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Abstract

We study dynamics of solutions in the initial value space of the sixth Painlevé equation as the independent variable
approaches zero. Our main results describe the repeller set, show that the number of poles and zeroes of general
solutions is unbounded and that the complex limit set of each solution exists and is compact and connected.
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1. Introduction
In this paper, we consider the celebrated equation
. 11 1 ) 1 1 1 ,
==[-+— +——+
' 2(y y—17 - x)(y) ( x—1 y—X)y
yO-D(y-x) (92 ~ @Jr"%(x—l) . (1—9§)X(x—1)) (L
2% (x - 12 1% (y-12 y-x2 7 '

forx € C, (09, 01,04, 0) € C*, in its initial value space, where initial values are given at a pointxg € C,
for small |xg|. The equation is the sixth Painlevé equation, first derived in [6] from deformations of
a linear system with four regular singular points, a generalisation of Gauss’ hypergeometric equation;
we will refer to it as Pyy. Subsequently, it was recognised as the most general equation in the study of
second-order ordinary differential equations (ODEs) whose movable singularities are poles [8, 28]. It
has been studied widely because of its relation to mathematical physics and algebraic geometry (see [15,
221]). For special values of the parameters (6g, 81, 0, 8 ), Pyr has algebraic and elliptic solutions that
turn out to be related to a broad range of mathematical structures (see [2, 20] and references therein).
For generic parameters, the solutions are higher transcendental functions that cannot be expressed in
terms of algebraic or classical functions [32].

A large amount of work has been devoted to the description of these higher transcendental solutions.
In this paper, we study global properties of such solutions of Pyy in the limit as x — 0 in its initial value
space (see Okamoto [25]). Under appropriate Mobius transformations of the variables [26], our results
also apply in the limit as x approaches 1 or co. Further information and properties of Py are given in
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Section 1.1 below. Our starting point is the equivalent nonautonomous Hamiltonian system

o0H
= = 1.2
y PEE (1.2a)
oH
= - 1.2b
Z By (1.2b)

with Hamiltonian

H

YO=DO=x)(>_ (o 6 -1 00
BREEED) (Z Z(y+y—1+y—X)+y(y—1))'

We will refer to the right side of Equations (1.2) as the Painlevé vector field and use the terminology

_ O+ 0,+0; +00—1 -

6: R 0:=0—-0.
2
To see that the system (1.2) is equivalent to Pyy (as shown by [27]), note that z is given by Equation
(1.2a) as
x-1 x 1 , 6o 0, 0, —1
2z = - + Yo+ —+ + .
y y-l1 y-x y y-1 y-x

Substituting this into Equation (1.2b) gives Py;. The Painlevé vector field becomes undefined at certain
points in C2. Those points correspond to the following initial values of the system (1.2): y =0ory = 1
or y = x. Okamoto [25] showed how to regularise the system at such points. For each xg € C\ {0, 1},
he compactified the space of initial values (y,z) € (C\ {0, 1,xp}) x C to a smooth, complex surface
S(x0). The flow of the Painlevé vector field is well-defined in S := (U ec\ 0,1} S(x0), which we refer
to as Okamoto’s space of initial values.

Our main purpose is to describe the significant features of the flow in the singular limit x — O.
In similar studies of the first, second and fourth Painlevé equations [4, 16, 17] in singular limits, we
showed that successive resolutions of the Painlevé vector field at base points terminate after nine blow-
ups of CP?, while for the fifth and third Painlevé equations, we showed that the construction consists
of 11 blow-ups and two blow-downs [18, 19]. The initial value space in each case is then obtained by
removing the infinity set, denoted Z, which is blow-ups of points not reached by any solution.

Our main results fall into three parts:

(a) Existence of a repeller set: Corollary 6.10 in Section 6 shows that 7 is a repeller for the flow.
Theorem 6.9 provides the range of the independent variable for which a solution may remain in the
vicinity of Z.

(b) Numbers of poles and zeroes: In Corollary 6.10, we prove that each solution that is sufficiently
close to Z has a pole in a neighbourhood of the corresponding value of the independent variable.
Moreover, Theorem 7.4 shows that each solution with essential singularity at x = 0 has infinitely
many poles and infinitely many zeroes in each neighbourhood of that point.

(c) The complex limit set: We prove in Theorem 7.2 that the limit set for each solution is nonempty,
compact, connected and invariant under the flow of the autonomous equation obtained as x — 0.

1.1. Background
Py is the top equation in the well-known list of six Painlevé equations. Each of the remaining Painlevé
equations can be obtained as a limiting form of Pyj.

To describe the complex analytic properties of their solutions, we recall that a normalised differential
equation of the form y”” = R(y’, y, x) gives rise to two types of singularities, that is, where the solution
is not holomorphic. A solution may have a fixed singularity where R(-, -, x) fails to be holomorphic;
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in the case of Pyj, these lie at x = 0, 1, c0. The solutions may also have movable singularities. A
movable singularity is a singularity whose location changes in a continuous fashion when going from
one solution to a neighbouring solution under small changes in the initial conditions. We note that this
informal definition, which is somewhat difficult to make more precise, dates back to Fuchs [5, p.699].

Py1 was discovered by R. Fuchs in 1905 [6] in his study of deformations of a linear system of
differential equations with four regular singularities, generalising Gauss’ hypergeometric equation. The
latter has three regular singularities, placed at 0, 1 and co by convention, and Fuchs took the fourth one
to be at a location which is deformable. The compatibility of the linear system with the deformation
equation gives rise to Pyy. It is well-known that Py also has an elliptic form, which arises when we
introduce an incomplete elliptic integral on a curve parametrised by y(x). Pyy then becomes expressible
in terms of the Picard-Fuchs equation for the corresponding elliptic curve. This form has been used
for the investigation of its special solutions, which exist for special parameter values. This fact was
rediscovered by Manin [22] in his study of the mirror symmetries of the projective plane.

Given a Painlevé equation and x not equal to a fixed singularity of the equation, Okamoto showed [25]
that the space of initial values forms a connected, compactified and regularised space corresponding to
a nine-point blow-up of the two—complex-dimensional projective space CP2. For each given x, this is
recognisable as an elliptic surface. These elliptic surfaces form fibres of a vector bundle as x varies, with
C as the base space. Starting with a point (initial value) on such a fibre, a solution of the Painlevé equation
follows a trajectory that pierces each successive fibre, forming leaves of a foliated vector bundle [23].

1.2. Outline of the paper

The plan of the paper is as follows. In Section 3, we construct the surface S(xp). We define the
notation and describe the results, with detailed calculations being provided in Appendix B. In Section 4,
we describe the corresponding vector field for the limit x — 0. The movable singularities of Py
correspond to points xo where the Painlevé vector field becomes unbounded. In Section 5, we consider
neighbourhoods of exceptional lines where this occurs. Estimates of the Painlevé vector field as x
approaches 0 are deduced in Section 6. In Section 7, we consider the limit set. Finally, we give concluding
remarks in Section 8.

2. Resolution of singularities

In this section, we explain how to construct the space of initial values for the system (1.2). The notion
of initial value spaces described in Definition 2.2 is based on foliation theory, and we start by first
motivating the reason for this construction. We then explain how to construct such a space by carrying
out resolutions or blow-ups, based on the process described in Definition 2.3.

The system (1.2) is a system of two first-order ODEs for (y(x), z(x)). Given initial values (yo, zo)
at xo, local existence and uniqueness theorems provide a solution that is defined on a local polydisk
U xV in Cx C?, where xg € U c C\ {0, 1} and (yo,z0) € V € (C\ {0}) x C. Our interest lies in
global extensions of these local solutions. However, the occurrence of movable poles in the Painlevé
transcendents acts as a barrier to the extension of U X V to the whole domain of (1.2). The first step to
overcome this obstruction is to compactify the space C2, in order to include the poles. We carry this out
by embedding C? into the first Hirzebruch surface F; [1, 14]. F, is a projective space covered by four
affine coordinate charts (given in Section 3).

The next step in this process results from the occurrence of singularities in the Painlevé vector
field (1.2) in V. By the term singularity, we mean points where (y’, z") becomes either unbounded or
undefined because at least one component approaches the undefined limit 0/0. We are led, therefore,
to construct a space in which the points where the singularities appear are regularised. The process of
regularisation is called “blowing up” or resolving a singularity.

The appearance of these singularities is related to the irreducibility of the solutions of Painlevé
equations, originally due to Painlevé [28], which we have restated below in modern terminology.

https://doi.org/10.1017/fms.2023.11 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2023.11

Forum of Mathematics, Sigma 5

Figure 1. The blow-up of the plane at a point.

A function is said to be reducible to another function if it is related to it through a series of allowable
operations (described by Painlevé and itemised as (O), (P1)—(P5) in [30, p.33]).

Theorem 2.1. If the space of initial values for a differential equation is a compact rational variety, then
the equation can be reduced either to a linear differential equation of higher order or to an equation
governing elliptic functions.

Modern proofs of the irreducibility of the Painlevé equations have been developed by many authors,
including Malgrange [21], Umemura [30, 31] and Watanabe [32]. Since the Hirzebruch surface is a
compact rational variety, the above theorem implies that it cannot be the space of initial values for (1.2).
We are now in a position to define the notion of initial value space.

Definition 2.2 [9-11, 25]. Let (&, w, B) be a complex analytic fibration, ® a foliation of £ and A a
holomorphic differential system on &, such that:

o the leaves of @ correspond to the solutions of A;

o the leaves of @ are transversal to the fibres of (£, x, B);

o for each path p in the base B and each point X € &£, such that 7(X) € p, the path p can be lifted into
the leaf of @ containing point X.

Then each fibre of the fibration is called a space of initial values for the system A.

The properties listed in Definition 2.2 imply that each leaf of the foliation is isomorphic to the
base B. Since the transcendental solutions of the sixth Painlevé equation can be globally extended as
meromorphic functions of x € C \ {0, 1}, we search for the fibration with the base equal to C \ {0, 1}.

In order to construct the fibration, we apply the blow-up procedure defined below [3, 12, 13] to the
singularities of the system (1.2) that occur where at least one component becomes undefined of the
form 0/0. Okamoto [25] showed that such singular points are contained in the closure of infinitely many
leaves. Moreover, these leaves are holomorphically extended at such a point.

Definition 2.3. The blow-up of the plane C? at point (0, 0) is the closed subset X of C2 x CP' defined
by the equation u1t, = upty, where (uy,up) € C2 and [t1 : 2] € CP! (see Figure 1). There is a natural
morphism ¢ : X — C2, which is the restriction of the projection from C?> x CP! to the first factor.
©~1(0,0) is the projective line {(0,0)} x CP', called the exceptional line.

Remark 2.4. Notice that the points of the exceptional line ¢~!(0,0) are in bijective correspondence
with the lines containing (0,0). On the other hand, ¢ is an isomorphism between X \ ¢~!(0,0) and
C?\{(0,0)}. More generally, any complex two-dimensional surface can be blown up at a point [3, 12, 13].
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In a local chart around that point, the construction will look the same as described for the case of the
plane.

Notice that the blow-up construction separates the lines containing the point (0, 0) in Definition 2.3,
as shown in Figure 1. In this way, the solutions of (1.2) containing the same point can be separated.
Additional blow-ups may be required if the solutions have a common tangent line or a tangency of
higher order at such a point. The explicit resolution of the vector field (1.2) is carried out in Appendix B.
Okamoto described so-called singular points of the first class that are not contained in the closure of
any leaf of the foliation given by the system of differential equations. At such points, the corresponding
vector field is infinite.

3. The construction of Okamoto’s space

In this section, we construct Okamoto’s space of initial values in such a way as to ensure that the process
yields a well-defined compact surface if we set xg = 0. We start by defining a new time coordinate
t =Inx, or x = exp(t), suitable for taking the limit x — 0, and rewrite the dependent variables as

u(r) = y(x), v(1) = z(x).

For conciseness, we continue to use the notation x = e’ where needed.

Denoting ¢-derivatives by dots, we get i = x%—’j, V= —x%—g, or, equivalently

. _OE __ OE
= b= o (3.1)

where

E

— — et — 0
=u(u 1)(u e){vz—v @4_ 0, +9x 1 N 00 }
el —1 u u-1 wu-eét u(u—1)

Suppose we are given xo = e’ € C\ {0, 1}. We compactify the space of initial values (u(zy), v(z9)) €
C2 to the first Hirzebruch surface F; [14], which is covered by four affine charts in C2 (1]

(u(), VO) = (M,V), (M],V]) = (u’é)’
(uz,v2) = (1, i), (u3,v3) = (l,uv).
u uv u

Let L be the unique section of the natural projection F; — P! defined by (u, v) + u. Then, L is given
by {vp = 0} U {v3 = 0} and the self-intersection of its divisor class is —1. We identify four particular
fibres of this projection:

Vi ={uop =jtU{u; =5} Vje{0,x,1}, Ds :={up=0}U{uz=0}

Note that as fibres of the projection, these lines all have self-intersection 0. Then F; \ C? is given by
Do U H, where

H:={vi =0} U{v, =0}
This section H, called a ‘horizontal line’ in the following, by a small abuse of common terminology,

is topologically equivalent to the formal sum L + Dy, in H(F;,Z). In particular, its self-intersection
number is given by H-H =L - L+ Dy - Deo + 2L - Doy = =1 + 0+ 2 = +1, where the dot - denotes
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Table 1. Five base points and the charts in which they
are visible. The chart (ug, vo) is omitted because no
base points are visible in this chart.

Charts
m (ur,v1) (u2, v2) (u3, v3)

Bo (0,0)

Bx x,00  (1/x,0)

Bi (1,0) (1,0)

P (0,1/6) 0,0)
B (0, 1 /E) (o, 5)

the intersection form of divisor classes in the Picard group of the surface. In each chart, the vector field,
respectively, becomes

u(u - 1)(14 —x) ) 6o 61 Oy — 1
= Y- —= - — —
x—1 u u-1 u-—x
3u? - 2(x + 1)u + 0+06 0 0+06 00
= Cr+ Du T2 42 v — [ 222 +6; + V- ,
x—1 x—1 x—1 x—1 x—1
_ u](u1 - 1)(u1 —x) ) 1 90 91 9x -1
B x—1 Vi ui I/tl—l ul—x’
_ 3uf =2(x+ Duy+x _9+0 x6o 0+8 06
vy = - uvy + +0; + Vi Vi
x—1 x—1 x—1 x—1 x—1
. (up = D(xuz — 1) (uz = 1)(0 + 0 — x0gu»)
un =2 —91142,
(1 -x)v 1-x
Ovy, —1)(Ovy — 1 X
) o (v DO 1) (Bov2 = Dua,
(1 =x)up 1—x
-1)(2v3—(0+86
u3 =—(u3 )(2v3 — (0+ ))—91u3+ x uz(uz — 1)(2vs — 6y),
1-x 1-x
b 2 3=0s—0)  (v3—0ousvs
3 (1 =x)uj 1-x '

One realises that the vector field is infinite on H : {v; = 0} U {v, = 0}. More precisely, it is infinite
or undetermined precisely there. We use the term base point for points where the vector field becomes
undetermined. For example, the point (u«;,v;) = (0,0) in the coordinate chart Cﬁ]’vl is a base point
because the equation for i, approaches 0/0 as (uy,v;) — (0,0). In total, we find the following five
base points in Fy, possibly visible in several charts. This initial situation is summarised in Table | and
Figure 2. Where needed in figures, we indicate the self-intersection number 7 of an exceptional divisor
by annotating it by (n).

Okamoto’s procedure consists in resolving the vector field by successively blowing up the base points
until the vector field becomes determined. Since later on we need a well-defined compact surface if we
set x = 0, we may not blow up By and 5, simultaneously. As detailed in Appendix B.1.1, the blow-up
of Bo, Bx,B1 with B, after By consists of replacing the charts C2 and C2 by the following five

up,vi uz,va
C2-charts, endowed with the obvious rational transition maps,

(i, 91) = (Ml,m) (if2, 2) = (142,(],,42)‘2—21,)(,42))

-1
(o2, vo2) == (I:,_:,Vl (u12,v12) = (“",] V1
(tx2,vx2) = (—”‘(L:‘]_x),;—:)
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Deo
U U
(+2) —4—> . s ‘ H
ol Bx Bi
~
Vi V2
[ ]
Beo
Vo V3
I~
L Uuo Uz &—
[ ]
B

(0) (0) (0) (0)

Figure 2. The surface Fy with its coordinates and the base point configuration. The numbers in
parentheses indicate self-intersection numbers.

For each i € {0, 1,x}, what formerly was the point 8; is now replaced by an exceptional line
D; :{i; =i} U{v;p =0}

of self-intersection —1. The strict transform of #, that is the closure of H \ {8, Bx, 81} after blow-up
is given by

H ={9 =0} U {¥, =0}.

As a general fact, each time we blow up a point on a curve, the self-intersection number of the strict
transformation of the curve is the former self-intersection number decreased by unity. Since here we
have blown up three points, 7* has self-intersection number (—2). The blow-up of B consists of
removing the point (0, 1/6) (corresponding to B.,) from the chart Cfb, % and replacing the chart Cﬁw}

by the following pair of C>-charts.

(i3, v3) = (Ms, —Vi:)) (Uoo2, Veo2) 1= (V:—fg,vs - 9)
Again, we obtain an exceptional line £, and a strict transform D7, such that Do, = £ U D7, where
Eo ={ii3 =0} U{vea =0}, Dy, = {ifa =0} U{ucr =0}.

In each of the seven new charts that we have to add to Ci’v in order to fully describe the surface resulting
of [Fy after this first sequence of blow-ups, we again look at the resulting vector field (see Section B.1.2)
and find the following base points, including the still unresolved g8 . The situation is summarised in
Table 2.

In Figure 3, the notation ‘(n)’ again indicates ‘self-intersection number equal to n’. Moreover, as
a visual guideline, we again included the strict transforms V! := {u;; = 0} U {ug = i} of the former
vertical lines V;. Those have self-intersection (—1).

We blow-up the remaining base points by replacing each chart Cﬁiz’m by a pair of C2-charts with
corresponding index as follows, and then removing the already blown up base points that are still visible
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Table 2. Base points remaining after blowing up Bo, Bx, B1 and Be. The chart
(it3, v3) is ommitted as there is no base point remaining in this chart.

Points _
Charts %0 ¥x 7 B

(121, ‘N)l) (0’ %@0) (-xv x(x—]l)H() (17 ([_;)Hl)
(it2, ) L L (0.4)
(u02, vo2) (60,0)
() (b)) (16,0
(u12, v12) (61,0)
(Uoo25 Voo2) (0, —6)
Dy Dy Dy Dz,
i iy
(-2) > < H*
¢
Y uin Y
Vi Yx 4 )
V12
¢ ‘ ?
Yo e
T /\\ L\'z
‘ Vx2
up2 ‘ Uood
e ¢ 2
71
‘ V02 Bse
(-1) (=1) (=1) (=1

Figure 3. The surface Fy after the first sequence of blow-ups and the new base point configuration.

from other charts.

(103, v03) = (uoz—Go, uo;()_zgo) (104, vos4) = (uoio_fo,voz
(tx3,Vx3) = (“x2_x(0x - 1)’#(2&_1)) (x4, Vxa) = (%,Vﬂ)
(u13,v13) == (“12_91’,41;1_201 (u14,v14) = (ulil_;)l,vlz)
(Uoo3,Veo3) 1= (Mooz,%) (Uoot, Vood) 1= (v;;ﬁ) ,Vooz)

We obtain the following new exceptional lines, for i € {0, 1, x}.

Eii={uin =0} U{via =0}, & = {ueo3 = 0} U {ves = 0}.
Moreover, we have the following new strict transforms, for i € {0, 1, x}.

D :={viz =0} U{i; =i}, Dy :={i2=0}U{ttes =0}

The above charts of the Hirzebruch surface blown up in our eight base points are detailed in the Appendix
Section B.2. As we can see from the equations there, the vector field is now free of base points. We say
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D; D; Dy D
l7| il>
(-2) > < H*
Y —) Vi Y
Vi . Vo
dux
‘ V03
11(),:v i3
V3
‘ V13 /\\ o4
Vo ui3 — lood
uo
(-2) (-2) (=2) (=2)
Figure 4. The space of initial values of the resolved Painlevé VI vector field for x # 0.
Dy
[ ]
Dy H* R
Dy
[ ]

Figure 5. The Dynkin diagram with nodes representing (—2)-lines in Okamoto’s space, for x # 0, 1, is
equivalent to that for D‘(‘l).

that the initial value space is resolved or regularised. Moreover, the function E is well-defined there,
that is when resolving the base points of the vector field, we also resolved the indeterminacy points of
E. For each of the new coordinate charts (i, Vinn), we also define the Jacobian

. = Otmn OVin_ Ottmn OVinn
T 9u Qv ov  Jdu

Figure 4 illustrates a schematic drawing of the resultant collection of exceptional lines, #* and D%
and their intersections in the resolved space, as well as the coordinates that will be most important in
the following. For each x = xo # 0, 1, this regularised space will be denoted as S(xg). Moreover, we
define S(0) to be the result of the blow-up procedure for x = 0. Its relation to the vector field is studied
in the next section. The union of S(x() forms a fibre bundle

S:= U S(xo).

x0€C\{1}
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From the detailed charts in the Appendix Section B.2, one sees that for xo # 0, the Painlevé vector
field is ‘vertical” or tangent to the lines H*, D2, D(’;, Dz, D’f, which each have self-intersection —2. For
this reason, such curves are often referred to as ‘vertical leaves’ in Okamoto’s construction. For each
x =xp # 0,1, we define

Z(x0) :=H"UDZ UDyUD;UD;

the infinity set, corresponding to the black part of the diagram shown in Figure 4. Okamoto’s space of
initial values for xo # 0, 1 is Oka(xg) := S(xp) \ Z(xo)-
Note that the strict transforms H*, D%, D(’;, Dy, DT each have self-intersection —2. The corresponding

Dynkin diagram reflecting their intersections, given in Figure 5, is equivalent to that for Dil).

4. The vector field in the limit space

When x — 0 (or, more precisely, R (1) — —o0), we get the autonomous limiting system

{u = —u{(u—1)(2uv — 260 + 6.,) — 61}, @1

V= uv((3u = 2)v — 40 +200) + (20 = 6o — 01)v + 0(0 — 0c0),
where it = 0E/dv, v = — Ey/du, with
Eo:=—u{(u—1)v(uv =20+ 0) —01v+0(0 —0)}.

We can solve this Hamiltonian system completely: if the values of the 6;’s are generic, that is if they
belong to an open dense subset of the set of all possible values of those parameters, we obtain a one-
parameter family of solutions that lies on the line {u# = 0}. Again for generic 6; values, no solutions lie
on the line {# = 1}. Let us assume u # 0, 1. Then the Hamiltonian system (4.1) yields

u . 61 N 0+6
v=- ,
2ul(u—-1) 2u(m-1) 2u
leading to
Bu-2 ., 6 , o
L B Y R V- S i
R U R L Truey s

Note that if (u(¢), v(¢)) is a solution of the autonomous Hamiltonian system, then g := Eo(u(?), v(¢))
is constant. Setting u3 := 1/u, the autonomous differential equation for u yields (i13)? = cm% + Buz +v,

where @ = 4n9+ (0 +60 — 61)%,B = «9% — 02, — @ and y = 6% This integrates as
Véya-pB2sinh(Va t+m1)-B

us(t) = 23
(%ﬁt+m) —%; if a=0,

if a#0

where 771 is an arbitrary integration constant. In particular, we find the following list of equilibrium
points (trajectories reduced to one point) of the autonomous Hamiltonian system for generic 6;’s:

R ) _ (01=00)%*=(6p+0,—1)
(u,v)—( ! )forno—%

O Oo—0
_ (6et8 0.0 _ (01460)2=(60+6x—1)
(u,v) = ( oo 9m+6’1) for ng = 7 .
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0 * sk
Dx 1)1 Doo
i iy
0 (—2) > < FH*
D 3 sk sk
( .Y Y.
0 V] V2
‘_)\. i
uop 03
~ ~
103 us
fp
V4 i3 GE AV o0d
I~ I~
, T3 Ly
Uxd Vi3 13 ook
4 4
(-4) (-2) (-2) (-2)

Figure 6. The limit space for x = 0 of the space of initial values for x # 0.

We may now compactify the space of initial values Ci,v to S(0). Figure 6 contains a schematic
drawing of how the limits of the components of the infinity set and the exceptional lines arrange
in this space. Here, as usual, red lines have self-intersection (—1). The notable differences with the
configuration in S(x) with x = 0 are the following, where we use the superscript ‘0’ when convenient
to indicate particularities for the x = 0 case:

o After blow-up of Bo : (u1,v1) = (0,0), the point 8% : (uo1,vo1) = (0,0) which has to be blown up
lies on the intersection of (the strict transform) of H and the exceptional line Dy = Dg.

o As aresult, we still have H* = {#; = 0} U {9, = 0}, but Dg = Dg* uDY.

o Moreover, the point yg : (ux2,vx2) = (0,0) now corresponds to the intersection Dg* N Dg.

o As a result, we still have DY = {v,3 = 0} U {@; = 0}, but DJ* = DJ** U £, where £ : {u3
0} U {vyq =0}

o Finally, the blow-up of 78 : (ug2, vo2) = (6o, 0) yields the strict transform Dg*** c{vo3 =0} U {uxg
0} of self-intersection (—4).

The resulting autonomous vector field in S(0) is obtained from the one in the Appendix Section B.2
by systematically setting x = 0. For convenience of the reader, the formulae are given in the Appendix
Section D.

We use the term elliptic base points for a point where the induced autonomous vector field in S(0)
is undetermined. There is one such elliptic base point, given by

w: (s, via) = (0,0) € DF N EY.

This elliptic base point cannot be resolved by blow-ups!' Note, however, that the autonomous energy
function Ej is well-defined (and infinite) at u.

Let us denote Z° the subset of S(0) where the autonomous vector field is infinite or undefined. We
find

I°=2uDY UH UD; UDL.

This set corresponds precisely to the points where the autonomous energy function Ej is infinite. As
explained above, we have

lim Z(x) = Dy U Z°.
x—0

IMoreover, when following through the process of Okamoto desingularisation, one realises that yg : (uga, vo2) = (6p,0) was
in fact not an elliptic base point.
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In order to complete the description of the autonomous vector field in S(0) \ {u}, it remains to
Uuo,Vo

investigate trajectories that might be contained in S(0) \ (IO U C? ) We find the following, where,
as usual, we assume the values of the 6;’s to be generic:

o There is no trajectory contained in any of the following:
= € \ DT+ {3 = 0},
= £\ DG < {ue3 = 0},
- (‘:1 \’D’lk : {V14 = 0}.
o The line 58 \ Dg*** : {vos = 0} is the union of one trajectory and one equilibrium point, given by

_ _(B0=6)(80 - )0
200 + 61 — (9 +§)

with energy ng = —(6x — 1)6p.
o Every point of Dg*** \ €% : {vo3 = 0} is an equilibrium point of the autonomous vector field, with
energy 1o = (uo3 — (0x — 1)) (uo3 + 6o).

5. Movable singularities in the Okamoto’s space

In this section, we will consider neighbourhoods of exceptional lines where the Painlevé vector field
becomes unbounded. The construction given in Appendix B shows that these are given by the lines &,
6X7 g], 8009 50_0'

5.1. Points where u has a zero and v a pole.

The set & \ Z is given by {vos = 0}, in the (14, vo4) chart (see Section B.2.6). Suppose up4(7) = B,
vo4(7) = 0, for some complex numbers 7, B. From the system of differential equations in Section B.2.6,

we get:
e’ Op(1+e™)— 0 —01e™ +2 2
V04(t)=eT_1(f—T)—€T e - 1) (t-1)
2Be> (1 +¢) 5 .
(W+F1(T) (-7 +0((t-1)),
with
T
Fi(t)= - —% [3(90 — 0, +1) + (00— 6)% + 3¢ —80p(0, +6;)e” + 136pe™ — 20, €7
6(1 —e7)3

+01(20, —5)e™ +2(0+60) (8 +60)e™ + (6 — 01)*e*7| .

Since (see Section B.2.6)

1

2
u=upvy +0ovos, V= e
04

we obtain the series expansions for (u, v):

u(r) = 25 @ -1)+ (B—(ef:)z - eoef—"°<1+e’>“’x“"e’+2) (t-1)2+0((t-1)%),

e -1 2(e7-1)2
T_ 1 Ty e — T 2 2 Tl
v(n) = Ly B0 | (BB 4 (1) (- 1) +O(( - )P),
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with

1 _
Fy(1) = e D (60— Ox +3)* =3 —4(0—609) (6 — Bp)e™ +465e™ —2(20p + 1)%e”

+2(00 + 0y — 1)(0g + 01 +2)e™ + (g — 01)%e*" |.
Note that u has a simple zero at # = 7 and v a simple pole with residue 1 —e™".

5.2. Points where u = 1 and v has a pole.

The set &1 \ Z is given by {vi4 = 0}, in the (u14, v14) chart (see Section B.2.10). Suppose u14(7) = B,
v14(7) = 0, for some complex numbers 7, B. From the system of differential equations in Section B.2.10,

we get:
1s) = (1= ¢ LEEGEZDZ0T oy (B o)1= 0 s 0100 00,
with

Fi(1) = —ﬁ (6+6—561)%*+2(60 — 507) + (6 — 61)**™ —2(00(6 + G +2) + 06)e™

+2(30; + ])(9+9_+9() —201)e" |.

Since (see Section B.2.10)

1
u=u14v%4+€1v14+1, vV=—,
Vi4

we obtain the series expansions for (u, v):

u(t) = 1=01(r =)+ (B+ 0 HEGLEDRT ) (- 124 0((1 - 1)),

2(e™-1)
0+0+0; (e™—3)—6pe” 2B(e™-2
V() = - - =2 2‘((51_1)) e - ( 3((1e_ef)) +F4(T))(I—T) +0((r-1)%),

with

0+0+6(e™ —3) —0pe™\’
2(e” = 1) '

Fy(1) = F3(7) + (
Att =1, u — 1 has a simple zero, while v has a simple pole with residue —1.

5.3. Points where u(7) = ¢™ and v has a pole.

The set & \ Z is given by {vy4 = 0}, in the (1,4, vxa) chart (see Section B.2.8). Suppose u,4(7) = B,
vx4(7) = 0, for some complex number B. From the system of differential equations in Section B.2.8, we
get:

Bo+0 — (0+0—06y)e”
2(e™ - 1)

B(e*™ - 1)
3eT(e™ —1)2

Vea = (1 —7) + (t—1)°+ +Fs(n)|(t -1} +0((t -1)Y),
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with

[(9+9‘—29x)2—39§+2eé T+ (G +260,)2 — 02 — 2|1+ 60(0+8) + 0, — 61 +68e
6(e™ —1)2

Fs(t) =

Since, as calculated in Section B.2.8:

1

((ux4Vx4 + etex)vxél + et)vx4 ’

U= (UxsVrs+€0)vys+e', v=

we obtain:

u(t) = eT+eT (O, + )t —1)+ (B+ % +eT0, 00+9x—2—(90+6’|—3)67)(t_T)2+0((I_T)3)’

2(e™-1)
v(t) = g —e T 90—6’;(—2—225:191—)30)(—2%7 e T (B . % + Fé(T))(t 1) +0((r - T)2) i
with
Fs(1) = __ [62, +2(0 + 6 +260,) (6 — 3) + (30, +5)* — 19] "
6 - 12(eT — ])2 ) x X x

— [62 = (81 = 26)* +2(6x — 12) + (560, + 1)? + (6 — 6)*| "
+ [862 + (60 — 0, - 3)> —2]}.

-7

At t = 7, obviously, v has a simple pole with residue e~ 7, while u(¢) — e” has a simple zero.

5.4. Points where u has a pole and v a zero.

Such points belong to &, and &, which are obtained by blowing up the points S and B85, on D,. We
notice that the initial vector field (see Section B.2.1) does not depend on the sign of 6.,. Moreover, if
we replace 0. by —6, the roles of S and S, are interchanged. Because of that symmetry, we may
consider only the case when the solution intersects Ex.

The set £ \ Z is given by {ii3 = 0} in the (i3, ¥3) chart (see Section B.2.4). Suppose ii3(7) = 0,
v3(7) = B. From the differential equations in Section B.2.4, we get:

(e

(t—1) -0 (oo +0x —2)e" + 0 +01 +2B
—7) -6

— e =17 (t=1)2+0((t-1)%).

ii3(t) =

Then, using the relations:

1
u=—, v=(0-1i3v3)is,
us3
we get:
u(t) — 9:’(7[@_1) + (6w+9x—2)2e;:9m+91+23 +0(t —T),
oo 0 (0oot0x—2)e"+60(00+01)+2(6+6) B
v(r) = %([—T) — 0 (Ot )624;6£_1)+; 1)+2(0+0x) (l‘—T)2+O((l‘—T)3).

Note that u has a simple pole with residue (1 — e7) /6., while v has a simple zero. In the intersection
points with £, u has a simple pole with residue —(1 — ™) /6 and v a simple zero.
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Rt=Ine <0

Figure 7. Domains R. and D,. R, is the disk centred at the origin with radius 0 < € < 1. D, is a
disk within R ¢ and does not contain the origin. The image of R ¢ by the logarithmic function is the half-
plane placed on the left to the boundary Rt = In €. On the left side of the figure, notice a curvilinear
‘quadrangle’ consisting of two circular arcs centred at the origin and two segments placed on radii of
R, such that it is circumscribed about D,. That ‘quadrangle’ is mapped to the red rectangle on the
right side, which thus will contain the image of D,..

6. Estimates and the main result

In this section, we estimate the distance of the vector field from each vertical leaf, for sufficiently small
x. These estimates allow us to describe the domain of each solution in S\Z, which is Okamoto’s space
of initial values. The results will be used to prove properties of the limit set of each solution.

Given0 < e < 1,€ € R, defineadisk R = R = {x € C| |x| < €}. Letting ¢ € R, r < |£| < €, define
adisk D=D,(¢) ={xeR | |x — &| < r} that lies in the interior of R. Defining a new time coordinate
t = Inx, we have corresponding domains R, and D, in the 7-plane. Note that D, is no longer a circular
disk but lies inside a rectangular region in the left half of the 7-plane (see Figure 7).

The reader may find it useful to consult Figure 4 in the proofs of the following results.

Lemma 6.1. Given x € C\{0}, there exists a continuous complex valued function d in a neighbourhood
of the infinity set I in Okamoto’s space, such that

% in a neighbourhood of H* U Dy U D \ (Dj U D),
d= —XT_la)m in a neighbourhood of Dg\'H",
—Wy3 in a neighbourhood of D\ H".

Note that d vanishes on I and that d is not defined at x = 0.

Proof. From Section B.2.5, the set Dj\H" is given by vo3 = 0 in the (u3, vo3) chart. As we approach
Dy, we have:

X
Ew03 ~—_—, as voz — 0.
x—1

From Section B.2.7, the set Di\H* is given by vy3 = 0 in the (u43, vx3) chart. As we approach D7,

we have:
X
EFwyy ~—-1—— as vy3 — 0.
Ux3
Thus, as we approach H*: u,3 — oo, we have that —wy3 ~ 1/E. |
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Lemma 6.2. For every € > 0, there exists a neighbourhood U of D, such that

'E et
=+

< €.
E e -1 €

Proof. The proof follows from the expressions for E/E in (ua,v,) and (u3,v3) charts (see Sections
A.0.3 and A.0.4), where D, is given by u, = 0 and u3 = 0, respectively. O

Lemma 6.3. For every compact subset K of D, U D} U H*\Dy, there exists a neighbourhood V of K
and a constant C > 0, such that

in 'V for all t, such that ' is bounded away from 1.

Proof. Note that H* = {¥; = 0}U{¥, = 0} is parametrised by ii; and it = 1/ii}, respectively. Moreover,
Dy, is given in these charts by {#i; = x} and {x#> = 1}. In the respective coordinate charts (i, 7;),
(it, 77) (see Sections B.2.2 and B.2.3), we have

- i -1 (6x=Diy (d,-1) <2
e ! E = {(e’—l)l(gf—m) + ef—lﬁ] — +0(V1)’

E iir—1 (0,(—1)122(:12—1)‘72 + O(\?%).

T D) (efi-1) elip—1

So as long as we consider compact subsets of H*\ Dy, the values of 1211— — and ﬁ are bounded. We
have now proven the desired result in a neighbourhood of any compact subset of #* \ D}. Since Dy
intersects with ‘H* \ Dy, the result holds in a neighbourhood of D3} N H*.

On the other hand, near D \ H*, given by {uc4 = 0}, we may consider only bounded values of v,
and so we have (see Section B.2.11)
L E 1 — 5
e 7= o1 + [01}004 - (voo4 +0)(v004 +0x = 1) toos + O(uz,,) .

Hence, the result holds in a neighbourhood of the compact set D' = {uws = 0} U {ii; = 0}. Similarly,
near D} \ H*, given by {vi3 = 0}, where we may consider only bounded values of u;3, we have (see
Section B.2.9)

L E (uiz+0)(uz—0,+1)
(E 2
e E_ (et—l)z V13+0(V13).

Hence, the result holds for any compact subset K of Dy U Dy U H*\ Dy and any ¢ as long as ﬁ is
bounded. O

Remark 6.4. The estimate in the above Lemma 6.3 applies to all compact subsets of DS UD] UH*\Dy
and, therefore, in particular to D U Dy.

Definition 6.5. An approximate disk with centre T and radius R is an open simply connected set which,
for some & > 0, contains the disk centred at 7 with radius R — € and is contained in the disk centred at
7 with radius R + .

Lemma 6.6 (Behaviour near D \ H*). If a solution at a complex time t is sufficiently close to D} \ H,
then there exists a unique v € C, such that (u(t),v(7)) belongs to the exceptional line E. In other
words, u(t) = e* and v(t) has a pole at t = t. Moreover, for sufficiently small d(t) and bounded u 3,
we have |t — 7| = O(le7 d(t)||ux3(7)]).
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For large R, > 0, consider the set {t € C | lux3(t)| < Ry }. Its connected component containing T is
an approximate disk A ; with centre T and radius |d(7)e”T|Ry, and t — uy3(t) is a complex analytic
diffeomorphism from A ; onto {u € C | |u|] < Ry}.

Proof. For the study of the solutions near Dy \ H*, we use coordinates (13, vy3) (see Section B.2.7).

In this chart, the set D} \ H* is given by v,3 = 0 and parametrised by u,3 € C. Moreover, &, is given by

{uy3 = 0} and parametrised by the variable v,3. From Lemma 6.1, we recall that d = —w3 in this chart.
Asymptotically, for vy3 — 0, bounded u,3 and x = ¢’ bounded away from 0 and 1, we have:

|
lej; ~ ;, (613)
X
2 01 -6, 1
P~ [ (B4 0,) - T o, (6.1b)
x(x—=1) x—1
Wx3 ~ —XVx3, (6.1¢)
O Dtz + 60 + 6
OB (-6 -0)— ¢ B T0T 6.1d)
Wx3 x—1 x—1
Ewg ~ —1 —ui. (6.1¢)
x3

Note that integrating Equation (6.1d) from ¢ to ¢;, where ty,#; € D; (see Figure 7) leads to

wy3(t) 1-e" /tl 2u,3+ 0y + 0y
——= | ~(1=-6p-67)1 ——dt.
og(wx3(to)) (160 —61) og(l_et0 + ; TR

Therefore, if for all ¢ on the line segment from 7 to 1, we have |e’ — ™| < || and |u,3(¢)| is bounded,
then wy3(1)/wxs(to) ~ ((1—e")/(1—e®))!"%% Where the right side is upperbounded by ¢%. In
view of this situation, Equation (6.1c) shows that v,3 is approximately given by a small constant. We
take 7o = 7 in the following analysis. From (6.1a), it follows that:

-7

Vx3(7) ’

Ux3 ~ Mx3(T) +

Thus, if ¢ runs over an approximate disk A centred at T with radius |v3|R, then u,3 fills an approximate
disk centred at u,3(7) with radius R. Therefore, if |v,3| < 1/|7], the solution has the following properties
fort € A:

vx3(t) ~1
VxS(T)

and u 3 is a complex analytic diffeomorphism from A onto an approximate disk with centre u,3(7) and
radius R. If R is sufficiently large, we will have 0 € u,3(A), that is the solution of the Painlevé equation
will have a pole at a unique point in A. Now, it is possible to take 7 to be the pole point. We have:

-t _(t—T)eT
vx3(7) d(t)

Let R, be a large positive real number. Then the equation |u,3(f)| = R, corresponds to |t — 7| ~
le~7d(1)|Ry, which is still small compared to |7| if |d(7)]| is sufficiently small. It follows that the
connected component A, of the set of all 1 € C, such that {¢ | |ux3(¢)| < R} is an approximate disk
with centre 7 and radius |d(7)e™"|R,. More precisely, u,3 is a complex analytic diffeomorphism from

A onto {u € C | |u| SRX},and% ~ 1forallt € A,. O

ux3(t) ~
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Remark 6.7. Similar arguments show that if a solution comes sufficiently close to D} or D, then
it will cross the corresponding exceptional lines &, respectively £ and £, transversally at a unique
nearby value of time. We prove this in Appendix C. This is, however, not needed for our main result.

Lemma 6.8 (Behaviour near Djj \ H*). If a solution at a complex time t is sufficiently close to Dy \ H*,
then there exists unique T € C, such that (u(t), v(7)) belongs to the line &y. In other words, u vanishes
and v has a pole at t = t. Moreover, |t — | = O(|d(t)||uoz(t)|) for sufficiently small d(t) and bounded
uo3.

For large Ry > 0, consider the set {t € C | |up3(¢)| < Ro}. Its connected component containing t
is an approximate disk Ay with centre T and radius |d(t)(e™ + ¢ 7)|Ro, and t — ug3(t) is a complex
analytic diffeomorphism from that Ay onto {u € C | |u| < Ry}

Proof. For the study of the solutions near Djj \ H*, we use coordinates (uo3, vo3) (see Section B.2.5).
In this chart, the set Djj \ H* is given by vo3 = 0 and parametrised by uo3 € C. Moreover, & is given by
uo3 = 0 and parametrised by vo3.

Asymptotically, for voz3 — 0, bounded ug3 and x = ¢’ bounded away from 0 and 1, we have:

o3 ~ —chm, (6.2a)
Fos ~ — (x + 1)(2ugs +x9f)1— O0x+1—x6; s, (6.2b)
w3 = —V03, (6.2¢)
D05 g+ g — 0 + 3 ¥ G001+ 1 (6.2d)
wo3 x—1

Ewps ~ —— (6.2¢)

Arguments similar to those in the proof of Lemma 6.6 show that vg3 is approximately equal to a
small constant, and from (6.2a), it follows that:

el —e”

vo3 (1)

ug3 ~ up3(T) —

Thus, if ¢ runs over an approximate disk A centred at 7 with radius |vo3|log R, then ugs fills an
approximate disk centred at ug3(t) with radius R. Therefore, if |vo3| < eI, the solution has the
following properties for t € A:

vos(1)
vo3(T)

i

and uo3 is a complex analytic diffeomorphism from A onto an approximate disk with centre ug3(7) and
radius R. If R is sufficiently large, we will have O € up3(A), that is the solution of the Painlevé equation
will vanish at a unique point in A. Now, it is possible to take 7 to be that point. We have:

el —e” (e" —e)e”

vos(1) | (eT = d(r)’

Let Ry be a large positive real number. Then the equation |u3(7)| = Rp corresponds to |1 — '~ 7| ~
le™27 (e™ = 1)d(7)| Ry, which is still small compared to |¢7| if |d(7)]| is sufficiently small. It follows that
the connected component A of the set of all 1 € C, such that {¢ | |ug3(#)| < Ro} is an approximate disk
with centre 7 and radius |d(7)(e™" + e7)|Ry. More precisely, 13 is a complex analytic diffeomorphism
from Ag onto {u € C | |u| < Ry}, and % ~ 1forall t € Ag. O

ugz(t) ~ -
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Theorem 6.9. Let €], €, €3 be given, such that 0 < €) < 1,0 < e < 1, 0 < €3 < 1. Then there exists
6 > 0, such that if |e| < €, and |d(ty)| < 6, it follows that

p = inf{r < |e"|, such that |d(t)| < & whenever |e"| > |e'| > r}

satisfies:

(i) p > 0and is bounded below by the relation:

8 > |d(10)|((1 = p)/11 = €)' "2 (1 - &3);

(ii) if |e™] > |e'| = p, then

1\ 1+&2(1)
) (1+&3(1)),

d(1) = d(m)(ll_‘—j,o

where |e,(t)| < € and |e3(t)| < €3, and,
(iii) if |e"| is less than p, but still sufficiently close to p, then |d(t)| > 6(1 — €3).

Proof. Suppose a solution of the system (3.1) is close to the infinity set at times ¢y and ¢;. If follows from

Lemmas 6.6 and 6.8 that for every solution close to Z, the set of complex times ¢, such that the solution is

not close to 7'\ (DjUDy) is the union of approximate disks of radius ~ |d|. Hence, if the solution is near

7 for all complex times ¢, such that [e0] > |e’| > |e"!|, then there exists a path P from 7¢ to 71, such that

the solution is close to Z \ (Dj U D) forall t € P and P is C'-close to the path: s — 37,7, s € [0, 1].
Then Lemma 6.2 implies that near DZ}:

E(t) 1-=e"

E(to) 1—et’
and by using Lemma 6.1, we find:
1-e¢'
d(t) ~ d(tp) 7 - (6.3)
— elo
For the first statement of the theorem, we have:
1= lef|\' 7@
0> |d()] 2 |d(to) || — (1-e),
[1— e

and the desired result follows from p < e’. For |e’| < |e™|, the second statement follows from (6.3) and
the third one from the definition of p. The symmetries of the sixth Painlevé equation show that the same
statements follow near other lines of the infinity set Z. O

As a consequence of Theorem 6.9, we can prove the repelling property of the set Z.

Corollary 6.10. No solution with the initial conditions in the space of the initial values intersects I. A
solution that is close to I for a certain value of the independent variable t will stay in the vicinity of T
only for a limited range of t. Moreover, if a solution is sufficiently close to I at a point t, then it will have
a pole in a neighbourhood of t.

Proof. The statement follows from Theorem 6.9 and Lemmas 6.6, 6.8. m]

Remark 6.11. Parts (i) and (ii) of Theorem 6.9 give estimates on the behaviour of the solutions near
the infinity set. Part (iii) implies that a solution does not stay indefinitely near the infinity set as e’ — 0.
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7. The limit set

Our definition of the limit set is the extension of the standard concept of limit sets in dynamical systems
to complex-valued solutions.

Definition 7.1. Let (u(¢), v(¢)) be a solution of (3.1). The limit set Q,, ,, of (u(t),v(t)) is the set of all
s € §(0) \ Z(0), such that there exists a sequence t,, € C satisfying:

lim R(z,) = -0 and li_r)n (u(tn),z(vp)) = s.

n—oo

Theorem 7.2. There exists a compact set K € S(0) \ Z(0), such that the limit set Q,, ,, of any solution
(u,v) of (3.1) is contained in K. Moreover, Q,, ,, is a nonempty, compact and connected set, which is
invariant under the flow of the autonomous system given in Section 4.

Proof. For any positive numbers 7, r, let K;, . denote the set of all s € S(x), such that |[x| < r and
|d(s)| = n. Since S(x) is a complex analytic family over P! \ {0, 1} of compact surfaces S(x), Ky -
is also compact. Furthermore, K, , is a compact subset of the Okamoto’s space S \ Z(0). When r
approaches 0, the sets K, , shrink to the compact set:

Kyo={s€S(0)[d(s) = n} c S(0) \ Z(0).

If follows from Theorem 6.9 that there is 7 > 0, such that for every solution (i, v), there exists rg > 0
with the following property:

(u(1),v(t)) € Ky, for every 1, such that |e’| < ro.

Hereafter, we take r < ro, when it follows that (u(r), v(r)) € K,, , whenever |e’| < r.

LetT, = {t € C | |e'| < r}, and let Q(, ), denote the closure of the image set (u(7}),v(Z,)) in
S. Since T, is connected and (u, v) is continuous, £, v) , is also connected. Since (u(Ty), v(Tr)) is
contained in the compact set K, -, its closure £, ), is also contained in K, ,-, and, therefore, £, ) -
is a nonempty compact and connected subset of S \ $(0). The intersection of a decreasing sequence of
nonempty, compact and connected sets is a nonempty, compact and connected. Therefore, as Q, ).,
decreases to Q, ) as r approaches zero, it follows that £, , is a nonempty, compact and connected
subset of S. Since €, » C K, for all ¥ < rg, and the sets K, - shrink to the compact subset K, o
of §(0) \ Z(0) as r decreases to zero, it follows that Q, ,) C K, o. This proves the first statement of
the theorem with K = K, ¢.

Since €, is the intersection of the decreasing family of compact sets (,, ) -, there exists for
every neighbourhood A of Q(, ) in S, an r > 0, such that Q(, ,), C A. Hence, (u(?),v(z)) € A
for every t € C, such that |e’| < r.If {z;} is any sequence in C \ {0}, such that |t;| — 0, then the
compactness of K, ., in combination with (u(Tr), v(Tr)) C K, implies that there is a subsequence

Jj=Jj(k) > c0ask — oo andan s € K, ,, such that:

(u(tjx)), v(tjx))) — sask — co.

It follows, therefore, that s € €, ). Next, we prove that Q, , is invariant under the flow ®* of the
autonomous Hamiltonian system. Let s € Q(,,,) and ¢; be a sequence in C \ {0}, such that ¢’/ — 0 and
(u(t}),v(t;)) — s.Since the t-dependent vector field of the Painlevé system converges in C !'to the vector
field of the autonomous Hamiltonian system as e’ — 0, it follows from the continuous dependence
on initial data and parameters that the distance between (u(¢; + 7),v(f; + 7)) and @7 (u(t;),v(t;))
converges to zero as j — oo. Since @7 (u(z;),v(t;)) — ®7(s) and |e§.| — 0 as j — oo, it follows that
(u(tj+7),v(tj +7)) = ®7(s) and e*" — 0 as j — oo, hence, D7 (5) € Q(y ). O
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Proposition 7.3. Every solution (u(t), v(t)) with the essential singularity at x = 0 intersects each of the
exceptional lines &y, Ex, €1, E, E, infinitely many times in any neighbourhood of that singular point.

Proof. For conciseness, we refer to the solution (u(z), v(t)) of the system as the Painlevé vector field
and denote the vector field near each of the five exceptional lines &, &y, &1, £, €5 by (U(2),V(2)).
Furthermore, let

E=EUEUEUELUEL.

Now suppose that (U(?), V(t)) intersects & only finitely many times. According to Theorem 7.2, the
limit set , ,) is a compact set in S(0) \ Z(0). If Q, ,) intersects one the five exceptional lines &,
Ex, &1, €, €, at a point p, then there exists a £, such that ¢’ is arbitrarily close to zero and the Painlevé
vector field is arbitrarily close to p, when the transversality of the vector field to the exceptional line
implies that (U(7), V(1)) € & for a unique 7 (# ¢) near ¢. This is a contradiction to our assumption, as
it follows that (U(z), V()) intersects & infinitely many times. Therefore, we must have that Q(, ) is a
compact subset of S(0) \ (Z(0) U &).

However, & is equal to the set of all points in S(0) \ Z(0), which project (blow-down) to the line
Do U H*, and, therefore, S(0) \ (Z(0) U &) is the affine (u, v)-coordinate chart, of which Q, ) is a
compact subset, which implies that #(¢) and v(¢) remain bounded for small |e’|. |e’| — 0. From there,
x = 0 is not an essential singularity. O

Theorem 7.4. Every solution of the sixth Painlevé equation has infinitely many poles, infinitely many
zeroes and infinitely many times takes value 1 in any neighbourhood of its essential singularity.

Proof. At the intersection points with &, &1, £, £, the solution will have zeroes, 1s and poles, as
explained in detail in Section 5. Thus, the statement for an essential singularity at x = 0 follows from
Proposition 7.3. If y(x) is a solution of (1.1), observe that the following Bécklund transformations:

1 1 1
Si 1)’1()61):2, x1 ==, (0w,1,60,1,01,1,0x,1) = (900,90,\/9;2<+—,\/9%+—)
X X 2 2

Sriyax)=1-y, x=1-x, (0c02,6002,012,0x2) = (0c,i61,i600,0x)

give the solutions y;(x;) and y;(x;) of the sixth Painlevé equation with respective parameters
(8c0,1,00,1,01,1,0x,1) and (02, 60,2, 01,2, 0x,2), [24, Section 32.7(vii)]. Transformation S; maps point
x = oo to x; = 0, while S, maps point x = 1 to x, = 0, thus, the statement will also hold for essential
singularities at x = 1 and x = oo. O

8. Conclusion

The Painlevé equations have been playing an increasingly important role in mathematical physics,
especially in the applications to classical and quantum integrable systems and random matrix theory.
The sixth Painlevé equation, which is the focus of this work, is very prominent in these areas, in
particular, in conformal field theory in recent times [7]. For further relations with conformal block
expansions and supersymmetric gauge theories, see the references in [7].

Although the initial values space for the Painlevé equations was described by Okamoto [25], our aim
in this work was to describe the dynamics of the solutions by analysing that construction.

Many questions beyond the limit behaviour remain open about particular families of transcendental
solutions, from the dynamical systems point of view. For example, the existence of limit cycles of
transcendental solutions with particular symmetry properties and whether there are periodic cycles in
the combined space of parameters and initial values remain open.
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A. Charts of the initial surface F,;
A.0.1. Initial chart (ug,vo) = (u,v)

(M,V) = (MO,VO)
woy = 1

Forum of Mathematics, Sigma

1

E = ﬁ [uo(uo —x)(up — l)v(z) - (0 +§)u%v0 + 00 (uy — x) — x0pvo+
+((x + 1)90 +x61 + (9x - 1))MOV0]

E = ) [(“OVO —0)(uovo — 6) — (ugvo — 90)V0]

2= [(2ug = 1)vo — 6o]vo

(x-1)?
g = 2%(:()1)% + 0+9u0(u0 -1+ 911/!() - —00(140 -1)
O ET e [9+9(2u0 - 1) +01]v0 +
wo _
o = 0.

No base points.
No elliptic base points.
No visible components of the infinity set.

A.0.2. First chart (uy,vy) = (u, %)

(u,v) = (Ml, VLI)

w1 = —V%

(x-1)2v?2

E = W[ul(m —x)(ug—1) - (9+§)u%v1 +00(u; —x)v% — x0pv1+
1
+((x +1)0y +x0; + (0 — 1))u1v1]
E = -2l [(m —0v1)(uy — Ovy) — (ug — 90"1)]

i = 2u1(u(.]_xx)>(:¢1,—1) # 80 (uy — 1)+ Py = £ [00(ur — 1) + O]
vy = —ﬁv2+n[(0+0)(2u1 A - BuDu X [(Gy +61)vi - (2u; — 1)]
&= 28+ 20 [0+ 8) 2 - 1)+ 0| - 2G1R — 202 [ @+ 0n) - 2471).

Base points of the vector field:

by : (ur,v1) =(0,0), by : (u1,v1) = (x,0),

Elliptic base points are bg and b;.
Visible components of the infinity set: H : {v; = 0}

Estimates near H, that is vy — 0:
_ .2
W= —V]

wE ~

up(up —1)(uy —x)

1—x

—_ -~ — =
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ur(up — 1) (ug —x)
(x = Dvy
3ud = 2(1+x)uy +x

u1~2

vy~
x—1

wEy ~ u%(ul -1

Ey (1 1 )
— ~|-- ug.

A.0.3. Second chart (uz,v;) = (l 1 )

W uv
I
() = (5 %)

vy = —m(é’vz = 1)(Ova = 1) = 1% (Bov2 — Duy
Dy (0+60)(up+1)-2600v —14+xQur—1)  x6yBus—1)
%; - (lix)uz - 601 +2 (l—x)\zzz - 0l—x2 .

No new base points.
Other visible base points:

by : (up,vy) = (%,0), by (up,v2) = (1,0), be: (uz,v2) = (0, %), b, : (uy,vy) = (0

No new elliptic base points.
Visible components of the infinity set: H : {vo =0}, Dy : {uy =0}.

Estimates near D, that is up — 0:

wzuzvg
WE ~ (v30-1)(vz0-1)
x—1

E x

E 1-x

) 1 1

—~ l+ ]2
w - V-3

. 6+6 2

i

(120 — 1) (v20 — 1)
- (x = Duz

wEy ~ =(v20 = 1)(v20 — 1)

EO 6o + 0 2x
— ~X - .
Ey x—1 (x=1vy
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(AS)

(A.6)

(A7)

(A.8)

wy = Mz"% _
- ()671])‘)22 [(xuzfl)(ltj;zl)*(0+6)"2 - 05"“;2_1\/% — x6ousvy + ((x + 1) +x6) + (0x — 1))"2]
S P
i = W = O1uz — U2 (u2 = 1)(8ov2 - 2)

2
’5-

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)
(A.15)

(A.16)
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Estimates near H, that is v) — 0:

w = usv3 (A.17)
-1 -1
wE ~ W= D= 1) (A18)
x—1
E 1 1
= o + A.19
E 1-x xuy-1 ( )
W 1 X .
— ~ + 1773 (A.20)
w ur —1  xur—1
2(up — 1 -1
2= D - 1) )
(1-x)v2
XUo 1
)~ ———  ——— A.22
"2 x—1 (x-=1Duy ( )
wEy ~up —1 (A.23)
EU XUy
=2 A24
E() XUy — 1 ( )
A.0.4. Third chart (u3, v3) = (5, uv)
(v) = (& usvs)
w3 = —U3
E = x%l (xu3_l)(u3;3l)vi_(9+0) V3 — 95”;;3_1 — x6ouzvs + ((x + 1)90 +x01 + (9x - 1))V3
E= x((xu_sl_)lz) [(v3_9,)4§v3_9) —(v3— 90)V3]
ty = L= DCuo ) — 9y + 1 us (us — 1)(2v3 = o)
3y = o (V3 - 6)(v3 - 6) — xlzfolusy
L u3—1) (2w —
O = ORI = 01+ 1 (s~ 1D)(2v3 — o)
New base points:
bt (u3,v3) = (0,0), b3, : (3, v3) = (0,9).
No other visible base points.
New elliptic base points are b, and b_,.
Visible components of the infinity set: Do, : {u3 = 0}.
Estimates near D, that is u3 — 0:
W = —uj3 (A.25)
—0)(v3-6
wE ~ W3 =03 —0) (A.26)

1—-x
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E x
=~ A27
E 1-x ( )
LI (A.28)
w us
gy ~ 3= (0+6) (A.29)
1-x
by ~ (v3 = 6)(v3 - 6) (A30)
(1 =x)u3
wEg ~ (v3 = 0)(v3 — 0) (A31)
EO x(ex - 1) .
POk i B4 . A32
E ~ 1 + X3 (A.32)

B. Okamoto desingularisation
B.1. Details for the blow-up procedure

B.1.1. Blow up of B, 1, Bx, Beo
Let us first blow up the points Bg, 81, Bx.

% Recall that for i € {0, 1,x}, we have V; : {ug =i} U{u; =i} U{uy = 1/i} U {u3z = 1/i} and that
Bi € V;. Note further that V; \ {8;} C Cﬁ,v. So whenever we remove one of the points §8; from a
chart other than Ci’v, we may just as well remove the visible part of the whole line V;, without
changing the global picture.

% Replace the chart C2. by the following six C2-charts:

up,vi
.— v — |l u
(uo1,vo1) = (Mlj) (102, vo2) = (V_:»Vl)
—— v e [u—1
(u11,v11) = (Ml -1, ml_l) (u12,v12) = ( " ,V1)
- W _ v [ uoi—x _fui(ui—x) v
(tx1,Vx1) = (M(n - X, umle) = (Ml - X, m) (tx2,Vx2) = ( o ,V01) = (% u—‘l)

% In each pair of charts sz,w s Cﬁiz’m (which effectively replaces S; by the exceptional line D; :=
{ui1 = 0} U {vin = 0}), we have to remove the points 3; for j € {0, 1,x} \ {i} if visible. Yet these
points are visible only in the Cii vy Charts. By the remark above, we may remove
the following visible parts of Vy : {u;; = -1},
the following visible parts of V; : {ug; = 1} U {uyx; =1 —x},
the following visible parts of V. : {ug; =x} U {u;; =x — 1}.

% The three charts Cﬁil vy With the removed lines are equivalent to a single C2-chart, namely

(1, v1) = un + 1, 1 ) = (m, i :
(uir+ D) (urr +1-x) wy (uy = 1)(uy = x)
For x = 0, the lines Vj and V, cannot be distinguished. Yet then the pair of charts Cﬁxl,m ,Cfm’vﬁ
replaces the chart Cﬁm ;- Therefore, this coordinate change is still valid.

% Similarly, we need to remove the visible points By, 3 from the chart C?

12.v,» Which can effectively
be done by setting

(0. 2) = (12 L) _ (L L) _ (L mZ).
’ T (1= u2)(1 - xus) ur” (uy — 1) (uy —x) TR
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Indeed, removing {ii, € {1, 1/t}, this chart is isomorphic to CM2 w \ Vx UV, removing {ii; = 0},
this chart is isomorphic to Cémﬁ \ {ii; = 0}. Note that this holds also for x = 0.

For the blow-up of S, we may stick to the standard procedure:

% Remove the point B, from the chart Cz ,- Note that then it remains visible only in the chart C2
as B : (0,0).
% Replace the chart C2

us,v3?

by the following pair of C2-charts:

usz,v3

vy —60 us
(uool,vool) = (M3, ), (umz,vmz) = ( , V3 — 9).
us V3 — 0

% Note that (Ci 1.—ve; (With a minus sign) corresponds to the classical chart of a certain surface, X

much used in publications concerning the Okamoto desingularisation of the sixth Painlevé equation

(see, for example [29]). Hence, for traditional reasons, we denote this chart by Cé? = Cﬁw Ve -
B.1.2. The vector field in the resulting new charts
In our seven new charts, that we have to add to the chart C2 | to obtain the global picture after blow-up

up,Vo
of Bo, B1, Bx, B, the vector field, respectively, reads as follows.

2 -1 -x) (6 . 0 . 6eI

DH TG (u_?+ BTt s x)

& _ x6Gpvi—1 (x—1)0;v+1 x(x—=1)0x V-1 0+6 x60p+(x-1)60; | ~
1= Tehw T o@Dt een@en ( STl +x —1) =275 ])VIJ’

+2% i, (i — 1) (@) —x)73,

2 (1- Mz)(l Xilp) Ox—1
uz = (x=1)%, + x— 1—xiip
2 (85=1)(81-1) (x 1)6’Xv2 x (x 1)91\72+1 XO01+05—1 ~ 06v,—6) o
v2 = - oD (=) ~ ohi=a) T (27— 1 Vy+ 5 (vl —x = )i,
o _ i(1-i) (1=xi3) (A~ O, X(Ox=1) 01
M3 - (X 1) 2 ﬁ3 + 1—sz3 + 1—!23
- 3xu2 2(x+1D)iz+1 _ _ [ — _ _ - _
$s = (x+1)it3 52 4 x(26-6p) (203—-1)+(x—1) 6; 0°°V3 _xe(e 90)’

x—1 3 x—1 x—1
S o up=6o “02"02 6+6 2 06
U2 = XDy — a1 T %=1 Hp2V02 ~ Huove
. _ 3(u02V02)2 2(x+1)u02v02+x (-)+9 2 X@O €+9 2
Vo2 = 7 2 U2V, | % +60) + = v02+ g l Voo
Uon = _ (0x=1) (uxavao+x)—uxo+X _ _ uxo (Ux2+x6p) U2 (U2 +00) 0 Ouxrvxr (Unp Vo +x)
X2 = Vx2 (x—=1) (ux2vx2+x) x-1 x-1
s (uxvxo+x) (Bvxo—1) (Bvio—1) Bovxa—1
Vx2 = x—1 +x(x—1)(uxzvx2+x)’
3 —
. up-6, _ UpVie | 940 2 09
iy = —%—%+—M12V12— TUI2VI2
. 3u?, v —2(x-2) (u1aviz)—x+1 0+0 2 x 6 9+60 06 .2
Vi = 12 1 1 2—M12V12+ O = +60; — 1 V12+ —TV12
. 35X (Uoo2 Veod) 2 =2 (X4 1) leop Voo +1 20-6y 2 x(26-6p) 6(6-6p) u2
{u‘x’z -7 x—1 -2 x—1 uoo2v°°2+ 9 +— Uoo2 — X x—1 002

C o VedtBe L Usod Ve (Ved +0=6) (Ve +6)
Voo = (1-X)ttoo X 1-x .

B.2. Detailed charts of Okamoto’s space

B.2.1. The chart (ug,vo) = (u,v)
Domain of definition: C2.

Visible components of the infinity set: (.
Visible exceptional lines: 0
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(uo,vo) = (u,v)

woy = 1

_ ug(uo—1) (up—x) _ 6 [ 0x-1 06

E = x-1 0 Vo up + up—1 + up—x + uo(up—1) [ *
. _ u()(u() 1)(u0 x) _ @ _ 91 — Hx_l
M() - x—1 2V ugp u(]*l uy—x
. 3ud—=2(x+1)ug+x 5
VUZ_—xl)O 2+20+1u Vo — ( 0‘)+6’ +6+9)v0—x079.

B.2.2. The chart (ﬂ], ﬁ]) = (Lt, m)
Domain of definition: CZ \ {yo, ¥x, ¥1}, where

1 1 _
o o) v b ) v ()

Visible components of the infinity set:
H* :{#1 =0}, Dy:{ia1 =0}, D;:{i=x}, Dj:{i =1}

Visible exceptional lines: 0

(@, %) = (Mm)
wv) = (@ gmma s
@y = —iy (i) —x) () — 1)
E _(xfl)z {al(alixwf - (‘7?;15()’?11:1\'6)0 +66 (i) ~ 1)}
E= Yoo - L(Ly s 3;—;) + 68y —x)}
i = g - A=) 90 + ulell i )

& _ x6Gpv—1 (x—1) 0 v;+1 x(x 1)05v—1 0+ x60p+(x—1) 6,
Vi = (x()ll)zll ~ oD T DG +(_1( 1+x— 1) -27==5 ) Vit

+2% i1 (i — 1)(@) - x)72.

B.2.3. The chart (Mz, V2) (u m)
Domain of definition: CZ \ {¥+, Y1, Be, 8}, Where

1 X 1 1 N |
R R

Visible components of the infinity set:

7‘[* : {\72 = 0}, D:: . {IZZ = 0}, 'D; . {I:iz = l/x}, DT . {ﬁz = 1}
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Visible exceptional lines: 0

(12, ¥) = (um)

_ {1
) = (& i)

@y = da(1 = xiia) (1 — 1) 73
s x 1 _ (9+5)—90uz 001 _
E= (x-1)2 {ﬁz(l—xaz)zﬁf T (1-xi) T (1 Mz)}
£ = (0%-)(0n-1)  (x-D)6itatl _  (x=D(6:=D)r-x _ x68
(xfl)ﬁzﬁzz (x,1)2(1,,12)‘j22 (x—])z(lfxb?z)ﬁzz x-1

L 2 (1-itp) (1-xitp) 0,—1
U =-Gns * o ( 1—xa2)
2 (On-D)(0%h-1) | (x=1)6h-x  (x=1)8%r+1 x01+6,—1 ~ 99v 2
V2 = Z(x—l)ﬁzz (x—l)(l—;ﬁz) - (x—l)(i—zaz) (2 = 1)V2 + 2 (xiy —x = Dy

B.2.4. The chart (ii3, 73) = (u3, _Vs—e)

u3
Domain of definition: CZ.

Visible components of the infinity set: (.
Visible exceptional lines:Ex : {it3 = 0}

(i3, 73) = (ﬁ,—u(uv—@))

(u,v) = (‘21 u§V3+9u3)
w3 =1

. ~ [ V3 (ii3 73 —260+6, 00+0, (70 0,—1)(13-x6
E = (1= ) (1 —xitg) (DB 1 SRRy Eopeol)

iy = a3 (1-it3) (1-xii3) (Zﬁ _ 8

O, X(6-1) 6 )
u3

(x=1) 1-xit3 1-03
B 3xu2 2(x+1D)dz+1 _ _ [ — _ _ - _
$s = CetDiis+] oo | x(20-6p) Qis=1+(x=1) 6y O 5, _ x 0(0-60)
x-1 3 x-1 x-1

B.2.5. The chart (ug3, vo3) = (M02 — 6o,
Domain of definition: CZ.

Visible components of the infinity set: D} : {vo3 = 0}.
Visible exceptional lines: & : {ug3z = 0}

Vop
up2— 6

(03, v03) = (MV 6o, uv2— 00\/)

— 2 1
(u,v) = (M03V03 + Gouo3vos, W)
w3 = —V3
_ 1 [ ((uo3+80) 103 vo3 —x) ((103+60) o3 vos —1) 7 2
E= 4] 0 = (0+ 6 = 0o) (uo3 + o) “uo3vos+

+00((uo3 + 00)u3vos — x) + (X91 +(0x — 1))(1403 + 90)]

3 = 7= (103 + 0o — 0) (uo3 + 6o — ) (o3 + 00)103v03 — T2y7ms
s 1 ) 2 _ 2(ug3+60)—(0+6) 2
Vo3 = — 1= (o3 + 6o — 0) (uo3 + 0o — 0) (2ug3 + Oo) vy — =75 (o3 + Oo)uozviz+ -
2up3+6p— O, +1 x(2u03+90 (4 )
+EEETE s + Vo3
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We have:

Wor = — 1 __ U03V03

BT T (= x)uv = x0)v  uosvos(uos +60)2 — (g3 + 6 + )
Wy ~ Up3vo3 ’

x(u03 + 90 + 9x)

£ 1 x

- x—1 @

1 uo3 1

Ewxs ~ x—1 (u03+90+6x) — x-1

1
x-Dwyy — 5
Further formulae:

—%E =1-2 [(9 +6 — 0o — u03) (103 + 00) o303 + (o3 + 00)uo3 (B0voz +x + 1)—

—00x + (x91 +0, — 1) (o3 + 90)]

3 1 = 2(up3+6p)—(6+6
o8 = —1< (o3 + 00 — ) (uo3 + 0o — ) (2uo3 + 6o)vos — 2054 00) =040 (405 + 6g)ug3vos+
+2u03+9(r(‘)x+| + X (2ug3+6o—601)
I-x 1-x

B.2.6. The chart (ug4,vo4) = (— MQ3V03)

Vo3’
Domain of definition: CZ.
Visible components of the infinity set: (.
Visible exceptional lines:&y : {vos = 0}

(104, v04) = (MVZ - bov, %)
(u,v) = ((M04V04 +60)vos, %04)
wo = —1
E=24 [((M04VO4 +600)vos — x) ((uo4vos + 00)vos — Ditgs — (6 + 6 — 6o) (uoavos + 6o) *voa+
+00((uo4vos + 00)vos — X) + (x01 + (05 — 1)) (uo4vos + 90)]
ligs = 7 (uo4vos + 0o — 0) (uoavos + 6 — 0) (2uo4vos + 6g) — O1uos—

) 2
_(6+0)- 21(14)(34V04+90) [(uoavos + 00)vos — 1uos — x( u014vo4+90) Uos

Vo4 = —7 [[2(M04V04 +6p) — 0]vos — 1] [[2(M04V04 +6p) — 9]‘/04 - 1]
+7 [ (uoavos + Bo)vos — 117 + 01vos + 75 [ (2uoavos + fo)vos — 1].

B.2.7. The chart (ux3,vx3) = (I/txz x()x, m)

Domain of definition: C? \ {yo, @}, where

(00 +6) 1 0, 4

X |, @ |—X—=,— |

Y0 0 T 8060 + Ox) 2 %62

Here, « is an apparent base point on Dy \ #H, not a base point in the charts Cum o and Cim Vos*
Visible components of the infinity set: Dy \ yo : {ux3v3(uxs +x605) = —x}, D% : {v 3 = 0}.
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Visible exceptional lines: &, : {uy3 = 0}

(133, Vx3) = ((” —x)uv — x0y, ((u—x)uvl—xex)uv)

(u,v) = ((ux3 + X0, )Ux3Vy3 + X

? ((Ux3+X 60y ) Ux3Vx3+X) Ux3 Vi3 )

wx3 = —((Ux3 +X0x)ux3Vx3 +X)Vy3
1 0. [ vy
E = (x—Ditx3vrs [ - (uﬁﬁj&i)ijfvjﬁx = (Bux3vis — 1) (Ouxzvis — 1) (U3 +x60x)+

+00 - (x — 1)(0 — 1)]

_ _ 1) 2 (a3 +XOx+60) (ux3+x6x) | 1 (Ux3+x(O0+0x)) (Ux3+X Ox)
ux3(6x = 1) X0 I-x + Vx3 + (1fx)((ux3+x€x)ux3vx3+X)+

<.
=
w

|

+%((”x3 +x05)ux3Vx3 + ) (Ux3 + X0x)Ux3V 3
Vi3 = (U3 O )3 Vx3+X) Vs [—95(214)(3 +x0,)vy3+ (0 + 5)] -

1-x
_ (Qux3+x0x) Va3
(1) ((ux3+x Ox ) tx3Vx3+x)

+

(Bo+0x)vxs (4 XOx(UxatxO)vaz=2x) _
1-x (Ux3+X Ox ) Ux3 Vx3+X x3

Further formulae:

—1 1 —1
—wnE = [x(eauxsvxs (6+6+0,—1))+(0+0— ﬂl);(auﬁm ) (Bu3vs=1) (uxa+x0y) ](ux3+x9x)vx3+
+( ”x3
Wy3 — ( Ux3+X Oy ) Ux3 Vi3 +X) (2Ux3+X Ox) Va3 99 + 2ux3+xox+
wWy3 1-x

gx X 0)( X -1
9+9 (2(ux3 + X0, )Ux3Vy3 +X) — x(60 + 6,) - 1)(2:,5:—;0 ;;szxgﬂc)

= _Zuxfj;e (aewxg — (B0 +0) 0, 222 vx3+1) x 020 ) ) xss.

B.2.8. The chart (1,4, v,4) = (L“’ sz)

Vx2

Domain of definition: C? \ {yo, @}, where

[ =x(60 + 65)0 ! 2
70- xO XO’HO’ a-x4, gx.

Visible components of the infinity set: Dy \ vo : {vxa(txavxa +x05) = —x}.
Visible exceptional lines: &, : {vy4 = 0}

(13, v58) = (= x)uv = x0)uv, %)

1
(M, v) = ((MX4VX4 +XQX)VX4 + X, ((MX4VX4+)C9X)VX4+X)VX4)
wWx4 = —((Ux4Vx4 +X0x)V x4 +X)
E = (X_ll)vx4 - (:x44‘:;;:;9x):i42x = (Ovxs = 1)(Ovxg — 1) (tx4vx4 +x05)+

+0p — (x —1)(6x - 1)

Uyg = (g Ve +x O) Vg X) [6’5(2ux4vx4 +x0x) — (0 +5)ux4]+

1-x
(2uxqVxa+xOx)uxg _ 6o+ 0 X O (Uxq Vxa+X Ox) —2XUxq
+ (1=x) ((uxa Vxa+X Ox) Vxa+x) =x \Uxa (UxaVxa+X Ox) Vxatx tllxa -
. — (Uxq Vxa+X Ox) Vag+x _ 0 _ Govxa—1
Vx4 = T (Oves = D(Ovis = 1) + X iy veero

We also have:

1
Wx3 = —((UxaVxs +X0,) Vs +X)—.
Ux4
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B.2.9. The chart (u13, V13) = (u12 - 91, ulzlfgl )

Domain of definition: C2.
Visible components of the infinity set: D : {vi3 = 0}.
Visible exceptional lines: &; : {u13 = 0}

(u13,v13) = ((u =Dy =61, o= 1)vlz ew)
(u,v)
w3 = —vi3

E = X?fﬁ?é [(”13 +01 = 60) (w13 + 61 — O)urzviz +uiz — (6 - )]
E = (u3+61-0) (13461 -

2
( 13v13 +01uzviz + 1, m

9) ((uiz +0Duviz+1) —x

06—0) (u13+61) _ (uia+0)u13viz+l

x—1 x—1 Vi3

1

13 = =5+ 5 (w3 +6) —9)(M13+91 —5)(M13 +0)ui3vis

—(QQuiz +01)vi3 — 7 (w13 + 6 — 9)(”13 +6, —5)(2u13 +61)viy-

1 ) 2 X6
—m(zu]g, +260, -6 - 0)(1413\/13 +61u3viz+ vz — ﬁ\/]g.

Vi3

B.2.10. The chart (4, v14) = (MIZ_HI,VQ)

vi2
Domain of definition: CZ.
Visible components of the infinity set: (.
Visible exceptional lines:&; : {vi4 = 0}

(u14,v14) = ((u — v -6y, %)

2 1
(u,v) (M14V14+91V14+1,v—14)
wi4 = -1

E = (114v14+61=6) (u14v14+61 —
- x—1

—((u14v14 + 01)via + Duis

00—0) (u14via+61)
x—1

D ((urgvia +0)vig+1) —x

. 2ui4vi4+60 I
14 = Quigvia+6)uis + %(umvm +60; - 9)(MI4V14 +6) - 9)+
(u14v2+01 via+)urs 0+60 x6gu
P2 (mavie + 01 - 57 ) + R
. = 60-0 :
Vig = 72 (u1avia + 6) - 9)(”14\/14 +61 - 9) -1~ 2(”14\/14 - =2 1)\/14—

o (u14vE+01via+])vig 9
=S e R upgvis + 0 — 2

B.2.11. The chart (103, Veo3) = (umz, m)

U2
Domain of definition: CZ.
Visible components of the infinity set: (.
Visible exceptional lines: £ : {#tc03 = 0}, o : {Uoo3Vo03 = 0o}

(e vesd) = (s (v = 0) (v = D))

(M, V) = (m, (uoo?;voo:’y + 9)(140031/003 - 900)“003)
a)mg = -1

= 91(1/{003\/00’; + 6) + o 1(Moo3Voo3 + ‘9 00)(”003‘7003 + 0) [uoo3(uoo3voo3 -6+ 6) - 1]

—99 - vmz [uoo3(uoo3voo3 -0+ 9) - 1]
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2 2
_ O  2(Ue3 Vo3 =B U=l (U53Vo03—Ooolien3 —1)
(01 + 1 x)u°"3 1-x X 1-x +

oo
i ((2um3vm3 — 0= 00 +20)ees — 1) ((2um3voo3 0+ 20) s — 1)
Vood = Vo3 (2Uoo3Veo3 + 01 — O) _xe(lgf_fﬂ)(zum3voo3 — Oe)—
_ﬁ [2(2”0031/003 - 800)(”%03‘)003 - 900”003 - 1)—

—(6 +0— 90)(1 - 31/!303\1003 + 29001/!003)]\1003

B.2.12. The chart (uw4,vm4):( ey vm2+9w)

Veo2+ 60
Domain of definition: C2.
Visible components of the infinity set: D2 : {uw4 = 0}.
Visible exceptional lines: £ : {Voos = 0}, Eoo : {Vood = 00}

Y S B ]
(oo, Voos) = ((uv—a)(uv—ﬁ)u’w 0)
(u,v) = m, Vood + 9)(\’004 - 900)“004Voo4)
Wooq4 = —Uocod
s (Vot—=Oo)UootVoos =1 [ 1 a7 )
E=x (x-1)2 Uood (V004 +6 60)("004 + 9)
E = 01(Voos + 0) + 25 (Voos + 0 = 00) (Voo + 0) [UoosVoos (Voos — 0+ 0) — 1]—
—-60 — m [UoosVoos (Voos — 0 + 0) — 1]
Hood = —Uood(2Voos + 01 — O) +xi’_i; [5(5 —00)(2Veos — Oco) Uhos+

+(9x + 91 - 1)(31,{004\/204 - 29001,{004\/004 - 1)+

+2(2v0<,4 - 900)(1/[004\/204 — OoollcodVood — 1)]

1
(1=X)Uoos

\.)oo4 = - ﬁ(voo4 + 5)(‘}004 + 5 - 90)(‘}004 - 000)”&4‘}004

C. Estimates near D7 \ H* and D} \ H*

Lemma C.1 (Behaviour near Dy \ H*). If a solution at a complex time t is sufficiently close to D} \ H",
then there exists unique T € C, such that (u(t),v(t)) belongs to line &,. In other words, the pair
(u(t),v(t)) has a pole at t = 1.

Moreover, |t — 1| = O(|d(t)||u13(¢)]) for sufficiently small d(t) and bounded u 3.

For large Ry > 0, consider the set {t € C | |u13(t)| < R\}. Its connected component containing ©
is an approximate disk A| with centre T and radius |d(T)|R}, and t — u13(t) is a complex analytic
diffeomorphism from that approximate disk onto {u € C | |lu| < R;}.

Proof. For the study of the solutions near D} \ H*, we use coordinates (u13,v13) (see Section B.2.9).
In this chart, the set D} \ " is given by {vi3 = 0} and parametrised by u;3 € C. Moreover, £ is given
by u13 = 0 and parametrised by v 3.

Asymptotically, for vi3 — 0, bounded u13 and x = ¢’ bounded away from 0 and 1, we have:

1

miz ~—— (C.1a)
V13

. -X ~ 0o
Vi3 ~ =2u13vi3 T % (361 —6 -6 —6p)vi3 - =8 (C.1b)
w13 = —V13 (C.10)
) 1 — 0

OB Qupi+6)) - —(21413 +20,-6 - 9) 20 L 0(w) (C.1d)
w13 1—-x 1—-x

Ew13 ~ 1. (Cle)
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Integrating (C.1d) from 7 to ¢, we get:
wi3(1) = wi3(D)e” VKD (14 0(1)),

with

K = -2u5(7) -

1 _T_(2M13(7:)+291 —9—5) - =
—-e

and T being on the integration path.
Arguments similar to those in the proof of Lemma 6.6 show that vi3 is approximately equal to a
small constant, from (C.1a) follows that:

-7
ui3 ~ u13(7) - .

Thus, if 7 runs over an approximate disk A centred at T with radius |v{3|R, then u13 fills an approximate
disk centred at u13(7) with radius R. Therefore, if |v3] < |7|, the solution has the following properties
fort € A:

vis(t) |
v13(7)

s

and u)3 is a complex analytic diffeomorphism from A onto an approximate disk with centre u3(7)
and radius R. If R is sufficiently large, we will have 0 € u;3(A), which means that the solution of the
Painlevé equation will have a pole at a unique point in A. Now, it is possible to take T to be the pole
point. For |t — 7| < |7]|, we have:

d(1) o) wis() -7 1-71
m ~ 1, that is d(T) ~ —W ~ —1, M]}([) ~ = Vi ~ d(T) .

Let R; be a large positive real number. Then the equation |u3(¢)| = R correspondsto |t —7| ~ |d(7)|R],
which is still small compared to |7| if |d(7)] is sufficiently small. Denote by A the connected component
of the set of all r € C, such that {r | |u13(¢)] < Ry} is an approximate disk with centre 7 and radius
2|d(7)|R}. More precisely, u;3 is a complex analytic diffeomorphism from A onto {# € C | |u| < R},
d(1)

and =5 ~ 1forall7 € Ay.

From (C.le), E(f)w13(7) ~ 1 for the annular disk A \ A7, where A7 is a disk centred at 7 with small
radius compared to radius of A;. O

Lemma C.2 (Behaviour near D \ H*). If a solution at a complex time t is sufficiently close to
Dz \ H*, then there exists unique T € C, such that (u(t),v(t)) has a pole at t = 1. Moreover,
|t — 7| = O(|d(1)||veos (t)]) for sufficiently small d(t) and bounded v 4.

For large Ry, > 0, consider the set {t € C | |voos| < Rwo}. Its connected component containing t
is an approximate disk A with centre T and radius |d(7)|Re, and t '/ vy (t) is a complex analytic
diffeomorphism from that approximate disk onto {u € C | |u| < R }.

Proof. For the study of the solutions near D2\ H*, we use coordinates (#co4, Vood) (see Section B.2.12).
In this chart, the set D \ H* is given by {uw4 = 0} and parametrised by vey € C. Moreover, Ex is
given by {ve4 = 0} and parametrised by uc4, While £ is given by {ve4 = 0} and also parametrised
by Uooq .
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Asymptotically, for uss — 0, Vs bounded and x = e’ bounded away from 0 and 1, we have:

(2Voos = O0)(x + 1)+ 01 +x(0, — 1)

U ood - Uoods (C.2a)
x—1
1
VNPV — C.2b
Vood &= Dty (C.2b)
Wood = —Uoo4 (C2C)
oo Voot =200+ 601 +0, — 1

oot Dyt = Oeo + O — 1 4+ 2t 170 (C.2d)

W o4 x—1

1

Ewey ~ o1 (C.2e)

Integrating (C.2d) from 7 to 7, we get:
Woot (1) = Wooa (1) =0~ DU=T) K U=T) (1 4 (1)),

with

4ot (F) = 2000 + 61 + 6, — 1
et -1

K =2v,,(T) +

and T being on the integration path.
Arguments similar to those in the proof of Lemma 6.6 show that u.4 is approximately equal to a
small constant, and from (C.2b) follows that:

1—e’
_eT

t—7-logq

Vood ~ Voot (T) +
Uocod

Thus, for large R, if ¢ runs over an approximate disk A centred at T with radius |u#e4|R, then veq fills
an approximate disk centred at vo.4(7) with radius R. Therefore, if |uw4| < |7|, the solution has the
following properties for t € A:

Ucod (t) N
uoo4(T)

1

and V.4 is a complex analytic diffeomorphism from A onto an approximate disk with centre v4(7) and
radius R. If R is sufficiently large, we will have 0 € ve4(A), that is the solution the Painlevé equation
will have a pole at a unique point in A. Now, it is possible to take 7 to be the pole point. For |t — 7| < |7|,
we have that d(¢) ~ d(7) implies:

LU= 00m(® (@ Dus(® ot (e =)
d(7) ey loos d(7)

1

Let R, be a large positive real number. Then the equation |ves ()| = Reo corresponds to (e —=1) (t—7)| ~
|d(7)|Reo, which is still small compared to || if |d(7)]| is sufficiently small. Denote by A, the connected
component of the set of all # € C, such that {t | [vews(?)| < R} is an approximate disk with centre
7 and radius 2|d(7)|Rw. More precisely, vo4 is a complex analytic diffeomorphism from A, onto
{veC|v < Rw},and% ~1forallt € Aw.

From (C.2¢), E(t)we4(t) ~ 1/(1 — €") for the annular disk A, \ AZ,, where A/, is a disk centred at
7 with small radius compared to radius of A. m}
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D. The vector field in the limit space

Ey = —u{(u—1v(uv-20+0,)—01v+60(0—-0)}
i o= 2u*(u—-1v+O0+0)u(u—-1)+6u
v o= (3u—2)uv2—2(6+5)uv+(9+§—9])v+05.

(ﬁl,f’l) = (M,m)
Ey = -] _2+}(9+9 U ) 06,

Vi u
L _l ~2 0+60—-6, [
upy = ‘71+u1(u1 1)(—+ﬁ1 l)

B = Lo ons ((e)ﬁue))(ul—1)+291)v1 00> (i, — 1) .

1 -

(i, 2) = (i,ﬁ)
_(am-D(8%-1) 4 Ol

Eo = 102 (1—tiy) 72
iy = ‘%+91 -1 —112)(9+5—91)
By = —LORlORTD _ Bt (94§ - 6))7, + 607

(ii3,V3) = (%,—M(W - 9))
Ep=—(1- IZ3)IZ§\73 — (0o + 01)il3V3 + OooV3 — 9(5 -0))
i3 = =2ii3(1 — ii3) V3 + 0 (1 — ii3) — 0113
V3 = (=203 + 1)73 = (01 + 0c) 73 .

-
w0
|

(103, vo3) = ( — 6o, m)
(u,v) = (”(2)3V03 + 0010303, m)
Ey = [ (uo3 + Bo)uzvoes (Mo3 +00—(0+60 - 90)) — u3(86vo3 — 1) = (65 — 1)](“03 +6o)

o3 = (o3 + 6o — 6) (o3 + 6o — 6) (o3 + 00) 103 v03 B
Vo3 = —(ug3 + 0o — 0) (o3 + 0o — 0) (2uos + 00)va; — (2(uo3 + 6o) — (6 + 6)) (uo3 + o) uozvi,+
+(2u03 + 9() - QX + ])V03

(104, voa) = (MV2 = o, %)
Ey = [u04v04 — (u0avos + 60 — (6 +6)) (uoavos + 00)vos — 00vos — (6 — 1)] (uo4vos + 6o)
tios = (uo4v04 + 6o — 6) (04v04 + 6 — 6) (2u0avoa + 6o) — O1uuoa—
—[(0 +6) — 2(uo4vos + 60) ] [(10avoa + Oo)vos — 1]uos
Vo4 = _[(2(”04V04 +60) —0)vos — 1] [(2(1404\/04 +6p) — )VO4 - 1]
+[ (u04vo4 + B0)vos — 117 + 01vo4

(v23) = (a2 v fuse) = (i )

1- (9+0 0, )ux'; vx3+ux3 Vx3

Eo = s + 00U ,vy3 — (9+5)ux3

Uy3 = —(ux3+9+t9 91)MX3+—+9¢9L£ 3V 3

Vy3 = —200u S+ 0+ H)I,tﬁvx3 - E +(0+60-0))vy
(ux4’ Vx4) = (ux2/vx2’ VxZ) = ( 3 2, #)

Eo = ””—“ + (0vxa = 1) (0vis = Dityg
ligs = 00u> 4v R IR CR R
Vx4 = —MX4VX4(9VX4 - 1)(9Vx4 -1
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(13, v13) = ((u -Dv -6y, (u_1):2—9w)_
Eo = —(u13 + 61— 0)(u13 + 61 — 0)((u13 + 6)uizviz + 1) — (w13 +01)u13 — ﬁ
i3 = _v+3 + (up3+6; — 9)('413 +0, —5)(u13 +01)ui3vi3
vi3 = —Quiz +01)viz — (w13 + 61 - 0) (M13 +6; —5)(2”13 +01)vi;—

—(21413 +291 -0 —5) (”%3"13 + 911/[131113 + 1)V13

(U14,v14) = ((M - v =6, %)

Ey = —[(M14V14 +01 —60)(u14v14 + 61 — ) +u14]((M14V14 +61)via+ 1)

lig = (2M14v14+91)[(ul4vl4+91 - 9)(“14"14 +0; —5) +Ml4]+
+2(u14v?, + 01vis + 1)u14(u14V14 +6; - 0%5)

vig = —v3, (u14vig +0; — 9)(“14"14 +0 —5) -1- 2(M14V14 - 60591)"14_
—0gvia — 2(uiavi, + 01vig + 1)v14(u14v14 +0, - 9%5)

(Ueo3,Ve03) = (m, (uv = 0)(uv - 5)14)
EO (01 - 9)5"' uoo3voo3(01 - 900) + (uoo3vo<)3)2 — V3
Uoo3 (oo — 01)ttoo3 — 21/[303\/003 +1
Vood = Voo3 (2Uoo3Veo3 + 01 — Oco)

o
(uoo4,V004) - ((uv79)(’_“/7§)u,uv 0)
EO = (9] _9)9+Voo4(v°°4_9°°+91)_t .
lloo4 = _uoo4(2v°°4 + 91 - 900)
. _ 1
Vo4 = Uood
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