 4 as solid black curves. These fits were applied to
the Nmin

p = 500 dataset (represented by the dashed black curves),
ensuring the stability and reliability of the derived parameters.

For the mean Peebles (1969) spin parameter, L(z), we adopt a
simple linear model:

L(z)=L(0)+ l z, (6)

where l is the sole free parameter, and L(0) is fixed by the sim-
ulation data. This choice reflects our primary interest in the
evolutionary trend of the spin parameter rather than its absolute
normalisation.

In contrast, themean Bullock et al. (2001) spin parameter,L′(z)
exhibits a non-monotonic behaviour, with a turnover at lower red-
shifts, z � 1. To capture this feature, we extend the linear model by
introducing a logarithmic correction term:

L′(z)=L′(0)+ l′ z + ln
(

1+ eab

1+ e−a(z−b)

)
, (7)

where l′, a, and b are free parameters. The logarithmic correc-
tion term in Equation (7) captures the turnover behaviour of λ′ at

Table 2. Fit parameters of L(′)(z) (columns 1–3) to Equations (6) and (7), and
of S(′)(z) (column 4) to Equation (8), for our N= 2563 B-suite of simulations.
The fits were performed on the Nminp = 500 host halo dataset.

L(′)(z) S(′)(z)
102 l (′) 10 a b 103 s (′)

λ −7.164± 0.095 − − −7.755± 0.672

λ′ −5.093± 1.520 6.494± 1.444 −2.050± 0.138 −8.037± 0.716

low redshift, allowing the model to recover the simulation-derived
value at z= 0 and accurately trace its non-linear evolution.

Both fitting functions are well matched to the simulation data,
as shown in Figure 4. The corresponding fit parameters are listed
in Table 2. Note that the validity of these fits has been tested
only within the redshift range 0.0≤ z ≤ 5.0 and for halo masses in
the range 9.9≤ log10 (M/M	h−1)≤ 15.3. There are relatively large
uncertainties in some of the parameters, but this could be reduced
with a larger halo sample.

The absolute change in L(z) is modest compared to the intrin-
sic scatter (≈0.5), but it is measured with high statistical precision.
The cumulative shift between z = 5 and z = 0 is ≈0.3 in ln λ, or
about 0.7 of a standard deviation. We describe the evolution as
measurable and statistically robust rather than large in amplitude.

Sensitivity of results to halo definition: We have assessed the
extent to which these results are sensitive to mass resolution and
our choice of halo definition. We have already noted above the
effects of mass resolution in our comparison to Hetznecker &
Burkert (2006) (see Appendix B). Our choice of halo definition
could lead to potential pseudo-evolution, which arises because
halos are defined relative to a background density which is a
function of redshift (cf. Diemer, More, & Kravtsov 2013). We
investigate this by using Mvir rather than M200 as halo mass def-
inition (see Appendix A) and show that the qualitative trends are
consistent even though the precise values of the fit parameters dif-
fer. These tests confirm that our fitting functions reliably describe
the spin evolution, although the fit parameters themselves depend
on halo definition.

3.2. Standard deviation S
Redshift evolution: Figure 5 shows how the standard deviations
in ln (λ′), S ′(z) (upper curves), and ln (λ), S(z) (lower curves),
vary with redshift, z for field halos with more than 500 particles.
The shaded regions correspond to the uncertainties, which we
calculate as

S(′)(z)√
2

(
Nf

h(z)− 1
) .

These uncertainties represent sampling errors on the measured
mean and dispersion of ln λ and ln λ′ arising from finite halo
counts.

The behaviour of S(z) and S ′(z) are similar, both showing a
weak linear increase with decreasing redshift. The normalisation
of S ′(z) is higher and it has a steeper slope, compared to S(z).
This is consistent with (Ahn et al. 2014), who reported a positive
correlation between the average spin and its dispersion.

Fitting functions: The fitting functions used to model the red-
shift evolution of the standard deviations in the logarithmic spin
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Figure 5. Redshift evolution ofS(z) (orange curve) andS ′(z) (blue curve) respectively,
for our N= 2563 B-suite of simulations, with Poisson uncertainty marked by shaded
regions correspondingly coloured, and Equation (6) fit to the data as black solid curves.
Using only host halos with Np ≥ 500.

parameters are shown in Figure 5 as solid black curves. We use
the same functional form as in the case of L(z) (Equation 6) to
describe S(z) and S ′(z),

S(′)(z)= S(′)(0)+ s (′) z (8)

where s (′) is a free parameter of the model. We note that we
have experimented with fitting functions that incorporate a degree
of curvature, but we find that the linear fit is sufficiently accu-
rate to not warrant the greater complexity and number of free
parameters. Fit parameters are given in Table 2. As for the fits
to L(z) and L′(z), so too for S(z) and S ′(z) – the validity of
these fits has been tested only within the redshift range 0.0≤ z ≤
5.0 and for halo masses in the range 9.9≤ log10 (M/M	h−1)≤
15.3. Parameter uncertainties could be reduced with a larger halo
sample.

4. Discussion and conclusions

This study has investigated the redshift evolution of the dark mat-
ter halo spin parameter in a �CDM cosmology, using a suite of
N-body simulations with varying box sizes and a consistent halo
selection criterion (≥500 particles, excluding substructure). We
studied the twomost commonly used spin parameters in the litera-
ture – those of Peebles (1969), λ, and Bullock et al. (2001), λ′ – and
provided a detailed statistical characterisation of their behaviour
over the redshift range 0≤ z� 5.

As a first step, we verified that there is minimal correlation
between spin and halo mass, and that the spin distributions at
all redshifts are well described by log-normal functions, in agree-
ment with previous studies. This was important to ensure that the
observed redshift evolution is not a byproduct of mass-dependent
selection effects and to validate our use of Gaussian statistics in
our fitting of the data.

Our main results can be summarised as follows.

1. The mean of ln (λ) increases approximately linearly with
redshift, while ln (λ′) shows non-monotonic behaviour
– increasing from z = 5 to z ∼ 1− 2 before declining to

z = 0. These trends are robust across simulation volumes
and halo definitions. We have compared our results with
those of earlier studies (e.g. Hetznecker & Burkert 2006;
Ahn et al. 2014) and demonstrated that, where there are
inconsistencies (e.g. in evolution of λ′), accounting for
mass resolution can reconcile differences.

2. The dispersion of spin values evolve with redshift. Both
ln (λ) and ln (λ′) show increasing standard deviation over
time, as we would expect given the growing complexity
of halo assembly histories due to mergers and accretion.
However, ln (λ′) consistently displays higher dispersion,
suggesting it is more sensitive to dynamical processes,
albeit more stable against the halo edge definition as dis-
cussed in Section 1.

The contrasting evolutionary behaviours of λ and λ′ can be
understood physically by examining how their definitions respond
to the evolving internal structure of halos. The Peebles λ involves
the total energy |E|, which is sensitive to the gravitational potential
and hence to the halo concentration c. The Bullock λ′ instead nor-
malises by the circular velocityV = √

GM/R at the halo boundary,
making it less sensitive to the internal mass distribution. Following
Mo et al. (1998), the two definitions are approximately related by
λ/λ′ ≈ √

2(Mvir/M200)1/3f (c), where f (c) encodes the concentra-
tion dependence. Since halo concentrations are known to increase
with decreasing redshift (Macciò et al. 2008; Muñoz-Cuartas et al.
2011), this predicts that λ and λ′ should evolve differently – with
λ more sensitive to the secular growth of concentration over time.
This is consistent with our finding that L(z) evolves linearly while
L′(z) shows a non-monotonic turnover near z � 1, where con-
centration growth slows. The results of Appendix A support this
interpretation – switching from R200 to Rvir alters the effective
overdensity threshold and hence the inferred concentration and
changes the quantitative fit parameters while leaving the qualita-
tive trends intact; this indicates that the differential evolution is
physical rather than a numerical artefact.

We provide three fitting functions (Equations 6–8) that accu-
rately describe the redshift evolution of the mean and standard
deviation of λ and λ′. Our fitting functions offer a practical, phys-
ically motivated, and computationally inexpensive way to include
a redshift-dependent spin prescription into semi-empirical (e.g.
Behroozi, Hearin, & Moster 2022) and SAMs (e.g. Lagos et al.
2018), as well as general theoretical modelling. We note that our
N-body simulations, and consequently our fitting functions, do
not account for the presence of baryons and galaxy formation pro-
cesses (e.g. radiative cooling) in halo assembly, and so the trends
we have measured will be modified when baryons are accounted
for, as in hydrodynamical galaxy formation simulations. Zjupa &
Springel (2017) have demonstrated that there are strong trends
with mass and redshift in the spins of gas and stars within halos,
which also impacts the inner dynamical structure of the halos. For
this reason, we caution that the fitting functions we provide apply
only to the dark matter component of the halo spin, and that addi-
tional modelling of baryonic effects will be required before they
can be fully applied to the baryonic components in SAMs.

However, this does not diminish the practical value of our fit-
ting functions for several reasons. First, even if individual halo and
galaxy spins are only weakly correlated, halo spin enters SAMs
through the specific angular momentum budget available for disc
formation, setting the predicted disc scale lengths and structural
properties. Second, the weak correlation measured in full-physics
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simulations applies primarily at low redshift, where our results
show the evolutionary offset is modest; at z > 2, where disc for-
mation and angular momentum transfer mechanisms are less well
understood, the halo-galaxy spin connection remains poorly con-
strained. Third, regardless of the strength of the halo-galaxy spin
connection, providing accurate, resolution-validated evolutionary
tracks for a fundamental halo property – where none previously
existed – is a worthwhile contribution to the community. Our
fitting functions impose no additional computational cost and
can trivially replace the common assumption of a constant spin
distribution.

From a theoretical perspective, the linear growth and lower dis-
persion of ln (λ) suggest it may serve as a more stable tracer of
halo angular momentum evolution. However, the more complex
evolution of ln (λ′) and its larger dispersion means that trends in
spin should show more variation and greater sensitivity to halo
dynamics, and it should be more accessible to observations, given
its definition (dependence on V in Equation 2 rather than E in
Equation 1); see, for instance, (Obreja et al. 2022)

The differences between the Peebles and Bullock spin param-
eters, λ and λ′, though explored in only a limited number of
previous studies (Hetznecker & Burkert 2006; Ahn et al. 2014),
are shown in this work to be both significant and persistent across
redshift. While both are proxies for halo rotational support, they
encapsulate fundamentally different physical assumptions – par-
ticularly in their treatment of energy and angular momentum.
These differences manifest in distinct evolutionary trends and sta-
tistical properties, reinforcing the need for careful consideration
when applying spin parameters in theoretical and observational
contexts. Future work will aim to disentangle the contributions
of these assumptions and assess their impact on galaxy formation
models.
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Appendix A. Virial Radius Results

To study the effect of halo definition on our results, we have
repeated the analysis of Section 3 using the virial radius, Rvir,
instead of R200 as our halo boundary. Here we assume a virial over-
density that is redshift dependent (cf. Bryan & Norman 1998),

	vir(z)= 18π 2 + 82f (z)− 39f (z)2 (A1)

where

f (z)= �m(z)(1+ z)3

�m(z)(1+ z)3 + ��(z)
− 1 (A2)

where the reference density is the background density of
the universe, ρref(z)= �(z)ρcrit(z). The masses are therefore
determined by:

Mvir = 4
3
πR3

vir · 	(z)�(z)ρcrit(z) (A3)

We expect spin values to be affected by this change in halo
definition, but for the effect to be small. This should provide a test
of stability of our results because they should not depend strongly
on how the halo boundary is defined.

Figure A1. Analog to Figures 4 (top panel) and 5 (bottompanel) using theRvir halo edge
definition.

Table A1. Analog to Table 1 in the case of Rvir.

L(′)(z) S(′)(z)
102 m(′) 10 a b 103 l(′)

λ −8.964± 0.092 − − −2.330± 0.649

λ′ −4.362± 1.025 8.128± 1.463 −1.865± 0.079 −4.944± 0.693

Our main results were the redshift and Nmin
p dependence of

L(′)(z), and the redshift dependence of S(′)(z). In Figure A1 we
show the evolution of L(z) and L′(z) (upper panel) and S(z) and
S ′(z) (lower panel), following the conventions of Figures 4 and 5.
We provide all fitting parameters resulting from our analysis in
Table A1.

There is very good qualitative agreement between these results
for Rvir and those for R200. The λ values tend to be slightly larger
and the curves are weakly convex, whereas the λ′ values tend to be
slightly lower with no change in shape. The fitting functions pro-
vided by Equations (6) and (7) work well for both spin definitions.
There now exists a small deviation between the λ values and the
linear fit, although it is within the data’s uncertainty.

In the bottom panel we see the effect of using Rvir is mild on
S(′)(z). The quantitative values are very similar, with the largest
difference occurring for λ, for which the evolution is now very
weak.

If we compare the fitting parameters of Tables 2 and A1, we
observe the differences are small. The largest differences occur for
S(′)(z), however the general magnitude of the values is within a
reasonable range. Our results are therefore robust to the choice
for the halo boundary.

Appendix B. Reproduction of Hetznecker & Burkert Results

One of the earliest comparative studies of the spin parameters
defined by Peebles (1969) and Bullock et al. (2001) was conducted
by Hetznecker & Burkert (2006). Given the relevance of their find-
ings, it was important for us to verify whether our simulations
could reproduce their results before proceeding with our own
analysis. Hetznecker & Burkert (2006) employed an ensemble of
82 cosmological N-body simulations with differing realisations of
the initial power spectrum;N = 643 particles; B= 20Mpc h−1; and
cosmological values �0 = 0.3, �� = 0.7, h= 65, and σ8 = 1.13.
Their analysis was restricted to halos containing more than 500
particles.

To replicate their setup, we ran two additional low-resolution
simulation ensembles using B= 20Mpc h−1 and the cosmology
described in Section 2. The first ensemble consisted of 40 runs with
differing realisations of the initial power spectrum with N = 643
particles, and the second comprised 10 different realisations with
N = 1283. Our goal was to reproduce the results of Hetznecker &
Burkert (2006) using the lowest-resolution set and to observe con-
vergence towards the results presented in the main body of this
work as resolution increased. For this purpose, we treat our B-suite
simulations as two distinct cases: the B= 20Mpc h−1 simulation
in isolation, and the full B-suite.

Figures B1 shows the redshift evolution of the mean spin
parameters λ (top panel) and λ′ (bottom panel), normalised by
their respective z = 0.0 values. The figure includes results from
the N = 643 ensemble (solid blue curve), the N = 1283 ensem-
ble (dashed red curve), a single N = 2563 particle B= 20Mpc h−1
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Figure B1. Redshift evolution of the mean λ (top panel) and λ′ (bottom panel), nor-
malised by their values at redshift z= 0.0, for our B= 20 Mpc h−1 N= 643 40-seed (blue
solid curve), 1283 10-seed (red dashed curve), and 2563 (cyan dotted curve) simulation
sets, and ourN= 2563 B-suite (purple solid curve). Using only host haloswithNp ≥ 500.
The Hetznecker & Burkert (2006) data is also shown as black filled squares.

simulation (cyan dotted curve), and the full N = 2563 particle B-
suite (solid purple curve). For reference, the original Hetznecker
& Burkert (2006) data are shown as black filled squares.

Note that the N = 2563 B-suite results correspond to the
Nmin

p = 500 threshold introduced in Section 3.1 and illustrated in
Figure 4. The agreement between our N = 643 ensemble and the
Hetznecker & Burkert (2006) data is expected and reassuring.

We find that increasing resolution affects the behaviour of the
spin parameters. The effect is modest for λ, and more pronounced
for λ′, which we find to be more sensitive to both particle number
N and box size B. This is consistent with its dependence on halo
boundary definitions and dynamical state. As shown by Davis &
Natarajan (2010), beyond N = 2563 particles, the spin probabil-
ity distribution becomes largely insensitive to further increases in
resolution, suggesting that our results are robust.

An aspect not widely explored in the literature (but see Power
& Knebe 2006) is the influence of simulation volume. As seen in
Figure B1, box size B has a noticeable impact on the evolution
of λ′ in particular. This warrants further investigation in future
work. Overall, we successfully reproduce the behaviour reported
by Hetznecker & Burkert (2006) and demonstrate convergence
towards our main results with increasing resolution and simula-
tion volume.
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