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Abstract

The failure rate of a mixture of even the most standard distributions used in reliability can
have a complicated shape. However, failure rates of mixtures of two carefully selected
distributions will have the well-known bathtub shape. Here we show that mixtures of
whole families of distribtions can have a bathtub-shaped failure rate.
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1. Introduction

In this paper we consider continuous mixtures whose failure rate turns out to have a bathtub
shape. For extensive discussions concerning mixtures of survival distributions and also bathtub-
shaped failure rate functions, see [16] and [17].

Most populations considered in a reliability setting can be considered to be heterogeneous.
The reason for this is that there are usually at least two subpopulations: the normal (sometimes
called the strong) subpopulation and the defective (or weak) subpopulation. This implies that
the population can be modeled as a mixture of two or more lifetimes. The failure rate function
for the population is not just a simple composite of the failure rate of the subpopulations. It is
a complicated function whose shape is hard to predict, even if the shape of the failure rates of
the subpopulations is very simple.

The history of such mixtures and their failure rates have long been studied in reliability. Ina
classic paper, Proschan [19] studied mixtures of exponential distributions and observed that the
failure rate of the mixture was decreasing. It is intuitively obvious that the limit of the failure
rate of the mixture of exponentials is the failure rate of the stongest exponential component,
i.e. the one with the smallest failure rate. One of the first papers to state this result in the general
case was Clarotti and Spizzichino [5]. Block et al. [3] gave a general version of this result and
showed that, subject to mild technical assumptions, the asymptotic failure rate of a mixture is
the limiting failure rate of the strongest subpopulation. A related result by Block and Joe [1]
showed that, for a mixture of lifetimes, where the failure rate of the lifetimes are essentially
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ratios of polynomials (as most well-known lifetime distributions are), the limiting distribution
of the mixture possesses the same eventual monotonicity as the strongest component. For
example, if the failure rate of the strongest component is eventually increasing, so is the failure
rate of the mixture. A recent paper by Block et al. [2] gave improved versions of these two
results. In this latter paper the initial behavior of mixtures was also discussed, as were the initial
and eventual failure rates for systems of components.

Although, as described above, a lot is known about the asymptotic and initial behavior of the
failure rate of mixtures, not a lot is known about the intermediate behavior. It has been observed
that, for mixtures of lifetimes, the failure rate can be decreasing even at great age; see, e.g. [20].
The intermediate behavior of mixtures has been studied mostly for the mixture of two known
distributions. See [12] and [13] for distributions mixed with exponentials, [4] for mixtures
of increasing linear failure rates, [11] for mixtures of gamma distributions, [15] for mixtures
of Weibulls, and [21] for a variety of mixtures of Weibulls and exponentials. Finkelstein, in
a series of papers (see, e.g. [8]), has also discussed mixtures of failure rates in some special
cases, such as frailty models.

In the present paper we go beyond mixtures of two distributions and consider the intermediate
behavior for particular continuous mixtures of various distributions. In particular, we show how
mixtures of whole families of distributions yield a distribution with a bathtub-shaped failure
rate. Specifically, when a continuous mixture of exponentials, gammas, or Weibulls with
decreasing failure rate are mixed with a gamma with increasing failure rate, a distribution with
a bathtub-shaped failure rate is obtained. The form of the mixture we consider is

f@) = ph()+ (1 — p)g(),

where h(t) is a continuous mixture of the type mentioned above, 0 < p < 1, and g(¥) is the
gamma distribution with increasing failure rate.

The basic result concerns the mixture of exponentials and is contained in Theorem 1 of
Section 2. Section 3, Theorems 3 and 4, contains results about the mixture of gammas and
the mixture of Weibulls. In Theorem 5 we give a result which describes some specific cases
when mixtures of distributions with bathtub-shaped failure rates yield a distribution with a
bathtub-shaped failure rate. Sections 4 and 5 contain some other special cases.

A few facts about the gamma distribution are needed. The density of the gamma with shape
parameter « > 0 and scale parameter A > 0 is given by

)\IC{
gt |a, )= —1*le™ fort >0,

INCY)
and we use the notation g(¢ | «) when A = 1. We denote the survival functions by Gt | o, A)

and by G (¢ | «) for the A = 1 case. It is easy to check that

el 1 OO 1
Gl |a)= —/ (t+v)* e Vdv,
['(@) Jo
and
d t t d t~ t~
E(e gt |a)=egt|a—1) and a(e Git|la)=eG({|a—1).
We now give the definition of a bathtub distribution.

Definition. A distribution has a bathtub-shaped failure rate if the failure rate function is
decreasing up to a point and then increasing after that point. We sometimes use the term
bathtub distribution to designate a distribution with bathtub-shaped failure rate function.
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Notes. 1. The terms decreasing and increasing will be used to mean nonincreasing and
nondecreasing. If the monotonicity is strict, we will precede the terms with ‘strictly’.

2. The distribution will be said to be degenerate bathtub if the failure rate function is always
increasing or always decreasing. Otherwise it will be said to be nondegenerate bathtub.

2. Main result

It was recognized by several authors that distributions with bathtub-shaped failure rates
could arise as simple mixtures. For example, Gupta and Warren [11, Section 3] showed that
a certain mixture of two gammas, one with an increasing failure rate (IFR) and the other with
a decreasing failure rate (DFR), could have a failure rate which is bathtub. An even simpler
example, given by Block e? al. [2, Example 2.4], gives a mixture of an exponential and an IFR
gamma which also has a bathtub-shaped failure rate. It turns out that both of these examples
are a special case of a much more general result. Mixing an IFR gamma with a host of different
DFR distributions turns out to have a failure rate with bathtub shape. These results follow
directly from Theorem 1, below, which shows that mixing an IFR gamma with a continuous
mixture of exponentials yields a distribution with a bathtub-shaped failure rate.

Theorem 1. Consider a gamma distribution with density g(t | o, Ag), witha > 2 and Ly > 0,
and a family of exponentials with parameters A > Ao. Let P be a probability measure whose
support set S is a subset of (Ao, 00). The resulting mixture, with density

f@) = P/?»e_MP(d?») +4q8(t | a, o), ey

where p+q = 1, p > 0, g > 0, has a bathtub-shaped failure rate. If P has a finite first
moment then the failure rate is nondegenerate bathtub.

Remark. The assumption on P that its support set S is a subset of (1, c0) implies that
inf{x: P((—o0, x]) > 0} > Ap.

Proof of Theorem 1. 1t is enough to prove the theorem for Ao = 1 and then to rescale. The
proof can be carried out for most parameter choices by directly examining the failure rate
r(t) = f(t)/F(t), where F () is the survival function. However, the proof is easiest and most
complete using a result of [9], which examined the function n(t) = —f'(¢)/f () fort > 0.
This result states that if 1 (¢) is bathtub-shaped then the failure rate is either increasing or has a
nondegenerate bathtub shape.

Using the gamma notation of Section 2, we find that

p 3P exp(—=(t — D) P(A) +qe’g(r | @) —ge'g(t | a — 1)
p [ rexp(—=(h — D) P(dA) +ge’g(t | @)

ni) = ,
and so

q>A(t) + p?B(t) + pqC(t)
(p [ »exp(—(r — D) P(dA) +qe'g(r | a))?

n'(t) =
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Here
Ay =¢e" (gt |la—1)—gt | a—2)e'g | a)
—el(gt |a)—gt |a—1)e'gt |a—1)
_a—l (2@=2)
T@?
B() = / 22 exp(=(h — 1) P(d2) / E(5 — 1) exp(—(& — 1)) P(d&)
- / 22k = 1) exp(—(h — 1)) P(dA) / £ exp(—(& — 1)) P(dE)
_ / ( /[E O~ exp(—0- € 2>t)P<dA)> P(de).
and

C@t)= —/AZ(A — 1)exp(—(x — Dr)P(dr)e’g(t | @)
+ / rexp(—(A — D) P (e'g(t |a — 1) —e'g(t | a —2))
—/)\2 exp(—(h — D) PdM)e’g(t | o — 1)
+/A(,\ — Dexp(—(h — D PAA)('g(t | @) —e'g(r | @ — 1))
=— / AL — DZexp(—(h — D) P(dr)e' gt | @)
- Z/A(A — yexp(—(h — Dr)P(dN)e’g(t | a — 1)
- f)\exp(—(,\ — Do)PAA)e'g(t | a —2).

Note that, forall t > 0, A(t) > 0, B(t) <0,and C(¢) <0.
To show that 7 is bathtub shaped, we need only show that the function

h(t) = ¢*A(t) + p*B(t) + pgC(t)

has only one sign change and it is from negative to positive. We first consider the sign of
h(0+) = g?>A(0+) + p*B(0+) + pgC(0+). Fora > 2, A(0+) = 0, and so h(0+) < 0. If P
is nondegenerate then

h(04) < —p*B(0+) = —p? f ( f AE(h — 5)2P<dx>> P(d¢) < 0.
(§,00)

If P is degenerate at A1 > A9 = 1 then B(¢) = 0 and so k() behaves like q2A(t) + pgC(t) as
t | 0, where

F(@)C(1) = —exp(—=(A1 — D1)
x (A — D2 4 2(a — DAy — D% 2 + (o — Do — 2)A1%73).
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Clearly, for2 < @ < 3, C(0+) = —o0; fora =3, C(0+) = — (o — 1)( — 2)A1/2. Thus, we
conclude that 2(0+) < Owhen 2 < « < 3. Fora > 3, however, #(0+) = 0 since C(0+) = 0.
In this case we can rewrite /(z) as

hty = 19 ( 42 et exp(=( — D)

o1 MG — D2 4+ 2(@ — Dig(hg — 1
@) _qu( 1A = D77 4+ 2( = DA (A — Dt

+ A1l — D(a — 2))).

Consequently, h(t)/1*3 - —pg(a — (@ —2)A1/T(a) ast | 0, and so h(r) < Oina
neighborhood of + = 04. Thus, we conclude that i(¢) < O for small values of ¢ > 0 for all
o > 2.

Also, since the support S of P is by definition a closed set, it does not contain a neighborhood
of 1 and so it follows that B(t) — 0 and C(t) — 0 ast — oo. Since A(t) — oo ast — o0
for « > 2, we conclude that 4(t) > O for large ¢t and, consequently, there exists at least one
positive root of 4(z) = 0. To show that there exists only one such root, it suffices to show that
if h(ty) = 0for 0 < ty < oo then 1/ (tp) > 0. So, let

0 = h(to) = q*A(to) + p*Bl(to) + pgC (1),

and consider
h' (1) = q*>A'(t0) + p*B'(t0) + pqC’(to).
Using the facts that

22 — )(a —2) 5,5 _ 2 2(x —Z)A

2 47
A'(ty) = t —A(t
g A(t) =q (a) 0 q P (to)
and g2 A(tg) = —p*B(ty) — pqC(tp), it follows, after some simplification, that
2(a — 2)
K (o) = T(—PZB(to))

+ p2/</[é ))»E()v - 5)2()» +&—-2)exp(—(A+ & —2)1p) P(d)\)) P(dé)

+ %(tg—l /A(A — )3 exp(—(1 — )tg) P(dn)

+ B — 5152 / AL — D2 exp(—( — Do) P(d))
+3(a — D(a—2)187° f AQ — 1) exp(—(x — Dig) P(d2)
+ (@ — D (a — 2)t(‘;‘_4 / rexp(—(A — Do) P(dk)).
Hence, /' (t9) > 0.
As noted previously, we can thus conclude that () < 0 for0 < ¢ < #9 and h(z) > O for

t > to. This implies that n(¢) is bathtub shaped and the result follows from [9]. Now suppose
that P has a finite first moment. Then, from Remark 2.4 of [2], we deduce that

2
r(04) = —p[kzP(dA)+p2</AP(dk)) <0.

Hence, r(t) must be nondegenerate bathtub.
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Remarks. (i) The results of [2] allow us (under certain conditions) to conclude that the failure
rate of the mixture, (1), initially decreases and then ultimately increases to Ag; however, this is
not enough to conclude that r(¢) has a bathtub shape.

(ii) We can also show that the failure rate is nondegenerate bathtub if P is nondegenerate with
support which is a subset of (21, 00).

3. Applications of Theorem 1

In Section 2 we considered mixtures of the form

f@) = ph@t) +qg@),

where g(1) = g(t | «, o) was the density of a gamma distribution with shape parameter o > 2

and scale parameter Ag > 0,and i (¢) = f Are~* P(d)) was a continuous mixture of exponential

densities with P being a probability distribution having support which is a subset of (Ag, 00).
We note that the survival function H (¢) of h(¢) is given by

H(t) = / e M P(dr). 2

According to Theorem 1 of [7], it follows that H () must be a completely monotone function
(.e. (=1)"d"H (r)/dt" = 0 for t > 0). Conversely, if a survival function H() is completely
monotone then there exists a unique probability measure P on [0, co) such that (2) holds. Thus,
we can reformulate Theorem 1 as follows.

Theorem 2. (Theorem 1 reformulated.) Consider the survival function F(t) of the form
F(1)=pH@®) +qG( | &, ho),

where p+q =1, p>0,g >0, 1 >0, a > 2, and H(t) is a completely monotone function,
whose associated probability measure P in (2) has support which is a subset of (Ag, 00). Then
F(t) has a bathtub-shaped failure rate. If. in addition, —ﬁ/(O—f—) = f AP(dA) < o0 then it is
nondegenerate bathtub.

Our main results in this section are applications of Theorem 2 and the following simple
lemma.

Lemma 1. Ler (®, Q) be a probability space, and let {¢pg: 0 € ®} be a family of completely
monotone functions jointly measurable in (6,t) € ® x [0, 00). Then

(1) = /O $9(1) Q(d6)

is completely monotone.

Proof. By (2) we know that, for every 6 € O, there exists a unique probability measure Py
on [0, oo) such that

Bo(1) = / e M Py(dh).
[0,00)

Hence,

(1) = / ( / e Pe(d)»)> Q(do) = / e M R(dA), 3)
® [0,00) [0,00)
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where R is a probability measure on [0, co) given by

R(A) = /()PG(A) Q(do)

for all Borel subsets A of [0, 00) (see [18, Theorem T16]). Thus, (3) shows that ¢ is completely
monotone.

Our results in this section involve specific mixtures which give rise to bathtub distributions.
These results are of the following types:

1. mixtures of DFR gamma distributions with an IFR gamma distribution are bathtub,
2. mixtures of DFR ‘Weibull’ distributions with an IFR gamma are bathtub,
3. mixtures of certain bathtub distributions are bathtub.

The above types are quite remarkable since recent research has shown that mixtures of dis-
tributions with even the simplest failure rate functions can lead to vastly different monotonic
behavior. For example, in [4] it was shown that the mixture of two distributions with increasing
linear failure rates can have four changes of monotonicity. Moreover, results concerning the
behavior of mixtures of more than two distributions are very sparse in the literature, while the
above results involve possibly continuous mixtures.

We first show that arbitrary mixtures of DFR gamma distributions with an IFR gamma
distribution have a bathtub-shaped failure rate.

Theorem 3. Consider an arbitrary mixture of DFR gamma densities g(t | B, &) with 0 <
B <land& > 0, and let Ay > 0. Let Q be a probability measure on R? with support which is
a subset of (0, 1] x (Lo, 00). Then the mixture distribution

f) = p/Rzg(t | B,&)dQ(B, &) +qg(t | «, L),

where p+q =1, p > 0, g > 0, has a bathtub-shaped failure rate.

Proof. According to [10], any DFR gamma is a mixture of exponentials, i.e. if 0 < 8 < 1
and £ > 0 then the survival function can be written as

Gu o= [ P,
[0,00)
where P g ¢) is a probability measure on [0, 00) having density
*—&)Fef
A1 = B)T(B)

But, from Lemma 1, it follows that we can write

o) = 1(z,00)(1).

G0 = [ Gulpodpo=[ o,

[0,00)

where R(A) = fRZ P.6)(A) dQ(B, &) for all Borel subsets A C [0, 00). Using our assump-
tions on Q, it is not hard to show that R has support which is a subset of (Ag, 0c0). The result
then follows from Theorem 2.
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Remark. Since the probability measure R above does not have a finite first moment, we cannot
use Theorem 2 to conclude that the failure rate is nondegenerate bathtub. However, if the
support of Q is a subset of (0, 1] x (2Xx¢, 00), it follows that the support of R is a subset of
(2Ap, 00). Since R is clearly nondegenerate, we conclude from the remark following Theorem 1
that the failure rate of the mixture is nondegenerate bathtub.

Our next result is similar to Theorem 3, but with DFR ‘Weibull’ distributions. The ‘Weibull’
distributions we consider are a variant of the usual Weibull distributions since the failure rate
of the usual nondegenerate (i.e. not an exponential) DFR Weibull distribution decreases to 0.
The variant we consider has the survival funtion

Ht | B,c,&)=e5"W(t | B.o), £>0, )

where & > 0 and W(z | B, ¢) is the survival function of the usual DFR Weibull distribution
with scale parameter ¢ > 0 and shape parameter 8 with 0 < 8 < 1, i.e.

Wt | B, c) =exp(—(ct)P), t>0. (5)

For this variant of the Weibull distribution, the failure rate decreases to & as ¢ tends to co. We
call this a “Weibull’ distribution with parameters (8, c, §).

Theorem 4. Consider any family of DFR ‘Weibull’ distributions of the form of (4), and let
*o > 0. Let Q be a probability measure on R with support which is a subset of (0, 1] x
(0, 00) x (Ag, 00). Then the mixture with survival function

F@t)=p /R . H(t | B,c,&)dQ(B, c, &) +qG(t | a, ro)

has a bathtub-shaped failure rate for o > 2.
Proof. Jewell [14] claimed that any DFR Weibull distribution is a mixture of exponentials.

Thus, for W given in (5), we can write

Wt | B,c) = / e M P (dr)

[0,00)

for some probability measure P(g ) on [0, 00). Hence,

ﬁ(tlﬂ,c,§)=/

[0,00)

exp(—(A + £)1) Pig ¢y (dA) = /e_yt Pgc.e)(dy),

where P (g . ¢) is the shifted version of P(g, ), i.e. for every bounded Borel function v on [0, 00),

/ Y () P@,ee)dy) = / YA+ &) Ppo(dr).
[0,00) [0,00)

Note that the support of P(g ¢ ¢) is contained in [§, 00). By Lemma 1 we can write

H() = / T | B.c.£)dQ(B. e, &) = / e Ry,
R3 [0,00)
with
R(A) = fR Pt (A) Q. . ©)

Hence, again the result follows from Theorem 2 since R has support which is a subset of
(Ao, 00).
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Remark. Asnoted in the proof, Jewell [ 14] claimed, without proof, that a DFR Weibull survival
function is completely monotone. The easiest proof that we know is a nice application of Faa
di Bruno’s formulae (see [6]) and we include it here. It suffices to consider the case in which
c=1and0 < B < 1,and let ¢(¢) = exp(—tﬂ), t > 0. We can write ¢ as a composition
¢(t) = a(b(t)), where a(x) = e " and b(t) = P, According to Faa di Bruno’s formulae

(dib(r)/dei )i
5;¢ar—§:dkmmn>§: FI T

pnk) i=1
where p(n, k) = {(A1, ..., A): A >0, Y ! A =k, Y i_,ir;i = n}. Since
d* '
d—k(a(b(f))) = (Do),
x

to show that (—1)"d"¢(¢)/dt" > 0 forn > 1 and ¢ > 0, it suffices to show that each term

nik 7 (@B(0)/de)
(=D +k]_[ PR

But,

(D”l mn—(nﬁ%w D B—i+DIP =20, 0<p=L

Since (A1, ..., Ay) € p(n, k),
n
Z(i + DA =n +k,

and we are done.

Finally, we have a closure result for any bathtub distributions which arise in any of the above
manners (i.e. from Theorems 1, 3, or 4).

Theorem S. The mixture of any bathtub distributions which arise as a mixture of exponentials,
DFR gammas, or DFR Weibulls with the same IFR gamma having shape parameter o > 2 has
a bathtub-shaped distribution.

Proof. Since this will be a mixture of exponentials with an IFR gamma having shape
parameter « > 2, it will have a bathtub shape.

4. The o = 2 case

The results for the special case in which o« = 2 are similar to Theorem 1, but a slightly
different proof is required.

Theorem 6. Consider a gamma distribution withdensity g(t | «, Ao), wherea = 2and Ly > 0,
and a family of exponentials with parameters A > Ao. Let P be a probability measure whose
support set S is a subset of (Lo, 00). The resulting mixture, with density

OES p/ke_m P(d2) +qg( | 2, 20),
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where p+q =1, p > 0, g > 0, has a bathtub-shaped failure rate r(t). If P has a finite first
moment then the failure rate is nondegenerate bathtub if

2
p/AZP(dk)—p2</AP(dk)> > q;

otherwise, it is increasing.

Proof. Without loss of generality, we need consider only the case in which Ao = 1. As in
the proof of Theorem 1, we show that n(#) is bathtub, or equivalently, that /(¢) is bathtub. In
this case, h(t) = qu(t) + sz(t) + pqC(t), where

Al = 1,

B() = _/</[E )l%“()u — &) exp(—(A +& — 2)t)P(d)»)> P(dé),
C@t) = —(t / A — DZexp(—(A — D) P(dA) + 2/x(x — Dexp(—(r — l)t)P(dA)).

It is easy to see that h(t) — q2 as t increases to 0o, and thus /(¢) > O for large ¢. Also, as in
the proof of Theorem 1, we can show that if 4 (fy) = O for some 0 < #y < oo then 4(fy) > 0.
Consequently, /(7)) can have at most one 0. Moreover, if it has a 0, the sign of () goes from
negative to positive. We thus conclude that 7(¢) is bathtub. From [9], it follows that the failure
rate is either increasing or nondegenerate bathtub.

Now suppose that P has a finite first moment. In this case we can examine the value of
r'(0+4):

2
r'(0+) = —P/)Lz P(dA) + p? (/ /\P(d?»)> +q.
Thus, the failure rate is increasing if ' (0+) > 0, while itis nondegenerate bathtub if ' (0+) < 0.

5. Other cases

In Section 2 we examined the mixture (1) for the case of a mixture of exponentials and
an IFR gamma distribution with shape parameter « > 2. The following questions arise
immediately.

1. What happens when the mixture (1) consists of a mixture of exponentials and an IFR
gamma with 1 < o < 2?

2. Why not consider a mixture of exponentials with a mixture of IFR gammas?

The second question is easy to answer since mixtures of [IFR gammas are not generally IFR.
Gupta and Warren [11] gave an example of a mixture of two IFR gammas where the failure
rate had two changes of monotonicity. Mixing this with a mixture of exponentials would most
certainly give a distribution which does not have a bathtub shape.

The first question is unsolved except in special cases. See [11] for cases where a mixture of
this type does not have a bathtub shape.
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