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Abstract

If 2)} is a model with dimension and finite closure, then T(2ft) is No-categorical. If 3K is
atomic, has dimension and finitely many algebraic elements, then 3K has finite closure or a finite
basis. If 2R has finite closure, satisfies the Exchange Lemma, and one-one maps between
independent subsets are elementary, then W has dimension.

In Crossley & Nerode (1974, p. 44), the authors assume that the theories
which they treat are No-categorical, but note that it is sufficient, for their
purposes, to consider a complete theory T for which each Bn(T) is atomistic
and every model has finite closure. A large part of their work concerns models
with dimension. We show, in Section 1, that for a complete theory T with an
infinite model which can be covered by finitely many minimal formulae, in
particular with a model with dimension, T must be N0-categorical for its
model to have finite closure. We also show, in Section 2, that if a model is
atomic, has dimension and finitely many algebraic elements, then it has either
a finite basis or finite closure.

If Ti has dimension, then 2R satisfies the Exchange Lemma and one-one
maps between independent subsets of 9W are elementary (see Propositions 1
and 3). We show, in Section 3, that if W has these two properties and finite
closure, then Wl has dimension. No form of the axiom of choice is used.

Section 0 gives the notation and conventions we follow, as well as the
necessary definitions and propositions from Crossley & Nerode (1974).

0

MODELS. For a model, W, we use W to denote the domain of Wl, if no
ambiguity arises. We use a, b, etc. to denote elements of Ti and A, B etc. to

1 Sections of this paper were part of a thesis submitted for the degree of Doctor of Philosophy
at Monash University and under the supervision of Professor J. N. Crossley.
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denote subsets of 9ft. T(9ft) denotes the complete theory of 9ft. We do not
assume that the language of a model is countable but we do assume that the
language contains a symbol for equality and that 9ft is a normal model. Thus
we can define in the language quantifiers 3<kvn- • meaning "there exist < k
va • •" and 3kvu • • meaning "there exist exactly k v0 • • •". \(v0, • • -,vn) will
always denote a formula of the language of 9ft with all its free variables among
vo,---,vn. For au, • • •, an G 9ft we write 9ft h x(vu, • • •, vn)[aa, • • •, an] or

93?t= x[a,, ••-,«„] if ao,---,an satisfies \ m 9ft. If 7" is a complete theory,
Bn(T) denotes the boolean algebra of equivalence classes of formulae of the
language of T with all their free variables among vn, • • •, vn-u where
x(vu, • • •, un-i), ip(vu, • • •, «„_,) are equivalent if T \-\fvtl, • • -, vn-i(x *-* </*)• We

use x to denote the equivalence class containing x as no ambiguity arises. A
model W is atomic, if for every n-tuple (an, • • •, an-,) of W there is an atom x
of Bn(T(2R)) such that 3R\= x[a0, • • •, an_,]. We say Wl is covered by the
formulae x<(va), • • •, X"(v<>) 'T 3Jlt=\/vo(x, v • • • v *„). a is a solution of x(v0) if

ALGEBRAIC CLOSURE. We follow chapters 4 and 6 of Crossley & Nerode
( 1 9 7 4 ) . a i s a l g e b r a i c o v e r A if f o r s o m e a , , • • -, an E A , x ( v « , • • - , v n ) a n d

natural number k,

Wh(B<kvox(vo, • • •, vn) & x(v«, • • •, vn))[a, au • • •, an].

a is algebraic if it is algebraic over <f>. The algebraic closure of A, cl A, is the set
of all elements of Tl algebraic over A. Clearly A C cl A. Tl has finite closure if
clA is finite whenever A is finite. A is independent if for all a G A,
a £ cl(A\{a}). We write (a,, • • •, an) is independent if {a,, • • •, an} is indepen-
dent and the a, are distinct. A is a basis of 3ft if A is independent and
9ft = cl A. <f>(v0) is a minimal formula for 3ft if </> has infinitely many solutions
in 9ft and for each <p(v0, • • •, un) and a,, • • - , « „ £ 3ft either <^(u0) &
i//(u0, au • • •, an) or (t>(v0) & ~nl/(v0, au • • -,an) h a s finitely m a n y s o l u t i o n s in

9ft. Clearly if 4>{vn) is minimal and il/(vu) has only finitely many solutions then
<f> v 4> and 4> & —tip a r e minimal. Min (Tl) is the set of solutions of minimal
formulae. 9ft has dimension if for some minimal formula <j>, Wlh <f>[a] for
every non-algebraic element, a, of 9ft. If 9ft, 9ft' have the same language if,
A C9ft, A'CW and p: A -* A', then p is an elementary monomorphism if
for all a0, • • -,an E A and for all x(v», • • \ vn)G J£

Tl\= x[ao," " ', an] if and only if Wh x[p^u, • • -,pan)

(p is one-one as i? contains equality and 9ft is a normal model).
We use the following propositions.
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PROPOSITION 1. (Crossley & Nerode (1974), Lemma 6.4(ib)). (Exchange
Lemma) For any model, 9ft, if {au • • •, an} C9ft is independent but
{fli, • • •, an*i} is not, and an + , G Min (9ft), then an+, £ cl{ai, • • •, an).

PROPOSITION 2. (Crossley & Nerode (1974), Lemma 6.4(ii)). For any
model 9ft, suppose A,B C Min (9ft), cl A C cl B and A is independent. Then

(a) card A § card B
(b) there is a subset Bn of B such that A U Bo is independent and

cl (A U B(1) = cl B.

An obvious and trivial modification of the proof of Crossley & Nerode
(1974), Lemma 6.9, gives:

PROPOSITION 3. Let 3ft, 9ft' be models of a complete theory T, A C
Min (9ft), B C 9ft' independent sets and p: A—*B a one-one map such that for
a G A there is some minimal formula, (f>(v0) for 9ft such that 9ft(= 4>[a] and
3ft'1= 4>[p(a)]. Then p is an elementary monomorphism.

1

We can prove our first result immediately.

THEOREM 4. Suppose a complete theory T has an infinite model 9ft with
finite closure which is covered by minimal formulae <f>,, • • •, <f>n. Then Bm(T) is
finite for all m and T is H,,-categorical.

PROOF. We may assume that 3ft 1= A,^ Vu0—i(<^,(u0) & <fo(u<,)). For if,
for iV/, 9ftl= (<fr & (f>j)[a] for infinitely many a then replace <f>, (say) with
</>,-v <fo and delete <̂y Now 3fth(#, <fe ~ i$ , ) [a ] for finitely many a, so
<£, v (<f>, & —i $,) (i.e. <fr v $;) is again minimal. If 9ft |= ( ^ & </>,)[a] for finitely
many a and i < / replace <£, with </>, tfe ~~i $„ which is again minimal. In both
cases the new $'s cover 9ft, so a simple induction validates the assumption.

Let D, = {a G 9ft: 99? H </>,[a]}. By the definition of a minimal formula
each D, is infinite.

Suppose m G a>. Then there is an independent subset C of 9ft such that
card C n D, = m for all i, for if not, let r be the least m for which it fails. Then
r > 0, and there is an independent C" such that card C" n D, = r - 1. As cl C"
is finite and D, is infinite, there is d E D, such that C i ^ c l C . So by
Proposition 1, C U j c J is independent. Thus we can construct by induction
C" such that card C" PI D, = r for i = 1, • • •, n, contradicting the choice of r.

If ^ £ B « ( 7 ) , * ^ 0 , then Tr-3u,, • • •, vm\(vu • • •, vm). So there are
a,, •• ,am EWl such that 9JJh *[a,, • • •, am].

By Proposition 2 there is an independent set A = {a[, • • •, a'm) C
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{a,,---,am} such that cl{a,, • • •, am} = cl A. Thus {au • • •, am) Cc l A. As

card A (1 A S m there is a one-one map p:A^>C which satisfies the

hypothesis of Proposition 3 and so is elementary.

As {a,, • • •, am} C cl A, for i = 1, • • •, m, there are formulae ipi(v,,, • • -,vm-),

cr,(vo, • • -, vm) and natural numbers k, such that

a,(vn, • • •, vm) = (iAi(u,), • • •, vm) & 3<kiu,,i/rj(t),l, • • •, vm))

a n d

er, [a,, a ! , ••• , a'm].

Hence 2Rf= (3M,, • • •, Mm(*(u,, •••,um) & A™, ^(M,, u,, • • •, um )))[a!,
and so

SB 1= (3 «„ • • -, Km (*(«•> ••;um)& A o-.("" «i. • ' • ,"-

As p(a',)e. C, there exist c,, • • •, cm G cl C such that
The map q: B m ( T ) ^ ^>((cl C)m) given by

= {(C, • • •, cm ) e (cl C)" : » ( > ^[c,, • • •, c, ]}

is one-one, for suppose ^ , , ^ 2 e B m ( T ) and \\ ^ X?- Then we may assume
^i & —i \i ^ 0. So by the above, there are c , , - - - , c m G C such that
9Wt=*, <fe - i^ 2 [c , , - - - , c m ] and therefore ^ ( ^ , ) ^ <?(^). But ^((clC)m) is
finite as cl C is, whence Bm(T) is finite.

So by Ryll-Nardzewski (1959), T is K,,-categorical. We note that this
direction of Ryll-Nardzewski's proof does not require the axiom of
choice. •

Regarding the converse of Theorem 4, if sSi (= T and Bm(T) is finite for all
m, indeed just for m = 1, then 93? can have at most finitely many minimal
formulae, as it has only finitely many inequivalent 1-place formulae. However
(O, = ) is a model of an N0-categorical theory and has no minimal formulae.

COROLLARY 5. If T is a complete theory with a model Tl with dimension
and finite closure, then Bm(T) is finite for each m and T is Ho-categorical.

PROOF. AS W has finitely many algebraic elements, vn = v0 is a minimal
formula which covers W. •

COROLLARY 6. / / T is a complete theory with a model Tl with dimension
and finite closure then every model sJf of T has dimension and finite closure.

PROOF. By Corollary 5, Bm(T) is finite for each m and so by Crossley &
Nerode (1974), Lemma 5.9, 9? has finite closure. Furthermore SJ? is atomic.
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As W has dimension and finite closure, vn = Do is a minimal formula for

W. We will show v0 = va is a minimal formula for 9?.

Let au • • •, an G 9? and x(vo, • • • ,«„) be any formula. Let i/f(u0, • • •, un-i)

be the atom satisfied by a,, • • •, an and let b,, •••,/>„ E 39? satisfy ij). As v0 = v0

is a minimal formula for Wl,

for some finite k, where cr is x o r ~~' X- Hence

Tl-Vii , , • • •, vn(ip(vu • • •, t\,)-»3<ki>o0-(uo, • • -, vn))

as 4> is an atom and so

< R h 3 < l t t ) 0 o - ( u o , - - M ; B ) [ a i , - - - , a , ] .

So Vo— v0 is minimal for 91? whence 3f has dimension. •

We first prove a theorem from which our second claim follows readily:

THEOREM 7. Suppose ffl is an atomic model of a complete theory T and

<f>(v0) is a minimal formula for W. Then for all n such that W contains an

independent set with s n + 1 solutions of<f>, there is a formula pn+i, an atom of

Ba + 1(T), such that for any model W of T:

2R'I= pn+,[a'o, • • •, a'n] if and only if

(a'a,-•-,a'n) is independent and 2R'f= <f>[a't\ i - 0 , - -,n.

PROOF. Suppose (a0, • • •, an)CW is independent and Wlh <f>[ai] i =

0, • • •, n. Then the at are distinct. As 9K is atomic, there is an a tom p n + ] of

B n + , (T) such that Wh pn+\aa, • •-, an]. W e show that it has the desired

property.

Suppose {a'o, • • •, a'n)CW is independent and W1= <}>[a',] i = 0 , • • - , « .

Then by Proposition 3, p: a{ •-» a\ is elementary whence

3K'Npn +i[p(a0) , • • -,p(an)] which is precisely W.'\= pn + 1[ao, • • •, a'n].

Conversely, suppose Wh pn + \a'o, • • -,a'n] and (a0 , • • •, a'n) is dependent .

We may assume, without loss of generality, that a j G cl{a | , • • •, a'n}. So there

is a formula ip(vQ, • • •, vn) and natural number k, such that

So Tl-3«o, •
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But pn+i is an atom of Bn + ,

So

But 37?H pn + t [a 0 , • • •, an], s o Wl\=(>p& 1^kva4))\a0,-•-,an\.

Hence an G cl{a1( • • -,an) which contradicts the independence of (an, • • •, an).
So (a'o, • • •, a'n) is independent.

It remains to show that SR'H </>[a'] i = 0, • • •, n.

pn+i & /\ 4>(i
i =0

Hence T h Vu0, • • •, un (p*+i—• Ar»o<^(u,)) as pMM is an atom of Bn + ,(T), and so
Wh A"=l,(t>(Vi)[a'0,---,a'n] as SJJ'h pn.,[«,'„ • • •, a'n\. D

COROLLARY 8. Suppose Wl is an atomic model of a complete theory T,
4>(v0) is a minimal formula and D = {a: SWt= $[a]}. / / there are arbitrarily
large finite independent subsets of D, then for any finite A C D, D D cl A is
finite.

PROOF. Suppose for sortie A C. D, that A is finite but DDclA is infinite.
Let A = {a,, • • •, an}. We may assume that A is independent, for by Proposi-
tion 2, there is an independent A'QA such that c lA ' = clA (No choice is
needed as A is finite). By Theorem 7 and the hypothesis there is an atom of
B_ + i ( r ) , pn+1(u0, • • -,vn), such that for d, G D, SJJ?I= pn + ,[d0, • •-,<*„] if and only
if (d0, • • •, dn) is independent. By Proposition 1, if (d,, • • •, dn) is independent,
2J?H pn + 1[d0, • • -, dn] if and only if d o £ cl{d,, • • •, dn}.

As D n cl A is infinite then (/>(uo) & ~~> pn + i(f0, fli, ••-,«„) has infinitely
many solutions in W, and as </> is minimal, 4>(v0) & pn + i(vn, a,, • • •, an) has
finitely many solutions, du- • -,dk say.

H e n c e D C c l { a , , • • •, an, du • • -, dk] a n d {a,, • • •, an, d,, • • •, d t } C

Min(3K). So if {a[, • • •, aL}Q D is independent, by Proposition 2,

m = cardfa!, • • •, al] S cardja,, • • •, <?„, du • • •, dk} S n + k,

which contradicts the hypothesis of the corollary.
Hence D f l c l A is finite for all finite A CD. •

The main result of this section is:

COROLLARY 9. / / W is an atomic model with dimension and finitely many
algebraic elements then ffll has a finite basis or finite closure.
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PROOF. The following are clear, as is the deduction of Corollary 9 from
them and Corollary 8.

If Wl has dimension and cl (/> is finite there is a minimal formula <£ for
which D = 3R. If W does not have a finite basis then it has arbitrarily large
independent subsets. •

We can find atomic models with dimension and finitely many algebraic
elements with a finite basis but not finite closure ((Z, S) where S(n) = n + 1)
and with no finite basis but finite closure ((N, = )). Models with a finite basis
and finite closure are finite and so do not have dimension, as we require a
minimal formula to have infinitely many solutions.

If we do not assume that sJJl is atomic, then Corollary 9 is false. If we take
27i = (V, +,/A)AGF where V is an infinite dimensional vector space over an
infinite field F, and /A: v •-» Xv is a unary function, then 9W has dimension but
neither a finite basis nor finite closure, as algebraic closure is closure in the
usual vector space sense, ffl is not atomic, for if {a0, • • •, an) is independent,
Wl\= an/ AiOi + • • • + \nan for all A,, • • • , A , £ F , whereas Bn+l(T) is gener-
ated by {AoUo = AiUi + ••• +Ant>n: A* G F) as T(W) admits elimination of
quantifiers. Hence there is no atom satisfied by (a0, • • •, an).

Combining Corollaries 5 and 9 we obtain:

COROLLARY 10. If T is a complete theory with an atomic model with
dimension but no finite basis and finitely many algebraic elements then T is
Ho-categorical.

THEOREM 11. Suppose 3Jf has the following properties.
(1) Wl has finite closure.
(2) / / {ai, • • -, an) C SJf is independent and {au • • •, an + l} is not, then

an+1 G cl{ai, • • •, an}. (9ft satisfies the Exchange Lemma).
(3) / / A,B CW are independent and p : A —> B is one-one, then p is

elementary.
Then Tl has dimension.

PROOF. We prove the following by induction on n:
(4) If {a,, • • -,am) is independent, b,, • • -,bn G cl{a,, • • •, am} then there

exist Ci, • • •, cp such that {a,, • • •, am, c,,•••, cp} is independent and for any
formula ^ (u , , • • •, um + n + p + 1) and for any du d2 £ cl{a,, • • •, am, c, • • •, cp},

3R\= i/>[<2i, • • •, am, b\, • • -, bn, cu • • -, cp, d,] if, and only if,

i, • • •, am, bu • • -, bn, c,, • • •, cp, d2].

https://doi.org/10.1017/S1446788700019571 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700019571


428 W. F. Gross [8]

Suppose n = 0. If dud2f£cl{au • • •, am} then, by (2), {a,, • • -,am,d,} and

{a,, • • •, am, d2} are independent, and (4) holds by (3).

Suppose (4) holds for some n and bn + , e cl{at, • • •, am}. Then fcn+1 G

cl{fl,, • • •, am, bi, • • •, bn, Ci, • • •, cp} and there is a formula ^(tfo, • • •, um+n+p)

and a natural number fc(,S 1, such that

We construct sequences ka> fci > • • • > kq S 1, *o, • • • ,*„ cp+), • • - , c p + , ,

such that for any formula ip(v,, • • •, vm^n^P^q+2) and du d2 £ cl{ai, • • •, am,

p [au • • •, am, bu • • •, bn+l, d, • • -, cp+q, d,] if, and only if,

9Kl= iA [au • • •, am, bu • • •, bn+u c,, • • •, cp+<?, d2].

If (5) holds with q = 0, we are done. If not, there is a formula

,, • • -, um + n + p + 2) and di, d2 £ c\{au • • •, am, cu • • •, cp} such that

(6) 2Rl= ^ [ o , , • • •, am, fc,, • • •, bK + x, cu • • -, cp, d,]

and

(7) Tl h - 1 i/r[a,, • • •, am, 6,, • • •, bn^, cu • • •, cp,

Put cp+i = di and put

By (2), {a,, • • •, am, Ci, • • •, cpTi} is independent . Clearly

Wl= xAbn + i, a,, • • -,am,b,, • • •, fon, cu • • - , c p + 1 ] .

A n d

(8) 9 W h 3 t ; o ( x o * ~ 1 ^ i ) [ « i , > • -,am,bu- • •, ftn, c , , • • •, cp+1]

for s u p p o s e o t h e r w i s e . T h e n

3W(= Vuo(xo—•A' lHai , • • - , a m , fti, • • •, fcn, Ci, • • - , c p , d i ]

w h e n c e , by (4),

3 K H V U O ( A ' O ^ A ' I ) [ « I . " -,am,bu-- -,bn,c,,-- - , c p , d 2 ] .

B u t 9W|= Xo[bn+t, au • • -, am, fti, • • •, bn, cu • • •, cP] a n d so

WhXi[bn+u a,, • • \ am, bu • • •, bn, c , • • •, cp, d2]

and therefore
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93? h= «/ r [a , , • • - , a m , b u - - - , b n + i , c u - • - , c p , d2]

which contradicts (7). Thus (8) holds and

93? 1= 3k'vnxi[vlh au • • •, am, bu • • •, bn,cu • • - , c p + 1 ]

where 1 Si fci < fc(>.

We can choose %„ c, is a similar fashion until (5) holds, which is when (4)

holds for n + 1.

Thus (4) holds for all n.

Now suppose bi, •••,£>„£ 93? and t/>(u0, • • •, vn) is any formula. Using (2),

we can choose a\, • • •, am G {ft,, • • •, />„} such that {a,, • • •, am} is independent

and bu • • -,bn E. cl{a,, • • •, a m } . By (4), there exist c,, • • •, cp such that for all

X(vo,- • \ un) and dud2 £ { a i , • • •, am, c , • • -,cp} 33? 1= x[d\, bu • • •, bn] if, and

only iim\=x[d2,bu---,bn}.

If 4i(v0, b,, • • •, bn) has infinitely many solutions in 3JJ, then
^ 1 = ijj[d, bu • • •, M for some d ^ cl{a,, • • •, am, c , • • •, cp} as
cl{a,, • • •, am, Ci, • • •, cp) is finite by (1). Hence 9K(= i/»[d, fc,, • • •, bn] for all
d £ c\{ciu • • •, am, Ci, • • •, cp} and 9W|= —i i/r[d, b1; • • •, bn] for at most d E
cl{a,, • • •, am, C\, • • •, cp}. Thus —i t//(t)0, bi, • • •, bn) has finitely many solutions,
and so v0 = un is a minimal formula.

Therefore 37? has dimension. •

Conditions (2) and (3) are not sufficient for 9JJ to have dimension.
Consider the model 31 = (Z x Z, < , S) where

(rti, m, )< (n2, m2) if tii=n2 and m , < m 2

and

S((n, m)) = (n, m +1).

It is easy to see the following:
(a) cl{(n,,mi), • • \(n,, in,)} = {n,, • • •, n,}x Z.
(b) {(ni, m,), • • -,(«,, m,)} is independent if and only if «,, • • •, n, are distinct,
and therefore (2) holds.
(c) If A, B C 9? are finite and independent and p: A -* B is one-one, then p
extends to an automorphism of sJi and so is elementary. Therefore (3) holds.
(d) 9? has no algebraic elements and i>0< au ~\vo< at both have infinitely
many solutions in 91. Thus 91? does not have dimension.

By Corollary 5, if 93? satisfies (1), (2) and (3), then Bn(T(W)) is finite for
each n, and so W is atomic. However Theorem 11 does not hold if we replace
(1) by "3J? is atomic", for the model 31 provides a counter-example.
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lff(vu, • • •, Vikl, • • •, Vn, • • •, U H C , )

= A ("I (*>„. < «hi) &- ~> («bi < O & A A vih = S'>-HvJ)

is a formula satisfied by

((ni, ffin), • • - , (« ! , w , k l ) , • • -,(n,, w, ,) , • • -,(«,, m H ) )

where «i, • • - ,« , are distinct, and is an atom, as can be seen by extending the
map ay >-» a'ij, where 9?h i/»(an, • • •, a,k,) and SJ?(= iA(a!i, • • •, a'»<,), to an au-
tomorphism of 9?.
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