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ABELIAN GROUPS IN WHICH EVERY «-PURE 
SUBGROUP IS /3-PURE 

J. DOUGLAS MOORE AND EDWIN J. HEWETT 

1. I n t r o d u c t i o n . T h e determinat ion of the abelian groups in which every 
neat subgroup is pure is a relatively routine exercise (see [6]). There are 
numerous problems of this type ; for example, the determinat ion of the groups 
in which every pure subgroup is isotype or the groups in which every subgroup 
is isotype. These are all special cases of the general problem of determining 
the abelian groups in which every a-pure subgroup is /3-pure for a rb i t ra ry 
ordinal numbers a and ft. T h e solution of this general problem is the object 
of this paper. 

T h e abelian groups in which every pure subgroup is a direct summand have 
been characterized (see [3]). An application of our main theorem will yield a 
characterizat ion of the abelian groups in which every a-pure subgroup is a 
direct summand, where a is an arb i t ra ry ordinal number . 

2. P r e l i m i n a r i e s . We shall use the word group to mean abelian group in 
this paper and the terminology and nota t ion of [2] will generally be followed. 
Le t G be a group, p a prime, and a an ordinal number . T h e subgroup paG of 
G is defined inductively to be p(pa~1G) if a — 1 exists and f W a paG otherwise. 
A subgroup H of G is pa-pure (sometimes called weakly £>a-pure) in G provided 
H C\ paG = paH for every a ^ a and H is a-pure provided H is ^"-pure for 
each prime p. H is isotype (p-isotype) in G if H is a-pure (pa-pure) in G for every 
ordinal a. I t is convenient to consider the class of extended ordinal numbers , 
which is obtained by adjoining the element oo to the ordinal numbers as a last 
element ( tha t is, a < oo for every ordinal a ) . If we let pœG = C\a<œ paG, then 
H is £>-isotype in G provided t h a t H Pi paG = paH for every a ^ co ( tha t is, 
H is £°°-pure). Similarly, an isotype subgroup is now an oo-pure subgroup. 
A 1-pure ( ^ - p u r e ) subgroup is commonly called a neat (p-neat) subgroup, 
and an co-pure (£w-pure) subgroup is called a pure (p-pure) subgroup. 

Le t p and q be primes and a and 13 extended ordinal numbers . W e shall call 
G a [qa, pP]-group if every qa-pure subgroup of G is also ^ - p u r e . (In the case 
q = p, we are concerned only with a < 13.) G will be an [a, f$\-group if every 
a-pure subgroup of G is /3-pure. T h e characterizat ion of the [a, fi]-groups 
(Theorem 4.3) is our main result. W e also determine the [qa, p$\-groups 
(Theorems 4.1 and 4.2). If G has the proper ty t h a t every a-pure subgroup 
is a direct summand, then G will be called an fa, S]-group. An application of 
Theorem 4.3 will lead to a characterizat ion of the [a, 6]-groups (Theorem 5.3). 
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If x <E paG and x (t pa+lG, then a is called the p-height, hv{x), of x in G. If 
x € pœG, then &„(#) = oo. The Ulm /«-function, fv, of G is denned by 

/ , ( « ) = rank - ^ ^ 

for each ordinal a. Thus fp(a) ^ 0 if and only if G[p] contains an element x 
with hp(x) = a. The following elementary result, which is used in Section 4, 
exhibits a relationship between the Ulm function and the purity properties 
of a group. 

LEMMA 2.1. Let G be a group, p a prime, and a and fi extended ordinals satisfy
ing 1 ^ a < j8 ^ oo. Suppose that fp(y) = 0 /or a ^ 7 + 1 < & and that 
a — 1 exists. If H is a pa-pure subgroup of G, then H is also p^-pure. 

Proof. It will suffice to show that if a ^ a < fi and H is ^-pure, then H is 
^ + 1 -pure . Thus assume H is pa-pure and let x £ H H pa+lG. Then 
x 6 £*ff C £"#. Thus x = ph, h e pa~xH. But also x = £3/, 3/ G ^ G . There
fore h = 3/ + z, where z Ç p^^Glp]. The hypothesis on / ^ ( T ) requires that 
£a_1G|>] C ^G |>] . Thus 

h=y + z£p°GfMI = p°H. 

Therefore x = ph Ç pa+1H, as desired. 

The p-length, \P(G), of G is the least ordinal X satisfying £XG = px+1G. The 
following lemma will be useful. (The proof is routine; see [5].) 

LEMMA 2.2 [5]. Let a < \P(GP). (Gp is the ^-primary component of G.) Then 
there exists a finite ordinal n such that a + n < \P(GP) and fp(a + n) 9^ 0. 

We need to define two parameters involving the Ulm ^-function for use in 
the next section. 

Definition 2.3. Let G be a group and p a prime. Let 7 be an ordinal satisfying 
1 ^ 7 ^ \{G) and let 8 be any ordinal. We define ny and s(8) by 

= (inî{n è 0\fp(y - 1 + ») 5* 0} if 7 - 1 exists 
7 (0 if 7 is a limit ordinal, 

and 
*(ô) = sup{o- + l|o- + 1 < 8 and fp(a) 7* 0}. 

Note that Lemma 2.2 implies that n7 is a finite ordinal. Note also that 
7 S s(8) implies y + n7 ^ 8, with strict inequality holding when 7 is not a 
limit ordinal. 

Let H and i£ be subgroups of G. We say that H is K-high in G provided 
H r\ K = 0 and L H X 5e 0 for every subgroup L that properly contains H. 
The following lemma will be used in the next section. Refer to [4] for the proof. 

LEMMA 2.4 [4]. Let G be a group, p a prime, a an ordinal, and K a subgroup 
of G with K C PaG. If H is K-high in G, then H is pa+1-pure in G. 
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In the sequel T(p) will denote an arbitrary torsion group whose ^-primary 
component is zero. Bk

v will denote an arbitrary direct sum of cyclic ^-groups 
of orders pk. The subgroup generated by the subset 5 of G will be denoted 
by (S) and rrlH will denote the subgroup {x G G\nx G H), where H is a. 
subgroup of G and n an integer. 

3. Two existence lemmas. The messy part of the proofs of our main 
theorems lies in the construction of ^ -pure subgroups satisfying various 
specified conditions. We have isolated this work in the two lemmas of this 
section. 

LEMMA 3.1. Let G be a group, H a subgroup of G and p a prime. There exists 
a subgroup H* of G that contains H and satisfies the following properties: 

(1) H* is q-isotype in G for each prime q ^ p. 
(2) H is p-isotype in H*. 
In particular, H* is pa-pure in G if and only if H is pa-pure in G, where a is 

arbitrary extended ordinal. 

Proof. The construction of if* is similar to the proof of Proposition 26.2 
in [2]. We let HQ = H and proceed inductively. Having defined Hn we let 
Hn+i = (^Jq^p q~lHn). Then we let H* = Uw<w Hn. 

To show that H* is g-isotype it suffices to show that if H* is qa-pure for an 
arbitrary ordinal a, then H* is ga+1-pure. Thus assume H* is qa-pure and let 
x G H* H qa+1G. Then x = qg with g G qaG. Now x G Hk for some k, so 
qg G Hk. Thus g G Hk+l. Therefore, g£H* C\q"G = qaH* and x = qg G g«+1if*, 
as desired. 

The same type of proof shows that H is ^-isotype in H*. Assume H is pa-
pure in H* and let x G H (^pa+1H*. Then x = pg with g G paH*. Since 
g G H* there exists an integer m > 0 such that mg G H and m and p are 
relatively prime. Thus 1 = rm + sp for integers r and s, so g = r(mg) + 
^ ( ^ ) € -fiT. Therefore, g G H r\ paH* = paH. Hence x = pg e pa+lH, as 
desired. 

Clearly if is ^"-pure if H* is £a-pure in G. Conversely, suppose H O p&G — 
pm for all $ S a. Let x e H* n p^G. As above, m G ff. Thus 

rax G H C\pVG = ^fZ" C £"#*. 

Since ra is relatively prime to p, a routine transfinite induction argument 
shows that mx G pfiH* implies x G p^H*. Thus if* is pa-pure. This completes 
the proof. 

LEMMA 3.2. Let G be a group, p a prime, and ô an ordinal such that pbG con
tains a non-zero element, g0, whose order is infinite or a power of p. For each 
ordinal y let ra7 = —1 if y — 1 exists and let ra7 = 0 otherwise. 

For each ordinal y satisfying 1 ^ y ^ s{b) there exists a subgroup Hy of G 
satisfying the following properties: 
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(1) Hy is pv+ny-pure in G. 
(2) H9 C Hy if a < y. 
(3) Hy n py+n7+myG[p] = pôG[p]. 
(4) go G Hy. 
(5) go g py+ny+lHy. 

In particular, Hy is not a ps+1-pure subgroup of G in general and is not pB-pure 
if 8 is not a limit ordinal. 

Proof. We use transfinite induction on y. Starting first with the induction 
step, we assume that for each ordinal a < y the subgroup Ha exists and 
satisfies (1) through (5). If 7 is a limit ordinal, then we let 

Hy = U H9. 
<r< y 

Routine computations will verify that Hy satisfies (1) through (5). If 7 — 1 
exists and w7_i > 0, then we let Hy = iJ7_i. Properties (1) through (5) are 
trivially satisfied (here we have ny = w7_i — 1). If 7 — 1 exists and w7__i = 0, 
then we must construct Hy from Hy_i. Since fp(y + ny — 1) 9^0 there exists 
an element x G G[p] with hp(x) = 7 + ny — 1. Note that 7 + ny < 8, since 
7 ^ s(8). Thus we may write 

py+-y-iG[p] = p8G[p] 0 K 

with x G K and go = py with y G pi+^G. Let z = x + y and L = (#7_i, *)• 
We assert that X Pi Z, = 0. If not, then there exist elements v G K and 
w G i£y_i and an integer t such that z> = w + plz ?£ 0. If / = 0, then 
go = pz = — />w. But 

ze; G # 7_i H py+n-r-iG C Py~lHy^. 

Thus go G pyHy_i, contradicting that i77_i satisfies (5). On the other hand if 
/ > 0, then v = pl~lgo + w G ff7_i; that is, v G X Pi # 7 - i . But K C\ Hy^x = 0 
because i^7_i satisfies (3). Thus we conclude that K C\ L = 0, as desired. 
Now we let Hy be a i£-high subgroup of G containing L. Then i77 3 i^7_i, 
satisfying (2). i77 satisfies (1) as a consequence of Lemma 2.4. Using the fact 
that p6G[p] C Hy_i, one easily verifies (3) for Hy. Hy satisfies (4) because 
z G Hy and pz — g0. In order to see that (5) is valid, let us suppose that 
go G py+ny+1Hy. Then g0 = M w i t n * G py+nyH. Thus s = A + w, where 
u e Hyr\ py+^^Glp] because hp(z) = y + ny - 1. Thus u G £56 because 
of (3). But then z = h + u G py+nyG, a contradiction. Thus i77 must satisfy 
(5). This completes the induction part of the proof. 

To start the induction we construct Hlf imitating the method for Hy in 
the previous paragraph. Thus we choose x G G[p] with hp(x) = ri\ and, as 
before, write pniG[p] = p*G[p] ®K with x £ K. Now we let L = (psG[p], z) 
(z is obtained as before) and we consider K C\ L. If v is a non-zero element of 
K C\ L, then v ~ w -\- nz, where w G p8G[p] and « is a positive integer. 
Clearly p does not divide w. But p(nz) = 0, so ng0 = 0. Now we use the 
restriction on the order of go given in the hypothesis; that is, ng0 — 0 is not 
possible if the order of g is infinite or a power of p. Thus it follows that 
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K C\ L = 0. We let H\ be a K-high subgroup and routine computations will 
verify that Hi satisfies properties (1) through (5). This completes the proof. 

4. The main theorems. There are actually three main theorems. The 
characterization of the [qa, p&]-groups, p ^ q, is considerably easier than that 
of the [pa, p&\-groups. The [a, fi]-groups are easily determined once the 
[pa, pP]-groups are known. 

THEOREM 4.1. Let G be a group, p and q distinct primes and a and /3 extended 
ordinals with /3 > 0. Then G is a [qa, p^\-group if and only if pG = Tip). 

Proof. Assume first that pG = Tip). Now H C\ T(p) C P7H for any 
subgroup H and ordinal y > 0. Thus, in particular, every qa-pure subgroup 
is ^ -pure . 

Conversely assume that G is a [qa, p&]-group. If pG 9^ Tip), then pG 
contains an element x whose order is either infinite or a power of p. Let 
H = (x). Then H is not ^ -pure , so H* (see Lemma 3.1) is not ^ -pure for any 
0 > 0. But if* is g-isotype. Thus we must have pG = T(p), as desired. 

THEOREM 4.2. Let G be a group, p a prime, and a and /3 extended ordinals 
with 1 ^ a < /3 fg oo . 

(1) If a is a limit ordinal, then G is a [pa, p$]-group if and only if either 
(a) or (b) is valid: 

(a) Xp(Gp) < a. 
(b) p«G = B{ © T(p). 
(2) If a — 1 exists, then G is a \pa, p$]-group if and only if either (a) or (b) 

is valid: 
(a) fv(y) = 0 if y satisfies a ^ y + 1 < 0. 
(b) pa~~lG = .23/ 0 1^+/ 0 Tip) for some positive integer k. 

Proof of (1). For the necessity we use Lemma 3.2. If (b) is not valid, then 
there exists an element go € pa+1G whose order is either infinite or a power of p. 
If (a) also is not valid, then a = s (a) g s (a + 1). Taking y = a and 
3 = a + 1 in Lemma 3.2 we have a ^ -pure subgroup Ha which is not pa+1-
pure. Thus either (a) or (b) must be valid in order for G to be a [pa, p$\-group. 

The sufficiency of (a) is a consequence of Lemma 2.1, where we replace a 
by \{GV) + 1. Thus assume (b) is valid. Let H be a £a-pure subgroup and 
let a satisfy a < a ^ /3. Let x G H H p°G. Then x Ç Ï Ï H T(^), since 
^ G = r(£>). Thus the order of x is relatively prime to p, which implies that 
x £ pyH for every ordinal y. In particular, x G paH. Thus i7 is ^ -pure , as 
desired. 

Proof of (2). Assume that G is a [pa, p&]-group and that (a) is not valid. We 
show that (b) must hold. Our assumption implies that a S \(GP). Thus na 

exists (see Definition 2.3). Let fv be the Ulm ^-function for pa~1G. Then 
fp(y) = 0 if 7 < n«. If there exists an element go 6 ^«+%+1G whose order is 
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infinite or a power of p, then by Lemma 3.2 there exists a pa+na-pure subgroup 
Ha, which is not pa+n<x+1-pure. Bu t this is impossible because a + na + 1 ^ /3. 
T h u s 

pa+na+lQ = pna+2(pcc-lQ) 

is a torsion group with zero ^-pr imary component. Let k = na + 1. Then the 
condition t ha t ^ ( 7 ) ^ 0 only if^ — 1 ^ T = ^ and the above condition on 
p*+i(p«-iG) imply t ha t p*-*G = £ / ©£*+!* 0 T(p), as desired. 

Condition (a) is sufficient according to Lemma 2.1. Assume (b) is valid and 
let H be a £ a-pure subgroup of C7. Then H is ^ " ^ - p u r e by Lemma 2.1, since 

/ P ( T ) = 0 for a ^ 7 + l < a + fe — l . T h u s let o- satisfy a + k fg a ^ 0 
and let a; Ç i J Pi ^ G . Since p*G = £a+*G = T ( ^ ) , the order of a; is relatively 
prime to p. T h u s x Ç ^ i 7 . Therefore H is a ^ - p u r e subgroup, as desired. 

T H E O R E M 4.3. Let G be a group and a and f$ extended ordinals satisfying 
1 :g a < ft ^ 00. Then G is an [a, 13]-group if and only if G is a [pa, p13]-group 

for each prime p. 

Proof. T h e sufficiency is obvious. Conversely, assume G is an [a, ^]-group 
and let H be pa-pure. Then H* (see Lemma 3.1) is a-pure. Thus H* is /3-pure 
and, hence, ^ - p u r e . This makes H pP-pure, as desired. 

5. A n a p p l i c a t i o n . T h e objective of this section is the characterizat ion of 
the [a, S]-groups for 1 ^ a S ° ° . T h e proof of the following proposition is 
routine (see [1, p. 201, Exercise 11]). Gt denotes the torsion subgroup of G. 

PROPOSITION 5.1. Let G be a group and co ^ a ^ 00. Then G is an [a, S]-group 
if and only if G splits and both Gt and G/Gt are [a, S]-groups. 

Examples may be constructed to show t h a t Proposition 5.1 is not valid if 
a < co. T h e characterization of the torsion-free [co, 5]-groups m a y be found 
in [1, p. 166]. I t is clear, however, t ha t these are also the torsion-free 
[a, S]-groups for any a. We quote the result below. 

PROPOSITION 5.2 [1]. Let a be any extended ordinal. A torsion-free group G is an 
[a, S]-group if and only if G = D ®H, where D is divisible and H is a direct 
sum of a finite number of pairwise isomorphic rank one groups. 

If the reduced par t of each ^-pr imary component of a group G is bounded, 
then we shall say t h a t G is locally bounded. If the reduced pa r t of each 
^-pr imary component is bounded by pn for a fixed integer n, then G is n-
locally bounded. 

T H E O R E M 5.3. Let G be a group. 

(1) Let co ^ a ^ 00. Then G is an [a, S]-group if and only if G splits, G/Gt 

is a torsion-free [a, S]-group and Gt is a locally bounded torsion group. 
(2) Let 1 ^ n < co. Then G is an [n, S]-group if and only if G splits, G/Gt 

is a torsion-free [n, S]-group and either (a) or (b) is valid: 
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(a) G t is an (n — 1)-locally bounded torsion group. 
(b) G is a torsion group and for each prime p, Gp = H © i£, where pn~lH = 0 

and either K is divisible or K = Bk
p © Bk+ip for some integer k ^ n. 

Proof of (1). It suffices to establish that a torsion group G is an [a, S]-group 
if and only if G is locally bounded. The sufficiency follows fairly directly from 
the fact that a bounded pure (that is, co-pure) subgroup is a direct summand. 
The necessity is a consequence of the fact that whenever the reduced part of 
Gp is unbounded, there exist basic subgroups of Gp (which are always isotype) 
that are not summands. The proof of (1) is now completed by appealing to 
Proposition 5.1. 

Proof of (2). If G satisfies the conditions in (2), then G is an [oo, S]-group 
by (1). From Theorem 4.2 and Theorem 4.3 we deduce that either (a) or (b) 
suffices to make G an [n, co]-group. Therefore the conditions in (2) are suffi
cient to make G an [n, 5]-group. The conditions in (2) are also necessary 
conditions, since either (a) or (b) is necessary for G to be an [n, co]-group. 
This completes the proof. 
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