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Abstract

Let M, denote a random symmetric n X n matrix whose upper-diagonal entries are independent and
identically distributed Bernoulli random variables (which take values 1 and —1 with probability 1/2
each). It is widely conjectured that M, is singular with probability at most (2+0(1))~". On the other
hand, the best known upper bound on the singularity probability of M,,, due to Vershynin (2011), is
27", for some unspecified small constant ¢ > 0. This improves on a polynomial singularity bound
due to Costello, Tao, and Vu (2005), and a bound of Nguyen (2011) showing that the singularity
probability decays faster than any polynomial. In this paper, improving on all previous results, we

show that the probability of singularity of M, is at most 2! logn/1000 g0 ol sufficiently large n.
The proof utilizes and extends a novel combinatorial approach to discrete random matrix theory,
which has been recently introduced by the authors together with Luh and Samotij.

2010 Mathematics Subject Classification: 60B20

1. Introduction

The invertibility problem for Bernoulli matrices is one of the most well-studied
problems in discrete random matrix theory. Letting A, denote a random n x n
matrix, whose entries are independent and identically distributed (i.i.d.) Bernoulli
random variables which take values 41 with probability 1/2 each, this problem
asks for the value of ¢,, which is the probability that A, is singular. By considering
the event that two rows or two columns of A, are equal (up to a sign), it is clear
that
cn = (1+o0(1))n*2'".

© The Author(s) 2019. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence

(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any medium, provided the
original work is properly cited.

https://doi.org/10.1017/fms.2019.21 Published online by Cambridge University Press


http://journals.cambridge.org/action/displayJournal?jid=FMS
mailto:ferbera@mit.edu
mailto:visheshj@mit.edu
https://doi.org/10.1017/fms.2019.21

A. Ferber and V. Jain 2

It has been widely conjectured that this bound is, in fact, tight. On the other hand,
perhaps surprisingly, it is nontrivial even to show that ¢, tends to 0 as n goes to
infinity—this was first accomplished in 1967 by Komlés [8], who showed using
the classical Erdés—Littlewood—Offord anticoncentration inequality that

o= 0m ).

Subsequently, a breakthrough result due to Kahn, Komlés, and Szemerédi in 1995
[7] showed that

¢, = 0(0.999").

After intermediate improvements in the base of the exponent due to Tao and Vu
[15] and Bourgain, Vu, and Wood [1], this conjecture has been settled up to lower
order terms recently (in fact, a few months after the appearance of the present
work) in a very impressive work of Tikhomirov [17], showing that

e < 2+o()™.

Another widely studied model of random matrices is that of random symmetric
matrices; apart from being important for applications, it is also very interesting
from a technical perspective as it is one of the simplest models with nontrivial
correlations between the entries of the matrix. Formally, let M,, denote a random
n X n symmetric matrix, whose upper-diagonal entries are i.i.d. Bernoulli random
variables which take values £1 with probability 1/2 each, and let g, denote the
probability that M, is singular. Despite its similarity to c,, much less is known
about g,, as we discuss below.

The problem of determining whether g, tends to O as n goes to infinity was first
posed by Weiss in the early 1990s and only settled in 2005 by Costello, Tao, and
Vu [2], who showed that

G = 0(n71/8+0(1))‘

In order to do this, they introduced and studied a quadratic variant of the Erd&s-
Littlewood—Offord inequality. Subsequently, Nguyen [9] developed a quadratic
variant of inverse Littlewood—Offord theory to show that

qn = OC (n—C)

for any C > 0, where the implicit constant in O¢(-) depends only on C. This
so-called quadratic inverse Littlewood—Offord theorem in [9] builds on previous
work of Nguyen and Vu [10], which is itself based on deep Freiman-type theorems
in additive combinatorics (see [16] and the references therein). The current best
known upper bound on ¢, is due to Vershynin [18], who used a sophisticated and
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technical geometric framework pioneered by Rudelson and Vershynin [13, 14] to
show that ‘
4. =0@2™)

for some unspecified small constant ¢ > 0.

As far as lower bounds on ¢, are concerned, once again, by considering the
event that the first and last rows of M, are equal (up to a sign), we see that g, >
(24 o(1))™". It is commonly believed that this lower bound is tight.

CONIJECTURE 1.1 [2, 19]. We have
gn = 2+o0(1)™".

In this paper, we obtain a much stronger upper bound on ¢,, thereby making
progress towards Conjecture 1.1.

THEOREM 1.2. There exists ny € N such that for all n > n,

—nl/4
Gn g o logn/lOOO'

REMARK 1.3. While the constant 1000 in the above theorem is somewhat
arbitrary, the leading order term n'/4,/logn in the exponent is optimal for the
argument in this paper. We believe that improving the exponent to even n‘!/2+¢
(for some absolute constant € > 0) will likely require new ideas beyond those in
the present work, since even in the case of i.i.d. Rademacher random matrices, the
combinatorial techniques from [3] that we build upon here are only able to obtain
an upper bound of 2-?“" on the singularity probability.

Apart from providing a stronger conclusion, our proof of the above theorem
is considerably shorter than previous works, and introduces and extends several
novel combinatorial tools and ideas in discrete random matrix theory (some of
which are based on joint work of the authors with Luh and Samotij [3]). We
believe that these ideas allow for a unified approach to the singularity problem
for many different discrete random matrix models, which have previously been
handled in an ad hoc manner (see also the discussion at the end of the next
subsection).

1.1. Outline of the proof and comparison with previous work. In this
subsection, we provide a very brief, and rather imprecise, outline of our proof,
and compare it to previous works of Nguyen [9] and Vershynin [18]; for further
comparison with the work of Costello, Tao, and Vu, see [9].
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Let x := (xy, ..., x,) be the first row of M, let M,Ll denote the bottom-right
(n — 1) x (n — 1) submatrix of M,, and for 2 < i, j < n, let ¢;; denote the
cofactor of Mnl_1 obtained by removing its (i — 1)* row and (j — 1)*" column.
Then, Laplace’s formula for the determinant gives

det(M,) = x; det(M,_)) — Y ¢;jx;x;,

ij=2

so that our goal is to bound the probability (over the randomness of x and c;;)
that this polynomial is zero. By a standard reduction due to [2] (see Lemmas 2.1
and 2.3 and Corollary 2.4), we may further assume that M} | has rank either
n — 2 orn — 1. In this outline, we will only discuss the case when M | has rank
n — 1; the other case is easier, and is handled exactly as in [9] (see Lemma 2.5
and equation (8)).

A decoupling argument due to [2] (see Lemma 2.10) further reduces the
problem (albeit in a manner incurring a loss) to bounding from above the

probability that
Z Z cij(xi — x)(x; — x;-) =0,

ielU) jeU;

where U, Ul U, is an arbitrary nontrivial partition of [n — 1], and x;,x} are
independent copies of x;,x; (see Corollary 2.11). For the remainder of this
discussion, the reader should think of |U,| as ‘small’(more precisely, |U,| ~
n'/*./logn). We remark that a similar decoupling based reduction is used in
[18] as well, whereas [9] also uses a similar decoupling inequality in proving
the so-called quadratic inverse Littlewood—Offord theorem. The advantage of
decoupling is that for any given realization of the variables (c;;).<; j<n and

(xj = x})jev,, the problem reduces to bounding from above the probability that

the linear sum
Z Ri(x; — x;) =0,

iEU]

where R; := )., ¢;j(x; — x}). Problems of this form are precisely the subject
of standard (linear) Littlewood—Offord theory.

Broadly speaking, Littlewood—Offord theory applied to our problem says that
the less ‘additive structure’ the |U,;|-dimensional vector (R;);cy, possesses, the
smaller the probability of the above sum being zero. Quantifying this in the
form of ‘Littlewood—Offord type theorems’ has been the subject of considerable
research over the years; we refer the reader to [11, 14] for general surveys on the
Littlewood—Offord problem with a view towards random matrix theory. Hence,
our goal is to show that with very high probability, the vector (R;);cy, is additively
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‘very unstructured’. This is the content of our structural theorem (Theorem 3.2),
which is at the heart of our proof.

The statement (and usefulness) of our structural theorem is based on the
following simple, yet powerful, observations.

e The (n — 1)-dimensional vector R := (R, ..., R,), where recall that R, =
> jeu, Cij(xj—x}), is zero if and only if x; = x for all j € |U,|, which happens
with probability exponentially small in |U,|; the if and only if statement holds
since the matrix (c;j)2<;,j<a 18 proportional to the matrix (M,Ll)‘l, which is
assumed to be invertible.

e The vector R is orthogonal to at least n — 1 — |U,| rows of M | (Lemma 2.12).
This follows since for any 2 < ji < n, the n — 1 dimensional vector (¢;j,)2<i<n
is orthogonal to all but the jyth row of M,Ll, again since the matrix (¢;;)2<ij<n
is proportional to the matrix (M! )~

e The probability of the linear sum ), R;(x; — x/) being zero is ‘not much
more’ than the probability of the linear sum ), Ri(x; — x]) being zero
(Lemma 2.9).

Taken together, these observations show that it suffices to prove a structural
theorem of the following form: every nonzero integer vector which is orthogonal
to ‘most’ rows of M,}_l is ‘very unstructured’. In [9], a structural theorem
along similar lines is also proven. However, it suffers from two drawbacks.
First, the notion of ‘very unstructured’ in the conclusion there is much weaker,
leading to the bound O¢(n~C) for any constant C > 0, as opposed to our
bound from Theorem 1.2. Second, such a conclusion is not obtained for every
nonzero integer vector, but only for those nonzero integer vectors for which
‘most’ coefficients satisfy the additional additive constraint of being contained
in a ‘small’ generalized arithmetic progression (GAP) of ‘low complexity’.
Consequently, the simple observations mentioned above no longer suffice, and
the rest of the proof in [9] is necessarily more complicated.

The structural theorem in [18] is perhaps closer in spirit to ours, although there
are many key differences, of which we mention here the most important one.
Roughly speaking, both [18] and the present work prove the respective structural
theorems by taking the union bound, over the choice of a nonzero (integer) vector
which is not ‘very unstructured’, that the matrix—vector product of M! | with this
vector is contained in a small prescribed set. A priori, this union bound is over an
infinite collection of vectors. In order to overcome this obstacle, [13, 18] adopt
a geometric approach of grouping vectors on the unit sphere into a finite number
of clusters based on Euclidean distances; using the union bound and a nontrivial
estimate of the number of clusters to show that with very high probability, the
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matrix—vector product of M

., With a representative of each cluster is ‘far’ from
the small prescribed set; and then, using estimates on the operator norm of M},
to deduce a similar result for all other vectors in each cluster. Naturally, this
geometric approach is very involved, and leads to additional losses at various
steps (which is why [18] obtains a worse bound on g, than Theorem 1.2).

In contrast, we overcome this obstacle with a completely novel and purely
combinatorial approach of clustering vectors based on the residues of their
coordinates modulo a large prime, and using a combinatorial notion due to Haldsz
[4] to quantify the amount of additive structure in a vector (Proposition 3.3).
In particular, with our approach, the analogue of the problem of ‘bounding
the covering number of sublevel sets of regularized LCD’—which constitutes a
significant portion of [18] (see Section 7.1 there), is one of the key contributions of
that work, and is also a major contributor to the suboptimality of the final result—
can be solved more efficiently and with a short double-counting argument (see
Theorem 3.10, which is based on joint work of the authors with Luh and Samotij
in [3], and Corollary 3.11).

It is worth mentioning that [18] provides bounds not just for the probability of
singularity of M,, but also for the probability that the ‘least singular value’ of
M, (as well as random matrices with more general entries) is ‘very small’. Very
recent work [5, 6] of the second author shows how to develop the combinatorial
ideas introduced in [3] (which we use here) in order to obtain quantitative control
on the lower tail of the least singular value for a variety of random matrix models.
We anticipate that the ideas in the present work can be combined with those in
[5, 6] to control the lower tail of the least singular value of symmetric random
matrices as well.

The rest of this paper is organized as follows. In Section 2, we discuss in detail
the overall proof strategy leading to the reduction to the structural theorem; in
Section 3, we state and prove our structural theorem; and in Section 4, we put
everything together to quickly complete our proof.

Notation: Throughout the paper, we will omit floors and ceilings when they
make no essential difference. For convenience, we will also say ‘let p = x be a
prime’, to mean that p is an odd prime between x and 2x; again, this makes no
difference to our arguments. As is standard, we will use [n] to denote the discrete
interval {1, ..., n}. All logarithms are natural unless noted otherwise.

2. Proof strategy: reduction to the structural theorem

In this section, we discuss the strategy underlying our proof of Theorem 1.2.
The key conclusions are equations (2), (8), and (12), which show that it suffices
to prove the structural theorem in Section 3 in order to prove Theorem 1.2.
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2.1. Preliminary reductions. For any n € N and k € [n], let Rk;(n) denote
the event that M, has rank exactly &, and let Rk, (n) denote the event that M,, has
rank at most k. Thus, our goal is to bound the probability of Rk, (n). The next
lemma, which is due to Nguyen [9], shows that it suffices to bound the probability
of Rik,_1(n).

LEMMA 2.1 [9, Lemma 2.1]. Forany ¢ € [n — 2],
Pr[Rk¢(n)] < 0.1 x Pr[Rka—¢—2(2n — £ — D]

The proof of this lemma uses the following simple observation due to Odlyzko
[12]:

OBSERVATION 2.2. Let V be any subspace of R" of dimension at most £. Then,
[V N{£1})"] <28

Proof of Lemma 2.1. 1t suffices to show that for any £ < n — 2,
Pr{Rkea(n+ 1) | Rke(n)] = 1 =274 (1)
Indeed, iterating this equation shows that

Pr{Rkay—¢2(2n — € — 1) | Rke(n)]
n—t—1
> l_[ Pr [Rkl+2j(n +J) | Rkoyojr(n+ j — 1)]
j=1
n—{—1
> [Ta-27) =01,
j=1
which gives the desired conclusion.

In order to prove equation (1), consider the coupling of M, and M, ., where
M, is the top-left n x n submatrix of M, ;. Suppose M, has rank ¢, and let
V(M,) be the (¢-dimensional) subspace spanned by its rows. By Observation 2.2,
|V(M,) N {£1}"| < 2° Therefore, the probability that the vector formed by the
first n coordinates of the last row of M, lies in V (M,) is at most 27" If this
vector does not lie in V (M,,), then the symmetry of the matrix also shows that the
last column of M, | does not lie in the span of the first n columns of M, , so
that the rank of M, exceeds the rank of M, by 2. O

The following lemma, also due to Nguyen, allows us to reduce to the case where
the rank of the (n — 1) x (n — 1) symmetric matrix obtained by removing the first
row and the first column of M, is at least n — 2.
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LEMMA 2.3 [9, Lemma 2.3]. Assume that M, has rank n — 1. Then, there exists
i € [n] such that the removal of the ith row and the ith column of M,, results in a
symmetric matrix M,,_, of rank at least n — 2.

Proof. Without loss of generality, we can assume that the last n — 1 rows of M,
are independent. Therefore, the matrix M,_;, which is obtained by removing the
first row and first column of M,, has rank at least n — 2. O

As a simple corollary of the above lemma, we obtain the following:

COROLLARY 2.4. Fori € [n], let R/cfkl(n) denote the event that M, has rank
n — 1, and the symmetric matrix obtained by removing the ith row and the ith
column of M,, has rank at least n — 2. Then,

Pr [’Rkn_1 (n)] <nPr [Rlc}H (n)].
Proof. Suppose that M,, has rank n — 1. By Lemma 2.3, there exists an i € [n]

for which the (n — 1) x (n — 1) matrix obtained by deleting the ith row and ith
column has rank at least n — 2. Moreover, by symmetry,

Pr[RK._ (m)] = Pr[Rk._,(n)] foralli e [n].

Therefore, by the union bound,

Pr{Rk,_i(n)] = Pr [U RE. (n):| < Y PrRK,_,(m)] = nPr[Rk,  (n)].
i=1 i=1
O

Let M! | denote the (n — 1) x (n — 1) symmetric matrix obtained by deleting
the first row and first column of M,,. Let D(n — 1) denote the ‘degenerate’ event
that M! | has rank n — 2, and let ND(n — 1) denote the ‘nondegenerate’ event
that M | has full rank n — 1. By definition,

n—1
Rk,_,(n) = (Rk,_,(n) N D(n — 1)) U (Rk,_,(n) NND(n — 1)),
and hence,

Pr[Rk,_,(n)] =Pr[Rk,_(n)NDn—1)]+Pr[Rk,_ () NND(n—1D]. (2)

It is thus enough to bound each of the above two summands.
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2.2. Bounding Pr [Rlc},_l(n) ND(n — 1)]. Let x := (xq, ..., x,) denote the
first row of M,,. It follows from Laplace’s formula for the determinant that

det(M,) = x; det (M,_) — > cixix;, 3)

2<i,j<n

where ¢;; denotes the cofactor of M, ! | obtained by removing its (i — 1)*' row and

(j — 1)*" column. In order to deal with M, € Rk:l_l (n) N D(n — 1), we use the
following observation due to Nguyen (see [9, Section 9]).

LEMMA 2.5. For every M, € R/c,i_l(n) N D — 1), there exists some A =
A(M}_) € Q\ {0} and some a == a(M,_)) = (as, ..., a,) € Z"""\ {0} such that

M) a=0, “)
and
2
det(M,) =x< > aixi) : (3)
2<i<n
Proof. Let adj( ) denote the adjugate matrix of M, ,; note that this is

an integer-valued symmetrlc matrix since M | is an 1nteger—valued symmetric
matrix. Since M!_, is of rank n — 2, its kernel is of rank 1. Moreover, the equation

M)_ adj(M)_) =det(M,_ )1, (6)

shows that every column of adj (M,_,) is in the kernel of M}  asdet(M! ,)=0
by assumption. It follows that the matrix adj ( o 1) is an mteger-valued
symmetric matrix of rank 1, which cannot be zero since M, is of rank n — 2.
Hence, there exists some A € Q\ {0} and a vectora = (ay, ..., a,)T € Z"~1\ {0}
such that

adj (M,_,) = raa". (7)

In particular, every column of adj (Mnl_l) is equal to a multiple of the vector a.
By considering any column which is a nonzero multiple of a, equation (6) along
with det (M ! ) = 0 gives equation (4). Moreover, by writing the entries of the

n—1

adjugate matrix in terms of the cofactors, we see that equation (7) is equivalent to
the following: for all 2 < i, j < n:

Cij = )La,»aj.
Substituting this in equation (3) and using det (M}_,) = 0 gives equation (5). [

Before explaining how to use Lemma 2.5, we need the following definition.
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DEFINITION 2.6 (Atom probability). Let PR be an arbitrary ring (with a unit
element). For a vector a := (a4, ..., a,) € R", we define its p-atom probability
by
P, (@) := sup pr [ax) + -+ +axl =c],
CEMR X seens Xn
where the x/’s are i.i.d. random variables taking on the value 0 with probability
w and the values %1, each with probability (1 — ) /2.

REMARK 2.7. We will often refer to the 0-atom probability simply as the atom
probability, and denote it by p™(a) instead of p' (a). Similarly, we will denote
x? simply as x;.

Although we will not need them in this subsection, we will later make use of
the following two simple lemmas about the atom probability. The first lemma
shows that the w-atom probability of a vector is bounded above by the p-atom
probability of any of its restrictions.

LEMMA 2.8. Let a € R", and let a|y, denote the restriction of a to U, C [n].
Then,

py(@) < p,(aly,).

Proof. Let ¢* := arg max ep Prex [Ziem aix!' = c]. Then,

p?(u) = P{[Zaixi“ =c*} :Pﬂr[ Z ax!' =c* — Z aixi”}

ieln] i€[U1] ie[U;]

S A PEEe |
i€lUi]

e —
e ielT)

<Eum, o) @lv)] = o, (@ly,),

il

where the third equality follows from the law of total probability, and the fourth
inequality follows from the definition of p°' (a|y, ). O

The second lemma complements Lemma 2.8, and shows that the p-atom
probability cannot increase too much if, instead of the original vector, we work
with its restriction to a sufficiently large subset of coordinates.

LEMMA 2.9. Let a € R", and let a|y, denote the restriction of a to U,. Then,

1—u —|Ua|
pp(aly,) < maX{M, T} P, ().

https://doi.org/10.1017/fms.2019.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.21

Singularity of random symmetric matrices 11

Proof. Let ¢y := arg max cp Pryu [Zl w, WX = c] where the x!"’s are as in
Definition 2.6, and let ¢; := ¢¢ + ZieUz a;. Then,

[Zax } > b [Zax } [Tl

i€[n] iel jeUs i
U.
2 Iou_ (a|U1)M‘ 2‘3
and

[Zax } > b [Zax } [Tl

i€n] iel; jeUs i

N AN
Z P, (a|U|)<T> .

Taking the maximum of the two expressions gives

|U2|
Py (@) > max {M, T} oy (aly,).

and by rearranging we obtain the desired conclusion. O

Returning to the goal of this subsection, for 0 < p < 1, let Null »(n—1) denote
the event—depending only on M! ,—that every nonzero integer null vector of
M! | has atom probability (in Z) at most p. Then, we have

Ef [Rk,_,(m) N D(n — D] < Ef [Rk,_,(n) ND(n — 1) N Null,(n — 1)]

Null,(n — 1)]

1
Mu—l

< Pr [( > ai(M,_)x ,:0) N Null,(n — 1)}

1
Mn—l’x 2<i<n

Null,(n — 1)]

n—1
< Z Pr |:< Z a,-(An_l)x,- = 0)]
An—1€Null,(n—1) * 2<i<n

xAEr [M1 | =A ]]

n—1

+ Pr |:Nullp(n — 1)]

n 1
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<pt P [N—ullp(n = 1)}, (®)

M

n—1

where the second line follows from equation (5); the third line is trivial; and the
last line follows from the definition of Null,(n — 1). Theorem 3.2 shows that
‘typically’, every nonzero integer null vector of M! | has ‘small’ atom probability,
and will be used to bound the right-hand side of equation (8).

2.3. Bounding Pr [R/c,ll_l(n) N NDn — 1)]. Once again, we start with
equation (3). However, for M,_; € ND(n — 1), adj (M,Ll) is invertible, and we
no longer have the factorization of the determinant in Lemma 2.5 available to us.
In this case, in order to reduce to a problem involving the anticoncentration of a
linear form, we will follow an idea by Costello, Tao and Vu [2]. The basic tool is
the following decoupling inequality from [2].

LEMMA 2.10 [2, Lemma 4.7]. Let Y and Z be independent random variables,
and E = E(Y, Z) be an event depending on Y and Z. Then,
Pr[E(Y, Z)]* <PI[E(Y,Z)NEY',Z)NEY,Z)NEY', Z)],
where Y' and Z' denote independent copies of Y and Z, respectively.
Next, we explain how to use the above decoupling lemma for our purpose. For

this discussion, recall equation (3). Fix a nontrivial partition [n] = U, U U,. Let
Y := (x))iey, and Z := (x;);ep,- Let E, ¢ := E, (Y, Z) denote the event that

OucY,Z) :=a— Z cijxix; =0,

2<i, j<n

where a and ¢ := (¢;;)2«;, j<» are fixed. Then, the previous lemma shows that
Pr[Eo(Y, 2)]' < Pr[Epe(Y, 2) N EqelY', Z) N Eyo(Y, Z) N Eo(Y', Z))]-
On the other hand, whenever the event on the right holds, we also have

Qa,c(Y, Z) — Qoz,c(Y/, Z) — Qa,c(Y, Z/) + Qa,c(Ya Z)=0.
Direct computation shows that the left hand side equals
Re:=Y Y cij(xi —x)(x; —x;) = Y Ri(x; — x)),
iel; jeU, iel;

where x; denotes an independent copy of x;, and R; denotes the random sum
> jew, €ij (X — x;). To summarize, we have deduced the following.
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COROLLARY 2.11. Let U; U U, be an arbitrary nontrivial partition of [n]. Let

w = (W, ..., Wy,) be the random vector with coordinates w; := x; — x;. Then,
with notation as above, and for any (n — 1) x (n — 1) symmetric matrix A,_,, we
have

1/4
[Rkn l(n)| 1_An 1 \ [ZR w,—0| I_Al‘l 1i| .

lEU]

Using this corollary, we thus see that

Pr[RE._,(n) N\ND(n — )]’
My

4
Z [Rk” l(n)| l_A” I]Pr[ n— l_An 1])

Ap—1eND(n—1) M

< Y Pr[RE_mIM) = A Pr[M) = A]

Ap_1eND(n—1) M

< > P [Z Rw; =0|M_ = An_l] Pr[M_, =A,]
A,,,leND(nfl)x'x iel;

- [(ZRwl _O)OND(n—l)} )
x,x’ Mrl .

iel;

where the second line follows from Jensen’s inequality. Hence, we have reduced
the problem of bounding Pr [’Rk,l,_l (n)NND(n—1)] to a linear anticoncentration

problem.
In order to use equation (9) profitably, we will rely on the following simple,
but crucial, observation about the vector R := (R», ..., R,) € Z""!, where R, is

defined as above.
LEMMA 2.12. R is orthogonal to at leastn — 1 — |U,| rows of M!_|

Proof. Observe that R is a linear combination of the columns of adJ( 0 1)
corresponding to the indices in U,. By equation (6), each of these columns is
orthogonal to each of the rows with indices in [n — 1] N Uy; therefore, the same is
true for R. Since |[[n — 1] N U,| > n — 1 — |U,|, we are done. O

For 0 < 6,y < 1, let Orths,,(n — 1) denote the event—depending only on
M _,—that every integer nonzero vector which is orthogonal to at least (1 — y)n

rows of M,:_, has p-atom probability (in Z) at most 8, uniformly for all 0 < p <
1/2. Let U, U U, be a partition of [rn] where U, := [yn — 1]. Then, with the vector
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R defined as above, we have

Pr [(ZRiwi = 0) NNDn — 1)]

’ 1
x,x"\M, ;
n—1 lEU]

gPr|:

’ 1
x,x"\M,_,

(Z Riw; = o) N Orths yu(n — 1) N ND(n — 1)}

iEU[

+ Pr [Orthm(n - 1)}

n—1
< A o
< > I;r[ZR,(A,,I)w, 0]
A,,_leOrtthy,z(n—l)ﬁN’D(n—l) iel
L
x Pr[M, = A,]

M, _,
+ Pr [(’)rths,y,,(n — 1)] (10)
M,
As in Section 2.2, we will provide an upper bound on Pr,, [ZieUl Ri(A,_Dw; =

0] which is uniform in the choice of A,_; € Orths,,(n — 1) N ND(n — 1). We
start by observing that

Pr[ZR,»(A,,l)w,- = 0]
iel

<Pr (Z Ri(A,)w; = 0) N (R(A,-1) #0)

- NielU; =

+Pr[R(A,_1) = 0]

= Pr <Z Ri(A,_)w; = 0) N(R(A,-1) #0) | +271%
- NielU; =

<Pr <Z Ri(A_Dw; = 0) N(R(A,-) #0) | +27+ A1)
- Niel; =

To see why the second equality holds, observe as before that

R(A,_)) =Y _ wjeol,(adj (M,_,)),

=%

where col;(adj (M,_,)) denotes the jth column of adj(M,_,). Since A,_; €
ND(n — 1), it follows that these columns are linearly independent, and hence
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R(A,_1) =0if and only if w; = O for all j € |U,|, which happens precisely with
probability 271!,

It remains to bound the first summand in equation (11). For this, note that
since A,_; € Orths ,,(n — 1) and |U,| = yn — 1, Lemma 2.12, together with
R(A,_) # 0, shows that plz/z(R(An_l)) < 6. Then, by Lemma 2.9, it follows
that pIZ/Z(R(A,Z,l)|U1) < 2It21§ < 277§, Finally, combining this with equations (9)
and (10), we have

1/4

Pr [Rk,_,(n) NND(n — )] < (zyna +27 4 Pr [Orths,yn(n - 1)D .
" Mnl—l

(12)

3. The structural theorem

This section is devoted to the proof of our structural theorem, which is
motivated by equations (8) and (12).

3.1. Statement and initial reductions. In order to state the structural theorem,
we need the following definition.

DEFINITION 3.1. For 0 < « := «a(n), B := B(n) < 1, let Orth, g, (n) denote the
event that every integer nonzero vector which is orthogonal to at least (1 — B)n
many rows of M, has p-atom probability (in Z) at most «, uniformly for all
0<pu<1/2

THEOREM 3.2. Let a(n) = 27" V&% B(n) = n=3* [logn/128, and n € N
be sufficiently large. Then,

Er [Ortha,f,n(n)] <27,

Roughly, we will prove Theorem 3.2 by taking a union bound, over the choice
of the nonzero integer vector with large p-atom probability, of the probability that
this vector is orthogonal to at least (1 — S)n many rows of M,,. However, there
is an obstacle since, a priori, this union bound is over an infinite collection of
vectors. In order to overcome this, we will work instead with the coordinate-wise
residues of the vector modulo a suitably chosen prime p(n).

In the next proposition, we make use of the event Orth!. pn (), wWhich is defined
exactly as Orth, g,(n), except that we work over F, instead of the integers.
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PROPOSITION 3.3. Let ai(n) = 27" ‘V1e7/% and B(n) = n=3/*,/logn/128. Let
pn) = 2 losn/32 e prime, and let n € N be sufficiently large. Then,

Pr |:(’)rth§ ﬂn(n)] <272,
M" ’

Before proving Proposition 3.3, let us quickly show how to deduce Theorem 3.2
from it.

Proof of Theorem 3.2 given Proposition 3.3. It suffices to show that
OT’thot,,Bn (n) g OT’thS,ﬂn (l’l)

for any prime p. To see this, suppose M, € Orth, g,(n). So, there exists an integer
nonzero vector a which is orthogonal to at least (1 — g)n many rows of M, and
has p-atom probability (in Z) greater than o, for some 0 < u < 1/2. Furthermore,
by rescaling a if necessary, we may assume that gcd(a,, ..., a,) = 1. Therefore,
letting @, be the image of a under the natural map from Z" — [, we see that
a, € F;‘) \ {0} and is orthogonal (over IF,) to (at least) the same (1 — B)n rows of

M,,. Finally, ,0,15” (ap) > ,of(a) > f3, since for any ¢ € Z, every solution x € {—1,
0,1}" of ajx; + - -+ + a,x, = c over the integers is also a solution of the same
equation in IF,,. Thus, the vector a, witnesses that M, € Orth/ ;,(n). O

The next lemma is the first step towards the proof of Proposition 3.3 and
motivates the subsequent discussion. In its statement, the support of a vector
a= (ay,...,a,) € ]F; denoted by supp(a), refers to the set of indices i € [n]
such that a; #0 mod p.

LEMMA 3.4. Let 1 < d < n be an integer, and let p be a prime. Let Spt;dyﬂn (n)
denote the event that every vector in ' \ {0} which is orthogonal (over IF,,) to at
least (1 — B)n many rows of M,, has support of size at least d. Suppose further
that B < 1/2,d < n/2, pPr <22, p? < 2" H(B) < 1/4, and H(d/n) < 1/16
(where H(x) := —xlog,(x) — (1 — x) log,(1 — x) is the binary entropy function
for x € [0, 1]). Then,

Ef [Sptgdyﬂn (n)i| L2718,

The proof of this lemma will use the following simple, yet powerful,
observation.
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OBSERVATION 3.5. Let X be an n x n permutation matrix. Then, for a uniformly
random n x n symmetric {£1}-matrix M,, the random matrix X ~'M, X is also a
uniformly distributed n x n symmetric {*1}-matrix.

Proof. 1t is clear that X ~'M, X is an n x n {£1}-matrix. That it is symmetric

follows from ¥~' = X7 and M = M,. Finally, ¥"'M,X is uniformly
distributed since conjugation by X' is manifestly a bijection from the set of n x n
{£1} symmetric matrices to itself. O

Proof of Lemma 3.4. Let d be as in the statement of the lemma, and for 1 < s < d,
let Supp_ (n) denote the set of all vectors in /) which have support of size exactly
s. Observe that [Supp_,(n)| < (%)p*. We will now bound the probability that
any given a € Supp_, (n) is orthogonal to at least (1 — 8)n rows of a uniformly

chosen M,,.
For this, let ¥ = X(a) denote a fixed, but otherwise arbitrary, permutation
matrix for which X1gpp@ = lp—s+1,.. In other words, ¥ permutes the

vector a so that its nonzero entries are placed in the last s coordinates. Since
Observation 3.5 shows that X~'M,X is a uniformly random n x n {%1}-
symmetric matrix, it follows that

Er[a is orthogonal to > (1 — 8)n rows of M, ]

= Er [a is orthogonal to > (1 — B)n rows of E_IM,,ZJ]

pn
= Er |:2an Ya = v forsome v € U Supp_,(n)]
n [:0
pn
< ZET [£~'M,¥a = v for some v € Supp_,(n)]

n

t=0

n

pn
= Z Er [MnZ‘a = v for some v € Suppzt(n)]
=0

pn
<Y D Pr[MTa=v] (13)

t=0 veSupp_,(n) "

where the third line follows by the union bound; the fourth line follows since the
size of the support of a vector is invariant under the action of X'; and the last line
follows again by the union bound.

Next, we provide a (crude) upper bound on Pry,, [Mn(Ea) = v] for any fixed
v=(v,...,v,) € IB‘;', For this, we isolate the last column of the matrix M, by
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rewriting the system of equations M, (X'a) = v as
n—1
= (Za);' (vi — Zm,-j(za),-) foralli € [n], (14)
j=1

where m;; denotes the (i, j)th entry of the matrix M,, and the equation makes
sense since (X'a), # 0 by our choice of X'. Note that the right-hand side of the
equation is completely determined by the top-left (n—1) x (n—1) submatrix of M,,.
Further, the entries m;,, i € [n] are mutually independent even after conditioning
on any realization of the top-left (n — 1) x (n — 1) submatrix of M,,. Since m;,
takes on any value with probability at most 1/2, it follows that conditioned on
any realization of the top-left (n — 1) x (n — 1) submatrix of M,, equation (14)
is satisfied with probability at most (1/2)". Hence, by the law of total probability,
Pry, [M,Ya = v] < 27". Substituting this in equation (13), we see that

Pr[a is orthogonal to > (1 — B)n rows of M, ] < 27" Z [Supp_, (n)|
=0

Bn
<2 Z (?)p’

pn
—n ﬂn
t

< 2~ n/22nH(ﬂ) < n/4’ (15)

where the fOUI‘th inequality follows by the assumption on p?" and the standard
inequality 3" (") < 2"#® for B < 1/2, and the last inequality follows by the
assumption on nH (B). Finally, we have

Pr |:Spt>d fn (n)} Z Z Pr[a is orthogonal to > (1 — 8)n rows of M, ]

s=1 aeSupp_,(n) M

d d
n
<274 |Supp_,(m)| <274 <s)p‘
s=1

s=1

d
n
g 2—11/4pd E ( ) < 2—11/8211H(d/n) < 2—11/16’
N

where the fifth inequality follows by the assumption on p“ and d, and the last
inequality follows by the assumption on H(d/n). O
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3.2. Tools and auxiliary results. Following Lemma 3.4, we will bound

AP;E [Oﬁhzyﬂn (n) N Spt’;d,ﬂn (n)]

for suitably chosen parameters. Our proof of this bound will be based on the
following two key ingredients. The first is a classical anticoncentration inequality
due to Halasz, which bounds the atom probability of a vector in terms of the
‘arithmetic structure’ of its coordinates. In order to state it, we need the following
definition.

DEFINITION 3.6. Leta € IF’F' and let k € N. We define R, (a) to be the number of
solutions to

+a, £a,*---+ta, =0 mod p,
where repetitions are allowed in the choice of iy, ..., iy € [n].

THEOREM 3.7 (Halész, [4]). Let p be any odd prime and let a := (a,, ..., a,) €
[\ {0}. Then,

1 CRi(a) _
sup max Pr ax'=q| <=+ 1 o~/ supp@D/2,
oguzg a€Fy [Z l q] p 2*n* f(|supp(a)])'/?

where C is an absolute constant (which we may assume is at least 1), and
f(Isupp(a)|) is a positive real number which is at most min{|supp(a)|/100, n/k}.

Haldsz’s inequality is typically stated and proved over the integers, but the
version over IF,, stated above easily follows using the same ideas. For the reader’s
convenience, we provide a complete proof in Appendix A.

The second ingredient is a ‘counting lemma’ due to the authors together with
Luh and Samotij [3], which bounds the number of vectors in I with a slightly
different (but practically equivalent) notion of ‘rich additive structure’.

DEFINITION 3.8. Leta € ]F’I’, and let k € N. We define R; (a) to be the number of
solutions to
:i:ai] :I:ai2~-~:i:a,~2k =0 modp

that satisfy |{iy, ..., ix}| = 1.01k.

As mentioned above, R;(a) and R; (a) are practically equivalent. This is made
precise by the following lemma.
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LEMMA 3.9 [3, Lemma 1.6]. For all positive integers k, n with k < n/2 and any
vector a € T,
Ri(a) < Ri(a) + (40k°%n' Ok,

Proof. By definition, Ry(a) is equal to R;(a) plus the number of solutions to
+a;, £a;, £---£a;, = 0thatsatisfy [{iy, ..., ix}| < 1.01k. The latter quantity
is bounded from above by the number of sequences (iy, ..., ixy) € [n]* with at
most 1.01k distinct entries times 2%, the number of choices for the + signs. Thus

Ri(a) < R} (a) + ( )(1.01k)2k22" < Ri(@) + (4" 0 %0%n 0",

n
1.01%

where the final inequality follows from the well-known bound (Z) < (ea/b)".
Finally, noting that 4e'%! < 40 completes the proof. O

We can now state the ‘counting lemma’ from [3]. In the following statement,
the notation b C a fora < IF’;, means that b is a subvector of a, that is, an element
of JI_, [, formed by retaining some of the entries of a; the dimension of b is
denoted by |b|.

THEOREM 3.10 [3, Theorem 1.7]. Let p be a prime andletk € N, s € [n], t € [p].
Let

22k . |b|2k
Bis>(n) = {a € IF’;, | Vb C as.t. |b| > s we have R (b) >t - —}

denote the set of ‘k, s, > t-bad vectors’. Then,
2%—1
§ n —n—+s
By s> ()] < (;) p"(0.01)7" ",

The above theorem shows that there are very few vectors for which every
sufficiently large subset has rich additive structure. However, in order to use the
strategy in the proof of Lemma 3.4 effectively, we require that there are very few
vectors for which every moderately sized subset has rich additive structure (see
the proof of Corollary 3.13). This is accomplished by the following corollary.

COROLLARY 3.11. Let p be a prime and let k, s1, 55,d € [n],t € [p] such that
s1 < 5,. Let

d
Bk,s1 82, >t (l’l)

22/< . |b|2k
= {a € ]F;’,“supp(a)l =d and Vb C a|upp@) 5-1. 52 = |b| > 51 : Rj(b) > 1 - }
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n
|Bz,s1,s2,>t(n)| < (d>pd+s2(0,01t)d+(51/sz)d.

Proof. At the expense of an overall factor of ((’;) we may restrict our attention to
those vectors in B{ | .51 (n) whose support is [d]. In order to count the number of
such vectors, we begin by decomposing [d] into the intervals 1, ..., I,,1, where
=ld/s:), I; . ={(j—Ds:+1,..., js;} for j € [m], and I, := {ms, + 1,
., d}. For a vector with support [d] to be in B{ | ., (n), it must necessarily be
the case that the restriction of the vector to each of the intervals I, ..., I, is in
B, >:(s2). Since there are at most p!’+!! < p*> many choices for the restriction
of the vector to [, 1, it follows from Theorem 3.10 that

2k—1 m
n N
BL )] <( )|Bksl S (s)[" p* ( d){(f) p”(o.onrw'}psz
2

g (2) (ps2 (0.01[)_S2+X1 )d/sz psz — (Z) pd+s2 (0'01t)—d+(s1/s2)d.

O

We conclude this subsection with a few corollaries of Theorem 3.7 and
Corollary 3.11. Let @ € Supp_,(n) \ B‘,f.ﬂ’szz(tﬂ)(n) for sy < d < n. Then, by
definition, there exists A = A(a) C supp(a) such that s; < |A| = [supp(a|,)] <
sy and R (al,) < (t + 1) - 2%| A|*/ p. From now on, fix such a subset A(a) for
every such vector a.

COROLLARY 3.12. Let p be a prime and let a € Supp_,(n) \ B{ s> a1 (M) for
1 <s, <d<n.Supposep=' > max{ /2 (50k /s )099k} andt > s, > k > 100.
Then,
wp (@) 2CtVk
0<u<p1/2 w @RS s

where C > 1 is an absolute constant.

Proof. For convenience of notation, let b := a| ). By applying Theorem 3.7 to
the vector b with f(|supp(d)|) := [supp(b)|/k = |b|/k =: f(|b]) (which is a
valid choice for f since k > 100 by assumption), we get

* 0.99(711.01\k
up 5P (B) < L CRE®) + AOK™IBIMN) o
o<u<y 22k|b|2k\/ |b|/k

1
P

cL CutD | CE®Y
p

_|_
b1/k  1bI°*%\/1bl/k
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1 Ca+ vk  CAOE
< — e
p p /|b| |b|0.99k
1 C@+DVk 50k \ %
. (+—N_ + C(_> + e S/
P P/S1
< Q+0) N C@t+ vk < 2Ct«/E’
p p/s1 /st

where the first line follows from Theorem 3.7, Lemma 3.9, and the choice of

A(a), the fifth line follows by the assumption on p, and the last line follows since
t = s > 100. O

S1

COROLLARY 3.13. Let p be a prime and let a € Bz,s,,s2,>t(”) \ BZ,sl,sz,>(r+1>(”)'

Suppose p~' > max {6’31/2", (50k/s1)0'99k}, n>d>s,andt >s >k > 100.
Then, for0 < B := B(n) < 1/2,

AP;r[a is orthogonal to > (1 — B)n rows of M,] < 2"H#® pbr

n

where C > 1 is an absolute constant.

Proof. The proof is very similar to the proof of Lemma 3.4. Let A := A(a)
and b := a|,. As in the proof of Lemma 3.4, let ¥ denote a fixed, but
otherwise arbitrary, permutation matrix for which X1, = 1,_44+1.,- Then, by
equation (13),

Bn
Er[a is orthogonal to > (1 — B)n rows of M, ] = Z Z Er [MnZ]a = v].
! t=0 veSupp_, !

Next, we provide an upper bound on Pry,, [M,,(Z‘ a) = v] for any fixed v = (vy,
..., U,) € IF'[’,. For this, note that the system of equations M,(Xa) = v implies in
particular that

|A] n—|A|
Zmi,n,‘A|+jbj =V — Z mi,j(Aa)j foralli e [n— |A|] (16)
j=1 j=1
Note that the right-hand side is completely determined by the top-left (n — | A|) X
(n—|A|) submatrix of M,,, and the entries of M, appearing on the left are mutually

independent even after conditioning on any realization of the top-left (n — | A]) x
(n — |A|) submatrix of M,. In particular, after conditioning on any realization
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of the top-left submatrix of this size, each of the n — | A| equations above is
satisfied with probability which is at most p*7 (b), and the satisfaction of different
equations is mutually independent. Hence, by the law of total probability, the
system equation (16) is satisfied with probability at most

o) <) )

where the middle bound follows from Corollary 3.12, and the right-hand bound
follows since | A| < s,. Finally, substituting this in equation (13) and proceeding
as in equation (15) gives the desired conclusion. O

COROLLARY 3.14. Let p be a prime and k, s1, $,d € [n],t € [p] be such that
1<s1<s<n/2, 5 <d<n p~' > max {e "/, (SOk/sl)O'ggk}, andt > s, >
k > 100. Then, for0 < B := B(n) < 1/2,

A]?/Z[Ela € Bg,sl,sz,>t(n) \ B‘,f’sl’ng(wl)(n) :a is orthogonal to > (1 — B)n rows of My ]

< (500C)" pPn+2sa+(si/s2) (g) i

where C > 1 is an absolute constant.

Proof. Using Corollary 3.13 to bound the probability that any given

d
acB; -0 \Bk )

is orthogonal to at least (1 — B8)n rows of M,,, and taking the union bound over all
1B 55051 (1) \B{. s> (+1) ()] such vectors a, we see that the desired probability
is at most

)

H(
B 030 M\ B sy (0] - 2777 5”(

2Ct«/§>”2

P/t
g on <I’l> d+s, (0 Olt)—d+(x1/sz)d Bn <2Ct«/—)n 52
d py/si

¢ n—d—sp k n/4
g (SOOC)npﬂll+s2+(.v1/s2)d <_) <_)
p S

<BY >|-2"pf’"(

n/4
(SOOC)n Bn+2s2+(s1/s2)d ( k ) ,

S1

https://doi.org/10.1017/fms.2019.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.21

A. Ferber and V. Jain 24

where the second inequality follows from Corollary 3.11, and the third inequality
follows from s, < n/2. O

3.3. Proof of Proposition 3.3. By combining the results of the previous
subsection, we can now prove Proposition 3.3.

Proof of Proposition 3.3. Consider the following choice of parameters: k = n'/4,

s1 = n'logn, s, = n¥*/logn, Bn = n"*/logn/128, d = n*3, a =
2t loen/64 ang p = r'aflogn/32 Throughout, we will assume that n is
sufficiently large for various inequalities to hold, even if we do not explicitly
mention this.

Step 1: It is readily seen that the assumptions of Lemma 3.4 are satisfied, so that
Pr[Spt?, ,,(n)] < 27"/'° In other words, except with probability at most 2~"/'6,
every vector in )\ {0} which is orthogonal to at least (1 — B)n rows of M, has
support of size at least d = n?/3.

Step 2: Leta € Supp_,(n) \ B o> ﬁ(n) for any s > d. Since the assumptions
of Corollary 3.12 are satisfied for our choice of parameters, it follows from
Corollary 3.12 and Lemma 2.8 that for any 0 < p < 1/2,

2CVk

Psi

PE" (a) < PE" (@l a@) < <«

&‘

for all n sufficiently large.

Step 3: Therefore, it suffices to bound the probability that for some s > d, there
exists some vectorin B; | - -(n) which is orthogonal to at least (1 — )n rows
of M,. By writing

P
B oo i= Bl Lo M\BL ),
1=yp

noting that the assumptions of Corollary 3.14 are satisfied, and taking the union
bound over the choice of s and ¢, it follows that this event has probability at most

k n/4

I’lp(SOOC)n pﬂn+2sz+(s1/sz)s (s_) < np(sooc)npétsz 9—(nlogn)/16
1

< np(SOOC)nZ_(nlOgn)/32 < 2—(nlogn)/64’

for all n sufficiently large.
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Combining these steps, it follows that

Pr |:07’thpﬂ ] < /16 + 2 —(nlogn)/64 ~ ~—n/32
M, apn | = X )

n

as desired. O

4. Proof of Theorem 1.2

Our main result is now immediate.

Proof of Theorem 1.2. By definition, Null,(n — 1) € Orth, g,(n — 1) for every
B = 0. Therefore, from equations (2), (8), and (12), it follows that
n—1

Pr[Rlc1 ] <a+ Pr
M, M!

n—1

[Ortha,ﬂ,, (n — 1)}

1/4
|:(9rth,,,ﬁ,,(n — 1)j|) s

where o and § are as in the statement of Theorem 3.2. From Theorem 3.2, it
logn /600

+ <2ﬂ"a +27 4+ Pr
Ml

n—1

follows that the right-hand side of the above equation is at most 2"
for all n sufficiently large. Finally, Lemma 2.1 and Corollary 2.4 give the desired
conclusion. O
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Appendix A. Proof of Haldsz’s inequality over I,

In this appendix, we prove Theorem 3.7. The proof follows Haldsz’s original
proof in [4].

Proof of Theorem 3.7. Let e, be the canonical generator of the Pontryagin dual
of I, that is, the function e, : IF, — C defined by ¢,,(x) = exp(2mix/p). Recall
the following discrete Fourier identity in IF,:

1
bo(x) = D ep(rx),

refF,
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where 6y(0) = 1 and 6y(x) = 0 if x # 0. Note that for any g € IF),,

Pr [iaix{‘ = q] =E,. -80<Xn:a,~xi”“ - q>]
i=1 L \;

= Z((Z ))}

ref,
=E« —Znep ra;x; ep( rq)j|
- re]Fp] 1
Tra;
<—Z]‘[ u+<1—u>cos< )’
re]F j=1

)l

where the equality holds because the map ¥, > r — 2r € [F, is a bijection (as p
is odd) and (since x > |cos(wx)| has period 1 and it is therefore well defined for
x € R/Z) because |cos(2wx/p)| = |cos(w(2x)/p)| for every x € IF,,.
At this point, we record the useful inequality
)

1
‘M+(1—,u)cos(ﬂ> gexp<——
P 2l p

which is valid for every real number x uniformly for all 0 < p < 1/2, where

w+ 1 - )cos(

re]Fj]

X

lx|| := |lx|lr/z denotes the distance to the nearest integer. Thus, we arrive at
n
I;;%fl;r[Zalxi —q} ZFexp( anaj/pn) (A1)
= re

Now, for each nonnegative real ¢, we define the following ‘level sets’

T, = {r €F,: ) lra;/pl* < r},
j=1

and note that
> exp ( -5 Z Ira;/pl ) f ¢"2|T;  dt. (A2)
relf,

We will now use a critical estimate due to Haldsz. First, note that for any m € N,
the iterated sumset m7; is contained in 7,,2,. Indeed, for ry, ..., r, € T,, we have
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from the triangle inequality and the Cauchy—Schwarz inequality that

2 n m 2 n m
<> (Z ||r,»a,~/p||) <Y mY llra;/pl* < m’t.
i=1 j=1 i=1

j=1

n

2

j=1

m

Z"iaj/l?

i=1

Recall that the Cauchy—Davenport theorem states that every pair of nonempty A,
B C T, satisfies |A4 B| > min{p, |A|+|B|—1}. It follows that for every positive
integer m and every ¢t > 0, the iterated sumset m7, satisfies |mT,| > min{p,
m|T,| — m}. Hence, |T,,2;| = min{p, m|T,| — m}.

Next, since the map F, > r — ra € F, is bijective for every nonzero a € [,
we have that

DD lrai/plP = > D lra/pl?

ref, j=I1 jesupp(a) ref,
2
= |supp(a)| Y _ [I/pl
ref,

(p=1)/2

2[supp(a)| 2
e
4
> Isupp(a)lp'
50
On the other hand, it follows from the definition of 7; that for every ¢ > 0,

> > lrai/pl? < ITL -t + (p = |Tl) - n.

ref, j=1

i=1

In particular, we see that |T;| < p if s < |supp(a)|/100. Therefore, if t <
f(Jsupp(a)]) (as in the statement of the theorem), it follows by setting m :=

v/ f(Isupp(a)|)/t] > 1 that |T,,>| < p, and hence,
| T2 | 1< 21 T gsuppiar) |

=/ fsupp@)])

We now bound the size of T gspp@yy- Using the elementary inequality 1 —
100]|z|I* < cos(27z), which holds for all z € R, it follows that | T suppa| < |71,
where

IT:| < (A.3)

T = {r elk,: Zcos(anaj/p) >n— 100f(|supp(a)|)}.

j=1

In turn, we will bound the size of T’ by computing the moments of the random
variable (over the randomness of r € F,) given by ijl cos(2mra;/p). More
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precisely, by Markov’s inequality, we have for any ¢ € N that

- <2nraj ) ‘%
Z cos . (A4
p

j=1

1
T'| <
T < 00 Gsapp @) 2=

reT’

Moreover, we also have

- 2nra; 2 1
() <

reT’ ' j=

n 20
> (expQimra,/p) + exp(=2imra;/p))
j=1

- QZ > Sew (zmrzea,,>

€2¢ ji,.-s j2e T€F

= 2213 Z Z plyx | €iaj;=0

€20 J1seees J2t

< PR, (a)
22

relf,

Finally, combining this with equations (A.1)—-(A.4), we getforany 0 < p < 1/2
and k € N as in the statement of the theorem that

1 £ (Isupp(@)]) 1 1 f(supp(@)])/2
max Pr ax!' = e P T, | dt + e/ PP
i [Z ~a|<5, [ T1dt + 5

1 /f(%upp(a)l) ( 2\/_|T | )
< — e’ —— +1)dt
2p Jo v f (Isupp(a)|)

+ le—f(lsupp(a)\)ﬂ
2

|T’| f(supp(a)]) 1
é—/ ef’/2\/;dt+—
S (|supp(a)|) P

+ L o rsupp@n2

LT/' + 1 + ¢~/ Usupp@D/2
py/ f(supp(@))) P
1 CiRi(a)

Cp 22"(11 — 100 f (Isupp(a)]))*y/ f (Isupp(a)|)

4 ¢/ Usupp(@))/2
1 CR.(a)

< —+
P 2%n/ f(|supp(a)])

e—f(lsupp(a)\)ﬂ’
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as desired, where the last inequality uses the assumption that f(|supp(a)|) <

n/k.
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