
I. Higuchi
Nagoya Math. J,
Vol. 57 (1975), 27-35

ON THE TRANSITIVE DOMINATION PRINCIPLE FOR

CONTINUOUS FUNCTION-KERNELS

ISAO HIGUCHI

1. Introduction

One of the interesting problems in the potential theory for a function-
kernel is to investigate the relation between the domination principle
and the balayage principle.

N. Ninomiya first proved the equivalence of the above two principles
for a positive symmetric continuous kernel using the Gauss-Ninomiya
variation (cf. [6]).

For a positive non-symmetric lower semi-continuous kernel, M. Kishi
established a new existence theorem and proved in [4] that a kernel G
satisfies the domination principle if and only if G satisfies the balayage
principle under the additional condition that G and its adjoint G satisfy
the continuity principle.

For a continuous function-kernel (in the extended sense), it is well
known that a kernel G itself satisfies the continuity principle when G
satisfies the domination principle. Does the adjoint G satisfy the con-
tinuity principle? M. Itό and the author proved in [2] that ό also
satisfies the continuity principle when G satisfies the domination principle.
We used there a result obtained in [3] where M. Itδ developed the theory
of generalized kernels by means of elementary kernels and resolvents.

Let G and JV be continuous function-kernels. In this paper we shall
prove that G satisfies the relative domination principle with respect to
JV if and only if G satisfies the transitive domination principle with
respect to N. The analogous result is first obtained by M. Kishi under
the additional condition that G and ό satisfy the continuity principle
(cf. [4]).

Our result shall give a simple proof of the theorem obtained in [2]
that G satisfies the domination principle if and only if G satisfies the
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domination principle. Therefore the continuity principle for 0 follows
immediately from the domination principle for G. It will be also shown
that G satisfies the maximum principle if and only if G satisfies the
positive mass principle. All the proofs depend only on the existence
theorem of Kishi.

2. Definitions

Let I b e a locally compact Hausdorff space. A non-negative func-
tion G(x, y) on I x I is called a continuous function-kernel on X if
G(x, y) is continuous in the extended sense on X x X, finite except for
the diagonal set of X x X and 0 < G(x, x) ig + oo for any xeX. The
kernel 6 defined by G{x, y) = G(y, x) is called the adjoint kernel of G.
The potential Gμix) and the adjoint potential όμ(x) of a positive Radon
measure μ in X are defined by

Gμ(x) = J G(x, y)dμ(y) and Gμ(x) = f ά(x, y)dμ{y)

respectively.

The G-energy of μ is defined by Gμ(x)dμ(x). We denote by Mo the

family of all positive measures with compact support and by Eo = E0(G)
the family of all measures in MQ with finite G-energy. Evidently E0(G)

We say that a property holds G-p.p.p. on a subset A of X if it
holds on A except a set of the inner v-measure 0 for every v e Eo.

3. Existence theorem of Kishi and its modification

In the succeeding sections, the following existence theorem plays a
fundamental role.

EXISTENCE THEOREM OF KISHI ([1], [5]). Let K be a compact Haus-
dorff space, G be a finite continuous function-kernel on K and u(x) be a
non-negative finite continuous function on K. Then there exists a measure
λ in Mo such that

Gλ(x) ̂  u(x) on K ,

Gλ(x) = u(x) on Sλ .

First we modify the above existence theorem into the following form.
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LEMMA 1. Let G be a continuous function-kernel on a locally com-

pact Hausdorff space X,K be a compact subset of X and u(%) be a non-

negative finite continuous function on K. Take a sequence {Gn} of finite

continuous function-kernels such that Gn /* G. Then there exists a vague-

ly bounded sequence {λn} of positive measures supported by K satisfying

( 1 ) Gnλn(x) ^ u(x) on K ,

( 2 ) Gnλn(x) = u(x) onSλn.

And a vague cluster point λ of {λn} satisfies

( 3 ) Gλ(x) ;> u(x) v-a.e. on K for every v e C(Gr K) ,

( 4 ) Gλ{x) ^ u(x) on Sλ ,

where C(6 K) denotes the family of all measures in Mo such that όv(x)

is finite continuous an K.

Proof. Let Gf be the restriction of G to K x K. Then G' is evi-

dently a continuous function-kernel on K and G'μ(x) = Gμ(x) on K for

any positive Radon measure μ in K. Therefore we have only to prove

it in the case that X = K.

By the existence theorem of Kishi, there exists for any n, a measure

λn e Mo satisfying

Gnλn(x) ^ u(x) on K ,

Gnλn(x) = u(x) on Sλn .

The strictly positiveness of G on the diagonal set asserts that {λn} is

vaguely bounded. Therefore a subnet {λω ωeD,D is a directed set} of

the sequence {λn} converges vaguely to a positive measure λ supported

by K. λ fulfils (3) and (4). In fact, for any veC(0;K), we have

ί Gλdυ = ί όvdλ = lim f Gvdλω = lim f Gλωdv

^ lim Gωλωdv ^ udv ,

hence (3). Let ωQeD and xoeSλ be fixed. There exists a net {xω} con-

verging to x0 with xω e Sλω. Then we obtain

Gωoλ(x0) = lim Gωoλω(xω) ^ lim Gjω(xJ
ω ω

^ lim u(xω) = u(x0) ,
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hence (4).

Remark 1. The analogous result holds for a lower semi-continuous
function-kernel G and a bounded upper semi-continuous function u(x).

4. Relative domination principle and transitive domination principle

Let us start with the definitions of principles.

( I ) Continuity principle: A kernel G is said to satisfy the con-
tinuity principle when, for any μ e Mo, the finite continuity of the restric-
tion of Gμix) to Sμ implies the finite continuity of Gμ(x) on the whole
space X.

(II) Relative domination principle: G is said to satisfy the relative
domination principle with respect to N (written simply G < N) when,
for μ e E0(G) and v e Mo, an inequality Gμ(x) <^ Nv(x) on Sμ implies the
same inequality on X. In the case that it holds only when v = εXo for
any x0 e CSμ, we call it the elementary relative domination principle.

(III) Transitive domination principle: We say that G satisfies the
transitive domination principle with respect to N (written simply G\ N)
when, for μ and v in Mo with Sμ ΓΊ Sv = φ, an inequality Gμ(x) <̂  Gv(x)
on Sμ implies the inequality Nμ(x) <^ Nv(x) on X.

Remark 2. It is well known, for strictly positive continuous function-
kernels G and N, that G satisfies the continuity principle if G satisfies
the elementary relative domination principle with respect to N. This is
true for our continuous function-kernels. In fact, let x0 be any non-
isolated point in X. Then there exist a point yQ (y0 3F XQ) and an open
neighbourhood V(x0) of xQ such that N(x, y0) > 0 for any x e V(x0), be-
cause N(x09 xQ) > 0. Consequently, the continuity principle for G follows
by the same way as in the case of strictly positive kernels.

Remark 3. If G satisfies the continuity principle, Lusin's theorem
asserts that the inequality (3) in Lemma 1 is equivalent to the following
inequality (30.

(30 Gλix) ^ u{x) G-p.p.p. on K .

LEMMA 2. Let G and N be continuous function-kernels on X. Sup-
pose that ό satisfies the transitive domination principle with respect to
ίί. Then G satisfies the continuity principle.
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Proof. It suffices to prove that G satisfies the elementary relative

domination principle with respect to N (cf. Remark 2).

Suppose that for μ e EQ(G) and xQ e CSμ, an inequality Gμ(x) <̂  NεXo(x)

holds on Sμ. We shall show that Gμ(y) <̂  NεXo(y) holds for any y e CSμ.

By Lemma 1, there exists a vaguely bounded sequence {εyn} of positive

measures supported by Sμ satisfying

GrnByn(x) ̂  Gεy(x) on Sμ

and

Crnεyn(x) = &v(x) on Sε'vn ,

because όεy(x) is finite continuous on Sμ. A vague cluster point εf

y of

&} fulfils

dre;(a?) ^ drεy(a?) on &; c Sμ .

Gl ifr asserts

Nε'y(x) ^ ^ ( a j ) on Z .

Then we obtain

Gμ(y) - J Gμ(x)dev(x) = J &/Z/£

^ G^de^ ̂  Nεxβεyn for any

εy being a vague cluster point of {ê ,}, we have

Gμ(y) ^ ^NεXodε'y = J Nε'ydεXo

^ ^ NεydεXo = NεXQ(y) .

Consequently G satisfies the elementary relative domination principle

with respect to N.

THEOREM 1. Let G and N be continuous function-kernels on a locally

compact Hausdorff space X. Then the following statements are equivalent.

(a) G satisfies the relative domination principle with respect to N.

(b) G satisfies the elementary relative domination principle with

respect to N.

(c) (T satisfies the transitive domination principle with respect to ]S[.
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Proof. Evidently (a) -* (b).

(b) -• (c). Suppose that for μ and v in Mo with Sμ Π Sv = 0, an

inequality Grμ(x) ̂  &(#) holds on Sμ. We have only to obtain the ine-

quality jftpμ(y) ^ Nv{y) for any positive number p and for any p i ,

where iΫp = ]Slp(x,y) = inf {#(&, y),p}. By Lemma 1, there exists a se-

quence {ε^J of measures in EQ(G) supported by Sμ satisfying

Gnεypn(x) ^ Npεy(x) on Sμ

and

G«4,»(ί») = Npεy(x) on Sε̂ p^ .

A vague cluster point ε'yp of {έypn};ml fulfils

G4,(») ^ Npεy(x) ^ ^ ( α ) on S4P c Sμ .

(b) implies

Gε'yp(x) ^ Nε,(x) on Z .

Then

Npμ(y) = J $ > & , = J iVpey^ ^ J Gnεvpndμ

^ j 6μdεypn <; J όvdε^ for any n .

And 4p being a vague cluster point of {εypn}^i9 we obtain

^ ^ Nεydv(y) = Nv(y) .

(c) —> (a). Assume that Gμ(x) ^ Nv(x) holds on Sμ for μe EQ and

p 6 Mo. By virtue of Lemma 2, (c) asserts that G satisfies the continuity

principle and so we can find, for any n and any y e CSμ, a measure

εyn e Eo supported by Sμ satisfying

όεyn(x) ;> όnεy(x) G-p.p.p. on Sμ

and

Grεyn(x) ^ (xnBv{x) ^ όev(x) on Sεyn

(cf. (30 in Remark 3). (c) implies
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Nεyn(x) tS Nεy(x) on X .

Consequently we obtain

Gnμ(y) = J Gneydμ ^ I Oεyndμ ^ J Gμdεyn

Letting n tend to +00, we have Gμ(y) <* Nv(y). This completes the
proof.

Remark 4. M. Kishi proved this theorem under the additional con-
dition that G and (x satisfy the continuity principle. But by the above
argument this condition can be omitted.

5. Domination principle and continuity principle

As an application of Theorem 1, we consider the domination, the
continuity and the balayage principles for a continuous function-kernel
G and its adjoint 6r.

(IV) Domination principle: For μ e EQ and v e Mo, an inequality
Gμ(x) <k Gv{x) on Sμ implies the same inequality on X. Especially we
call it the elementary domination principle when v = εXo for any x0 e CSμ.

(V) Balayage principle: For a given compact set K and a given
measure μ in M09 there exists a measure // in Mo supported by K such
that

Gμ'(x) = Gμ(x) G-p.p.p. on K ,

Gμ'ix) ^ Gμix) on X .

THEOREM 2. Let G be a continuous function-kernel on X. Then both
G and ό satisfy the continuity principle if either G or Cr satisfies the
domination principle.

Proof. We have only to prove that Cr satisfies the continuity
principle when G satisfies the domination principle. The domination
principle for G implies that G <G and also implies, by virtue of
Theorem 1, that GΠIZGr. Therefore ό satisfies the elementary domina-
tion principle and, by Remark 2, ό satisfies the continuity principle.
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THEOREM 3. Let G be a continuous function-kernel on X. Then G
satisfies the domination principle if and only if ό does.

Proof. By Theorem 1, G < G implies that ό I ό and therefore
(j satisfies the elementary domination principle. The equivalence of (a)
and (b) in Theorem 1 asserts that G satisfies the domination principle.
The converse is also true.

Similarly the following theorem of Kishi is an immediate consequence
of Theorem 2 and Remark 3.

THEOREM 4. Let G be a continuous function-kernel on X. Then G
satisfies the balayage principle if and only if G satisfies the domination
principle.

Remark 5. Theorem 3 and Theorem 4 were first proved by M. Kishi
in [4] under the condition that G and Gr satisfy the continuity principle
and were proved by M. Itδ and the author in [2] without that condition
using a result of generalized kernels established by M. Itδ in [3]. The
above argument gives a simple proof depending only on Theorem 1.

6. Maximum principle and positive mass principle

Finally we investigate the relation between the maximum and the
positive mass principle.

( VI ) Maximum principle: For μ e Mo, an inequality Gμ{x) ^ 1 on
Sμ implies the same inequality on X.

(VII) Complete maximum principle: For μeE0,veM0 and for a
non-negative number a, an inequality Gμ{x) <^ Gv(x) + a on Sμ implies
the same inequality on X.

(VIII) Positive mass principle: For μ and v in Mo with Sμ Π Sv

= φ, an inequality Gμ(x) <; Gv(x) on Sμ implies the inequality \ dμ ̂  dv.

THEOREM 5. Let G be a continuous function-kernel on X. Then G
satisfies the maximum principle if and only if G satisfies the positive
mass principle.

Proof. The maximum principle for G implies that G < 1, where 1

is the constant kernel. By theorem 1, G < 1 if and only if G1 1 = 1.

G\ 1 is just the positive mass principle for G.
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By this theorem, we have the following corollaries without assuming
that G and G satisfy the continuity principle.

COROLLARY 1. Let G be a continuous function-kernel on X. Then

G satisfies the complete maximum principle if and only if G satisfies

the domination principle and the maximum principle.

COROLLARY 2. Let G and N be continuous function-kernels on X

such that G satisfies the relative domination principle with respect to N.

Then G satisfies the maximum principle if N does.

Proof. It is sufficient to prove that G satisfies the positive mass

principle. Suppose that Gμ(x) <; Gv(x) on Sμ for μ and v in Mo with

Sμ ΓΊ Sv = φ. G < N implies, by Theorem 1, that G\ N. Consequently

we have Nμ(x) <^ Nv(x) on X. On the other hand N < 1 asserts, by

Theorem 5, that N\ 1 and hence that \dμ ^ \dv. Therefore G sat-

isfies the positive mass principle.
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