GENERATING FUNCTIONS FOR HERMITE FUNCTIONS
LOUIS WEISNER

1. Introduction. Hermite's function H,(x) is defined for all complex values
of x and #n by

_2TG) L _n1 ) 2'0(— §) (1 —n.3 )
H,(x) = L F( 5 ¥ + xF 5 g%
)" N

7

where F (a;v; x) is Kummer’s function with the customary indices omitted.
It satisfies the differential equation
d% dv
1.1 -3 — 2x 5 4+ 2nv = 0,
(1.1) o T

of which
ha(x) = € H_,1(ix)

is a second solution. Every solution of (1.1) is an entire function. The only
linearly independent polynomial solutions are the Hermite polynomials
H,(x), n=0,1,2....

The partial differential operator

2
L=5%7—2xa—i+2ya—i

annuls# = y™(x) if, and only if, v(x) satisfies (1.1). It follows thatif u = u(x,y)
is annulled by L and is expressible as a series of powers of y, the coefficient
of y* must be a solution of (1.1). It so happens that the equation Lu = 0
admits a 5-parameter group of continuous transformations. Following the
methods described in a previous paper (5) we shall use this group to obtain
solutions of Lu = 0 and thence generating functions for the Hermite functions.

The results may also be expressed in terms of Weber’s function D,(x) by
means of the relation

H,(x) = 2" & D,(v/2 x).
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2. Group of operators. The operators

N )
- l —2(, 9 _ 9
Be=9y \* o " V3%
satisfy the commutator relations
[4, B] —B, [4,C]=C, |[C,B]=-—
(22) [A,Bz] - 2.32, [A, Cz] = 2C2, [Cg, Bz] = - A - %,
[Bv BZ] = Ov [Cy C?] = Oy [Bv C2] = C) [B2y C] =B
and therefore generate, with the identity operator, a continuous group T
A generates the trivial group ' = x, ¥ =ty (¢ # 0), which is used for
purposes of normalization. The extended forms of the transformation groups
generated by the other operators are described by

¢*f(x, y) = flx + by"‘ ¥)
e”"f(x, y) = 2‘“’"‘”f(x -y, )

102 _ 2 vy x y

where b, 8, ¢, v are arbitrary constants and f(x, y) an arbitrary function.
Hence

(23) ecC-I—’VC'3ebB+BBzf(x’ y)
- ) exp 2 e e,
b+xy+(b7—6)y _{Q_—_—_ﬁv)y — g}
(@ + Ol =0y — 8" T+ S

The relation of the group T to the operator L of § 1 is indicated by the
operator identities
(2.4) —L=CB—24, —x'L=4CB,— A"+ A4,
4B, = B* — y7'L, 4C, = C* — y'L
from which it follows that L is commutative with 4, B, C and x%L is com-

mutative with 4, B,, C.. Therefore every operator of the group T converts
each solution of Lu = 0 into a solution. In particular we note that

,Co = —éy(x~—+y———+1—2x2)

I

E:

A{H,(x)y"} = nHa(x)y", Al (%)Y} = nhy(x)y";
(2.5) B{H.(x)y"} = 2nH, 1(x)y"", B{h,(x)y"} = — thp1(x)y"";
ClH,(x)y"} = Hpa(®)y"™,  Clh(x)y"} = 2i(n + Dhpypa(x)y™

3. Conjugate operators of the first order. We shall examine the functions
annulled by L and
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R=rAd 4+ r:B+rCHrBy+ r5Co + 74,

where the r’'s are arbitrary constants, of which the first five do not vanish
simultaneously. To this end we separate the operators R into conjugate
classes with respect to the group I'. We find as in (5, p. 1035) that

A Be ™ = ¢ °B, ¢**Ce ™ = ¢°C, " Bae “* = ¢ By, ™ Coe ** = ¢™C.;

P4 e = 4 + bB, eCe™™® = C + 2b,¢"Coe™ = bC + Cy + b7

e CAeC = A — ¢C,e®BeC = B — 2, ¢ Boe® = — ¢B + By + ¢

PP AP = A + 28Bs, £7°Ce P = C + BB, 72 Coe ™ = B4 + B°B:
+ C: + 38;

€4 = 4 — 29Cy, €%Be "% = B — 4C, € *Bye " = — y4 + B,
+ 7"C, — 3.

It follows that I = 7> — 745 1s an invariant of R with respect to T.

Setting S = e°C+7C2edB+682 we have

SAST = (1 —2Bv)4 + (b — 2¢8)B + (2cBy — ¢ — by)C + 28B;
+ 2v(By — 1)Ca + 2¢B — 2bc — By,

SBS™ =B — 4C — 2,
SCS™ = BB+ (1 — Bv)C + 2(b — ¢B),
SByS' = —yA —cB 4+ ¢yC+ By 4+ 4°Co 4+ ¢* — v,
SC:S™" = B(1 — By)A + B(b — ¢B)B + (1 — By)(b — ¢B)C + B'B,

+ (1= B1)'Ce+ (5 —cB)* + 38(1 — Bv).

From these formulae it follows that for suitable choices of the constants

a, b, ¢, B, v, \, », p, and ¢, R is a conjugate of

(@) A —v if I #0;

(b) PC+QB2 if I =0, Yite F T3ry;

(C) )\BQ_V 1f[=0, rire = 73ty4, 7’4#001’ 7’5#0;

(d) AB —v HI=0,7r1,=ry=1r5=0,7ry5 0orry 0.

The identities (2.4) show that the last two cases do not require special con-
sideration.

4. Generating functions for functions annulled by conjugates of
A —v. Since w; = y'H,(x), us = y’e¢*"H_, ;(ix) are linearly independent
solutions of Lu = 0, (4 — ») u = 0, where v is an arbitrary constant, it
follows from (2.3) that

Gi(x,y) = (1 4+ v "1 — By)y" — B}
2xy — ¢y’ + 'yxzyz}H &)
1 + 'sz v y
Go(x, ) = (1 + ") "1 — By)y" — BY
exp (1 — By)x™y* + (Bc® — 2bc + b:*r):v2 +2(b — Bo)xy + b
1—=Byy)" —8

. exp

2} H_, (i)

https://doi.org/10.4153/CJM-1959-018-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1959-018-4

144 : LOUIS WEISNER

are linearly independent solutions of Lu = 0, {S(4 — »)S~}u = 0. It suffices
to examine G.

Case 1.8 = v = ¢ = 0. Setting b = 1, we obtain, after simplification
@ i+ - 3 (Diawer
a Taylor expansion which may be derived directly from H,'(x) = 2vH,_;(x).
Case 2. 8 = v = b = (. Setting ¢ = 1, we have

22}

yve'lry—zﬂflv(x - y) = Z {dn}IV+n(x) + bnh’V+n(x)}yv+n'

n=0
Since the left member is annulled by S(Ad — »).S™! = I — C — », we obtain
the recurrence relations
Ha, = Ay, B, = 21(n + 1)b, (n=1,2,...

with the aid of (2.5). Cancelling y” and setting y = 0, we have ap = 1, by = 0,
whence a, = 1/n!, b, = 0. Hence (4, p. 85)

¢ 22Y— = 1 n
(4.2) e ”2H,(x —y) = nz=o EHH,,L(x)y .
Case 3. B =~y =0, ¢ # 0. Setting ¢ = 1, b = — w/2, we obtain with the
aid of (4.1) and (4.2)
4.3) ehy_yﬁH,(x —y - E) = > 1 F(—v;n+ 1;w)H, . (x)y"
2y =0 n!

+ ;; (— 1)"(; Fln —v;n+ L;w)H, ,(x)w"y ™, (y # 0).

If » is a non-negative integer, this result may be written
zi 2ry—y? wy _ - J-_ (n--») n
(4.4) e H,,(x —y — 2y> = "z::o o L, (w)H, (x)y",

where L, (w) is the generalized Laguerre polynomial of degree ».
Case 4. B 0. Setting 8 = — |, b = w, ¢ = 3z, we obtain

(4 5) (1 + 2)-(v+1)/2{1 + (1 + ) 2}*yex J'Qxyz — y2z2+7x2y2}H (E)
. Yy Y)Yy Pl 1+ ,sz | v

= 3 WH0, Iyl < Min(ly[™, 11 4217,

where

w + xy + (yw — 2)y*
T+ + q+ v
By inspection of the left member it is evident that the coefficient of y" is a
polynomial in x; hence the second solution does not occur. Replacing x by
1/x, y by xy, and then setting x = 0, we obtain

7
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(4.6) T H, (w + y) = Z_;o £ (2y)",

a simple generating function for g,. The explicit form of g, may be found
with the aid of (4.1) and (4.2):

n _ k/2
@7 &= 2 (n . k) ( 2,%)! Hk<(_27),> H, (@) (v #0)

k=0

&n = i <11 _V_ k) _kle!Hv—'n+k('w)zk (‘Y = 0)

k=0

In particular, when v = z = 0 (1, p. 890)
48  a +y2>%”H<~”’”—+—"1—) > (n) H,oo(@)H, ()" (y] < 1).

'\/[1 + y ] n=0
When v = — 1 and 2 = — w, the value of g, may be obtained by com-
paring (4.6) with (4.2). Thus
— 2uxy — (x* + w’)y’ w — Xy
4.9 1 — y%) =02 { 4 H,
2 Hypn(w)H, "
- 3 Eltiulaly Iyl < 1),

which reduces to Mehler’s formula (3, p. 173) when » = 0 and to Feldheim’s
formula (2, p. 233) when x = w and » is an even number.

Case 5. 8 =10, v # 0. Setting vy = — 1, b = z, ¢ = w, we obtain with the
aid of (4.1) and (4.9)

(4.10) (1 — 3720+ ex {2wxy — Gt w )y}

1 -y

1 — 9% =

.H](x wy 2| y>= H, .. 2",
VIl - y?] + y n;m g0 (%) (9/2)
where

3 _1.__ k —

Z,()P(kJrnJrl)Hm(w)z n=0=+1+2...).
Moreover g, has the generating function

(1+32/9) ™™ = 3 gy, (3] > [2]).

5. Generating functions annulled by conjugates of 3C — B,. In
accordance with the analysis of § 3 we examine next the functions annulled
by L and pC + ¢Bs, pg # 0. Only the ratio p/q is essential, and it proves
convenient to choose p =3, ¢ = — 1.

The general solution of (3C — Bs) u = 0, or

s Ou _  0u_ 1508
(x+6y)ax yay—].2xyu
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u =", ¢ = 2xy + 3y*.
This function is annulled by L if
df
i 3¢f = 0.

Two linearly independent solutions are given by

2 1 ;
f=oF1<_;§;§§'3>, f=§'oF1<_;%;%§'J>o

Therefore, omitting the indices,

— z+ 21
31 __eoy3( ,,3)1.< ;3;33'3).
7. 4 1 3
uz_eey‘( ”3)§1< ,3;3§';>

are linearly independent solutions of Lu = 0, (3C — By) u = 0. Their ex-
. . . . . 1 .
pansions in powers of y are readily obtained. On replacing y by y3, we obtain

—6y (z+y = Ii@]_‘?’)ﬂi’i@ﬁl )
(5.1) ”HF( 373 (2"+3y)> 2 a4 2/3)<

—6y(z+y) L2 .__ = [(4/3)Hspi(x) (Z)n
(5.2) e (2% + 3y)F( 1373 20+ 3y)> ;ﬂ WTn 1 4/3) \3/ -

Applying S to u; and u,, and setting w = ¢ + 38, z = 2b + 342, we obtain
the following functions annulled by L and S(3C — B,)S™! = y4 + wB
+ 3 —vyw)C — B: — v*Ca + 3z — w? + vt

(33) (1 +w)7 "F( 53X ) Z anHy ()" (vl < vI™
B4) 1+ YXF( 2 %X) = Z buH, (x)y" (ol < [,
where
2y(x — wy) 3y*
X—z+ 1+7y +(1+'Yy2)2,
Y = &% — 3y’z + (x—wy) _ 6y’ (x—wy) 6y°
1+ vy’ T+ O +mH

Replacing x by 1/x and y by xy, and then setting x = 0, we obtain the following
generating functions for a, and b,:

emwvv’F( ,3 3 (2y + 2) ) i an(2y)",
0

n="

2V (9y 4 z)F(—;% ;% 2y + z)3> = Zm: ba(29)".
« n=0
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