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1. Introduction

Until recently, very little work has been done on the second order properties
of Markov chains. Craven [1 ] has studied the joint distributions of Markov chains
having a Borel subset of n-dimensional Euclidean space as state space. His idea
was to consider the process as a time series.

More recently, Daley [2] has introduced a class of Markov chains on a Borel
subset of the real line, which he calls stochastically monotone Markov chains.
Under certain conditions, he has shown that for stationary Markov chains,
{Xn}o of this class, the correlation coefficient of/(A"0) andf(Xn) is a monotone
non-increasing sequence, where/(-) is a monotone function from the state space of
{Xn} into the real line. In a further study, Daley [3] has considered a special Mar-
kov chain of this class, namely the imbedded waiting time Markov chain in the
stationary GI/G/l queue. In this particular case, the proofs on the behaviour of the
sequence of correlation coefficients are simpler in detail than they are for the more
general case.

In this paper, we shall only be concerned with Markov chains on the non-
negative integers. In Section 2, we introduce the required notation and two key
results which will be used in discussing the second order properties. Section 3
presents some simple properties of stochastically monotone Markov chains on
the non-negative integers, and in Section 4 we discuss their second order properties.
We show that the type of arguments used in [3] carry over to the present case, and
we consider a somewhat wider class than that of stationary Markov chains.

2. General considerations

Let {XB}Q be a Markov chain with the non-negative integers as state space,
3C. Let/jj^ be the n-step transition probability from state i to./, and let/?;j- = p\)\
Finally let/(-) : SC -> B, where B is a countable subset of the real line. We shall
always assume that E{f(X0)} is finite, that is, the series ^J°=o aif{?) converges
absolutely, where at = Pr {Xo = /}.
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Define Of for n = 0, 1, • • • andye X by

; xn = j}
i = 0

Then when the Markov chain is ergodic and Pr (•) is the stationary probability
measure for the process {Xn},

r {Xm = i, Xn+m = j} (m = 0, 1, • • •)
( = 0

Defining for n,j = 0, 1, • • •,

4>f = t Of = 1 / ( 0 Pr {*o = U Xn ^ j} = E{f{X0); Xn < j}
i = 0 i = 0

it follows from the absolute convergence of ]Ti*Lo/(0 Pr {XO = i} and the domi-
nated convergence theorem that

j^x > = 0

It follows by absolute convergence again and the Markovian nature of {Xn} that

When the chain is ergodic, the absolute convergence of YJ°=o ^i0) a n ( i the domi-
nated convergence theorem imply that 0^° -> rej.fi'l^Zo)} (« -> oo), where {TTJ-JJ1

is the limiting distribution of {Xn}.
Suppose that {Xn} is irreducible and aperiodic, that the 6(f} are non-negative

for all n and j , that lim,,.,^ Q^ = 9j exists (j = 0 ,1 , • • •) and 9j is positive for
some particular j , and that Xf=o 0jO) is finite. Then it is easily seen that {Xn} is posi-
tive recurrent, that 8j is positive for all j and that Y,T=o 9j = Ef=o ^ (n = 0, 1,
• • •). Theorem 1 shows that the same conclusions follow if we assume the finiteness
of £7=0 Oj rather than that of £f= 0 6?\

THEOREM 1. Let {Xn} be an irreducible aperiodic Markov chain on a countable
state space I and let {kf}} be a non-negative measure on I. Define A °̂ = £ i e / <^0)/>5")

(possibly = oo), and suppose that lim,,.,^ lyn) = kj exists for each j , that Xj > 0
for some particular j , and that ^ j e I Xj < oo. Then the Markov chain Xn is positive
recurrent, every Xj > 0, and ^ J 6 / l(f> = ^ J 6 / Xjfor all n.

PROOF. Fatou's lemma applied to X<f+m) = Ytei A^P™ implies that

Xj = lim inf 4m+B) ^ £ lim inf X\mYf = £ Xt p%\
m-^oo iel m-*oo iel

That Xj ^ 0 and that Y*iei ^j is finite imply that we have equality in the last ex-
pression and so by a theorem of Foster [4], the chain is positive recurrent and
Xj > 0 for each j .
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Now let XfXN) = 4 0 ) if J^h and Xf\N) = 0 otherwise, where {IN} is a
monotone increasing sequence of finite subsets of / for which IN -* I (N ->• oo).
Then co > Y*jei ^P(N) -*• £ J E / X\°\ the convergence being monotone from below.
With the definition of Af\N) = £ t e I X?\N)p\j\ ^0) 1 0 implies the monotone
convergence of 2.f\N) to A^n) (N -> oo) for every n a n d / Tonelli's theorem shows
that Yjjsi ^ 0 ) = Zje/ ̂ n ) (« = °» 1>"" ') and the chain being ergodic implies, by
the dominated convergence theorem, the existence of X}(N) = lim,,-,^ Xi")(N) =
nj Zie/ A\°\N), where {itj} is the limiting distribution of {Xn}. This and monotone
convergence imply that £,.6l Xj = l i m ^ , , ^ A/^V) = l i m , ^ £ i e J ^0)(A^) =
Xie/ ^i0) a n ^ the proof is complete.

Let g{-) : 3C -> C, where C is a countable subset of the real line. An object
of this paper is the study of the second order moments E{f(X0)g(Xn)} = M(n)

of the Markov chain {Xn} with certain initial distributions. By the Cauchy-
Schwartz inequality, these moments are well defined if both E{f2(X0)} and
E{g2(Xn)} are finite. If / (•) is a non-negative (or non-positive) function and if
0 < E{f(X0)} < oo, then, as Craven [1] has shown, these second order moments
can be expressed in terms of the first order moments of a related Markov chain
which is in general non-stationary. Specifically, let {YK}Q be the Markov chain
whose n-step transition probabilities are identical to those of {Xn} but whose initial
distribution is given by 9f/[E{f(X0)}]. Then M(n) = E[f{X0)}E{g(Yn)}.

In discussing these second order moments, we use the following theorem.

THEOREM 2. Let X and Ybe (not necessarily independent) random variables such
that Pr [Y ^ x] ^ Pr {X :g x) (all real x), and let f(x) be a monotonic non-de-
creasing function with £{1/(^)1} < oo. Then (/"/(•) is non-negative or if X and Y
have the same distribution,

E{f(X); Y ^ x] -E{f(X); X ^ x} ^ 0 (all x).

PROOF. The left hand side of the last inequality is equal to

E{f(X); X>x,Y^ x}-E{f(X); X ^ x, Y > x}

^ E{f(x); X> x, F rg x}-E{f(x); X ^ x, Y > x)

= /(x)[Pr {Y ^ x}-Pr {X ^ x}] ^ 0.

We shall make frequent use of the following result.

LEMMA 1. Let {aj} and {bj} (j = 0, 1, • • •) be two sequences such that Yj=o ajbj
is convergent. Let Aj be the j-th partial sum of the series 'Yj=o aj> which is supposed
convergent with sum A. If {bj} is a bounded sequence, then

j=0 j=0

and if {bj} has a finite limit b, then
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Jj j j

j=o j=o

The first equality holds ifYj=o ajbj converges absolutely and if {&,} is a monotone
sequence.

PROOF. Abel's transformation shows that
oo A f - 1

J = 0 M->ao j = 0

= lim {WA-Aj)(bj+1-bj)-(A-AM)bM+b0}
M->oo j = 0

The second result follows immediately, and the first follows on noting that under
either set of hypotheses, (A—AM)bM -*• 0 (M -> oo).

3. Stochastically monotone Markov chains

Let Qtj = Y.LoPtk and Qfi> = £ U / 4 B ) (« = 2, 3, • • •)• Let P be the matrix
[Pij] and P" = [/#>].

DEFINITION. A Markov chain {XK}Q having one step transition probabilities
Pu is said to be stochastically monotone if for each j = 0, 1, • • •, QtJ ̂  Qt+i.j
(i = 0, 1, • • •)•

If this condition holds, we will also say that P is stochastically monotone. This
definition is the specialization to Markov chains on the non-negative integers of
Daley's [2] original definition, which applied to Markov chains on a Borel subset
of the real line. Daley has shown that if P is stochastically monotone, then so is P".
The remainder of this section is devoted to the derivation of some simple properties
of stochastically monotone Markov chains.

LEMMA 2. If P is stochastically monotone, then {2o"j}n°=o l'5 monotone non-
increasing for each j , and in particular {/>oo} *s a monotone non-increasing renewal
sequence.

PROOF. Q%+1) = YA=OPOIQ$ ^ Go? Yf-oPot, the inequality following from
the stochastic monotonicity of P".

COROLLARY 1. Let {Xn} be an irreducible stochastically monotone Markov chain.
Define P(n\x) = £j°=o/»o")*' (0 ̂  x ^ 1), then P(n\x) I n(x) (n - oo) where
n(x) is the generating function of the limiting distribution.

PROOF. Daley [2] has shown that an irreducible stochastically monotone chain
is aperiodic, and so the limiting distribution exists; being defective if the Markov
chain is not positive recurrent. For x = 1, there is nothing to prove, while for
0 ^ x < 1, the result follows from
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1 ^ P<n)(x) = (1-x) J Q(o]xj ^ P(n + l\x) ^ 0
j = o

by Lemma 2.

COROLLARY 2. Letf{-): 3C -> 5, a countable subset of the real line, be a non-
decreasing function such that E{\f(Xn)\} < oo for any initial distribution which may
be used. Define the following conditional expectations: b\n) — E{f(Xn)\X0 = i} =
YJ-OPUYU)

 an<1 b(n\st) = Y?=o <*$* where sf = {at}% is an arbitrary initial
distribution. Then {Ao0}"^ " a non-decreasing sequence, {b\n)}?L0 is

 a non-decreas-
ing sequence for each fixed n, and ft(

o
n) ̂  b(n+m)(s#)for each n, m = 0, 1, • • • and

any si'.

PROOF. We have E{\f(Xn)\\X0 = i} = mt ^ AT for some finite constant K. For
if not, then there exists a strictly increasing sequence it, i2," • •, h,' • " of positive
integers such that mh ^ 1, • • •, mit ^ k, • • •, and then setting aik = 6/n2k2,
at = 0 if i # ik for some /:, we have £ a; = 1, £ a;/Wj ^ 6re~2 ^ l/k = oo. Thus
the existence of all quantities is guaranteed. On applying Lemma 1 to the denning
series for b\"\ we have

The conclusions follow on noting that the stochastic monotonicity of P" and Lem-
ma 2 imply that Q§ ^ Q ^ ^ Q^]+m) (n, m, i,j = 0, 1, • • •.

We can derive upper and lower bounds for the state probabilities of a
stochastically monotone Markov chain.

LEMMA 3. Let {Xn} be a stochastically monotone Markov chain with an arbitrary
initial distribution and let Pr (•) be the probability measure so defined. For a fixed n
define h by h = min {/|Pr {Xn = /} ^ 0}. Then Pr {Xn+l ^j} ^ QhJ, and if j ^ h,
Pr{A-n + 1 ^j}^QjjPr{Xn^j}.

PROOF. By the definition of h, we have Pr {Xn + 1 ^ j} = Yj°=h Pr {*!• = i}Qu-
The first part of the lemma follows easily. The second part follows because
Pr {Xn + 1 ^j} ^ YJ=H Pr {Xn = i}QtJ §: QJJ %=„ Pr {Xn = «}.

4. Second order properties

THEOREM 3. Let {Xn} be a stochastically monotone Markov chain with an initial
distribution such that Pr {Xt g / } ^ Pr {Xo ^j} (j = 0, 1, • • •). Let /(•) be a
non-decreasing non-negative function from 3C to a countable subset of the real line
such that E{f(X0)} < oo; or let /(•) be simply non-decreasing and such that

} < °o and let Xo and Xt be identically distributed. Then for each fixed
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PROOF. The hypotheses of Theorem 2 are satisfied, so we have 0'1' ^ (pf}

(j = 0, 1, • • •)• Since ftf = £ £ o ^"'^Qij, we have from Lemma 1 that

i = O

The stochastic monotone property implies the existence of l im^^ Qu. The theorem
is now proved by using the stochastic monotone property and arguing inductively.

If the Markov chain in Theorem 3 is irreducible, then, by a theorem of Daley
[2], it is aperiodic, and Fosters theorem [4] shows that if Xo and Xt are identically
distributed, the chain is positive recurrent and the initial distribution is then the
limiting distribution. If the first set of hypotheses holds and the chain is irreducible,
then it is ergodic. For we can choose a function/(•) such that < -̂0) > 0 for some
particular;, and so we have 0 < < .̂0) ^ • • • ^ 4>f ^ 0<"+1) ^ • ••. If the chain
is not ergodic, then lim,,.^ Q\f = 0 (i,j = 0, 1, • • •) and the dominated con-
vergence theorem then shows that lim,,.,^ <^n) = 0, a contradiction.

If/(«') is the unit step function having its jump at k, then under the conditions
of Theorem 3, Pr {Xo ^ k, Xn ^j} ^ Pr {Zo ^ k, Xn+1 ^j} (nj, k = 0, 1, • • •)•
Lemma 1 then shows that E{g(Xn); Xo Si k) ^ E{g(Xn + l); Xo 2: k] provided
these expectations exist and #(•) is a non-decreasing function from 3C to a count-
able subset of the real line.

Theorem 3 covers the special case of stationary Markov chains. A version of
Theorem 3 for stationary Markov chains on a Borel subset of the real line is im-
plicitly contained in the proof of Theorem 4 of [2].

We now turn our attention to the second order moments M(n) = E{f(X0)
g(Xn)} where/(•) and g{-) are functions from 3C to countable subsets of the real
line. We assume that/(-), g{-) and the initial distribution of {Xn} is such that both
E{f2(X0)} and E{f2(Xn)} are finite, so that by the Cauchy-Schwartz inequality,
the M(n) are well defined.

THEOREM 4. Let {Xn} be a stochastically monotone Markov chain with an initial
distribution such that Pr {Xt ^j} ^ Pr {Xo ^ j} (j = 0, 1, • • •). Let/(•) and g{-)
be monotone non-negative functions from 3C to countable subsets of the real line; or
let Xo and Xt be identically distributed and let / (•) and g(-) be simply monotone
functions. In either case let both E{f2(X0)} and E{g2(Xn)} be finite. Then {Af(n)}^
is a monotone non-increasing sequence if both / (•) and g(-) are both monotone non-
decreasing or non-increasing, and it is a monotone non-decreasing sequence if one of
/ ( • ) and g{-) is monotone non-decreasing and the other is non-increasing. If {Xn}
is irreducible, then limn_c0 M(n) = E{f(X0)} £JLO g(j)nj> where {TI,} is the limiting
distribution.

If {Xn} is irreducible and stationary, then y(n) = cov {f(X0), g(Xn)} converges
monotonically to zero from above or below, according asf(-) and g(-) have the same
monotone behaviour or not.

https://doi.org/10.1017/S1446788700008351 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700008351


[7] On a class of Markov chains 97

PROOF. It clearly suffices to consider the case where both/(-) and g(-) are
monotone non-decreasing. It is easily seen that M(n) = YJ=O &p9{j)> a n d the
hypotheses together with the Cauchy-Schwartz inequality show that the series
converges absolutely and so Lemma 1 shows that

£ (« = 0,1, • • •)

and the first conclusion follows on using Theorem 3. Using the monotone converg-
ence theorem in the last expression, the remarks following Theorem 3, and the
limiting behaviour of {^n)}"=0 for an ergodic chain (Section 2), shows that

lim M("> = E{J(X0)} £ [ 1 - t KjJdU+V-90)1+9(0)
n-»oo j = 0 i = O

by Lemma 1, and this also proves the final part of the theorem.
It should be noted that the monotone behaviour of {M(n)} depends on the

stochastic monotone property of {Xn} and the monotone behaviour of /(•) and
g(-), but reference to Theorem 4 of Daley [2], shows that the convergence of y(n)

to zero is a consequence of the uniqueness of the stationary distribution of ergodic
Markov chains.
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