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Abstract

If k is a positive integer, a group G is said to have the F Ej-property if for each element g of G there exists
a normal subgroup of finite index X(g) such that the subgroup (g, x) is nilpotent of class at most k for
all x € X(g). Thus, FE;-groups are precisely those groups with finite conjugacy classes (FC-groups) and
the aim of this paper is to extend properties of F'C-groups to the case of groups with the F Ey-property
for k > 1. The class of FEy-groups contains the relevant subclass FE?, consisting of all groups G for
which to every element g there corresponds a normal subgroup of finite index Y(g) such that (g, U) is
nilpotent of class at most k, whenever U is a nilpotent subgroup of class at most k of Y(g).
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1. Introduction

A group G is said to be an FC-group if each of its elements has only finitely many
conjugates or equivalently if the centralizer Cs(x) has finite index in G for every
element x of G. The theory of FC-groups has been introduced and strongly developed
in the second half of the last century in order to investigate properties which are
common to both finite and abelian groups. We refer to the monograph [11] for results
and information on this relevant chapter of the theory of infinite groups.

If k is any positive integer, we shall say that a group G has the F Ey-property if for
every element g of G there exists a normal subgroup X(g) such that the index |G : X(g)|
is finite and the subgroup (g, x) is nilpotent of class at most & for all elements x of X(g).
Moreover, G will be called an FE}-group if to each element g of G there corresponds
a normal subgroup of finite index Y(g) such that (g, U) is nilpotent of class at most &,
whenever U is a subgroup of Y(g) which is nilpotent of class at most k. It is clear that
the group properties FE;, FE| and FC coincide, and the consideration of the group
classes FE; and FE, is an attempt to study properties which are common to both finite
and nilpotent groups of class at most k.
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The aim of this paper is to show that some of the basic properties of FC-groups can
be extended to groups in the classes FE; and FE;, for k > 1, with special attention to
the case k = 2. Among other results, it will be proved for instance that if G is a finitely
generated soluble-by-finite FE;-group, then the factor group G/{i(G) is finite and that
any finitely generated FE,-group is finite over its second centre.

If k is any positive integer, the definition of the F Ej-property can also be given in
terms of the so-called ;-connectivity, where )1 is the class of nilpotent groups of
class at most k; here, if X is any group class, two subgroups X and Y of a group G are
said to be X-connected if the subgroup (x, y) belongs to X for all elements x of X and y
of Y. Thus, a group G has the F Ej-property if and only if every cyclic subgroup of G
is Ji-connected to a (normal) subgroup of finite index. Connectivity with respect to
a class of nilpotent groups was introduced by Carocca [4] and later studied by several
authors (see for instance [1, 3, 5]).

Most of our notation is standard and can be found in [9].

2. Preliminaries

It is clear that FE, is a subgroup closed group class, while the class FE is closed
with respect to both subgroups and homomorphic images. Moreover, the inclusion

FC = FE, = FE, < FE; < FE; < FE,,

holds for all positive integers k. It should also be remarked that groups in these classes
can be seen in relation to groups satisfying Engel-type conditions.

Recall that an element g of a group G is said to be (right) Engel if for each element
x of G there exists a positive integer k = k(x) such that [g,, x] = 1, where, as usual, the
commutator [g,; x] is defined by setting

(g1 x]=1[g,x] and [gux]=][[gi1x].x] fork>1.

If the integer k can be chosen independently of x, then g is a (right) k-Engel element.
Obviously, if the subgroup (g, x) is nilpotent of class at most k for each x € G, the
element g is k-Engel and hence in particular all elements of an FEj-group have in
some sense a large ‘k-Engelizer’. In this context, we also mention that Bastos and
Shumyatsky [2] have recently proved that if G is a profinite group and for each element
g of G there exists a positive integer n such that g" is an Engel element, then every
finitely generated subgroup of G contains a nilpotent subgroup of finite index.

Let G be an FC-group. As the centre of a group can always be realized as
the intersection of all centralizers, it follows from the definition that the factor
group G/Z(G) is residually finite and so the finite residual lies in the centre of G.
Here the finite residual of a group G is the intersection of all (normal) subgroups of
finite index of G and a group is residually finite if its finite residual is trivial. It is well
known that all polycyclic-by-finite (and so in particular all finitely generated nilpotent-
by-finite) groups are residually finite.
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Lemma 2.1. Let G be an FE;-group, where k is a positive integer. Then the finite
residual of G is nilpotent of class at most k.

Proor. Let g be an arbitrary element of the finite residual J of G. Consider a subgroup
M of J which is maximal with respect to the condition of being nilpotent of class at
most k. As the index |G : Y(g)| is finite, J is contained in Y(g), so the subgroup (g, M)
is likewise nilpotent of class at most k and hence (g, M) = M. Therefore, J = M is
nilpotent of class at most k. O

Notice that Lemma 2.1 shows in particular that infinite FE,-groups cannot be
simple, as in the case of FC-groups.

Cororrary 2.2. Let G be a simple FE,-group, where k is a positive integer. Then G is
finite.

It follows from Lemma 2.1 that any FE}-group with no proper subgroups of finite
index is nilpotent of class at most k. On the other hand, Vaughan-Lee and Wiegold [13]
exhibited a perfect locally finite group G of exponent 9 in which every n-generator
subgroup has nilpotency class at most 8z for all n. In particular, G has the FEs-
property and so FE], is a proper subclass of FEjs.

Another direct consequence of Lemma 2.1 is that all FE; -groups are locally graded.
Here a group G is said to be locally graded if every finitely generated nontrivial
subgroup of G contains a proper subgroup of finite index; locally graded groups form
a large group class, which is closed with respect to forming extensions and contains
all locally (soluble-by-finite) groups.

Lemma 2.3. Let G be a locally graded F Ey-group, where k is a positive integer. Then
the finite residual of G is locally nilpotent.

Proor. Consider the normal subgroup

X=X

geG

and let x and y be arbitrary elements of X. Since y belongs to X(x), the subgroup (x, y)
is nilpotent of class at most k and in particular [x,; y] = 1. Thus, X is a locally graded
k-Engel group and hence it is locally nilpotent (see [6]). Clearly, X contains the finite
residual J of G and so J is locally nilpotent. O

CoroLLARY 2.4. Let G be a simple locally graded FE-group, where k is a positive
integer. Then G is finite.

The proof of Lemma 2.3 shows that if G is any F Ej-group, where k is a positive
integer, then the finite residual of G is a k-Engel group. On the other hand, it has
recently been proved that 4-Engel groups are locally nilpotent (see for instance [12]),
so that in particular the finite residual of an arbitrary FE4-group is locally nilpotent
and all simple F E4-groups are finite.
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Lemma 2.5. Let G be an FEy-group, where k is a positive integer, and let x and y be
elements of G. Then the normal closure (x)’ is finitely generated.

Proor. It can obviously be assumed that the element y has infinite order. It
follows from the property FE) that there exists a positive integer m such that the
subgroup (x,y") is nilpotent of class at most k. In particular, [x,, "] = 1 and hence
the normal closure ‘

() = (" | ~km < i < km)

is finitely generated. O

Lemma 2.6. Let G be a finitely generated F Ei-group, where k is a positive integer. Then
the ith term G of the derived series of G is finitely generated for each nonnegative
integer 1.

Proor. By Lemma 2.5, the subgroup (x)®” is finitely generated for all elements x and
y of G and so it follows that also the commutator subgroup G’ is finitely generated
(see [6, Corollary 4]). As the class of FEj-groups is subgroup closed, the statement is
proved. O

CoroLLARY 2.7. Let G be a finitely generated soluble F Ey-group, where k is a positive
integer. Then G is polycyclic.

Proor. Each term of the derived series of G is finitely generated by Lemma 2.6 and
hence the soluble group G is polycyclic. O

3. Main results

Recall that the Baer radical of a group G is the subgroup generated by all abelian
subnormal subgroups of G, and G is called a Baer group if it coincides with its Baer
radical. Thus, G is a Baer group if and only if all its cyclic subgroups are subnormal.
Of course, any Baer group is locally nilpotent and so the Baer radical of a group G
is contained in the largest locally nilpotent normal subgroup, the so-called Hirsch—
Plotkin radical. As every finitely generated subgroup of a group with finite conjugacy
classes is contained in a finitely generated normal subgroup, it turns out that in
any FC-group G the Hirsch—Plotkin radical, the Baer radical and the Fitting subgroup
coincide.

Our next result shows that a corresponding statement holds for any soluble-by-finite
FEj-group G and also that the factor group G/H(G) has arestricted structure; a sharper
description is given when k = 2.

TueOREM 3.1. Let G be a group and let H(G) and F(G) be the Hirsch—Plotkin radical
and the Fitting subgroup of G, respectively.

(a) If G is a soluble-by-finite F Ey-group, for some positive integer k, then H(G) is a
Baer group and G/H(G) is a periodic FC-group.
(b) If G is an FE,-group, then G/F(G) is an FC-group and G/H(G) is periodic.
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Proor. (a) Let & be any element of the Hirsch—Plotkin radical H = H(G). Then h is a
left k-Engel element of (&, X(h)) and so also of the soluble group

K =<(h,X(h)) N H.

It follows that (%) is subnormal in K (see for instance [9, Part 2, Theorem 7.35]) and
so also in H, since H is locally nilpotent and the index |H : K] is finite. Therefore, all
cyclic subgroups of H are subnormal and H is the Baer radical of G. Consider now an
arbitrary element g of G and let S(g) be the largest soluble normal subgroup of X(g).
Since S (g) has finite index in G, there exists a positive integer n such that g"” belongs
to S (g). Clearly, g" is a left k-Engel element of S (g), so that the cyclic subgroup (g")
is subnormal in S (g) and hence also in G. It follows that g” belongs to H and so G/H
is periodic. Moreover, g is a left k-Engel element of the soluble group (g, S(g)), so
that (g) is a subnormal subgroup of (g, S (g)) and hence the normal closure (g)*® is
locally nilpotent. Then also the subnormal subgroup [g, S (g)] of G is locally nilpotent
and so it lies in H. On the other hand, the subgroup S (g) has finite index in G, so that
the coset gH has only finitely many conjugates and G/H is an FC-group.

(b) Let g be any element of G. For each element x of X(g), the subgroup (g, x) is
nilpotent of class at most 2, so that [g, g*] = 1, and hence the normal closure (g)X(g)
is abelian. It follows that also the subgroup A, = [X(g), g] is abelian. Moreover, A,
is normal in X(g), so that it has only finitely many conjugates in G and hence its
normal closure Ag is nilpotent. It follows that A, is contained in F = F(G) and so the
coset gF has only finitely many conjugates in G/F. Therefore, the group G/F has
the FC-property. Put Z/F = Z(G/F). As G/F is an FC-group, the factor group G/Z is
periodic. Let g be any element of G and let r be a positive integer such that g" belongs
to Z. Consider a transversal {y;,...,y:} to X(g")NZ in Z. As the index |G : X(y;)|
is finite for each i = 1,...,¢, there is a positive integer s such that g"* belongs to the
subgroup

Xy NN X

Let z be any element of Z, so that z = xy; for some i <t and a suitable element x of
X(g") N Z. Consider now the subgroup V = (x,y;,g*)of Z. AsV/VNF =VF/Fisa
finitely generated abelian group, the subgroup V N F is contained in the normal closure
of a finitely generated subgroup of F and so it is nilpotent. Moreover,

[V,g”1<sVNZ <VNF,
so that the subgroup [V, g"*] is nilpotent and hence the set
Ly(g®)={veV]|[¢g"”,,v] =1 forsomen=n(g",v)}

is a subgroup (see [ 10, Corollary 3*]). On the other hand, x and y; obviously belong to
Ly(g") and so also z lies in Ly(g"*). Thus, g"* is a left Engel element of Z and hence
it belongs to the Hirsch—Plotkin radical of Z (see [9, Part 2, Theorem 7.34]), which is
contained in H(G). Therefore, the group G/H(G) is periodic. O
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It is well known that any finitely generated FC-group is finite over the centre. The
following result describes the behaviour of finitely generated groups in the classes
FE; and FE;. Recall here that for each positive integer k the symbols £;(G) and
v1(G) denote the kth term of the upper central series and the kth term of the lower
central series of the group G, respectively. In particular, {1(G) = Z(G), y1(G) = G and
Y2(G) =G,

TueoreM 3.2. Let G be a finitely generated soluble-by-finite group and let k be a
positive integer.

(a) IfG is an FE-group, then there exists a positive integer m, depending only on k,
such that the group G/,(G) is finite.
(b) If G is an FE;-group, then the factor group G/{i(G) is finite.

Proor. (a) Let S be the largest soluble normal subgroup of G. Then the index |G : S|
is finite, so that S is finitely generated, and it follows from Corollary 2.7 that G is
polycyclic-by-finite. Assume for a contradiction that G is not finite-by-nilpotent and
let M be a normal subgroup of G which is maximal with respect to the condition that
the factor group G = G/M is not finite-by-nilpotent. Then all proper homomorphic
images of G are finite-by-nilpotent. Since G is an infinite polycyclic-by-finite group,
it contains a torsion-free abelian nontrivial normal subgroup A. Let @ be an arbitrary
element of A. It follows from the FE;-property that for each element g of G there
exists a positive integer m such that the subgroup (@",g) is nilpotent of class at most
k. Then
[axgl" =[a"xgl =1,

so that [a,; g] = 1 and a is a right k-Engel element of G. Therefore, A is contained
in {n(E) for some positive integer n (see [9, Part 2, Theorem 7.21]). Moreover, the
factor group G/A is finite-by-nilpotent and hence a combined application of results by
Baer and Hall yields that G itself is finite-by-nilpotent (see [9, Part 1, Theorems 4.21
and 4.25]). This contradiction shows that G is finite-by-nilpotent, so that it contains a
finite normal subgroup N such that G = G/N is a torsion-free nilpotent group. If x and
y are arbitrary elements of G, there is a positive integer s such that (x*,y) has class at
most k and so also the subgroup (x,y) has class at most k, since it is contained in the
isolator of (x*,y) (see [7, Section 2.3.9]). It follows now from a result of Zel’manov
[14] that the nilpotency class m of G is bounded by a function of k. Finally, as y,,,+1(G)
is finite and G is residually finite, we have that also the group G/,,(G) is finite.

(b) The group G is finite-by-nilpotent by part (a) and so it contains a finite normal
subgroup N such that G/N is a torsion-free nilpotent group. Let g1, ..., g; be elements
of G such that G = (g, ..., g and put

Y=Y(@g)n---nY(g.

Then Y is a subgroup of finite index of G and hence there exist positive integers
my,...,m; such that g" belongs to Y for each i = 1,..., . Suppose that the subgroup

i
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is nilpotent of class at most k for some i < 7. Since (g’l"‘ eees g?"”) is contained in Y(g;11),

it follows that also
nmi

<g1 LI 7g;ni,gi+1>
is nilpotent of class at most k and in particular its subgroup

Mt

CHRERRI AR A
has nilpotency class at most k. Therefore, the subgroup
U= (grlnl,...,g’tnt>

is nilpotent of class at most k. But G/N is a torsion-free nilpotent group and it
is the isolator of its subgroup UN/N, so that G/N itself has class at most k (see
[7, Section 2.3.9]) and hence the subgroup y;.(G) is finite. As G is residually finite,
it follows that the factor group G/{i(G) is finite. O

CoroLLaryY 3.3. Let G be a locally (soluble-by-finite) group and let k be a positive
integer.

(a) If G has the FEy-property, there exists a positive integer m, depending only on k,
such that the subgroup y,,+1(G) is locally finite.
(b) If G has the FE;-property, the subgroup yi.1(G) is locally finite.

It is well known that torsion-free FC-groups are abelian and it follows from the
latter result that a corresponding statement holds for torsion-free FE;-groups, at least
in the universe of locally (soluble-by-finite) groups.

CoroLLary 3.4. Let G be a torsion-free locally (soluble-by-finite) F E; -group, where k
is a positive integer. Then G is nilpotent of class at most k.

Notice that part (a) of Theorem 3.2 cannot be improved by showing that the group G
is finite over its kth centre. In fact, Newman [8] constructed, for any integer k > 2,
a finitely generated torsion-free nilpotent group Gy of class k + 1 in which all two-
generator subgroups have class at most k. In particular, G, has the F Ej-property, but
the factor group G/ (Gy) is infinite. However, our next result proves that any finitely
generated F E,-group is finite over its second centre.

Tueorem 3.5. Let G be a finitely generated F E,-group. Then the factor group G|{>(G)
is finite.

Proor. Let H = H(G) be the Hirsch—Plotkin radical of G. The group G/H is finite
by Theorem 3.1, so that H is a finitely generated nilpotent group and in particular G
is polycyclic-by-finite, of Hirsch length /4, say. We shall prove that G is finite-by-
nilpotent, this claim being obvious if z = 0, that is, if G is finite. Suppose that G is
infinite, so that it contains a torsion-free abelian nontrivial normal subgroup A. As
in the proof of part (a) of Theorem 3.2, it can be shown that A is contained in ,(G)
for some positive integer n. Moreover, the factor group G/A has the FE,-property
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and Hirsch length smaller than £, so that G/A is finite-by-nilpotent and then G itself
is finite-by-nilpotent. Thus, G contains a finite normal subgroup N such that G/N is
torsion-free and nilpotent. By a result of Hall, it is enough to show that the subgroup
v3(G) is finite, so that without loss of generality it can be assumed that G is a torsion-
free nilpotent group.

Let x and y be arbitrary elements of G. Then there exists a positive integer m
such that the subgroup (x, y™) has class at most 2. Since G is torsion-free and (x, y)
is contained in the isolator of (x,y™), it follows that also (x,y) has class at
most 2. Therefore, G is a 2-Engel group and hence it has class at most 2 (see [9,
Part 2, Theorem 7.14]). |

CoroLLARY 3.6. If G is an FE,-group, then the subgroup y3(G) is locally finite. In
particular, the set of elements of finite order of any FE,-group is a subgroup, and
torsion-free F E»-groups are nilpotent of class at most 2.

It is also known that any F'C-group containing an abelian subgroup of finite index
is finite over the centre. This fact can be seen as a special case of the following result.

Tueorem 3.7. Let G be an FE;-group, where k is a positive integer. If G contains a
subgroup of finite index which is nilpotent of class at most k, then the factor group
G/Z(G) has a subgroup of finite index which is nilpotent of class at most k — 1.

Proor. Let N be a nilpotent normal subgroup of G of class at most k such that the index
|G : N|is finite and let {gy, ..., g/} be a transversal to N in G. Consider the subgroup

Y=NNY(@)n--NYg.

If g is any element of G, there exists a € N such that g = ag; forsomei=1,...,¢, and
the subgroup (a, Y is nilpotent of class at most k, since it is contained in N. Moreover,
as Y is contained in Y(g;), it follows from the FE; -property that also (g;, Y) is nilpotent
of class at most k. In particular, the subgroup y,(Y) centralizes both a and g;, so that
[g, v«(Y)] = {1} and hence y,(Y) lies in the centre of G. Therefore, YZ(G)/Z(G) is a
normal subgroup of finite index of G/Z(G) which is nilpotent and has class at most
k—1. O

CororLary 3.8. Let G be an FE3-group and let C be the FC-centre of G. If G contains
a subgroup of finite index which is nilpotent of class at most 2, then the factor group
G/C is central-by-finite.

Proor. Let N be a nilpotent normal subgroup of G of class at most 2 such that the index
|G : N|is finite and let g be any element of G. The subgroup (g, N N Y(g)) is nilpotent
of class at most 2 by the F EJ-property, so that in particular [g, N N Y(g)] is centralized
by N N Y(g). It follows that [g, N N Y(g)] lies in C and hence the coset gC has only
finitely many conjugates in G/C. Therefore, G/C is an FC-group. On the other hand,
the group G/C is abelian-by-finite by Theorem 3.7 and so it is even central-by-finite. O
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Any locally soluble FC-group is hyperabelian (see [11, Corollary 1.15]) and our
results allow us to prove that also locally soluble FE,-groups admit an ascending
normal series with abelian factors.

CoroLLARY 3.9. Let G be a locally soluble FE,-group. Then G is hyperabelian.

Proor. Clearly, the Fitting subgroup F of G has an ascending G-invariant series with
abelian factors. On the other hand, G/F is an FC-group by Theorem 3.1 and hence it
is hyperabelian. It follows that G itself is hyperabelian. O

We notice finally that the example of Vaughan-Lee and Wiegold [13] quoted in
Section 2 shows in particular that locally nilpotent groups with the F E-property need
not be hypercentral, in contrast to the behaviour of FC-groups.

Acknowledgements

The first three authors are members of GNSAGA-INdAM. This work was carried
out within the ADV-AGTA project.

References

[1] A. Ballester Bolinches and M. C. Pedraza Aguilera, ‘On finite soluble products of N-connected
groups’, J. Group Theory 2 (1999), 291-299.

[2] R. Bastos and P. Shumyatsky, ‘On profinite groups with Engel-like conditions’, J. Algebra 427
(2015), 215-225.

[3] J. C. Beidleman and H. Heineken, ‘Pairwise NV-connected products of certain classes of finite
groups’, Comm. Algebra 32 (2004), 4741-4752.

[4] A. Carocca, ‘A note on the product of ¥ -subgroups in a finite group’, Proc. Edinb. Math. Soc. 39
(1996), 37-42.

[5] M. P. Gillego, P. Hauck and M. D. Pérez Ramos, ‘2-Engel relations between subgroups’,
J. Algebra 447 (2016), 31-55.

[6] Y.K.Kimand A. H. Rhemtulla, “Weak maximality conditions and polycyclic groups’, Proc. Amer.
Math. Soc. 123 (1995), 711-714.

[71 1. C. Lennox and D. J. S. Robinson, The Theory of Infinite Soluble Groups (Clarendon Press,
Oxford, 2004).

[8] M. F Newman, ‘Some varieties of groups’, J. Aust. Math. Soc. Ser. A 16 (1973), 481-494.

[9] D.J.S.Robinson, Finiteness Conditions and Generalized Soluble Groups (Springer, Berlin, 1972).
[10] D.J. S. Robinson, ‘Splitting theorems for infinite groups’, Sympos. Math. 17 (1973), 441-470.
[11] M. ]J. Tomkinson, FC-Groups (Pitman, Boston, MA, 1984).

[12]  G. Traustason, ‘The local nilpotence theorem for 4-Engel groups revisited’, Int. J. Group Theory
4(3) (2015), 21-75.

[13] M. R. Vaughan-Lee and J. Wiegold, ‘Countable locally nilpotent groups of finite exponent without
maximal subgroups’, Bull. Lond. Math. Soc. 13 (1981), 45-46.

[14] E.Zel’manov, ‘On some problems of group theory and Lie algebras’, Math. USSR-Sb. 66 (1990),
159-168.

M. DE FALCO, Dipartimento di Matematica e Applicazioni,
Universita di Napoli Federico II, Via Cintia, Napoli, Italy
e-mail: mdefalco@unina.it

https://doi.org/10.1017/51446788717000416 Published online by Cambridge University Press


mailto:mdefalco@unina.it
https://doi.org/10.1017/S1446788717000416

[10] A nilpotency-like condition for infinite groups

F. DE GIOVANNI, Dipartimento di Matematica e Applicazioni,
Universita di Napoli Federico II, Via Cintia, Napoli, Italy
e-mail: degiovan@unina.it

C. MUSELLA, Dipartimento di Matematica e Applicazioni,
Universita di Napoli Federico II, Via Cintia, Napoli, Italy
e-mail: cmusella@unina.it

N. TRABELSI, Department of Mathematics,

University of Setif 1, Setif 19000, Algeria
e-mail: nadir_trabelsi@yahoo.fr

https://doi.org/10.1017/51446788717000416 Published online by Cambridge University Press

33


mailto:degiovan@unina.it
mailto:cmusella@unina.it
mailto:nadir_trabelsi@yahoo.fr
https://doi.org/10.1017/S1446788717000416

	Introduction
	Preliminaries
	Main results
	References

