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CLASSIFICATION OF ALGEBRAIC SURFACES WITH
SECTIONAL GENUS LESS THAN OR EQUAL TO SIX.
II: RULED SURFACES WITH dim ¢x g/ (X) = 1

ELVIRA LAURA LIVORNI

Introduction. Let L be a very ample line bundle on a smooth, connected,
projective, ruled not rational surface X. We have considered the problem
of classifying biholomorphically smooth, connected, projected, ruled, non
rational surfaces X with smooth hyperplane section C such that the genus
g = g(C) is less than or equal to six and dim ¢7(X) = 1 where ¢ is the
map associated to L = Ky ® L. L. Roth in [10] had given a birational
classification of such surfaces. If g = 0 or 1 then X has been classified,
see [8].

Ifg=2+# hl*O(X) by [12, Lemma (2.2.2) ] it follows that X is a rational
surface. Thus we can assume g = 3.

Since X is ruled, #*%(X) = 0 and

L-L + 1
T =87 -

see [4] and [12, p. 390). Moreover by the classification of surfaces in P’ and
P3, it follows that hO(L) = 5. Our study is essentially based on the
adjunction process which has been introduced by the Italian school and
which has been particularly studied by A.J. Sommese [12]. In the case
in which dim ¢7(X) = 1, Sommese, in [12, p. 390], has proved that if
¢; = r o s is the Remmert-Stein factorization of ¢, then s is an em-
bedding with the possible exception of the case when g = 3, hI Ox) =

and L- L = 7 or 8. Our goal is to classify the pair (X L) where X denotes a
reduction of X to a minimal model.

In the case in which A" O(X ) = 1, we have described some examples of
(X L) with L very ample. Those examples can be found in the following
table. In the case in Wthh h" 0(X) 2, there is only a pair (X L) for
which we cannot decide if Lis very ample while for all the other pairs we
know that L is not very ample. We would like to note that the class of
surfaces with dimension one image under the adjunction mapping are
known as conic bundles by algebraic geometers.

We shall mention that our study has a slight overlap with the
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classification that P. Ionescu [6] has given for projective surfaces of
sectional genus less than or equal to four. We wish to thank Andrew J.
Sommese for suggesting the problem and Alan Howard for helpful
discussions about ruled surfaces.

0. Background material. Since most of our notations and background
material are found in [12] we will establish here only the notations which
are different and the results which cannot be found there. First of all we
would like to fix the following notations. We let

d=1LLg=gC)=gl),d=1L"1L,
cl = Ky KX,cl = K¢ - K.

We would hke to remind the reader that X is gotten from a geometrically
ruled surface X by blowing up a finite number of points with at most one
in each fiber of the natural ruling and L is the relative line bundle.

(0.1) Definition. Let D be an effective divisor on a smooth, connected,
projective surface X. D is k-connected if for every decomposition
D = D, + D, into effective divisors D, - D, = k.

(0.2) PrROPOSITION. Let X be a smooth, connected, projective surface
embedded by a very ample line bundle £ in P*. Then

LLLL— 5) — 10g&) — 1) + 12x(0y) = 2¢].
See [5, p. 434].

(0.3) CASTELNUOVO'S INEQUALITY [2, p. 234 ff; G + H]. If C is an
irreducible curve embedded in P U and C belongs to no linear hyperplane
P/ 2. then with d the degree of C and g the genus:

o= [ (- oo - [F(52))

where [ ] is the least integer function.
(0.4) PROPOSITION. Let X be any projective, smooth surface and let
0 >E—>F—>G—0
be the short exact sequence obtained by tensoring the sequence
0->[CI ' > 0,-0.—0

with a line bundle F, where C is a curve in X. Suppose that:
(a) G is a very ample line bundle on C,
(b) E is very ample
(c) ker(HO(G) - Hl(E) ) gives an embedding of C.

Then F is very ample.
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Since the proof is standard we will omit it.

(0.5) Ruled Surfaces. Let X be a smooth, connected, projective,
geometrically ruled surface, i.e., a fibration m:X — C, over a curve C
whose fibres are P'. Then there exists a rank two vector bundle E (not
unique) over C and an isomorphism X = 2(E) where P(E) denotes the
associated projective bundle of E. Let g be the genus of C. Let o be a
minimal section of 7, there is a line bundle & on C and an extension of E
of ¢ by 07
051) 020 —>E—>—0
such that

X =2PE) and & = 0*Op(1) = Oy (E)
where { is the tautological line bundle.
e = —{p-§py= —degQ

is an invariant of the surface X. If E is decomposable, then e = 0 and all
the values of e are possible. If E is indecomposable, then

(052) —g=e=2g— 2

See [5, p. 376 and p. 384] and [9, p. 191].

Let / be a fiber of m:X — C. Then every line bundle L on X is
numerically equivalent to {4 @ £, ie., L = {% ® #" for some integers
a, band £ = 0y(/), so

deg Zlyc) = 1,
(0.53) L-L = —d’e + 2ab and

26(L) — 2 = —d’e + ae + 2ab — 2b — 2a + 2ag.
The canonical line bundle K of X is

Ky = 552 ® gE-2-0)

Given a line bundle 4 on C we will denote its lift 7*4 on X again by 4.
We have the following propositions:

 (0.5.4) PROPOSITION. Let X be a geometrically ruled surface over a curve
C, with invariant e = 0.

(i) If Y = alp + b&is an irreducible curve, Y = {p, & then a > 0,
b=a-e.

(ii) A divisor D = a{y + bZis ample if and only if a > 0, b > a - e.
See [5, p. 382].

_(0.5.5) PROPOSITION. Let X be a geometrically ruled surface over a curve
C, of genus g and invariant e < 0.
() If Y = alp + b&Zis an irreducible curve, Y = {p, £ then either
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a = 1,b§00ra§2,b§%ae.
.. 1
(i) A divisor D = a§, + b is ample if and only if a > 0, b > Eae.

See [5, p. 382].

The determination of the very ample divisors on a ruled surface
with g = 1, is more difficult than in the case of a rational ruled surface i.e.,
a Hirzebruch surface. There is moreover the following result which is
stated as an exercise in [5, p. 385] and it is not too difficult to prove.

(0.5.6) PROPOSITION. Let X be a geometrically ruled surface with invariant
e over an elliptic curve €. Let

={, 0%
Then:
(i) There is a section of L and |L| has no base points if and only “if
b=Ze+ 2 :

(ii) The linear system |{ + b&| is very ample if and only if b = e + 3.

(0.5.7) PROPOSITION. Let X be a geometrically ruled surface over a curve C
with g = g(C) and invariant e. Let L = . ® L be a line bundle on X with a
> —2. Then:

ae +28 —2+e ife=0

i W)y =0 forb>
® ® % %ae+2§—2 ife <0

Gy KAL) — h'(L) = (a + 1)<b +1-g-— %)
We will only sketch the proof of this proposition. In fact (i) follows
showing that L ® K;,‘ is ample and applying the Kodaira Vanishing
Theorem. (i1) follows by the Riemann-Roch’s theorem.
By a ruled surface we mean a surface birational to a geometrically ruled
surface.

(0.6) ProPOSITION. Let L be an ample and spanned line bundle on a
smooth, connected, projective surface X. Assume hO(L) =4, L-L =5.Then
Ky ® L is spanned.

See [13, Theorem (0.8) ].

(0.7) PRoPOSITION. Let L be an ample and spanned line bundle. Suppose
that L is 3-connected, h"(L) Z 7 and L - L = 10. Then Ky ® L is very
ample.

The proof is the same as in [14, p. 406].
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1. The case of dim ¢7(X) = 1. As we have seen in the introduction
g=3...,6 L)z r(L)=5 and

d + 1
aon o+ r90) = g—z—.
By Castelnuovo’s inequality (0.3) if g = 3, 4,
Wox)y=1, d=ze
if g =35,6,
"Xy =12 dz=7.
By the long cohomology sequence of
0> Ky > Ky®L—K.—0
it follows that
WK, @L)=g—1 if ""%X) =1 and
WRKy®L)=g—2 if B'x) = 2.
By [12, p. 390] we have:
d = 4g — 8h'(X) + 4.

Thus we have to study the following cases:

g=3 d=8 #ro%x)=1 Kdo)=67
g=4 d=12, Wox)=1 K(L)=0910
g=5 d=16 h%x) =1, KL) =12 13
g=5 d=8Kho%x) =2 HKL) =56
g=6d=2, KoXx)=1 KL =1516
g=6 d=12, hx) =2 HK(L) =678

(1.1) THEOREM. There exists a surface X which is a P' bundle over an
elliptic curve e with e = —1 and on which there is a very ample line bundle L
with g(L) = 3, d = 8 and hO(L) = 6. Such a line bundle is got-
tenby L = 2 QF

To prove this theorem we need the following lemma.

(1.2) LeMMA. Let X be as in the above theorem. Then L = ¢ 2E ® Psatisfies
the hypothesis in the above theorem.

Proof. By Proposition (0.7) if we write
QL= K,® ¢

then we need to show that:
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(1) {g is ample
2) {2 is spanned
() K =7
@ ¢ =10

5) §§ is 3-connected.
First of all

$ho b = 4L 4L = 16.

Hence (4) is satisfied. To see that h0(§ }f;) = 7, we use Proposition (0.5.7).
Therefore (3) is also satisfied. To show that (2) is true, consider the long
cohomology sequence of

0= ® /17 =8k — ¢, 0,

where /s a generic fibre of X. ¢4 E, is spanned since it is a degree four line
bundle on P,

H'(E @[/ =0
by the Kodaira Vanishing Theorem since

GO ' =t RELe/ 'Y ) =K 04
where

4=40) 'er!
is ample by Proposition (0.5.5). Since £ is a generic fiber and

H§p) — HGry) =0

it follows that 5“2 is spanned. So (2) is also true. Since (1) follows
1mmed1ately by Proposition (0.5.5), 1t remains only to show (5) i.e., that
g F is 3- connected To prove that ¢ £ 1s 3-connected we have to show
that if D & lel then for every splitting D = D, + D, with D,
and D, effective, the inequality D, - D, = 3 holds. Since D is ample
D,-D, =1and

D-D,=D,-D;,+ Dy, D, >0 fori=1,2.

Since D = 4{ it follows that 4 divides D - D, and also D - D,.
Assume D, - D, = 1. Then by the above

D,-D, =3 fori=102
By the Hodge Indew Theorem we have the contradiction
= (D) D) (D~ Dy) = (Dy - Dy =

Similar reasoning and the fact that D - D = 16 take care of the case
D] ° 02 = 2

https://doi.org/10.4153/CJM-1986-055-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-055-5

1116 ELVIRA LAURA LIVORNI

. At this point, in order to prove Theorem (1.1), it remains to prove that
d =38, g(L) 3 and K1) =

=2+ L) U+t L) =4+ 4, +2L L=238
29(L) — 2 =283 ®L) — 2
=2+ L) Ky + 2, +P)
=y +L) (22 + &+ 2, +&F) =4
hence
8(F © L) =
By Proposition (0.5.7) we have
H(E ©2) = 6,
thus the proof of Theorem (1.1) is now complete.

Remark. The example in the above theorem is the only one with ﬁvery

ample and with the given numerical invariants. In fact let

L - e
By [12, Proposition (2.1)] and (0.5.3), a = 2, b = 2 + e. By (0.5.2),
e = — 1. Using Proposition (0.5.4) and (0.5.5), we have that

— R eet?

is ample only for e = —1, 0, 1. Moreover, since

deg({2 ® L) =2 fore =0, 1,
it follows that for e = 0, 1, §2 £¢*? cannot be very ample.

(1.3) THEOREM. There exist surfaces X which are P' bundles over
an elliptic curve e and such that there are very ample line bundles L on
them wzth g(L) = 4, d =12 and hO(L) = 9. Examples are:

(1) X isP' X eand I = 0pi(2) ® 0.3),

) X P(E) withe = —1 and L = §E®$2

(3) X = P(E) withe = 0 and L = {2 © £°.

Proof. Since d=12 by the long cohomology sequence associated to the
short exact sequence
(13.1) 0> 03> L—Ljp—

we obtain ho(i) = 9, 10. It is known, see [5], that the very ample line
bundles on P! X € are of the type Opi(q) ® O(p) withg = 1l andp = 3
and that

-2
KP'Xe = € .
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Moreover, using the adjunction formula,
gWUp(q) ® O(p)) =pqg —p + L
Therefore if ¢ = 2 and p = 3, then
g(0pi(2) ® O3)) = 4.
Furthermore
K (O0p(2) @ O3)) = 9
since by Kunneth theorem
H(0p(2) ® 03)) = K(Op(2)) - K(O3)).

Now we will give another example such that ho(ﬁ) is again nine. To do
this consider X given by #(E) with e = —1 and L = {3 ® »hoaf
g = 4, then, by the adjunction formula, it follows that

(132) (@—1)-(a + 2b) =6.
Moreover, since d = 12,

(1.33) a-(a + 2b) = 12.
Dividing (1.3.3) by (1.3.2), we obtain

4

a—1
i.e.,a = 2. Hence b = 2 and L= {125 ® #2. To show that {25 L% is very
ample, consider the short exact sequence

()—)@/{,—){E——)_{El(——ao
and tensor it with {; ® #% We get

05,025 002> 1LY —0.

Applying Proposition (0.5.6) it follows that {; ® & 2 is very ample.
Furthermore {3 ® %2 is a very ample line bundle on the elliptic
curve €. Then, by Proposition (0.4), it follows that { % ® #? is very ample.
By Proposition (0.5.7) it follows that

K @ 2% = 9.

To complete the proof of the theorem we have to show that if X =
P(E) with e = 0, then

L=307
By (0.5.2)
12 = —d’e + 2ab
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and
6 = —a’e + ae + 2ab — 2b.
Soa=2andb=¢e+ 3. Ife= —1,
# 2
L =07
which gives the example which we have already studied. If e = 0, then
2 3
which is very ample by Proposition (0.4). Again by Proposition (0.5.7) we
have
Wz ® 2% = 9.
If e > 0 then
=09t
but

deg((3 @ 23%¢) =3 — e < 3.
Then by the sequence

0508 52 ee e -2yt —0
we have that {i ® #3"¢ is not very ample.

(1.4) THEOREM. Let X be a P'-bundle over an elliptic curve € and La very
ample line bundle on it. Then

(X, L) = (P' X ¢ 0p(2) ® O(4)) and
(X, L) = (P' X € 0p1(2) ® 0(5))
&tve examples respecttvely for g = 5, d = 16, hO(L) = 12 and g = 6,
= 20, A (L)
Proof. Proceed as in the previous theorem.
(1.5) THEOREM. Let X be a P'-bundle over an ellzptzc curve € and

La very ample line bundle on it. Then for g = 5, d = 16, hU(L)
examples are given by
(i) (X L) (P(E), §2 L3 ) with e = —1
(Au) (X, L) (P(E), {, ® L with e = 0 while for g = 6,
A (L) = 15 examples are gtven by
(1i1) (X L) (P(E), {1 Q%4 )Y withe = —1

(iv) (X, L) = (P(E), {E ® ) with e = 0.

Proof. If g = 5, by (0.5.3), we get that a = 2 and b = 4 + e. Thus if
e = —1,

x>

= 20,
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L=,
ife =0,

L=y
and if e > 0,

L=3oste

As in the proof of Theorem (1.3) we see that {25 ® %7, {%; ® £* are very
ample and that

R e2% = 12, KoY = 12
If g = 6,by (05.3),wegeta=2andb =5+ e Thusife = —1,

L= es
ife =0,

L=
and if e > 0,

L=¢3est
As before we see that
R @2% =15 and K¢ @ 2% = 15,
Now we would like to prove the following theorem.

(1.6) THEOREM. Let X = P(E) be a ruled surface over an elliptic curve e.
Then L = {4 ® £ is very ample if

a=Z1 and b= max {3 + ke}.

1=k=u

Proof. By Proposition (0.5.6) we have that {, ® & bis very ample for
b = e + 3 and is only spanned for b = e + 2. Suppose b = ¢ + 3 and
consider the long cohomology sequence of

(161) 002" > L" > L —o.
(P ®F b is very ample by Proposition (0.5.6). Moreover
deg(§3 @ L) = (Up + b&L) - §p = —2e + b

and since the degree of a very ample line bundle on an elliptic curve has
to be at least three, we have that, for b = 3 + 2e, the line bundle
{é Y% blf is very ample. Now using the long cohomology sequence of

02" > 02>, % —0

and the fact that by the Leray spectral sequence
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W& = K&,

we have that
H' (¢ ®2") =

Hence by Proposition (0.4), K% ® £’ is very ample for
b Z max{e + 3,3 + 2e}.

By inductive argument, using sequences obtained by tensoring the short
exact sequence (1.6.1) by powers of {,, we obtain that {} ® £ is very
ample for ¢ = 1, and
b= max {3 + ke}.
15k=a
Thus if e = —1, b = 2; if e = 0, b = 3 and if e > 0 then
b =3+ ae.

Now we study the cases in which ' O(X ) = 2. Consider the case in
which g = 5, d = 8, B"(X) = 2. Let i%(1L) = 5. Since d = 7 we have
to consider the two cases in which either X = X or X is gotten by blow-

ing up one point. If X = X by Proposition (0.2) ¢ c, = % = — 14 which
contradicts
-8 — 8h'X) = —
In the other case d = 7 and by Proposition (0.2 cl = —1 which contra-
dicts again the fact that & = —8. Thus A%(L) = 6 and X = X by
Castelnuovo’s Inequality and by a degree consideration. Let, as usual
L=

By [12, Proposition (2.1) ], it follows that a = 2 while, using (0.5.3),
we obtain b = e + 3. Since L is an ample line bundle, applying Proposi-
tion (0.5.4) and Proposition (0.5.5), we gete = —2, ..., 1. Moreover

deg(lﬁlgk‘) =2 —e

which, in our case, is always less than or equal to 4. Therefore, since {;- is
a genus two curve, ng is not very ample and consequently L is not
very ample. But this contradicts L = L.

It remains to study the case:

g=6h0%x)=2d=128= -8 rlL) =6.7.s5.

Let L = $5 ® " By [12, Proposition (2.1) ] it follows a = 2, while
using (0.5.3), we obtain b = e + 3. Since L is an ample line bundle,
applying Proposition (0.5.4) and Proposition (0.5.5), we get —2 = e = 2.
Moreover
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deg(Lly) =3 —e=1....5

Therefore fore = —1,..., 2,
i =g et

is ample but not very ample, while for e = —2, i.e,,
L=0%

is ample but we don’t know if it is very ample.

A A
Exalees of (X, L)

. _ 1,0 2,0 N2 0,4 0
dim ¢p(X) g h(X) h(X) d ¢ h(L)y h(Ky®L) with 1 very ample

1 3 1 0 8 0 6 2 (e=—1,09)
(P' X € Opi(2) ® 03))
1 4 0 120 9 3 (e = —1,{:02Y

(e = 0,027
(P! X €, Opi(2) ® O(4))

1 5 1 0 16 0 12 4 (e = 71’§2E®$3)
(P' X € Opi(2) ® O5))
1 6 1 0 20 0 15 5 (e = _1’§2E®$4)
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