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ON THE TRANSITIVE DOMINATION PRINCIPLE FOR
CONTINUOUS FUNCTION-KERNELS
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1. Introduction

One of the interesting problems in the potential theory for a function-
kernel is to investigate the relation between the domination principle
and the balayage principle.

N. Ninomiya first proved the equivalence of the above two principles
for a positive symmetric continuous kernel using the Gauss-Ninomiya
variation (cf. [6]).

For a positive non-symmetric lower semi-continuous kernel, M. Kishi
established a new existence theorem and proved in [4] that a kernel G
satisfies the domination principle if and only if G satisfies the balayage
principle under the additional condition that G and its adjoint G satisfy
the continuity principle.

For a continuous function-kernel (in the extended sense), it is well
known that a kernel G itself satisfies the continuity principle when G
satisfies the domination principle. Does the adjoint G satisfy the con-
tinuity principle? M. It6 and the author proved in [2] that G also
satisfies the continuity principle when G satisfies the domination principle.
We used there a result obtained in [3] where M. It0 developed the theory
of generalized kernels by means of elementary kernels and resolvents.

Let G and N be continuous function-kernels. In this paper we shall
prove that G satisfies the relative domination principle with respect to
N if and only if G satisfies the transitive domination principle with
respect to N. The analogous result is first obtained by M. Kishi under
the additional condition that G and G satisfy the continuity principle
(cf. [4D).

Our result shall give a simple proof of the theorem obtained in [2]
that G satisfies the domination principle if and only if G satisfies the
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domination principle. Therefore the continuity principle for G follows
immediately from the domination principle for G. It will be also shown
that G satisfies the maximum principle if and only if G satisfies the
positive mass principle. All the proofs depend only on the existence
theorem of Kishi.

2. Definitions

Let X be a locally compact Hausdorff space. A non-negative func-
tion G(z,y) on X X X is called a continuous function-kernel on X if
G(z,y) is continuous in the extended sense on X X X, finite except for
the diagonal set of X X X and 0 < G(x,2) < +co for any £ X. The
kernel G defined by G(x,y) = G(y, ) is called the adjoint kernel of G.
The potential Gu(x) and the adjoint potential G;z(x) of a positive Radon
measure p in X are defined by

Gul@) = jG(x, ip@) and Gu) = jé(x, Wduy)

respectively.
The G-energy of p is defined by ‘[Gp(x)dp(x). We denote by M, the

family of all positive measures with compact support and by E, = E,(®)
the family of all measures in M, with finite G-energy. Evidently E,(G)
= E(G).

We say that a property holds G-p.p.p. on a subset 4 of X if it
holds on A except a set of the inner v-measure 0 for every ve E,.

3. Existence theorem of Kishi and its modification

In the succeeding sections, the following existence theorem plays a
fundamental role.

EXISTENCE THEOREM OF KISHI ([1],[5]). Let K be a compact Haus-
dorff space, G be a finite continuous function-kernel on K and u(x) be a
non-negative finite continuous function on K. Then there exists a measure
A in M, such that

GA(x) = u(x) on K,
Gi(x) = u(x) on S2.

First we modify the above existence theorem into the following form.
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LEMMA 1. Let G be a continuous function-kernel on a locally com-
pact Hausdorff space X, K be a compact subset of X and u(x) be a non-
negative finite continuous function on K. Take a sequence {G,} of finite
continuous function-kernels such that G, /' G. Then there exists a vague-
ly bounded sequence {i,} of positive measures supported by K satisfying

(1) Guln(@) Z w(x)  on K,

(2) G () = u(x) on Si, .

And o vague cluster point 2 of {1,} satisfies

(3) Gi(x) = u(x) v-a.e. on K for every ve C(G; K),
(4) GA(x) < u(x) on SA,

where C(G; K) denotes the family of all measures in M, such that Gu(x)
18 finite continuous an K.

Proof. Let G’ be the restriction of G to K X K. Then G is evi-
dently a continuous function-kernel on K and G'p(x) = Gu(x) on K for
any positive Radon measure px in K. Therefore we have only to prove
it in the case that X = K.

By the existence theorem of Kishi, there exists for any n, a measure
A € M, satisfying

Gnn(®) = u(x) on K,
Gl (2) = u(x) on Si, .

The strictly positiveness of G on the diagonal set asserts that {1,} is
vaguely bounded. Therefore a subnet {4,; we D,D is a directed set} of
the sequence {1,} converges vaguely to a positive measure 2 supported
by K. 2 fulfils 3) and (4). In fact, for any ve C(G; K), we have

j Gady = f Gyda = lim j Gvdi, = lim j Gadv
> Ifaf Gidy > fudp ,

hence (3). Let w,e D and x,e S2 be fixed. There exists a net {z,} con-
verging to z, with x,e¢ S2,. Then we obtain

G, A(x) = lim G, A,(z,) < lim G,4,(z,)

< lim u(z,) = u(x,) ,
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hence (4).

Remark 1. The analogous result holds for a lower semi-continuous
function-kernel G and a bounded upper semi-continuous function u(x).

4. Relative domination principle and transitive domination principle
Let us start with the definitions of principles.

(I) Continuity principle: A kernel G is said to satisfy the con-
tinuity principle when, for any p e M,, the finite continuity of the restric-
tion of Gu(x) to Sy implies the finite continuity of Gu(x) on the whole
space X.

(II) Relative domination principle: @G is said to satisfy the relative
domination principle with respect to N (written simply G < N) when,
for pe E(G) and ve M,, an inequality Gu(xr) < Nu(x) on Sy implies the
same inequality on X. In the case that it holds only when v =¢,, for
any x,¢ CSy, we call it the elementary relative domination principle.

(ITII) Transitive domination principle: We say that G satisfies the
transitive domination principle with respect to N (written simply G[__N)
when, for g and » in M, with Sy N Sy = ¢, an inequality Gu(x) < Gv(w)
on Sy implies the inequality Nu(z) < Nu(x) on X.

Remark 2. It is well known, for strictly positive continuous function-
kernels G and N, that G satisfies the continuity principle if G satisfies
the elementary relative domination principle with respect to N. This is
true for our continuous function-kernels. In fact, let z, be any non-
isolated point in X. Then there exist a point %, (¥, = #,) and an open
neighbourhood V(z,) of x, such that N(z,y,) > 0 for any xe V(x,), be-
cause N(z, xz,) > 0. Consequently, the continuity principle for G follows
by the same way as in the case of strictly positive kernels.

Remark 8. If G satisfies the continuity principle, Lusin’s theorem
asserts that the inequality (8) in Lemma 1 is equivalent to the following
inequality (3").

(3) GA(x) = u(x) G-p.p.p. on K .

LEMMA 2. Let G and N be continuous function-kernels on X. Sup-
pose that G satisfies the transitive domination principle with respect to
N. Then G satisfies the continuity principle.
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Proof. It suffices to prove that G satisfies the elementary relative
domination principle with respect to N (c¢f. Remark 2).

Suppose that for ue E(G) and x,e CSy, an inequality Gu(z) < Ne, (%)
holds on Sp. We shall show that Gu(y) < Ne,,(y¥) holds for any y e CSp.
By Lemma 1, there exists a vaguely bounded sequence {¢,} of positive
measures supported by Sp satisfying

Grélu(®) = Gey(x)  on Sp
and
Gr)(®) = Gey (@)  on Se,,

because Ge,(x) is finite continuous on Sp. A vague cluster point &, of
{e},} fulfils

és;(x) < ésy(x) on Sej, C Sy .
G[_ N asserts
Neéj(z) £ Ne,(x) on X .

Then we obtain
Gutw) = [ Gul@)de,@) = [ Geds < [ Gududn
< IG,ude;m < JNexode;,, for any »n .
¢, being a vague cluster point of {¢,}, we have
Guw) < [ Newyds, = [ N,
< | eydes, = Newl)

Consequently G satisfies the elementary relative domination principle
with respect to N.

THEOREM 1. Let G and N be continuous function-kernels on a locally
compact Hausdorff space X. Then the following statements are equivalent.

(a) G satisfies the relative domination principle with respect to N.

(b) G satisfies the elementary relative domination principle with
respect to N.

(¢) G satisfies the transitive domination principle with respect to N.

https://doi.org/10.1017/50027763000016524 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000016524

32 ISAO HIGUCHI

Proof. Evidently (a) — (b).

(b) — (c¢). Suppose that for x and v in M, with Sy N Sv = ¢, an
inequality G‘r,u(x) < Gy(z) holds on Sp. We have only to obtain the ine-
quality N, u(y) < Nu(y) for any positive number p and for any yeX,
where N, = N,(z,%) = inf {N(z, %), p}. By Lemma 1, there exists a se-
quence {¢,,,} of measures in E(G) supported by Sy satisfying

Greypn(X) = N ye, () on Sy

and
Gr&ypn(X) = Npe, () on Seypn .
A vague cluster point ¢, of {¢},.}r. fulfils
Gey (1) < Npe (%) < Ney() on Sg, C Sy .

(b) implies

Ge,(x) < Ney(2) on X .
Then

Noppy) = pr/x de, = JN ey < fGne;zmdﬂ
< Jéyde;p,, < J‘Gude;,,m for any n .
And ¢, being a vague cluster point of {¢,.}r.;, we obtain
Nopy) £ J Gyde,, = ‘[Gs;,pdv
= [ Ne,av) = Nutw) -

(¢) — (a). Assume that Gu(x) < Nyv(x) holds on Sy for peFE, and
ve M, By virtue of Lemma 2, (¢) asserts that G satisfies the continuity
principle and so we can find, for any » and any ye CSp, a measure
&n € E, supported by Sy satisfying

G#,n(@) = Gpe,(®)  G-p.p.p. on Sp
and
Ge,n(@) < Guey(#) < Ge(z)  on Sz,

(cf. (8") in Remark 3). (c) implies

https://doi.org/10.1017/50027763000016524 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000016524

TRANSITIVE DOMINATION PRINCIPLE 33
Ney,(x) < Ney(x) on X .

Consequently we obtain

Gopy) = j Gaeydp < j Geyudp < JGﬂdg,,n

< vadéyn =< INE,,ndv < INeydu = Nuv(y) .

Letting n tend to + oo, we have Gu(y) < Nu(y). This completes the
proof.

Remark 4. M Kishi proved this theorem under the additional con-
dition that G and G satisfy the continuity principle. But by the above
argument this condition can be omitted.

5. Domination principle and continuity principle

As an application of Theorem 1, we consider the domination, the
continuity and the balayage principles for a continuous function-kernel
G and its adjoint G.

(IV) Domination principle: For peFE, and ve M, an inequality
Gu(z) < Gv(x) on Sy implies the same inequality on X. Especially we
call it the elementary domination principle when v = ¢,, for any x,e CSp.

(V) Balayage principle: For a given compact set K and a given
measure g in M,, there exists a measure p’ in M, supported by K such
that

Gy () = Gu(x) G-p.p.p. on K,
Gy (%) < Gu(x) on X .

THEOREM 2. Let G be a continuous function-kernel on X. Then both
G and G satisfy the continuity principle if either G or G satisfies the
domination principle.

Proof. We have only to prove that G satisfies the continuity
principle when G satisfies the domination principle. The domination
principle for G implies that G <G and also implies, by virtue of
Theorem 1, that G G. Therefore G satisfies the elementary domina-
tion principle and, by Remark 2, G satisfies the continuity principle.
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THEOREM 3. Let G be a continuous function-kernel on X. Then G
satisfies the domination principle if and only if G does.

Proof. By Theorem 1, G < G implies that G[__ G and therefore
G satisfies the elementary domination principle. The equivalence of (a)
and (b) in Theorem 1 asserts that G satisfies the domination principle.
The converse is also true.

Similarly the following theorem of Kishi is an immediate consequence
of Theorem 2 and Remark 3.

THEOREM 4. Let G be a continuous function-kernel on X. Then G
satisfies the balayage principle if and only if G satisfies the domination
principle.

Remark 5. Theorem 3 and Theorem 4 were first proved by M. Kishi
in [4] under the condition that G and G satisfy the continuity principle
and were proved by M. Ito and the author in [2] without that condition
using a result of generalized kernels established by M. It6 in [3]. The
above argument gives a simple proof depending only on Theorem 1.

6. Maximum principle and positive mass principle
Finally we investigate the relation between the maximum and the

positive mass principle.

(VI ) Maximum principle: For upe M, an inequality Gu(x) < 1 on
Sy implies the same inequality on X.

(VII) Complete maximum principle: For peE,veM, and for a
non-negative number a, an inequality Gu(x) < Gv(x) + @ on Sy implies
the same inequality on X.

(VIII) Positive mass principle: For g and v in M, with Sp N Sy
= ¢, an inequality Gu(x) < Gv(x) on Sy implies the inequality Jd” < de.

THEOREM 5. Let G be a continuous function-kernel on X. Then G
satisfies the maximum principle if and only if G satisfies the positive
mass principle.

Proof. The maximum principle for G implies that G <1, where 1
is the constant kernel. By theorem 1, G < 1 if and only if G —1i=1.
G[_1 is just the positive mass principle for G.
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By this theorem, we have the following corollaries without assuming
that G and G satisfy the continuity principle.

COROLLARY 1. Let G be a continuous function-kernel on X. Then
G satisfies the complete maximum principle if and only if G satisfies
the domination principle and the maximum principle.

COROLLARY 2. Let G and N be continuous function-kernels on X
such that G satisfies the relative domination principle with respect to N.
Then G satisfies the maximum principle if N does.

Proof. It is sufficient to prove that G satisfies the positive mass
principle. Suppose that Gy(x) < Gy(®) on Sy for p and v in M, with
Spe N Sy =¢. G < N implies, by Theorem 1, that G[_N. Consequently
we have Ny(x) < Nu(z) on X. On the other hand N <1 asserts, by

Theorem 5, that N[__ 1 and hence that Idp = fdu. Therefore G sat-

isfies the positive mass principle.
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