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On the continuity of Arthur’s trace formula: the
semisimple terms

Tobias Finis and Erez Lapid

ABSTRACT

We show that the semisimple part of the trace formula converges for a wide class of
test functions.

1. Introduction

Let T be a lattice in a reductive Lie group G. The right regular representation of G on L?(T'\G)
gives rise to integral operators

R(f)p(z) = /G f(9)olzg) dg, | eL}(G).

In particular, if T' is a uniform lattice then R(f) is of trace class for f € C°(G) and L*(T'\G)
decomposes discretely as ®weé m(m)m. Computing the trace in two different ways, Selberg
established the trace formula identity

S vlTAGy) [ flg g dg= Y mi) (),

[ G \G re@

where 7 ranges over the conjugacy classes of I' [Sel56]. This identity easily extends to the space
of smooth functions on G' whose derivatives are all in L*(G).

If I' is a non-uniform lattice then the trace has to be regularized in order to derive the trace
formula. In the case where G = SLy(R), this was carried out by Selberg as well. The case of a
general adelic quotient G(F)\G(A) of a reductive group G over a number field F' was pursued
by Arthur in his lifelong work on the trace formula.

In this paper we begin to examine the geometric side of the trace formula from a functional
analytic point of view. Namely, we wish to extend the trace formula to test functions which are
not necessarily compactly supported. A natural space is obtained by fixing an open subgroup K
of G(Agy) and considering right K-invariant functions on G(A) (viewed as functions on the
differentiable manifold G(A)/K) all of whose derivatives are in L'(G(A)).} More precisely,
the topological space C(G(A); K) is defined by the seminorms

1 * Xl ceay), X eU(g).

! For the trace formula only functions which are invariant under conjugation by a maximal compact subgroup K
of G(A) need to be considered. This renders the apparent asymmetry inessential.
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ON THE CONTINUITY OF ARTHUR’S TRACE FORMULA: THE SEMISIMPLE TERMS

Let By, be a basis of U(g)<m, where m = [F : Q] dimp G. For v € G(F), let C&(7) be the
identity component of the centralizer Ci () of v in G. Let G(F)en (respectively G(F')ss) denote
the set of elliptic (respectively semisimple) elements in G(F'). For any v € G(F)gs, let M(y)
be the centralizer of the split part of the center of C’%(v), which is a Levi subgroup of G. Fix a
maximal split torus Ty of G defined over F. For any standard Levi subgroup M, the associated
weight factor vy (z) is given by [Art05, (18.2)] (cf. also §6 below). Note that vy () is Ca(y, F)-
invariant (assuming that M (7) is a standard Levi subgroup). We refer to §2.1 for unexplained
concepts and notation.

Our main result is the following theorem.

THEOREM 1. The semisimple part of the trace formula, given by the sum-integral

>

[VCG(F)ss
. Vol(AMC%(%F)\C%(%A))/
[Ca(y, F): Cg(v, F)] CO(ANG(A) J Ag

/ f(za:flfyx)vM(,y) (z) dz dx
AuCo(v,FI\G(A) JAg

f(zafl’ya:)vM(,y) (z) dz dx
[VICG(F)ss
over the semisimple conjugacy classes [y] of G(F'), where in each class we take a representative -y

such that M(vy) is a standard Levi subgroup of G, is absolutely convergent for any f €
C(G(A); K). Moreover, there exists a constant ¢ such that

Z/ / |f(zx_1’yx)\vM(7)(x) dzdr <c Z | f* X1 (1)
[ JAMCe(rFNG(A) JAq X€EBm

In particular, this holds for the elliptic part of the trace formula

/ / Z f(zz" yzx) dz dx
AcG(FN\G(A) JAc

'YEG(F)ell

= > vol(aCaty. FN\Cal.4) [ J(s ) de d,
[W]QG(F)ell CG(’Y:A)\G(A) AG

where the sum is over the elliptic conjugacy classes of G(F).

Implicit in the theorem is the choice of a maximal compact subgroup K of G(A). For the
analogous result on the spectral side (with a larger value of m), cf. [FLMO09].

The essence of the argument is the convergence of the elliptic part, which will be proved in § 5.
The general semisimple case is easily reduced to the elliptic case (§6). Roughly speaking, there
are two main themes in the proof. The first is simply to bound sums over lattices by integrals. The
second is to linearize the non-compact parameters of the problem. For the space A¢G(F)\G(A),
this is done by choosing a Siegel set. For the set G(F')ey, we use the Bruhat decomposition. The
ellipticity condition is used in a subtle, but crucial, way to chop off one dimension from
the unipotent part of the Bruhat decomposition. Using Mellin inversion, the contribution
from each cell is controlled by intertwining operators of principal series, whose properties are
well understood. The argument somewhat resembles the one used by Langlands in his work on
the Tamagawa number [Lan66]. It is different in flavor from the analysis of [Art78]. In particular,
we do not use Arthur’s partition lemma [Art78, Lemma 6.4].

Ultimately, we would like to extend Theorem 1 to the non-semisimple terms as well and
obtain an expansion for the entire geometric side of the trace formula which is valid for
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any f € C(G(A); K). In the case where G = GL(2), this was carried out in [FL11].2 In the general
case, when using Arthur’s fine geometric expansion [Art85, Art86] one faces two difficulties. First,
it only applies to functions of the form fg ® 1%, where S is a finite set of places containing the
Archimedean ones and 1° is the characteristic function of the maximal compact K° outside S
(rather than an arbitrary bi-K®-invariant function outside S). The second and more serious
difficulty is that while the local distributions appearing in the expansion are explicit and fairly
well understood, their coefficients are left unspecified, and they depend on S in a complicated
way. For the problem at hand, it would be imperative to bound them in a uniform way.

2. Preliminaries

2.1 The setup

Let G be a reductive group over a number field F. By passing to the restriction of scalars, we
will assume without loss of generality that F' = Q.3 Let O = Hp oo Lp € Agip.

For a linear algebraic group H over Q, we denote by dy the modulus function of H(A). More
generally, if H and X are subgroups of G and H normalizes X, we denote by dg.x the modulus
function of the conjugation action of H(A) on X (A).

As usual, we denote Lie algebras by small Gothic letters. For example, Lie G =g, Lie P=p
etc. The universal enveloping algebra of g with the usual grading will be denoted by U(g). We
denote by Ad: G — GL(g) the adjoint representation. The centralizer of x in H is denoted by
C (), its identity component by CY%(x) and its Lie algebra by cp(x).

Fix a maximal split torus T defined over Q and a minimal parabolic subgroup Py defined
over Q and containing Ty. We have a Levi decomposition Py = MyUy, where My = Cx(Tp) and
Uy is the unipotent radical of Py. By a standard parabolic, we will always mean a parabolic sub-
group containing Py and defined over Q. Any standard parabolic admits a unique Levi subgroup
M containing Ty, and moreover M is defined over Q. Such a Levi subgroup is called standard.
When P is standard, we always write P = MU for its standard Levi decomposition.

Let W =W be the Weyl group Ng(Tp)(Q)/My(Q) of G and fix representatives n, €
N¢(Th)(Q) for each w € W. We have the Bruhat decomposition

GQ =TT 2%,

weWw

where

B =By = (Uo(Q)/Uu(Q))1 Po(Q) = Po(Q)10 Po(Q)
and U, = Uy NwUyw™t. We write &, for the modulus function of My(A) on Uy(A)/U,(A). In
particular, for the longest element wy of W, §y = dy, is the modulus function of Py(A), and
SwOniy;t, = 0o for all w. We write Ag for the identity component of Tp(R).

We let aj be the vector space X*(Tp) ® R = X*(Mp) ® R which is isomorphic to the group of
continuous homomorphisms Tp(Q)\7p(A) — Rsg. (Each such homomorphism extends uniquely
to Mop(Q)\Mp(A).) The homomorphism corresponding to x € X*(Tp) is |x|a. Complexifying, to
any \ € a} -~ we attach a continuous homomorphism My(A) — C*, denoted m +— m*, which we
can of course pull back to Py(A). Let ag = X (Tp) ® R be the dual space of aj. The Weyl group

1

W acts naturally on X*(1p), aj and ag. Let pg € af correspond to 6¢ .

2 We would also like to mention a related work by Werner Hoffmann in this direction [Hof08].
3 This is only used for ease of notation.
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Let R(Ty, Up) C X*(Tp) denote the set of roots of Ty on Uy, Rieq(To, Uy) the set of reduced
roots and Ag the set of simple roots. The standard parabolic subgroups of G correspond to
subsets of Ag by attaching to P = MU the set of simple roots AY = A} of Ty on UM := Uy N M.
Let Ty be the maximal split torus in the center of M and let Ajs be the identity component of
T (R), which we identify with a Euclidean space. We also write P = Py N\ M, T =Ty 0 Mder,
adl = X*(TM) @ R and AY = Ag N M9 (A), where M9 is the derived group of M. The Weyl
group WM of M is identified with a subgroup of W. If My, M, are two standard Levis, then
My N My is also a standard Levi, Aé\/[mMQ = Aé/ll N Aé\/b and WMINMz — pyMu iy Mz

Let AY C X.(Tp) C ap denote the set of simple co-roots, similarly for (A})V. Note that a}?
is spanned by (A})Y. Denote by Ag = {@a}aca, the dual basis of AY in (a§)*. Similarly, let
AY = {@Y}aen, denote the dual basis of Ay in af.

LEMMA 2.1. We have
1
8¢ (awa™ w™t) = 6 (waw ™)™t = 5,1 (a)
for all a € Ag.
Proof. Let U be the unipotent radical of the parabolic subgroup opposite to Py containing Tj.
Since Uy = U, (Up N wU w™1), we have
0w = 5M0;UoﬁwU6w*1
and
00 = OMo;U4 O Mo;UpMuljw—1-

Using these equalities for waw ™! and noting that wU,,-1w~! = U, we get

5w(waw71) = 6Mo;w*1UowﬁU(’) (CL) = 5Mo;w*1U(’)wﬂUo (a)il = (Sw’1 (a)il
and

50(waw71) = 5M0;Uw—1 (a)éMo;w*1U0w0U6 (CL) = 5M0§Uw—1 (a)éw(wawil)'

Similarly, Uy = U,,-1(Uy N w™ U w), so that

So(a) = datr, 1 (@)Onsouomu—105u(@) = Oargr, 4 (@) (waw™ 1)~

Together, we get
So(awatw™) = 5, (waw™1) 72,
as required. O

For any w € W, let Q(w) = L(w)V (w) be the smallest standard parabolic subgroup containing
Ny . It is defined by

AZ™) = {a € Ag: 3B € Dy, such that (g, 8Y) > 0},
where ®,, = {a € Ryea(T0, Up) : wa < 0}. Note that Uy, O V(w) and therefore
UL JUE®) ~ Uy /U, 2)

An alternative characterization of Q(w) and L(w) is obtained by noting that n,, belongs to the
standard parabolic (), with A(? * = Ap\{a} (or, equivalently, to the corresponding standard Levi
M,,) if and only if w preserves the set {3 € R(Ty, Up) : (8, w?) > 0}, which is in turn equivalent
to ww,, = w). This implies that

AOQ(w) ={a€Ny:ww) #wl}.
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The following lemma is an easy consequence.

LEMMA 2.2. Let w € W and L = L(w). Suppose that Ay is in the positive Weyl chamber of ag.
Then (1 —w)ho = ZaeAg Ca With cq > 0.

Proof. We have (1 —w)Xo =) _,ca, Ca®, Where
ca={(1 —w)hg, wl) = (o, (1 —w Hw)).

(&7

It is well known that (1 —w™!')w) is a non-negative combination of co-roots. Hence, (g, (1 —

w™ @) > 0 and equality holds if and only if (1 — w™1)w) = 0. The lemma follows. 0

2.2 Reduction theory

Fix a maximal compact subgroup K = Hpgoo K, of G(A) such that K, is special for all p < oo
and hyperspecial for almost all p. Let ¢ > 0 and set

Se={pk:pe Py(A), k€K, |a|(p) > c for all a € Ap}.

This set is left Py(Q)-invariant and right K-invariant.* By reduction theory, G(Q)S. = G(A)
provided that c¢ is chosen sufficiently small. Let

Ac={a € Ag\Ao : a(a) > c for all a € Ag}.

Using the Iwasawa decomposition, for any left AgG(Q)-invariant non-negative measurable
function ¢ on G(A) we have

/ w(g) dg < / ©(9) dg
AcG(Q\G(A) AgPo(Q)\Se

:// / / o(uamk)do(a) ™ da dm du dk (3)
K JUo(Q)\Uo(A) / Mo(Q)\Mo(A)" / Ac

provided that the right-hand side converges.

2.3 Elliptic elements
Recall that a semisimple element s € G(Q) is called elliptic if Z(C%(s))/Z(G) is anisotropic. We
denote by G(Q)en the set of elliptic elements of G(Q).
LEMMA 2.3. Let s be a semisimple element of G(Q). The following conditions are equivalent.
(i) s is elliptic.
(ii) Cg(s) is not contained in any proper parabolic subgroup of G defined over Q.
(ili) cq4(s) is not contained in any proper parabolic subalgebra of g defined over Q.
(iv) (1 —Ad s)(g) does not contain the nilradical of any proper parabolic subalgebra defined

over Q.

Moreover, if we replace ‘parabolic’ by ‘standard parabolic’, the conditions (ii)—(iv) are still
equivalent.

Proof. If s is not elliptic, then the maximal split torus T of Z(C2(s)) strictly contains Tg.
Hence, C(T) is a proper Levi subgroup defined over Q containing C2(s). Conversely, if C2(s)
is contained in a proper parabolic P defined over Q, then by the results of [Mos56] we can find a

* A fundamental domain for Py(Q)\S. is called a Siegel set.

788

https://doi.org/10.1112/5S0010437X11004891 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X11004891

ON THE CONTINUITY OF ARTHUR’S TRACE FORMULA: THE SEMISIMPLE TERMS

Levi subgroup M of P defined over Q containing C2(s). Thus, Z(C2(s)) 2 Z(M) and therefore s
is not elliptic.

The equivalence of (ii) and (iii) is immediate.

Finally, to show the equivalence of (iii) and (iv), we note that if u is the nilradical of a

parabolic subalgebra p then its orthogonal complement u’ with respect to the Killing form is p
while [(1 — Ad s)(g)]* = c4(s). O

DEFINITION 2.4. We denote by G(Q)wen the set of semisimple elements v of G(Q) such that
C2(s) is not contained in any proper standard parabolic subgroup. Thus, G(Q)en € G(Q)wen and
G(Q)wen is stable under conjugation by Py(Q).

For any w € W with Q(w) = LV, we set
By, = L(Q) NBw = By (Qnu By (Q) = (U5 (Q)/Uy(Q)nu By (Q)

and

ew = G(@)Well N %5
Recall that if P = MU is a Levi decomposition of a parabolic subgroup of G and m € P(Q) is
semisimple, then there exists u € U(Q) such that umu™! € M(Q) (e.g. [Mos56]). Thus, denoting

by ks : G — G the commutator map

re(x) = s toset,

we infer that

G(Q)well N %w = U mﬁm(v(@)) (4)

mEGW

3. The space C(G(A); K)

3.1 Fourier analysis

We begin with an elementary and well-known identity from harmonic analysis of the real line.
Let f € C2°(R) and f its Fourier—Laplace transform

Then for any so > 0 we have

1 f(s) ’
2mi Re s=sg S —00

This follows by applying the isometry relation of the Fourier transform

/R f(@) (@) de = —— F(5) Fa(s) ds

211 JRe s=0
to the L2-functions fi(z)= f(z)e % and fo(z)= €% %X |—o0,0] (), observing that fi(s) =
f(so+s) and fa(s) =1/(so — s).
It follows that the left-hand side of (5) which a priori makes sense only for f € C°(R) extends
to a continuous linear functional on L'(R).

Consider the higher-dimensional case. Let V' be a Euclidean space and V* its dual space. We
consider the Frechet space C(V') consisting of smooth functions f on V' such that || f * D1y <
oo for any invariant differential operator D on V.
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We say that a function f on a subset A of V{ is of moderate growth if there exist n and c
such that |f(A\)| <c(1 + ||[A|)™. Similarly, f is rapidly decreasing if for all n there exists ¢, such
that [f(A)] < e, (1+||A]|)7™ on A. For f e CX(V), let

fA) = /V e M Fo)dv,  Ae V.

It is rapidly decreasing for Re A in a bounded set. Let I be a linearly independent set in V' and V;
its linear span. Let Ao € V* be such that (\g, u) > 0 for all u € I. As before, for any f e C°(V)
we have

/ F

vy _
Re A=Ao | Luer{A )
where x7 is the characteristic function of

{Z QU oy, <0 for all u},

uel

dh= [ f(z)xi(z) dx, (6)
Vi

vr =voly, ({d_uer @utt: 0 < ay <1 for all u}) and the measure on Re A= )¢ is obtained by
identifying it with V* via v+— Imv and taking the Haar measure on V* dual to that on V.
To prove (6), we first reduce to the case V; =V by taking the restriction g of f to V; and
noting that g(\) = fivli f()\ + ) dp. In the case Vy =V, the identity (6) follows by applying

the isometry relation of the Fourier transform to the inner product of fi(v) = f (v)e=Ao?) and
fo(v) = €<)\O’U>X[<’U), observing that f1(\) = f(Ao 4+ A) and fo(A) =vr/([],er{Mo — A, u)).

PRrROPOSITION 3.1. Let r >0, ug € V* and h be a holomorphic function of moderate growth on
the tube |[Re A — po|| <. Let S be a linearly independent set in V' and let \g € V* be such that
Ao — moll <7 and (Ao — po, u) >0 for all u € S. Then

N

SO = po)h(N)
Re A=Ay | [ues{A — ko, w)

Fio A (7)

extends to a continuous functional on C(V).

Proof. Without loss of generality, we may assume that pg = 0. The statement is clear for S = ().
Indeed, if h(X) <c(1+||A[])™ then the integral is majorized by Y | f * Dljsc < > pllf * D|l1,
where D ranges over a basis of the invariant differential operators of degree <n + dim V + 1.

Consider the general case. Fix elements w, € V*, ue S such that (w,, u') =0, for all
u,u' €S. For any 1CS, let Ml =X—3 /(A w)w,. Then A+— Al is a projection on the
annihilator I+ of I whose kernel is the span of w,, u € I. The annihilator W; of {w,, u € I} is
a complement of V7 in V. We define

creg(—1 [JI= 2\
hS,I()\) = ZI_Jﬁiig\j()\’ u> ( )

Then hg ;(\) depends only on A and is a holomorphic function of moderate growth on any tube
IRe M| <7/, ' < r. By inclusion—exclusion, (7) is equal to the sum over I C S of

FW)hsr(\)
/Re A=Xo Hu61<)" u) A
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By splitting the integral and using (6), each summand is equal up to a constant to
/ f){O(A)hSJ()\) dA,
it

where f/{o € C°(Wry) is given by
o= [ ) o)do, uew,
Vi

and we identify I+ with the dual space of W;. The proposition follows from the previous case and
the fact that the map f— f{ defines a continuous operator from C(V') to C(W7). O

3.2 Sobolev estimates

Let now H be an affine algebraic group over Q and let K be an open subgroup of H(Agy,). Define
C(H(A); K) to be the Frechet space of smooth functions on H(A) which are right K-invariant
and such that || f * XHL1(H /1) < 0o for any X € U(h). (We usually write || f||; for the L'-norm
if the measure space is clear from the context.) In particular, let uo(f) =" xcp,, [If * X|1, where
By is a basis of U(h)<dim H-

The following lemma is clear.

LEMMA 3.2. Let C C H(A) be a compact set. Then there exists an open subgroup K' of H(Agy)

such that for any continuous seminorm p' of C(H(A); K') there exists a continuous seminorm p of
C(H(A); K) such that for all f € C(H(A); K) and z € C, the function f*(g) = f(x~'gx) belongs
to C(H(A); K') and i'(£%) < u(f).

We will also need the following.

LEMMA 3.3. Let C be a compact neighborhood of the identity element of H(A). Then there
exists ¢ such that for any f € C(H(A); K) and any h € H(A), we have

Z/|f*X (ha)| d. (8)

XeBy
Moreover,
Y 1) <eno(f)
YEH(Q)
for all h € H(A).

Proof. The second part follows from the first one by choosing a compact neighborhood C of e
such that C N~yC =0 for any 1 #~ € H(Q) and summing (8) over hy, v € H(Q).

To show (8), we can assume upon left translation that h=e. We can also assume that
C =C'K', where (' is a neighborhood of e in H(R) and K’ is an open subgroup of K. Using
local coordinates and letting n = dim H, the inequality reduces to the inequality

ol ¢
0)| < =
£(0) Ig{;.m} /W (o)

for any smooth function on R”, which is turn follows from the identity

oMy o N
7(0) ‘Z/mng (@) [ - 1) d,

el

dzx

which can be shown by induction on n using integration by parts. O
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From now on, we fix a compact open subgroup K of G(Ag,).

LEMMA 3.4. There exist constants cx, X € U(g) such that for any f € C(G(A); K) there exists
f €C(G(A); K) satistying:
(i) f is right K-invariant;
(ii) f(z) > |f(z)| for all z € G(A);
(iif) [If* X1 < expo(f) for all X € U(g).
Moreover, if f € C®°(G(A)), then we can choose f € C°(G(A)).
Proof. Choose a compact symmetric neighborhood C' of e in G(A) and let ¢ be as in the previous

lemma for H = G. Fix a non-negative right K-invariant function ¢ € C°(G(A)) such that ¢ > ¢
on C. Let

F= Y 1f=X|xe.

XeBa

By construction, f is right K-invariant. Moreover, it follows from (8) that f(g) > |f(g)|. Finally,

1F * Yl < po(H)lle* Y
for any Y € U(g). The lemma follows. O

COROLLARY 3.5. Suppose that v is a Radon measure on G(A). Then fG f(z)dv(x) is
(A)vK)

continuous on C(G(A); K) if and only if there exists a continuous seminorm on (G
(A); K). I

such that fG’(A) f(z) dv(z) < p(f) for all right K-invariant non-negative f € C°(G
this case, fG( A) |f(x)| dv(x) is a continuous seminorm with respect to py.

3.3 Principal series and intertwining operators
Consider the principal series representation I(\), A € aj -, which is parabolically induced from
the character p* on Py(A) (normalized induction). Explicitly,

I(A) = {¢: G(A) — C smooth | p(pg) = p T p(g) for all p € Py(A), g € G(A)}.
We can construct I(\) as follows. Let f € C°(G(A)) and set

Then for any A € ag ¢

sN(@) = | Frlagla ) da
Ao
belongs to I(\).
LEMMA 3.6. Let Ep=05"Ffla,. If f is right K-invariant, then ||Fy* X|y<|f*X|1+
2|({po, X)||| f||1 for any X € Lie Ag. If f € C2°(G(A)), then p(\)(e) = Fr(\ — po) for A € ag c-

Proof. Note that Ff fP (A f(ap) dp. Thus, Ff x X = Ff*X - <2p0,X>Ff for any X €
Lie Ag. If f is right K—1nvar1ant then we have

rFf||1—/|Ff e da<// f(ap)| dpda = | £
Aop JPo(A

The last part is immediate. O
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Remark 1. The integral defining Fy converges for any f € C(G(A); K). However, already for
G = GL(2) the integral defining ¢(\) will not converge for Re A # pg for all f € C(G(A); K) since
F 't can be an arbitrary function in C(Ap) and its Fourier-Laplace transform is in general only
defined on the imaginary line.

The intertwining operators
M(w, N): I(X) — I(w)
are given by the meromorphic continuation of
M(w, Nplg) = | ol ug) du
Uw (8)\Uo(A)

This integral converges if Re A — pg lies in the positive Weyl chamber. If ¢ is right K-invariant,
then

[M(w, \)](e) = m(w, A)p(e),
where we can write

m(w,\) = [ ma((X,a")).

acd,,

For any «, let M, be the Levi subgroup suclh that ay'® is the line spanned by aY. Let p§
be the element in (a)’®)* corresponding to 02, Each function me(s) is holomorphic for
Re s > sq 1= (p§, aV), has finitely many poles si, ..., si for Re s >0 which are all simple and
real [MW95, Proposition IV.1.11] and Hle((s — 5;)/(s + 8i))mq(s) is holomorphic and bounded

on the strip |Re s — 54| < s, [HC68, Lemma 101]. Note that s, < (po, ') with equality if and
only if o € Ag. In particular, we have the following.

LEMMA 3.7. For r > 0 sufficiently small, the function
IT = o aym(w, A)
a€AoNPy,

is holomorphic and of moderate growth on ||[Re A — pgl| < r.

4. Lattice sums and integrals

The following elementary lemma is essentially contained in the proof of [Hum75, Theorem 18.3].

For completeness, we provide some details. Recall the commutator map xs(z) = s~ txsz .

LEMMA 4.1. Let U be a unipotent subgroup of G defined over Q, let Z be its center and let
s € G(Q) be a semisimple element normalizing U. Suppose that ks(u2)ks(u1) ™! € Z(Q) for some

u1, ug € U(Q). Then ks(us)rs(ur) ™t € ks(Z(Q)).

Proof. Let U =U/Z and let x — T denote the canonical projection Ng(U) — Ng(U)/Z. By the
condition on uy, ug we have uj 'us € C(3)(Q). In the proof of [Hum?75, Theorem 18.3], it is shown

that C7(5) = Cy(s). Since Cy(s)(Q) = Cy(s)(Q)/Z(Q), there exist x € Cy(s)(Q) and z € Z(Q)
such that uy 'ug = 2z. Thus,

ks(u2) = ks(zui1x) = ks(2)ks(u1z) = Ks(2)Rs(ur),

as required. O
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LEMMA 4.2. Let U and s be as before. Let Uy=0C U =Z({U)C Uy C---CUy=U be the
ascending central series of U, where d is the nilpotency class of U. Suppose that u= @?:1 Vi
is a decomposition of u into Ad s-invariant subspaces defined over Q such that u; = @j@. Vi,
i=1,...,d. Let e1, ..., e, be a basis of u over Q such that egqimv; 41, - -, €dimv; 1S a basis
of V; for alli=1,...,d. Let B be a compact set of U(A). Suppose that 0 < k <n is such that
er ¢ (1 —Ad s)(u). (For k =0, there is no condition.) Then there exists a constant c such that for
any a € G(R) which normalizes U(A) and satisfies Ad a(e;) =ae;, 1=1,...,n, with a; >0
and any u € U(A), we have

n

laBa™! NulU(Q)] < cH(ai +1)
and -
laBa™! Nur (U(Q)] < e [J(ai + 1)
ik
Proof. We prove the statements by induction on the nilpotency class d of U. Let
Y =aBa ' Nuks(U(Q)).

Suppose first that U is abelian. We identify U with u through the exponential map and identify
ks with the linear transformation Ad(s~!) — 1 on u. In particular, x4(U) is a vector subspace of
U defined over QQ. Clearly,

laBa"! NulU(Q)| < |aB'a ' NU(Q)|
and
‘Y‘ < ’aB/ail N HS(U<@))|7

where B’ = BB~1. Identify u(Q) with Q" through ey, . . ., e,. Without loss of generality, we may

assume that B’ = [—3, 1] 4+ O, since in any case B’ is contained in the union of finitely many
translates of the latter. Trivially,

272

|U(Q)NnaB'a™t = ‘@” H —a;/2,a;/2] + O™)| <

[](a+1).

i
This proves the first inequality and hence also the case k =0. Suppose that k>0 and let
P : U — u be the projection defined by

Pk <zZ: xi6i> =) wies.

itk
By the condition on k, py is injective on x4(U). Thus,
|ks(U(Q) NaB'a™"| < |pi(ks(U(Q))) N ] [([—ai/2, ai/2] + O™ )
i#k
‘Q” "N J=ai/2 020+ 0" < T (@i + 1)
i#k i#k

For the induction step, let Z be the center of U and let U = U/Z. As before, denote the
image of an element z (respectively a subset X) of Ng(U) in Ng(U)/Z by T (respectively X).
We clearly have

Y| <|Y] max [Y NvZ(A)]
veU(A)
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and

Y| < |urs(U(Q)) naBa'|.
Furthermore, let ¢ : u— V51 := P i1 Vj be the projection. Then ¢ is Ad s-equivariant and induces
an Ad s-equivariant isomorphism 7:u=u/3 — V5. Thus, if £ > dim Z and e; € (1 — Ad5)(u)
then applying 7 we get e € (1 — Ad s)(V~1). Therefore, by the induction hypothesis,

Y|<e H (a; +1).
(i>dim Z:i#k}

On the other hand, by the previous lemma, urs(U(Q)) NvZ(A), if non-empty, is a coset of
ks(Z(Q)). Therefore,

Y NnuZ(A)| < Ba™' Nwks(Z .
BT NI RIS gggleBeT e 2@

Once again, this is majorized by |aB’a™! N ks(Z(Q))|. By the abelian case, this is bounded by
c|] (1<i<dim Z:i ;ék}(ai + 1). Altogether we get the second inequality. The first inequality is proved
in a similar vein. O

COROLLARY 4.3. Let U, s, e1,...,e, and k be as before. Let Ki; be an open compact subgroup
of U(Agpn). Then there exists a continuous seminorm p on C(U(A); Kyy) such that for any
fe€C(U(A); Ky) and a as above we have

Z|fa ~a)l Hal—l—l

~eU(Q) i=1
and

> Iftaya) < p(f) [J(ai+1).

Y€K (U(Q)) i#k
Proof. Let B be a compact neighborhood of the identity in U(A). By Lemma 3.3,

Z /\f*Xxu]du

XeBy
for any f € C(U(A); Ky) and z € U(A). Therefore,

Z |f(a"tya) Z/ |f * X (uw)||a"tU(Q)aNuB™ | du

~eU(Q) XeBy
and
Z |f(a 'ya) Z / If % X (uw)|]a  ks(U(Q))a NuB™ du.
vErs(U(Q)) XeBy
We now appeal to the lemma above. O

We specialize to the case where P = MU is a proper standard parabolic. For any o € AO\A(I; ,
let @, be the maximal parabolic of G (containing P) determined by « and let V,, be its unipotent
radical. The roots R(Ty, V,,) are exactly the roots in R(Tjy, Uy) whose a-coordinate with respect
to the basis Ay is positive. Let

1
Ep= { > BaiBa € R(Ty, Vo) for all a € AO\Agf}.

|AO\ ‘ GAo\AéD
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Thus, =p is a finite subset of
4y pi i= { Z Cat:Cq =0 for all a € AOP and ¢, >0 for all o € AO\A(I]D}.
aclg
Using the previous corollary, we obtain the following crucial estimate.

PROPOSITION 4.4. Let P= MU be a proper standard parabolic. There exists a continuous
seminorm p on C(U(A); Ky) such that for any f € C(U(A); Ky) and a € A, we have

> 1@ ya) < p(f)dp(a)

7eU(Q)
and
> 1f@a)| < plf)p(a) max aé (9)
vErs (U(Q)) -

for any s € M(Q) N G(Q)wel-

Proof Let u= @’j 1 V; be a decomposition of u into Ad M-invariant subspaces such that
@J 1 Vi, i=1,...,d, are the Lie algebras of the ascending central series U; = Z(U) C
g U;=Uof U. Each V further decomposes according to the roots of Tj. Choose bases of V;
Consistlng of Ty-eigenvectors and let eq, . . . , e, be the ensuing basis of u. Let u= ®BER Tog,U) U3
be the decomposition of u into eigenspaces of Ty For each 8 € R(Tw, U), the space ug is spanned
by the basis vectors e; contained in it. The first inequality follows immediately from the previous
corollary. For the second part, let a € Ag\A¥. By Lemma 2.3, v, Z (1 — Ad s)(u) and hence
there exists § € R(Ty, Vi) such that ug (1 — Ad s)(u). Thus, e; € ug\(1 — Ad s)(u) for some 1.
It follows from the previous corollary that

Yo 1@ ya) < u(f)dp(a)a
v€Rs (U(Q))

Since a € Ag\A}’ was arbitrary, the estimate (9) follows. O

5. The elliptic contribution

In this section we will prove Theorem 1 for the elliptic part. Let A be a closed connected subgroup
of Ag and set fa(g)= [, f A dz. The essential step is the following assertion.

PROPOSITION 5.1. Let w e W, Q(w) =Q=LV and§{ €aj ., . Then

/ / / / (a™ uznwaulm) £ dm da duy dusy (10)
Uo(A)/Uw(A) JUo(A ¢ J Mo(A

is a continuous linear form on C(G(A);

Proof. By Corollary 3.5, it suffices to show that there exists a continuous seminorm g on
C(G(A); K) such that (10) is bounded by wu(f) for any non-negative right K-invariant f €
C*(G(A); K). Applying the argument of Lemma 3.3 to Ag/A, it is enough to consider the
case A= Ag. We write (10) as

/ / / / / fae (@ ugnyaubvm)a™ dm da duly dv dus.
Uo(8)/U(8) JU, 1 (A\Uo(8) JU, 1 (8) Jac Jaso(a)
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Conjugating ub over na, we get

/UO(A)/UU,()/_1 \UOA)/w //Mo

Fag (a Yugubn,avm)a= 6y, 71() dm da duby, dv dus

/ / / / Fag (@ ungyavm)a™ 8.0 i (a Y"Ydm da dv du
Uo(A) JU,,—1(A)\Uo(A) Mo(A)?

_/ / (Ff)ag (@™ 'nyav)a=5,1(a) da dv.
Uy—1(A)\Uo(A)

Using Mellin inversion, we can write this as

/ / / O\ (nyv)a 8,1 (a)50(a71waw71)%a(w_lflp‘ d\ dv da
Ac JU,—1(A\Uo(A) JAE(a§)ERe A=Xo

:/ / / c,o(/\)(nwv)(1_(1_1"71))‘_g d\ dv da
Ac JU, 1 (A)\Uo(A) JAE(a§)E:Re A=Xo

for any Ao € (ag )*, where we used Lemma 2.1. Suppose that \g — po lies in the positive Weyl
chamber. We claim that the integral is then absolutely convergent as a triple integral. Indeed,
replacing ¢(A) by |p(A\)| € I(A\o) and interchanging the order of integration, we get

/ / L)) (e)a TN da dx,
Re A\=X\g

Since ¢(A)(e) is rapidly decreasing, the integral over A\ converges. On the other hand, by
Lemma 2.2 and the assumption on &, (1 —w™!)\g + & is a positive linear combination of the
elements of Ag. Hence, the integral over a converges as well, justifying our claim.

Returning to the original integral, we can now rewrite it by interchanging the order of
integration as

/ / w, N\ (e)a T DA€ gg dx
Re A=Xg

I(a§ JZAY e ) L N)(A)(e) dA
—wole§ /289 [T oy Ve i

wVeAY

Our assertion follows now from Lemmas 3.7, 3.6 and Proposition 3.1 (with V' = ag , 4o = po and
S=ApN D1 ) O

Remark 2. Note that the argument above does mnot apply directly to feC(G(A); K)
(cf. Remark 1). For G =GL(2), a direct argument valid for any f € C(G(A); K) was given
in [FL11]. However, it seems harder to pursue this approach in the higher rank case.

We are now ready to prove the elliptic part of Theorem 1. Our point of departure will be
Proposition 5.1. Fix w € W and let Q = Q(w) = LV and & € af o+ be as above. We proceed in
several steps. In what follows, we will constantly use Corollary 3.5 so that we can assume that
f=0.

We first apply Lemma 3.3 to My to conclude that

/ / / Z fA a” ugnyauym)a da duy dus,
Uo(A)/Uw(A) JU(A c

méeMo(
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obtained from (10) by replacing the integral over My(A)! by the sum over My(Q), is also a
continuous linear form on C(G(A); K). Using (2), we can write this as

/UL(A)/UL( )/UL A)/UL(Q /U / Z fA o ugvmnyaur)a™* da duy dv dus,
O c

since the integral over a and u; does not depend on v. Combining v and us, we write this as

/ / / Z fA a” fumnygauy)a da duy du
Ug (A)/U5(Q) JUs(A ¢

meMo(
or, as

/ / / Z Z fA(a_luuzmnwaul)a_§ da duy du,
UF(A)/UF(@) JUo(A)

meMo(Q) u2eUF (Q)/UL(Q)

/Uc?(@)\UoL(A) /UoL(A) /V(A) / Z

meMo(Q) u2eUF(Q)/UL(Q)

or, if we wish, as

fA(a_lu_lugmnwaulug)a_g da duy dus du.

L

We write a = ara®”, where ar, € Ay, and ol € AL. Conjugating u; over a”, we obtain

/RN PO O D SR »

o' ( meMo(Q) u2eUE(Q)/UL(Q)

fala™ L ugmngaruia U3) € da duy dus du.

/( \UOL(A/ /c Z

Next, we claim that

us€UF(Q meMo(@) u2€U5 (Q)/U5(Q)
fala 'u " Yugmnyaruiusua®)a” £(5POL(a)*1 da duy du,

obtained by replacing the integral over ug € UF(A) by a sum over a translate of (al)"!UF(Q)a®
and dividing by ¢ PL (a), is continuous. This follows from Proposition 4.4 applied to the parabolic

subgroup P = MoUl of L, the element a” € AL and the functions f(ga~!-a) on UF(A),

where @ = (a’)~'ual. For this, we use Lemma 3.2 and the fact that @ ranges in a compact set

because al’ € AL and u can be integrated over a compact fundamental domain for Ul (Q)\UZF(A).
Conjugating u; back, we obtain

[ O D SEED VD S

uz€UL(Q) meMo(Q) ua€UL(Q)/UL(Q)

fala™ ™ lugmng,aruzuatuy a5, L (a ) da duy du

and, since aj, commutes with U0 , we obtain

/\UL(A//Z 2

uz UL (Q) meMo(Q) uzeUE(Q)/UL(Q)

fala™ Ly~ lugmnwuguaul)a §5POL(LL) da duy du.
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We can rewrite this as

/ / / Z fala™ " muauy )a 55PL( )~ da duy du.
5 (Q\Ug (8) JV(A)

We conclude that

/ / / / Z Ffala ' u v imwvuauy )a = 8 pr (a) 7t da duy dv du
Ug (Q\U§ (8) JV(@\V (8) V(&) JAe " ooir 0

is continuous, since the integral over a and w; is independent of v. In particular,

/ / / / Z fale ™ u o bmovuaur )a = 6 pr (a) 7t da dv duy du
UEQ@\UE®) Jvia) Jv@wve) Ja. oL 0

is continuous. The next step is to show the continuity of

fala™fu Yo tmuyvua)do(a) ™t da dv du
/ & (@\U§ (A /V(Q NV (A / Z Z

C me&y u1€l€,m )

/U (@\Uo(A / Z Z fA(afluflmuwa)%(a)*l da du.

¢ me€y u1 ERm (V(Q))

In other words, we want to replace the integral over u; € V(A) by the sum over a translate of
a ' km(V(Q))a and divide by dg(a)a=¢. For this, we apply Proposition 4.4 and Lemma 3.2 to
the functions f(gi~! - @), where @ = a~'vua, taking into account that @ ranges in a compact set
because a € A, and u and v can be integrated over compact fundamental domains. By Lemma 3.2,
we conclude the continuity of

/ /U (@\Uo(A /M (Q)\ Mo (A)! / Z fa((uask) ™ muy (uask))do(a) ™" da ds du dk

mEG
u1€Rm (V(Q))

by considering f**(-) = f((sk:) - sk) for any s € My(Q)\Mo(A)! and k€ K and using the
compactness of My(Q)\My(A) .

Finally, by the Bruhat decomposition and (4), the sum of these expressions for all w € W' is

/ /U p— /MO O / S Ffal(uask) ™ y(uask))do(a) ™" da ds du dk

C EG((@)well

_ —1
= /A s > falg'vg) dg, (11)

¢ 'YEG(Q)WeH
which is therefore continuous.

Taking A= Aq, the elliptic part of Theorem 1 now follows from the reduction-theoretic
inequality (3) and the fact that G(Q)en € G(Q)wel-

Remark 3. For the regular elliptic contribution, the argument simplifies: only w for which L =G
contribute and we do not need to use (9).

6. The semisimple terms

For any semisimple v € G(Q), let M(vy) be the centralizer of the split part of the center of
C2(). Thus, M(v) is the smallest Levi subgroup (not necessarily standard) defined over Q
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containing CZ (7). It is clear that M (g~ 1vg) = g7 M (7)g for any g € G(Q). Also, since C(7) is
reductive, any parabolic subgroup containing C2(7y) will also contain M (7). Denote by P(v) the
smallest standard parabolic containing C& (). By the proof of Lemma 2.3, P(v) is equivalently
the smallest standard parabolic P = MU containing « such that Cy(y) = 1. It follows that

{ulyu:u e UQ)} =~1U(Q). (12)

Clearly, P(p~!yp) = P(y) for any p € Py(Q). For any standard parabolic P, let M (Q).en1 = {7 €
M(Q): P(y) =P} C M(Q)wen. We recall the notation ap, Hp : G(A) — ap and the characteristic
functions 7p, 7p (e.g. [Art05, §§4-6]).

Observe that if f > 0 then for any standard parabolic P = MU we have
(g @r</‘/ v/ F(muk)rp(Hp(m) — Tb) du dm dk, (13)
Sc SI\/I

where T" € qg is such that (o, T') =log ¢ for all a € Ay.

LEMMA 6.1. Let T € ag. Then
f — Z fAG T 'yx)Tp( )(Tp(,y) — Hp(,y) (1’)) dx (14)
AGPO( )\Sc ’)/EG(Q)
is continuous on C(G(A); K).

Proof. As always, we can assume that f > 0. Using (12), we can write (14) as the sum over
standard parabolic subgroups P = MU of

Z faq (x_IVx)%P(TP — Hp(x)) dzx
Qss:P(7)=P

/AGPO (Q\Se Z Z fAG v ’YU‘I)TP(TP - HP( )) &

WGM )rcll UGU(Q)

/ Y fagleT T ) tp(Tp — Hp(w)) de
AgPo(Q)\S. 'yEM Q)ren v€U(Q)

- /AGPOM(@) >, fag(eyo)ip(Tp — Hpl(a)) do.

\Se YEM(Q)ren

/AGPO(@)\SC ~ea(

By (13), this is bounded by the product of fAG\AM 7p(Tp — X)1p(X — T}p) dX and

/ / Z fae (7 u™'m™Yymuk) du dm dk
K AN[P&VI(Q)\SCIW VEM(Q)rell U(A)

= 1 p
/A M PM(Q\SM Z (fP)ag(m™"ym)dm

¢ ’YGM(Q)rell

ST (Fp)ag(m ™t ym) dm,

¢ ’YGM(Q)WQII

5LLWﬂw%wmwh
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It remains to invoke the continuity of (11) with respect to M and A = Ag and the easy fact that
the map f — fp, C(G(A); K) — C(M(A); Nex K N M(A)) is continuous. O

We can now finish the proof of Theorem 1. Let Ty be as in [Art05, (9.4)]. Suppose that M (7)
is standard and that a(7" — Tp) > 0 for all a € Ag. For any x € G(A), let C}\Z(V) (x) be the convex

hull in ays(y) of w™(Tpr — Hpr(ny)), where w ranges over the set W (M (y)) of right WM.
reduced Weyl group elements such that M’ =wM (y)w™! is standard and P’ is the standard
parabolic subgroup with Levi M’. Set

. T
Uiz (@) = {1 if 0 € Cy) (@),

0 otherwise.

Alternatively,
U@ = [ 7 (Ter = Hpi(nyw))
weW (M(y))
(cf. the proof of [Art05, Lemma 17.2]). Then the weight function vy(,)(z) is equal to the volume

of the subset (’:?\3(7) (x) of a%(w) (cf. [Art05, pp. 62-63, 102]) and the semisimple part of the trace
formula can be written as

/ Fag(x™ ya)onr(y) (@) da
1CG(Q)ss ¥ AMCc(HQNG(A)

— / fag (x_lfy:c)wﬁ)(,y) (z) dx.
[Y]CG(Q)ss Ca (v, Q\G(A)

We claim that for any 1" as above we have
| fag (x’lvx)wﬂ(y) (z) dx

[Y]CG(Q)ss /CG(%Q)\G(A

Y fag(aT T o) (67) da
VICG(Q)ss 0€Ca (v,Q\G(Q)

</ > fac(@e)pe) (Tpe) — Hp) (@) da.
AP QNS 1eG(Q)us
Indeed, suppose that 1/)]?4(7)(5:1:):1 for some § € G(Q) and let Q= P(6-'v5)=LV. Then

§IM(7)d = M(67146) CQ and, hence, since M(y) and @ are standard, there exists w €
W (M (7)) such that 6 € ny,'Q(Q) and M’ = wM (y)w=' C L. Thus, 7o(Tg — Hg(z)) = 7o (Tg —
Hg(nywéz)) =1, since 7p/(Tpr — Hpr(ny0z)) =1 by the assumption on dz.

/AGG(@)\G(A)

Theorem 1 now follows from Lemma 6.1 upon substituting T = Tj.
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