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Fundamental Group of Simple C∗-algebras
with Unique Trace III

Norio Nawata

Abstract. We introduce the fundamental group F(A) of a simple σ-unital C∗-algebra A with unique

(up to scalar multiple) densely defined lower semicontinuous trace. This is a generalization of Funda-

mental Group of Simple C∗-algebras with Unique Trace I and II by Nawata and Watatani. Our definition

in this paper makes sense for stably projectionless C∗-algebras. We show that there exist separable sta-

bly projectionless C∗-algebras such that their fundamental groups are equal to R
×

+ by using the clas-

sification theorem of Razak and Tsang. This is a contrast to the unital case in Nawata and Watatani.

This study is motivated by the work of Kishimoto and Kumjian.

1 Introduction

Let M be a factor of type II1 with a normalized trace τ . Murray and von Neumann

introduced the fundamental group F(M) of M in [28]. They showed that if M is

hyperfinite, then F(M) = R
×
+ . Since then there have been many papers on the com-

putation of fundamental groups. Voiculescu [41] showed that F(L(F∞)) of the group

factor of the free group F∞ contains the positive rationals, and Radulescu proved that

F(L(F∞)) = R
×
+ in [36]. Connes [7] showed that if G is an ICC group with property

(T), then F(L(G)) is a countable group. Popa showed that any countable subgroup

of R
×
+ can be realized as the fundamental group of some factor of type II1 in [34].

Furthermore, Popa and Vaes [35] exhibited a large family S of subgroups of R
×
+ , con-

taining R
×
+ itself, all of its countable subgroups, as well as uncountable subgroups

with any Hausdorff dimension in (0, 1), such that for each G ∈ S there exist many

free ergodic measure preserving actions of F∞ for which the associated II1 factor M

has the fundamental group equal to G. In our previous paper [29], we introduced

the fundamental group F(A) of a simple unital C∗-algebra A with a normalized trace

τ based on the computation of Picard groups by Kodaka [22–24]. The fundamen-

tal group F(A) is defined as the set of the numbers τ ⊗ Tr(p) for some projection

p ∈ Mn(A) such that pMn(A)p is isomorphic to A. We computed the fundamental

groups of several C∗-algebras and showed that any countable subgroup of R
×
+ can

be realized as the fundamental group of a separable simple unital C∗-algebra with a

unique trace in [29,30]. Note that the fundamental groups of separable simple unital

C∗-algebras are countable.

In this paper we introduce the fundamental group of a simple σ-unital C∗-algebra

with unique (up to scalar multiple) densely defined lower semicontinuous trace. We
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do not assume that C∗-algebras are unital. In particular, our definition in this pa-

per makes sense for stably projectionless C∗-algebras. Let A be a simple σ-unital

C∗-algebra with unique (up to scalar multiple) densely defined lower semicontin-

uous trace τ . The fundamental group F(A) of A is defined as the set of the num-

bers dτ (h1)/dτ (h2) for some nonzero positive elements h1, h2 ∈ A ⊗ K such that

h1(A ⊗ K)h1 is isomorphic to h2(A ⊗ K)h2 and dτ (h2) < ∞, where dτ is the dimen-

sion function defined by τ . Then the fundamental group F(A) of A is a multiplicative

subgroup of R
×
+ . We show that if A is unital, then our definition in this paper coin-

cides with the previous definition in [29, 30]. Hence if A ⊗ K is separable and has

a nonzero projection, then F(A) is a countable multiplicative subgroup of R
×
+ . By

contrast, we show that there exist separable, simple, stably projectionless C∗-algebras

such that their fundamental groups are equal to R
×
+ by using the classification theo-

rems of Razak [37] and Tsang [40]. This study is motivated by the work of Kishimoto

and Kumjian in [20]. (See Example 4.21.)

2 Hilbert C∗-modules and Induced Traces

We say a C∗-algebra A is σ-unital if A has a countable approximate unit. In particular,

if A is σ-unital, then there exists a positive element h ∈ A such that {h
1
n }n∈N is an

approximate unit. Such a positive element h is called strict positive in A. Let X be

a right Hilbert A-module and let H(A) denote the set of isomorphic classes [X] of

countably generated right Hilbert A-modules. (See [26, 27] for the basic facts on

Hilbert modules.) We denote by LA(X) the algebra of the adjointable operators on

X. For ξ, η ∈ X, a “rank one operator” Θξ,η is defined by Θξ,η(ζ) = ξ〈η, ζ〉A for ζ ∈
X. We denote by KA(X) the closure of the linear span of “rank one operators” Θξ,η

and by K the C∗-algebra of compact operators on an infinite-dimensional separable

Hilbert space. Let XA be a right Hilbert A-module A with the obvious right A-action

and 〈a, b〉A = a∗b for a, b ∈ A. Then KA(XA) is isomorphic to A. Hence if A is unital,

then KA(XA) = LA(XA). A multiplier algebra, denoted by M(A), of a C∗-algebra

A is the largest unital C∗-algebra that contains A as an essential ideal. It is unique

up to isomorphism over A and isomorphic to LA(XA). Let HA denote the standard

Hilbert module {(xn)n∈N; xn ∈ A,
∑

x∗n xn converges in A} with an A-valued inner

product 〈(xn)n∈N, (yn)n∈N〉 =
∑

x∗n yn. Then there exists a natural isomorphism

ψ of A ⊗ K to KA(HA) and ψ can be uniquely extended to an isomorphism ψ̃ of

M(A ⊗ K) to LA(HA). For simplicity of notation, we use the same letter x for ψ̃(x),

where x ∈ M(A ⊗ K).

A finite subset {ξi}
n
i=1 of X is called a finite basis if η =

∑n
i=1 ξi〈ξi , η〉A for any

η ∈ X. More generally, we call a sequence {ξi}i∈N ⊆ X a countable basis of X if

η =
∑∞

i=1 ξi〈ξi , η〉A in norm for any η ∈ X; see [17, 18, 42]. It is also called a

standard normalized tight frame, as in [12, 13]. A countable basis {ξi}i∈N always

converges unconditionally, that is, for any η ∈ X, the net associating
∑

i∈F ξi〈ξi , η〉A

with each finite subset F ⊆ N is norm converging to η. It is a consequence of the

following estimate: for every ξ ∈ X, a, b ∈ KA(X), with 0 ≤ a ≤ b ≤ 1, ‖ξ − bξ‖2 ≤
‖ξ‖‖ξ − aξ‖.

Proposition 2.1 Let A be a simple C∗-algebra and X a right Hilbert A-module. As-
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sume that KA(X) is σ-unital. Then X has a countable basis.

Proof Consider a right ideal {Θξ0,ζ : ζ ∈ X} in KA(X) for some ξ0 ∈ X. Then a

similar argument as in [4, Lemma 2.3] proves the proposition.

Remark 2.2 In general, we need not assume that A is simple. If KA(X) is σ-unital,

then X has a countable basis. This is an immediate consequence of Kasparov’s stabi-

lization trick [19].

Let B be a C∗algebra. An A-B-equivalence bimodule is an A-B-bimodule F that

is simultaneously a full left Hilbert A-module under a left A-valued inner prod-

uct A〈 · , · 〉 and a full right Hilbert B-module under a right B-valued inner product

〈 · , · 〉B, satisfying A〈ξ, η〉ζ = ξ〈η, ζ〉B for any ξ, η, ζ ∈ F. We say that A is Morita

equivalent to B if there exists an A-B-equivalence bimodule. It is easy to see that

KB(F) is isomorphic to A. A dual module F
∗ of an A-B-equivalence bimodule F is

a set {ξ∗; ξ ∈ F} with the operations such that ξ∗ + η∗ = (ξ + η)∗, λξ∗ = (λξ)∗,

bξ∗a = (a∗ξb∗)∗, B〈ξ
∗, η∗〉 = 〈η, ξ〉B, and 〈ξ∗, η∗〉A = A〈η, ξ〉. The bimodule F

∗

is a B-A-equivalence bimodule. We refer the reader to [38, 39] for the basic facts on

equivalence bimodules and Morita equivalence.

We review basic facts on the Picard groups of C∗-algebras introduced by Brown,

Green, and Rieffel in [5]. For A-A-equivalence bimodules E1 and E2, we say that E1 is

isomorphic to E2 as an equivalence bimodule if there exists a C-liner one-to-one map

Φ of E1 onto E2 with the properties such that Φ(aξb) = aΦ(ξ)b, A〈Φ(ξ),Φ(η)〉 =

A〈ξ, η〉, and 〈Φ(ξ),Φ(η)〉A = 〈ξ, η〉A for a, b ∈ A, ξ, η ∈ E1. The set of isomorphic

classes [E] of the A-A-equivalence bimodules E forms a group under the product

defined by [E1][E2] = [E1 ⊗A E2]. We call it the Picard group of A and denote it by

Pic(A). The identity of Pic(A) is given by the A-A-bimodule E := A with A〈a1, a2〉 =
a1a∗2 and 〈a1, a2〉A = a∗1 a2 for a1, a2 ∈ A. The inverse element of [E] in the Picard

group of A is the dual module [E∗]. Let α be an automorphism of A, and let EA
α = A

with the obvious left A-action and the obvious A-valued inner product. We define

the right A-action on E
A
α by ξ · a = ξα(a) for any ξ ∈ E

A
α and a ∈ A, and the

right A-valued inner product by 〈ξ, η〉A = α−1(ξ∗η) for any ξ, η ∈ E
A
α. Then E

A
α

is an A-A-equivalence bimodule. For α, β ∈ Aut(A), EA
α is isomorphic to E

A
β if and

only if there exists a unitary u ∈ A such that α = ad u ◦ β. Moreover, EA
α ⊗ E

A
β is

isomorphic to E
A
α◦β . Hence we obtain an homomorphism ρA of Out(A) to Pic(A).

An A-B-equivalence bimodule F induces an isomorphism Ψ of Pic(A) to Pic(B) by

Ψ([E]) = [F∗ ⊗ E ⊗ F] for [E] ∈ Pic(A). Therefore if A is Morita equivalent to B,

then Pic(A) is isomorphic to Pic(B).

If A is unital, then any A-B-equivalence bimodule F is a finitely generated projec-

tive B-module as a right module with a finite basis {ξi}
n
i=1. Put p = (〈ξi , ξ j〉A)i j ∈

Mn(B). Then p is a projection andF is isomorphic to pBn as a right Hilbert B-module

with an isomorphism of A to pMn(B)p. In the case A is σ-unital, an A-B-equivalence

bimodule F has a countable basis {ξi}i∈N as a right Hilbert B-module by Proposi-

tion 2.1. By [16, Lemma 2.1] and
∑n

i=1 Θξi ,ξi
≤ 1LB(HB) for any n ∈ N, we see that

{
∑N

m=1 ξmbm}N∈N converges in F. Define p by p(bn)n = (
∑∞

m=1〈ξn, ξm〉Bbm)n for

(bn)n ∈ HB. Then p is a projection in LB(HB). Therefore F is isomorphic to pHB as a
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right Hilbert module with an isomorphism of A to p(B ⊗ K)p.

Proposition 2.3 Let A and B be simple σ-unital C∗-algebras and F an A-B-equiva-

lence bimodule. Then there exists a positive element h ∈ A⊗K such that F is isomorphic

to hHB as a right Hilbert B-module with an isomorphism of A to h(B ⊗ K)h.

Proof By the discussion above, there exists a projection p ∈ M(B ⊗ K) such that an

A-B-equivalence bimodule F is isomorphic to pHB as a right Hilbert B-module with

an isomorphism of A to p(B ⊗ K)p. Since p(B ⊗ K)p is σ-unital, there exists a strict

positive element h in p(B ⊗ K)p. A standard argument shows that h
1
n ξ ∈ hHB for

any n ∈ N and any ξ ∈ HB. Since {h
1
n }n∈N is an approximate unit for KB(pHB), we

see that pHB = hHB. Therefore F is isomorphic to hHB as a right Hilbert B-module

with an isomorphism of A to h(B ⊗ K)h as a C∗-algebra.

Recall that a trace on A is a linear map τ on the positive elements of A with values

in [0,∞] that vanishes at 0 and satisfies the trace identity τ (a∗a) = τ (aa∗). If A is

simple, then τ (a∗a) = 0 implies a = 0. Define M
+
τ = {a ≥ 0 : τ (a) < ∞} and

Mτ = spanM+
τ . Then Mτ is an ideal in A. Every trace τ on A extends a positive

linear map on Mτ . A normalized trace is a state on A that is a trace. We say τ is

densely defined if Mτ is a dense ideal in A. In particular, each densely defined trace on

A extends a positive linear map on the Pedersen ideal Ped(A), which is the minimal

dense ideal in A. (See [32].) Note that if A is unital, then every densely defined trace is

bounded. We review some results about inducing traces from a simple σ-unital C∗-

algebra A through a right Hilbert A-module X. See, for example, [6, 9, 14, 25, 31, 33]

for induced traces in several settings. We state the relevant properties in a way that is

convenient for our purposes, and we include a self-contained proof.

Proposition 2.4 Let A and X be as above and let τ be a densely defined lower semi-

continuous trace. For x ∈ KA(X)+ (resp. LA(X)+ ), define

TrXτ (x) :=

∞∑

i=1

τ
(
〈ξi , xξi〉A

)
,

where {ξi}
∞
i=1 is a countable basis of X. Then TrXτ does not depend on the choice of basis

and is a densely defined (resp. strictly densely defined), lower semicontinuous trace on

KA(X) (resp. LA(X)).

Proof Let {ξi}i∈N and {ζk}k∈N be countable bases of X. For any positive element

x ∈ KA(X)+,

lim
n→∞

n∑

i=1

τ
(
〈ξi , xξi〉A

)
= lim

n→∞

n∑

i=1

τ
(〈 ∞∑

k=1

ζk〈ζk, x
1
2 ξi〉A, x

1
2 ξi

〉
A

)

= lim
n→∞

n∑

i=1

τ
( ∞∑

k=1

〈x
1
2 ξi , ζk〉A〈ζk, x

1
2 ξi〉A

)
.
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By the lower semicontinuity of τ and
∑n

i=1 Θξi ,ξi
≤ 1LA(X),

lim
n→∞

n∑

i=1

τ
( ∞∑

k=1

〈x
1
2 ξi , ζk〉A〈ζk, x

1
2 ξi〉A

)

= lim
n→∞

n∑

i=1

∞∑

k=1

τ
(
〈x

1
2 ξi , ζk〉A〈ζk, x

1
2 ξi〉A

)

= lim
n→∞

n∑

i=1

∞∑

k=1

τ
(
〈x

1
2 ζk, ξi〉A〈ξi , x

1
2 ζk〉A

)

= lim
n→∞

∞∑

k=1

τ
(〈

x
1
2 ζk,

n∑

i=1

ξi〈ξi , x
1
2 ζk〉A

〉
A

)
≤ lim

m→∞

m∑

k=1

τ
(
〈ζk, xζk〉A

)
.

Therefore TrXτ does not depend on the choice of basis. A similar argument implies

that TrXτ (x∗x) = TrXτ (xx∗) for x ∈ LA(X).

We shall show that TrXτ is densely defined on KA(X). Since KA(X) is simple, it is

enough to show that there exists a nonzero element x ∈ KA(X) such that TrXτ (x) <
∞. There exists a nonzero positive element a ∈ A such that τ (a) < ∞ because

τ is densely defined on A. For any η ∈ X, we have 〈ηa
1
2 , ηa

1
2 〉A ≤ ‖〈η, η〉A‖a, so

τ (〈ηa
1
2 , ηa

1
2 〉A)) < ∞. By the simplicity of A, there exists an element η0 in X such

that η0a
1
2 6= 0. Define ζ := η0a

1
2 . Then we have

TrXτ (Θζ,ζ) =

∞∑

n=1

τ
(
〈ξn, ζ〉A〈ζ, ξn〉A

)
= lim

N→∞
τ
(〈

ζ,

N∑

n=1

ξn〈ξn, ζ〉A

〉
A

)

= τ
(
〈ζ, ζ〉A

)
<∞

by the lower semicontinuity of τ . Therefore TrXτ is densely defined on KA(X). It is

easy to see that TrXτ is lower semicontinuous.

Remark 2.5 Since a right Hilbert A-module X is a KA(X)-A-equivalence bimodule,

a similar computation in the proof above implies TrX
∗

TrXτ
= τ . Therefore there exists a

bijective correspondence between densely defined lower semicontinuous traces on A

and those on KA(X).

To simplify notation, we use the same letter τ for the induced trace TrXA
τ on M(A).

We denote by τ̂ the induced trace TrHA
τ on M(A ⊗ K).

3 Multiplicative Maps of the Picard Groups to R×
+

Let A be a simple σ-unital C∗-algebra with unique (up to scalar multiple) densely

defined lower semicontinuous trace τA. Define a map T̂τA
of H(A) to [0,∞] by

T̂τA
([X]) := TrXτA

(1LA(X)).
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We see that T̂τA
([X]) =

∑∞
i=1 τA(〈ξi , ξi〉A), where {ξi}

∞
i=1 is a countable basis of X

and does not depend on the choice of basis (see Proposition 2.4). It is easily seen that

T̂τA
is well-defined. We shall compute T̂τA

([hHA]), where h is a positive element in

A ⊗ K. Let dτA
(h) = limn→∞ τ̂A(h

1
n ) for h ∈ (A ⊗ K)+. Then dτA

is a dimension

function. (See, for example, [1, 2, 8].)

Proposition 3.1 Let A be a simple σ-unital C∗-algebra with unique (up to scalar

multiple) densely defined lower semicontinuous trace τA and h a positive element in

A ⊗ K. Then T̂τA
([hHA]) = dτA

(h).

Proof We may assume that ‖h‖ ≤ 1. Then {h
1
n }n∈N is an increasing approximate

unit for KA(hHA) and limn→∞ h
1
n ξ = ξ for any ξ ∈ hHA. Let {ξi}i∈N be a basis of

hHA and {η j} j∈N a basis of HA. By the lower semicontinuity of τA and 〈ξi , h
1
n ξi〉A ≤

〈ξi , h
1

n+1 ξi〉A, we have

lim
n→∞

∞∑

i=1

τA(〈ξi , h
1
n ξi〉A) =

∞∑

i=1

lim
n→∞

τA(〈ξi , h
1
n ξi〉A)

=

∞∑

i=1

τA(〈ξi , ξi〉A) = T̂τA
([hHA]).

In a similar way, we have

∞∑

i=1

τA

(
〈ξi , h

1
n ξi〉A

)
=

∞∑

i=1

τA

(〈
ξi , h

1
2n

∞∑

j=1

η j〈η j , h
1

2n ξi〉A

〉
A

)

=

∞∑

i=1

∞∑

j=1

τA

(
〈ξi , h

1
2n η j〉A〈h

1
2n η j , ξi〉A

)

=

∞∑

i=1

∞∑

j=1

τA

(
〈h

1
2n η j , ξi〉A〈ξi , h

1
2n η j〉A

)

=

∞∑

j=1

∞∑

i=1

τA

(〈
h

1
2n η j , ξi〈ξi , h

1
2n η j〉A

〉
A

)

=

∞∑

j=1

τA

(
〈η j , h

1
n η j〉A

)
= τ̂A(h

1
n )

because h
1

2n η j ∈ hHA. Therefore T̂τA
([hHA]) = dτA

(h).

Remark 3.2 Let p be a projection in M(A ⊗ K). Then it is easy to see that

T̂τA
([pHA]) = τ̂A(p).

The following proposition is a generalization of [30, Proposition 2.1].
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Proposition 3.3 Let A and B be simple σ-unital C∗-algebras with unique (up to scalar

multiple) densely defined lower semicontinuous traces τA and τB respectively. Assume

that τA(1M(A)) = 1, that is, τA is a normalized trace. Then for every right Hilbert

A-module X and every A-B-equivalence bimodule F,

T̂τB
([X⊗ F]) = T̂τA

([X])T̂τB
([F]).

Proof Let {ξi}i∈N be a countable basis of X and let {η j} j∈N be a countable basis of

F as a right Hilbert B-module. Then {ξi ⊗ η j}i, j∈N is a countable basis of X⊗ F as a

right Hilbert A-module. By τB(〈ξi ⊗ η j , ξi ⊗ η j〉B) ≥ 0, we have

T̂τB
([X⊗ F]) =

∞∑

i, j=1

τB

(
〈ξi ⊗ η j , ξi ⊗ η j〉B

)
=

∞∑

i=1

∞∑

j=1

τB

(〈
η j , 〈ξi , ξi〉Aη j

〉
B

)

=

∞∑

i=1

TrFτB

(
〈ξi , ξi〉A

)
.

Since TrFτB
is a densely defined lower semicontinuous trace on A, there exists λ ∈ R

×
+

such that TrFτB
= λτA. The assumption τA(1M(A)) = 1 implies λ = TrFτB

(1M(A)).

Therefore ,

∞∑

i=1

TrFτB

(
〈ξi , ξi〉A

)
=

∞∑

i=1

TrFτB
(1M(A))τA

(
〈ξi , ξi〉A

)
= T̂τA

([X])T̂τB
([F]).

We shall consider the multiplicative map of the Picard group to R
×
+ .

Proposition 3.4 Let A be a simple σ-unital C∗-algebra with unique (up to scalar

multiple) densely defined lower semicontinuous trace τA. Assume that X is a nonzero

right Hilbert A-module such that T̂τA
([X]) < ∞. Define a map TX of Pic(KA(X)) to

R
×
+ by

TX([E]) :=
1

T̂τA
([X])

T̂τA
([E⊗ X])

for [E] ∈ Pic(KA(X)). Then TX is well defined and independent on the choice of trace.

Moreover, TX is a multiplicative map.

Proof If KA(X)-KA(X) equivalence bimodule E ′ is isomorphic to E, then E
′ ⊗ X is

isomorphic to E ⊗ X. Hence TX([E ′]) = TX([E]). A similar computation in the

proof of Proposition 3.3 shows that

TX([E]) =
1

T̂τA
([X])

T̂TrXτA
([E]) =

1

T̂τA
([X])

TrETrXτA
(1LA(E)).

Since E is a KA(X)-KA(X)-equivalence bimodule, KA(E) is isomorphic to KA(X). The

uniqueness of the trace on KA(X) implies

TrETrXτA
(1LA(E)) = λTrXτA

(1LA(X)) = λT̂τA
([X]) <∞
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for some λ ∈ R
×
+ . Therefore TX is well defined. Define τ ′ :=

TrXτA
T̂τA ([X])

. Then τ ′ is a

normalized trace on KA(X). By Proposition 3.3,

TX([E][E ′]) =
1

T̂τA
([X])

T̂τA
([E⊗ E

′ ⊗ X]) =
1

T̂τA
([X])

T̂TrXτA
([E⊗ E

′])

=
1

T̂τA
([X])

T̂τ ′([E])T̂TrXτA
([E ′]) = TX([E])TX([E ′]).

4 Fundamental Groups

Let A be a simple σ-unital C∗-algebra with unique (up to scalar multiple) densely

defined lower semicontinuous trace τ , and let h0 be a nonzero positive element in

A ⊗ K with dτ (h0) <∞. Put

Fh0
(A) :=

{
dτ (h)/dτ (h0) ∈ R

×
+

∣∣∣
h is a positive element in A ⊗ K such

that h(A ⊗ K)h ∼= h0(A ⊗ K)h0

}
.

Lemma 4.1 Let A be a simple σ-unital C∗-algebra with unique (up to scalar multiple)

densely defined lower semicontinuous trace τ and h0 a nonzero positive element in A⊗K

such that dτ (h0) <∞. Then Fh0
(A) is a multiplicative subgroup of R

×
+ .

Proof Put X = h0HA. It is enough to show that Fh0
(A) = Im(TX). Let E be a

KA(X)-KA(X)-equivalence bimodule. Then there exists a positive element h ∈ A⊗K

such that E ⊗ X is isomorphic to hHA as a right Hilbert A-module with an isomor-

phism of KA(X) to h(A ⊗ K)h by Proposition 2.3. Since KA(X) is isomorphic to

h0(A ⊗ K)h0, and we have TX([E]) = dτ (h)/dτ (h0) by Proposition 3.1, Im(TX) ⊂
Fh0

(A). Conversely let h be a positive element in A⊗K such that h(A ⊗ K)h is isomor-

phic to h0(A ⊗ K)h0. Since A is simple and h(A ⊗ K)h is isomorphic to KA(X), E :=

hHA ⊗ X
∗ is a KA(X)-KA(X)-equivalence bimodule. By Proposition 3.1, TX([E]) =

1

T̂τA ([X])
T̂τA

([hHA]) = dτ (h)/dτ (h0). Therefore Fh0
(A) ⊂ Im(TX).

Lemma 4.2 Let A be a simple σ-unital C∗-algebra with unique (up to scalar multi-

ple) densely defined lower semicontinuous trace τ . Assume that h0 and h1 are nonzero

positive elements in A ⊗ K such that dτ (h0), dτ (h1) <∞. Then Fh0
(A) = Fh1

(A).

Proof Let F := h0HA ⊗ (h1HA)∗. Then F is a h0(A ⊗ K)h0- h1(A ⊗ K)h1-

equivalence bimodule by the simplicity of A, and F induces an isomorphism Ψ

of Pic(h0(A ⊗ K)h0) to Pic(h1(A ⊗ K)h1) such that Ψ([E]) = [F∗ ⊗ E ⊗ F] for

[E] ∈ Pic(h0(A ⊗ K)h0). By Proposition 3.3, Th1HA
(Ψ([E])) = Th0HA

([E]). There-

fore Fh0
(A) = Fh1

(A) by the proof of Lemma 4.1.

Put

F(A) :=

{
dτ (h1)/dτ (h2) ∈ R

×
+

∣∣∣∣∣
h1 and h2 are nonzero positive elements in

A ⊗ K such that h1(A ⊗ K)h1
∼= h2(A ⊗ K)h2,

dτ (h2) <∞

}
.
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Theorem 4.3 Let A be a simple σ-unital C∗-algebra with unique (up to scalar mul-

tiple) densely defined lower semicontinuous trace τ . Then F(A) is a multiplicative sub-

group of R
×
+ .

Proof Let h0 be a nonzero positive element in Ped(A⊗K). By [32, Proposition 5.6.2],

h0(A ⊗ K)h0 is contained in Ped(A ⊗ K). Since τ̂ is densely defined, Ped(A ⊗ K) ⊂
Mτ̂ . Therefore τ̂ is bounded on h0(A ⊗ K)h0 and hence dτ (h0) <∞. Lemma 4.2 im-

plies ∪dτ (h)<∞Fh(A) = Fh0
(A). It is clear that F(A) = ∪dτ (h)<∞Fh(A). Consequently

F(A) is a multiplicative subgroup of R
×
+ by Lemma 4.1.

Definition 4.4 Let A be a simple σ-unital C∗-algebra with unique (up to scalar

multiple) densely defined lower semicontinuous trace τ . We call F(A) the funda-

mental group of A, which is a multiplicative subgroup of R
×
+ .

Remark 4.5 It is easy to see that F(A) is equal to the set

{
τ̂ (p)/τ̂ (q) ∈ R

×
+

∣∣∣∣∣

p and q are nonzero projections in

M(A ⊗ K) such that

p(A ⊗ K)p ∼= q(A ⊗ K)q, τ̂ (q) <∞

}
.

Remark 4.6 If a unique densely defined lower semicontinuous trace τ is a normal-

ized trace, then F(A) is equal to the set

{dτ (h) ∈ R
×
+ | h is a positive element in A ⊗ K such that A ∼= h(A ⊗ K)h}.

Note that there exists a simple σ-unital C∗-algebra with a unique normalized trace τ ,

which has a densely defined lower semicontinuous trace that is not a scalar multiple

of τ . For example, let A be an AF-algebra such that

K0(A) = Z

[ 1

2

]
⊕ Z

[ 1

2

]
,

K0(A)+ =
{

(q, r) ∈ K0(A) : q > 0, r > 0
}
∪
{

(0, 0)
}
,

Σ(A) =
{

(q, r) ∈ K0(A)+ : q > 0, 0 < r < 1
}
∪
{

(0, 0)
}
.

Then A is such a C∗-algebra.

The following corollary is shown by an argument similar to Lemma 4.2.

Corollary 4.7 Let A and B be simple σ-unital C∗-algebras with unique (up to scalar

multiple) densely defined lower semicontinuous traces. If A is Morita equivalent to B,

then F(A) = F(B).

We shall show that if A is unital, then Definition 4.4 coincides with the previous

definition in [29, 30].

Proposition 4.8 Let A be a simple unital C∗-algebra with a unique normalized trace

τ . Then

F(A) = {τ ⊗ Tr(p) ∈ R
×
+ | p is a projection in Mn(A) such that pMn(A)p ∼= A}

where Tr is the usual unnormalized trace on Mn(C).
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Proof Let XA be a right Hilbert A-module A with the obvious right A-action and

〈a, b〉A = a∗b for a, b ∈ A. Since τ is a normalized trace, T̂τ ([XA]) = 1. By the

proofs of Lemmas 4.1 and 4.2, F(A) = F1⊗e11
(A) = T̂τ (Pic(A)) where e11 is a rank

one projection in K. A similar argument as in [29, Theorem 3.1] shows T̂τ (Pic(A)) =

{τ ⊗ Tr(p) ∈ R
×
+ | p is a projection in Mn(A) such that pMn(A)p ∼= A} because

every A-A-equivalence bimodule has a finite basis.

We showed that K-theoretical obstruction enables us to compute fundamental

groups easily in the case A is unital [29]. Therefore, if A⊗K has a nonzero projection,

we can compute fundamental groups easily by K-theoretical obstruction. We denote

by τ∗ the map K0(A) → R induced by a trace τ on A.

Definition 4.9 Let E be an additive subgroup of R containing Z. Then an inner

multiplier group IM(E) of E is defined by

IM(E) = {t ∈ R
× |t ∈ E, t−1 ∈ E, and tE = E}.

Then IM(E) is a multiplicative subgroup of R×. We call IM+(E) := IM(E) ∩ R+ the

positive inner multiplier group of E, which is a multiplicative subgroup of R
×
+ .

Corollary 4.10 Let A be a separable simple C∗-algebra with unique (up to scalar mul-

tiple) densely defined lower semicontinuous trace τ . Assume that A ⊗ K has a nonzero

projection. Then F(A) is countable. Moreover, τ∗(K0(A)) is a Z[F(A)]-module and

F(A) ⊂ IM+(τ∗(K0(A))).

Proof Let p be a nonzero projection in A⊗K. Corollary 4.7 impliesF(A) = F(p(A⊗
K)p). Since p(A ⊗ K)p is a separable unital C∗-algebra, [29, Proposition 3.7] and

Proposition 4.8 prove the corollary.

Example 4.11 Let Fn be a non-abelian free group with n ≥ 2 generators.

Then C∗
r (Fn) is a simple unital C∗-algebra with a unique normalized trace. Since

K0(C∗
r (Fn)) ∼= Z, F(C∗

r (Fn)) = {1}. This implies that for positive elements

h1, h2 ∈ C∗
r (Fn) if h1C∗

r (Fn)h1 is isomorphic to h2C∗
r (Fn)h2, then dτ (h1) = dτ (h2).

Example 4.12 Let p be a prime number. Consider a tensor product algebra of a

UHF algebra and the compact operators A = Mp∞ ⊗K. Then F(A) = {pn : n ∈ Z}.

Remark 4.13 Any countable subgroup of R
×
+ can be realized as the fundamental

group F(A) of a separable simple unital C∗-algebra A with a unique trace. (See [30].)

We show that there exist separable, simple, stably projectionless C∗-algebras such

that their fundamental groups are equal to R
×
+ . This is a contrast to the unital case.

Recall the building blocks that are considered by Razak [37] and Tsang [40]. These

algebras are subhomogeneous algebras obtained by generalized mapping torus con-

struction as in [10, 11]. For a pair of natural numbers (n,m) with n dividing m

(m > n), let ρ0 and ρ1 be homomorphisms from Mn(C) to Mm(C), having multiplic-

ities m
n
− 1 and m

n
respectively. Define

A(n,m) =
{

f ∈ Mm(C([0, 1])) : f (0) = ρ0(c), f (1) = ρ1(c), c ∈ Mn(C)
}
.
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Note that we may assume that the homomorphism ρ0 maps Mn(C) into diagonal

block matrices in Mm(C) with m
n
− 1 identical blocks and one zero block. On the

other hand, the homomorphism ρ1 yields matrices with m
n

identical blocks. The

building block A(n,m) has the following properties. (See, for example, [32, 37].)

Proposition 4.14 We have the following:

(i) Every primitive ideal of A(n,m) is the kernel of some point evaluation. Therefore

the primitive ideal space of A(n,m) is homeomorphic to T.

(ii) The Pedersen ideal of A(n,m) is A(n,m). Therefore every densely defined lower

semicontinuous trace on A(n,m) is bounded.

(iii) For any bounded trace τ on A(n,m), there exists a measure µ on T such that

τ ( f ) =
∫

T
( m−n

m
)t Tr( f (t))dµ(t) for any f ∈ A(n,m).

Fix an irrational θ ∈ [0, 1]\Q . For any n ∈ N, define an injective homomorphism

φn of A(3n, 2 · 3n) to A(3n+1, 2 · 3n+1) by

(φn( f ))(t) =





ut

(
f (t) 0 0
0 f (t+θ) 0
0 0 0

)
u∗

t 0 ≤ t ≤ 1 − θ

wt

(
f (t) 0 0
0 f (t+θ−1) 0
0 0 f (t+θ−1)

)
w∗

t 1 − θ ≤ t ≤ 1,

where ut and wt are suitable continuous paths in U (M2·3n+1 (C)). We denote by φn,m

a homomorphism φm−1 ◦ · · · ◦ φn from A(3n, 2 · 3n) to A(3m, 2 · 3m). Let O =

lim
−→

(A(3n, 2 · 3n), φn,m).

Lemma 4.15 With notation as above, O = lim
−→

(A(3n, 2 ·3n), φn,m) is a separable sim-

ple stably projectionless C∗-algebra with unique (up to scalar multiple) densely defined

lower semicontinuous unbounded trace.

Proof Let J be a proper two-sided closed ideal of O, and let

Jn = φ−1
n,∞

(
J ∩ φn,∞

(
A(3n, 2 · 3n)

))
.

Then Jn is a two-sided closed ideal of A(3n, 2·3n), and denote by Fn the corresponding

closed set in T. (See Proposition 4.14.) Since φn,m is injective, J = lim
−→

( Jn, φn,m) and

for n sufficiently large, Jn is a proper two-sided closed ideal of A(3n, 2 · 3n); that is,

Fn is not empty. Put γ([t]) = [t − θ] for any [t] ∈ T. For any natural number k,

we see that Fn = Fn+k ∪ γ−1(Fn+k) ∪ · · · ∪ γ−k(Fn+k) by the construction of φn,m

and Jn = φ−1
n,n+k( J ∩ φn,n+k(A(3n, 2 · 3n))). The same argument as in the last part

of the proof of [3, Proposition 1.3] shows that O is simple, because γ is a minimal

homeomorphism on T.

Define τn( f ) =
1

(1+2θ)n

∫
T

( 1
2
)t Tr( f (t))dµ(t), where µ is a normalized Haar mea-

sure on T and Tr is the usual unnormalized trace on M2·3n (C). Then τn = τn+1 ◦ φn,

and hence there exists a densely defined lower semicontinuous trace τ on O. Note

that τ is an unbounded trace, since ‖τn‖ =
2·3n

(1+2θ)n .

We shall show the uniqueness of τ . Let τ ′ be a densely defined lower semicon-

tinuous trace on O. It is easy to see that τ ′|A(3n,2·3n) is a densely defined lower semi-

continuous trace on A(3n, 2 · 3n), since Ped(A(3n, 2 · 3n)) ⊆ Ped(O) ∩ A(3n, 2 · 3n).
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Proposition 4.14 implies that for any n ∈ N there exists a measure νn on T such that

τ ′|A(3n,2·3n)( f ) = 1
(1+2θ)n

∫
T

( 1
2
)t Tr( f (t))dνn(t). By a compatibility condition, we have

∫

T

( 1

2

) t

Tr
(

f (t)
)

dνn(t) =
1

1 + 2θ

∫

T

( 1

2

) t(
Tr( f (t)) + g(t)

)
dνn+1(t),

where

g(t) =

{
Tr( f (t + θ)) 0 ≤ t ≤ 1 − θ,

2Tr( f (t + θ − 1)) 1 − θ ≤ t ≤ 1,

for any f ∈ A(3n, 2 · 3n). Therefore for any h ∈ C(T), we have

∫

T

h(t)dνn(t) =
1

1 + 2θ

∫

T

h(t) + 2θh(t + θ)dνn+1(t).

In the same way as in the last part of the proof of [20, Theorem 2.4], we see that νn is

Haar measure on T by this condition. Consequently there exists a positive number λ
such that τ ′ = λτ .

The following lemma is an immediate consequence of the classification theorem

of Razak [37] and Tsang [40, Theorem 3.1].

Lemma 4.16 Let A be a simple separable AF algebra with unique (up to scalar multi-

ple) densely defined lower semicontinuous trace. Then A ⊗ O is isomorphic to O.

Theorem 4.17 There exist a separable simple stably projectionless nuclear C∗-algebra

and non-nuclear C∗-algebra with unique (up to scalar multiple) densely defined lower

semicontinuous trace such that their fundamental groups are equal to R
×
+ .

Proof For any λ ∈ R
×
+ , there exists a separable simple unital AF algebra Aλ with

a unique trace such that λ ∈ F(Aλ) by [29, Corollary 3.16]. Lemma 4.16 implies

λ ∈ F(O). Therefore F(O) = R
×
+ . Let Fn be a non-abelian free group with n ≥

2 generators. Then O ⊗ C∗
r (Fn) is a separable, stably projectionless, non-nuclear

C∗-algebra with unique (up to scalar multiple) densely defined lower semicontinuous

trace such that F(O⊗C∗
r (Fn)) = R

×
+ .

Remark 4.18 Let h be a nonzero positive element in the Pedersen ideal of O. Then

hOh is a separable stably projectionless C∗-algebra with a unique normalized trace

such that F(hOh) = R
×
+ .

Remark 4.19 Recently, Jacelon [15] constructed a simple, nuclear, stably projec-

tionless C∗-algebra W with a unique normalized trace, which shares some of the im-

portant properties of the Cuntz algebra O2. This C∗-algebra is an inductive limit

of building blocks A(n,m). Hence W ⊗ K is isomorphic to O by the classifica-

tion theorem of Razak [37]. Therefore Corollary 4.7 and Theorem 4.17 imply that

F(W ) = R
×
+ .
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Recall that the fundamental group of a II1-factor M is equal to the set of trace-

scaling constants for automorphisms of M ⊗ B(H). We have a fact similar to the

one discussed by Kodaka in [24]. We define the set of trace-scaling constants for

automorphisms:

S(A) :=
{
λ ∈ R

×
+ | τ̂ ◦ α = λτ̂ for some α ∈ Aut(A ⊗ K(H))

}
.

Proposition 4.20 Let A be a simple σ-unital C∗-algebra with unique (up to scalar

multiple) densely defined lower semicontinuous trace τ . Then F(A) = S(A).

Proof There exists a nonzero projection p in M(A ⊗ K) such that τ̂ (p) < ∞ by a

similar argument as in the proof of Theorem 4.3. Let λ ∈ S(A), then there exists an

automorphism of A ⊗ K such that τ̂ ◦ α(x) = λτ̂ (x) for x ∈ Mτ̂ . There exists an

automorphism α̃ of M(A ⊗ K) such that α̃(x) = α(x) for x ∈ A ⊗ K. It is clear that

p(A ⊗ K)p is isomorphic to α̃(p)(A ⊗ K)α̃(p). We have that τ̂ (α̃(p))/τ̂ (p) = λ.

Therefore λ ∈ F(A) by Remark 4.5.

Conversely, let λ ∈ F(A). There exist projections p and q in M(A ⊗ K) such

that p(A ⊗ K)p is isomorphic to q(A ⊗ K)q and λ = τ̂ (p)/τ̂ (q). We denote by φ an

isomorphism of p(A⊗K)p to q(A⊗K)q. Since p and q are full projections, there exist

partial isometries w1 and w2 in (A ⊗ K) ⊗ K such that w∗
1 w1 = I ⊗ I, w1w∗

1 = p ⊗ I,

w∗
2 w2 = I ⊗ I, and w2w∗

2 = q ⊗ I by Brown [4]. Let ψ : A ⊗ K ⊗ K → A ⊗ K be an

isomorphism that induces the identity on the K0-group. Define α = ψ ◦ (adw∗
2 )◦φ◦

(adw1) ◦ ψ−1. Then τ̂ ◦ α = λτ̂ . Therefore λ ∈ S(A).

Example 4.21 Let {λ1, . . . , λn} be nonzero positive numbers such that the closed

additive subgroup of R generated by {λ1, . . . , λn} is R, and On is the Cuntz algebra

generated by n isometries S1, . . . , Sn. There exists a one-parameter automorphism

group α : R → Aut(On) given by αt (S j) = eitλ j S j . Define A := On ⋊α R. Then A

is a simple stable separable C∗-algebra with unique (up to scalar multiple) densely

defined lower semicontinuous trace τ and S(A) = R
×
+ [20, 21]. Therefore F(A) =

R
×
+ by the corollary above.

Finally we state a direct relation between the fundamental group of C∗-algebras

and that of von Neumann algebras.

Proposition 4.22 Let A be a σ-unital infinite-dimensional simple C∗-algebra with

unique (up to scalar multiple) densely defined lower semicontinuous trace τ . Assume

that τ is a normalized trace. Consider the GNS representation πτ : A → B(Hτ ) and

the associated factor πτ (A) ′ ′ of type II1. Then F(A) ⊂ F(πτ (A) ′ ′). In particular, if

F(πτ (A) ′ ′) = {1}, then F(A) = {1}.

Proof Let h be a positive element in A ⊗ K such that A is isomorphic to h(A ⊗ K)h.

We denote by τ̃ the restriction of τ̂ on h(A ⊗ K)h. By the uniqueness of trace, πτ (A) ′ ′

is isomorphic to πτ̃ (h(A ⊗ K)h) ′ ′. Define p :=
∫ ‖h‖

0
dEt , where {Et : 0 ≤ t ≤ ‖h‖}

is the spectral projections of πτ̂ (h). Then dτ (h) = τ̂ (p). A standard argument shows

pπτ̂ (A⊗K) ′ ′p is isomorphic to πτ̃ (h(A ⊗ K)h) ′ ′. Therefore F(A) ⊂ F(πτ (A) ′ ′).
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[36] F. Rǎdulescu, The fundamental group of the von Neumann algebra of a free group with infinitely
many generators is R∗

+ . J. Amer. Math. Soc. 5(1992), no. 3, 517–532.
[37] S. Razak, On the classification of simple stably projectionless C∗-algebras. Canad. J. Math. 54(2002),

no. 1, 138–224. http://dx.doi.org/10.4153/CJM-2002-006-7

[38] I. Raeburn and D. P. Williams, Morita equivalence and continuous-trace C∗-algebras. Mathematical
Surveys and Monographs, 60, American Mathematical Society, Providence, RI, 1998.

[39] M. A. Rieffel, Morita equivalence for operator algebras. In: Operator algebras and applications, Part
I (Kingston, Ont., 1980), Proc. Sympos. Pure Math., 38, American Mathematical Society,
Providence, RI, 1982, pp. 285–298.

[40] K.-W. Tsang, On the positive tracial cones of simple stably projectionless C∗-algebras. J. Funct. Anal.
227(2005), no. 1, 188–199. http://dx.doi.org/10.1016/j.jfa.2005.01.007

[41] D. Voiculescu, Circular and semicircular systems and free product factors. In: Operator algebras,
unitary representations, enveloping algebras, and invariant theory (Paris, 1989), Progr. Math. 92,
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