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ABSTRACT. A max min formula for the spectral radius of a 
non-negative matrix is derived from a characterization of non-singular 
M-matrices in terms of diagonal stability. 

The matrices in this note are real and square. A matrix A is said to be in a 
class Z if it is of the form A = À/-J3, where B is non-negative (Bu >0) . A matrix 
A in Z is called anon-singularM-matrix if À >p(JB), the spectral radius of B. A 
matrix A is said to be diagonally stable if there exists a positive diagonal matrix 
D (Dti >0) such that AD + DA1 is positive definite. Diagonally stable matrices 
arise in the study of predator-prey systems, e.g. Krikorian [3], and of compo
site dynamical systems, e.g. Araki [1]. An excellent survey of the theory and 
many applications of M-matrices is given in Plemmons [4]. 

In this note we obtain an expression for the spectral radius, p(B), of a 
non-negative matrix B. The results follow from two characterizations of diagon
ally stable matrices. The first is general. The second is restricted to the class Z. 

LEMMA 1. (Barker, Berman and Plemmons [2]) A is diagonally stable if and 
only if for every non-zero positive semidefinite matrix S, there exists an index i such 
that (SA)a is positive. 

LEMMA 2. (Tartar [5], Araki [1] If AeZ, then diagonal stability is a necessary 
and sufficient condition for A to be a non-singular M-matrix. 

Combining the two results yields the desired expression for p(B). 

THEOREM. Let B be a non-negative matrix. 

Then . (SB)ii 
p(B) = max mm —-— 

*Prime contractor for the U.S. Energy Research and Development Administration 

Received by the editors November 8, 1976 and revised May 13, 1977. 

Key Words and Phrases: Spectral radius, non-negative matrices, positive semidefinite matrices 
M-matrices, diagonal stability. 

Computing Review Categories: 5.11, 5.15. 

American Mathematical Society Subject Classification: 15A15, 15A48. 

113 

https://doi.org/10.4153/CMB-1978-017-2 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1978-017-2


114 A. BERMAN 

where the minimum is computed over all indices i such that Sit > 0 and the 

maximum is taken over all non-zero positive semidefinite matrices S. 

Proof. For every e > 0 , (p(B) + s) I-B is a non-singular M-matrix. Thus 
p(B)>max min (SBiilSn). On the other hand p(B)<max min (SBu/Sa) since 
p{B)I-B is not a non-singular M-matrix. 

Notice that choosing S = (SiJ-)
==(l)5 yields the well known lower bound 

p(B)>minXfe0-. 
i t 
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