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ANALYTIC RANGE FUNCTIONS OF SEVERAL VARIABLES

R. CHENG

ABSTRACT. Let ( be a separable Hilbert Space, and let A be the halfplane
{(m,m) €22 :m>1}U{(0,n) € Z* : n > 0}

of the integer lattice. Consider the subspace M-(A) of L2C on the torus spanned by
the C-valued trigonometric functions {ce™*™" : ¢ € ¢, (m,n) € A}. The notion of a
A-analytic operator on M.(A) is defined with respect to the family of shift operators
{Smn }o 0N M-(A) given by
(S nf)(eis eit) - eims+intf(eis eil)
m * 7 .

The corresponding concepts of inner function, outer function and analytic range function
are explored. These ideas are applied to the spectral factorization problem in prediction
theory.

This paper is a continuation of the works [1, 2] on the analysis of operator valued
functions of several variables. The present purpose is to extend some of the work of
Loubaton [7] for matrix valued functions to the infinite rank case; or what is equivalent, to
establish a several variables version of some results on range functions from Helson [4].
Thus we shall consider notions of analytic, inner and outer functions in this setting,
and develop the related concept of analytic range function. These ideas are applied to
the spectral factorization problem from prediction theory. At issue is whether a given
nonnegative operator valued function ¥ has a factorization W = ®*®, where @ is outer
in a certain sense. The final theorem is a reduction of this issue to the special case that
the values of W are full rank. The results obtained here do not displace those of [7]: In
passing to the infinite rank picture we need to alter some of the underlying definitions,
and this precludes the detailed accounting of dimensionality that was possible in [7].
Moreover, a general logarithmic integrability criterion for the desired factorization is not
possible for ¥ having infinite rank values.

We adopt the following notation and definitions. Throughout, ¢ is normalized
Lebesgue measure on the unit circle T. Let C be a separable Hilbert space, and write
B(C) for the Banach space of (bounded linear) operators on C. By LPC(UZ) and L’;}( C)(O'z)
we mean Lebesgue spaces of vector and operator valued functions on the torus T?; the
corresponding Hardy spaces are written H@(az) and Hg( C)(az). Fix a nonempty subset
Q of the integer lattice Z?. We define the space M-(Q) to be that subspace of L2(d?)
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spanned by the trigonometric functions {ce™*™ : ¢ € ¢, (m,n) € Q}. For each (m, n)
in Z?, let S,,, be the operation

f( eis, eil) — eims+intf( eis7 eit)7

where f is any C-valued trigonometric polynomial on the torus. Each S, determines
an isometry on LZ%(c?). Moreover, if Q is a semigroup in Z?, and (m, n) belongs to Q,
then S,,, restricts to an isometry on M(2). We may write S} = S10 and S, = Sp ;. If a
subspace X of L2(0?) is invariant under S, for every (m, n) € Q, then we say that X is
Q-invariant.

In the paper [1], the space M-(€2) was examined, where Q was any sector of the
integer lattice. Here, however, we are primarily concerned with the halfplanes

A={mn)€Z? m>1,n€ZyU{0,n) € Z* : n > 0}
O={mn) €Z?:m>0,ncZ}.

Loubaton [7] justifies the attention to A by viewing it as a halfline with respect to a
lexicographical ordering of Z2. In addition, A is an example of a halfplane in the sense
of Helson and Lowdenslager [5], which was introduced for algebraic reasons. We are
ultimately concerned with a notion of analyticity that is connected to A. The halfplane IT
is needed here as an auxiliary tool. Later, we also use (—A) = {(—m, —n) : (m,n) € A}.

We say that an operator 4 on M(I1) is [T-analytic, if A commutes with S,,, for all
(m,n) € IL. In particular, a [T-analytic operator is S;-analytic in the one-variable sense;
we may view such an operator as acting upon Hzg (o e,,))(o(eis)), which is isomorphic
to M (IT) in an obvious way. Hence we may speak of a I1-analytic operator as being
S1-inner or S)-outer. In specific, we say that an operator 4 on Hzg (o e,.,))(a(e"“)) is

Si-outer,if A is S} -analytic and [A Hig (ot é.,»(a(e’s ) ]7 = H,Zw(o(e”)) for some subspace
M = Moy (A4) of L2(a(e"));

Sy-inner, if A is Sy-analytic and partially isometric.

S1-constant, if both A and 4* are S;-analytic.

These definitions are conceptually consistent with those from the classical one-
variable theory; see [10, Chapter 3]. By the initial space of a partial isometry we mean
the orthocomplement of its kernel. If A is S;-inner, then its initial space as a partial
isometry on Hi% (o) (o(e")) is of the form H},(o(e™)), where M = M;y(A) is a subspace
of LZ(o(e")). This follows from [10, Theorem A, p. 96].

In an analogous way, we say that an operator 4 on M:(A) is

A-analytic, if A commutes with S,,, for all (m,n) € A;

A-outer, if A is A-analytic and [AM-(A)]™ = My(A) for some subspace N = Nyyi(A4)
of G;

A-inner, if 4 is A-analytic and partially isometric;

A-constant, if both 4 and A* are A-analytic.
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If 4 is A-inner, then its initial space is of the form My(A), where N = Nj,(4) is a
subspace of C [1, Proposition 1.1]. The proof builds upon the argument due to Lax from
the one-variable case.

Every II- or A-analytic operator has a functional realization. That is, if 4 is IT- or
A-analytic, then there exists a function F(e”*, ") in L3 (c%) such that 4 is given by
multiplication by F. The correspondence is linear and respects adjoints. Thus, we may
speak of T1- and A-analytic functions, as they arise from operators in this fashion. Since
A C T1, a A-analytic function is automatically IT-analytic. If F' is some B(()-valued
function, we define F to be that B(C)-valued function given by

F(eis’ eit) = F(e_is, e*it)*-
We now establish some properties of these inner and outer functions. Suppose that
B € Ly \(0%) is S;-inner. Then its initial space is of the form Hy(o(e")), where M =

Min(B) is a subspace of L2 (o(e”)). Now B commutes with both S; and S;. Thus if f € M,
we have

1BS2A 1|2 = [1S2Bf1]2
= [I1Bf1l2
=172
= [|S2f1l2,

and similarly with S, replaced by S3. Note also that S/ and S3f lie in L2 (U(e” )). Therefore

M is a doubly invariant subspace of L%(a(e")) with respect to S; by [4, Theorem 8,
p. 59], M must be of the form

) M= [ eM(e")do(e",

where each M(e") is a subspace of C.

It is easy to check that B(e”, e")*B(e”, €") agrees with the projection operator Py
of ¢ onto M(e"). Consequently, the values of B(-, ") are partial isometries on ¢ with
initial space M(e'). We may therefore view each B(-, €") as an S)-inner function with
related space M(e™).

PROPOSITION 1. A function B € L‘j;zc)(al) is S)-inner on sz (o ei,))(a(e"s)) if and only
C
if B(, €") is Sy-inner on H%(a(eis)), a.e. [o(e")]. In this case, equation (1) holds with M =
M;y(B) and M(e") = M, (B(-, et )); furthermore, we have B(e”, €")* B(e", €") = Py,
PROOF. If B(-, ") is Sy-inner on H2(o(e")), a.e. [o(e")], then B is itself S, -analytic.

Hence in this situation, B is in fact IT-analytic. Observe that B*B is the projection operator

of Hf% (ot e,,))(a(eis)) onto M, where

M= [ ®Min(B(, ") doe),
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It follows that B is S;-inner. The rest was proved above. (]

The analogous statement concerning S;-outer functions is [2, Proposition 6.2].

The classical canonical factorization theorem states that an S -analytic function can
be written as a product of an S)-inner function and an S;-outer function. The following
assertion slightly strengthens this claim when the given function is I1-analytic.

PROPOSITION 2. If A € L%?C)(oz) is IT-analytic, then there exist I1-analytic functions
B and C' such that B is S-inner, C is Si-outer, and A = BC.

PROOF. Let X be the I1-invariant subspace (A .‘MC(H)) . By [1, Theorem 3.2], there
exists a IT-analytic, S)-inner function B such that X = BM(II). Since B is a partial
isometry, B*B is the projection of M,(II) onto the initial space Hﬁl(a(eis)) of B, where
M = M;,(B). Now with C = B*4 we have

(AM(IT)) = BM(IT)
(B*AM (1))~ = B*BM(IT)
(CH (D))~ = Hyy(o(e")).
Thus C is IT-analytic and S)-outer with My, (C) = M. n

The corresponding statement is false with A in place of IT; see [1, Theorem 2.2]. This
fact was already pointed out [5] in the case C is the complex field.

Functions which are A-inner enjoy a characterization similar to Proposition 1. The
proof is similar.

PROPOSITION 3. Suppose that J € L%‘fc)(az) is A-analytic. Then J is A-inner if and
only if J*J takes a constant value Py, where Py is the projection operator of C onto some
subspace N of C. In this case, N = Nin(J). Furthermore, J is then S\-inner with related
space Min(J) = L} (0(e")).

The following characterization of the A-invariant subspaces of M (A) is useful.
Established as [1, Theorem 3.3], it is the analogue for M-(A) of the Beurling-Lax
theorem. A version for matrix valued functions is provided by Loubaton [7].

LEMMA 4. A subspace N of Mc(A) is A-invariant if and only if there exist functions
J(e”,e") and B(e", e") in Ly (%) such that
(i) J(&*,e") is A-inner on Mc(A);
(ii) B(-,é")is Sy-inner on Hizc(o(e,.,))(o(-));
(iii) J*B =0, and
(v) N =IM(N) ® S;BM(I]).

The above result yields general structural information about A-analytic functions,
analogous to the inner-outer factorization from the one-variable picture. We shall call it
the canonical representation of a A-analytic function.

https://doi.org/10.4153/CJM-1995-026-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-026-2

466 R. CHENG
THEOREM 5. If F is a A-analytic function, then F(e”, e") has the representation
(2) F(eis’ eit) - J(eis, eit)G(eis, eit) + eisB(eis’ eit)A(eis’ eit)’

where
(i) J is a A-inner function;
(ii) G is a A-outer function with Noyw(G) = Nin(J),
(iii) B is a I-analytic, S\-inner function on Hz, N é,,))((f(-)) ;
C
(iv) A is a U-analytic, Si-outer function on sz (ot e,.,))(o(~)) with Moy (4) = Min(B);
C
(v) J*B=0; and
(vi) NiaJ) L Min(BC, "), ace. [o(¢")]

PROOF. Apply Lemma 4 to the A-invariant subspace 9\[ = [FM-(A)]” to getJ and B

satisfying (i), (iii) and (v). Now note that
[J"FM(A)]™ = My(A),

and
[S{B*FM ()] = Hy(o(e™)).

Thus, the functions G = J*F and 4 = B*F satisfy (ii) and (iv), respectively, and the

representation (2) holds.
Observe that the ranges of J and B are orthogonal pointwise, hence

dim[J(e*, &) ] + dim[B(e”, €*)C] < dim C.
Since the values of J and B are partial isometries, this gives

dim Njp(J) + dim Mi, (B(-, €')) < dim .

It follows that in the construction of B in the proof of [1, Theorem 3.2] we may take the
vectors {c¢,} to be an orthonormal set in C & Nip(J) rather than merely in ¢. With that

change, we may insist that condition (vi) hold.

We now follow [4], and define a range function to be a function ¥ on T? with values
in the subspaces of . A range function F is measurable if the corresponding projection
valued function Py is weakly measurable. As argued in [4, p. 58], we may view Py itself

as a projection of L2(c?) onto the subspace M; defined by
My = {f € LL(0?) : f(e",€") € F(e", €"), ae. [07]}.
If Fis a B(()-valued function such that
[F(e*, )l = F(e°,€"), ae. [0°],

then we speak of ¥ as being the range function of F.
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For a range function ¥ and for a semigroup Q of Z? define 47(Q) to be the subspace
A5(Q) = {f € Mc(Q) : f(¢", ") € F(e, "), ae. [0]}.

A range function ¥ is said to be IT-analytic if there exists a sequence {f; } in M(IT) such
that

(3) F(e*, e = \k/{fk(e”, e}, ae. [0°].

A range function 7 is said to be A-analytic if there exists a sequence {f; } in M-(A) such
that equation (3) holds, and in addition we have

“ Az (A) = 3 B{SmlA5(A) © S225(A)] : (m,n) € A}.

The necessity of the condition (4) was noted in [7]; it arises because a complication in
the general structure of A-invariant subspaces of M (A).

If ¥ is [T-analytic, then 45(IT) is a [T-invariant subspace of M.(IT). By [1, Theo-
rem 3.2], there exists a [T-analytic, S;-inner function B such that 24(IT) = BM(IT).
Likewise, if ¥ is A-analytic, then by equation (4) and [1, Theorem 3.1] there exists a
A-inner function J such that 4¢(A) = JM-(A). Following [7] we speak of B and J as the
inner functions associated with 45(IT) and A5(A), respectively. They are unique up to

partially isometric factors which are constant in the appropriate sense. Since A C I, the
following assertion is not surprising.

PROPOSITION 6. Suppose that F is A-analytic with associated A-inner function J.
Then ¥ is I1-analytic with associated S\-inner function J.

PROOF. By hypothesis, A5(A) = JM(A), and hence JC = 45(A) © S, 45(A). By
Proposition 3, J is S;-inner. Now observe that

S145(T) = A5(T1+(1,0))

- Q)Sgﬂf(/\)

Fj) 1S B{SilAr(A) © $4,(A)] : (, k) € A}

3 DS Ar(A) © 285 (A)] : (i, k) € TT+ (1,0}
= Y @®{SiJC: (k) € TT+(1,0)}
= S| JM(TT).

So 24(IT) C JM,(IT), and the reverse inclusion is immediate. Since ¥ is A-analytic,
there are functions {f; } in M-(A) such that equation (3) holds. Since each f; already lies

in M(IT), it follows that 7 is [T-analytic. By the above argument, J is its associated
Si-inner function. =

Associated inner functions have the expected and desirable property described below.

PROPOSITION 7. (i) If B is the S\-inner, I1-analytic function associated with a I1-
analytic range function F, then F is the range function of B. (ii)) If J is the A-inner
function associated with a A-analytic range function F, then ¥ is the range function of J.
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PROOF. (i) By hypothesis, the subspace A¢(IT) is of the form BM(I1). Clearly, for
any ¢ € C, we have Bc € 45(I1), a.e. [0°]. Hence

B(e",e")C C F(e", ).

On the other hand, there exist {f; } in M(IT) such that condition (3) holds. Since each f;
belongs to A5 (I1), there are functions g in the initial space of B such that f; = Bg;. Thus

T, e = B, eV {gule, ¢}
g B(eis, eil)C.

This shows that ¥ is the range function of B.
The proof of part (ii) is similar. m

We may impose some useful structure on a IT-analytic function giving rise to a certain
range function. Let V' be IT-analytic, and let ¥ be its range function. Then W = V'V™* is
nonnegative valued with range function ¥. Since

W(e_is,e_”) - V(e—is’e—it)V(e*is’e*it)*
is an S;-analytic factorization, [2, Lemma 6.1] gives
W(e—is’ e—it) = Fv(eis7 ei')*F(eis, eit)

for some S;-outer, IT-analytic function F. And now ¥ is the range of F. Similarly there
is an S;-outer, [T-analytic function G such that

F(e_is, e_i’)F(e_is, e—it)* - G(eis, eit)* G(eis, eit)‘
Let K be the partial isometry valued function satisfying
F(e—is’ e*it)* = K(eis, ei’)G(eis, eit)-

Note that the operator K(e”,e) has initial space [G(e”,e")C]~ and final space
[F(e™*, e ")*C]~. The function G(-,€") is Sj-outer on H%(a(-)), o(e")-almost every-
where [2, Proposition 6.2]. Thus by [10, Section 5.4], [G(e*,€")C]™ = out(G(-, e”))
independently of €. Note also that
KM(IT) = KHy(o(e"))
= K[GM (D]
= F MC (n)7

where M = M, (G). Thus K is S)-inner with range ¥. Finally, there exists a IT-analytic
function U such that U/ is S;-outer and

&) KKk=00.
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Check that U has range function ¥ as well, and note that the left side of equation (5)
is projection valued. Furthermore since U is S;-outer, the space U(e ™, e™")* C is some
subspace M(e") of ¢ not depending on ¢”. Hence

Ue ™, ey M (TT) = Hy(a(e)),
where
M= / SM(e") do(e™).
Evidently U(-,€") is Sj-inner with initial space M(e™"). It follows from Proposition 1
that U is S)-inner. This proves the following claim.

PROPOSITION 8. If ¥ is the range function of a I1-analytic function, then ¥ is the
range function of an Si-inner, II-analytic function U such that U is S\-outer.

The above proof fails with IT replaced with A, since the existence of a A-analytic
factorization does not imply that of a A-outer factorization.
We next see that range inclusion gives rise to a factorization.

LEMMA 9. (i) Suppose that F is a l-analytic range function, and let B be an
associated S\-inner, T-analytic function. If A is a -analytic, partial isometry valued
function with range included pointwise in F, then

A=BC

for some Tl-analytic, partial isometry valued function C. (ii) Suppose that F is a A-
analytic range function, and let J be the associated A-inner function. If A is a A-analytic,
partial isometry valued function with range included pointwise in F, then

A=JC

for some A-analytic, partial isometry valued function C.

PROOF.
AM(11) © A5(I1)
= BM(IT).
Therefore
B*AM(IT) C B*BM(IT)
= Hy(o(e")),
where M = Mi,(B). In particular, C = B*4 is IT-analytic and partial isometry valued.
Now
(6) C=B*4
BC = BB*4
BC=PsA4
BC=4.
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This verifies the assertion (i). Again, the proof of (ii) is similar. n

An inner function need not be associated with its range function. Indeed, this occurs
only under a rather stringent condition.

PROPOSITION 10. (i) A Il-analytic, S\-inner function B is associated with its range
function if and only if B is U-outer. (i) A A-inner function J is associated with its range
Sfunction if and only if J is A-outer.

PROOF. (i) Let B be associated with its [T-analytic range function ¥. Suppose that
U is any IT-analytic function with the property U*U = B*B. Then U has the same range
function as B, namely ¥. Lemma 9 asserts that there exists a [T-analytic function D such
that U = DB. It must be that B is TT-outer.

For the converse, let ¥ be a [1-analytic, S;-inner function associated with the range
function of B. Then Lemma 9 provides that B = C¥ for some IT-analytic, partial isometry
valued function C. If B is S;-outer, then 7 is S;-outer and C is S)-constant. Thus B is
associated with its range function as well.

(i1) Suppose that J is associated with its A-analytic range function . Then by
Proposition 6, the range function is also I1-analytic with associated S;-inner function J.
By part (i), J is S)-outer. Thus the canonical representation of J (see Theorem 5) reduces
to J = FT'} +5,0. If U is any A-analytic function such that U*U = J*J, then Lemma 9
provides for a A-analytic function D such that U = DJ. Since this is true for U = I}, the
A-inner factor F must have been A-constant. Thus, J is A-outer.

Conversely, assume that J is A-outer, and let ¥ be a A-inner function associated with
the range function  of J. Then there exists a A-analytic function C such that J = CV.
From part (i), ¥ is already IT-outer, so that its canonical representation must be reduced
to the form ¥ = FT'| + 5,0. With that, F and C must be A-constant partial isometries. It
follows that J = V'C was already associated with . ]

We are concerned with applying these ideas toward the the spectral factorization
problem. To this end, it will be necessary to relate an outer function to a range function
through the appropriate inner function. These connections are made with the help of the
following two lemmata.

LEMMA 11. Suppose that ® is a I1-analytic function with the factorization ® = BY,
where B is T-analytic and S\-inner, and Y is T-analytic and S\-outer. If ® is S-outer,
then B is S)-outer.

PROOF. By hypothesis, ® = ¥B, and so

Q) PBM(IT) = DM(TT)
= H,Zw(a(e"s)),

where M = M,y (®). Since P is S;-outer, we may define the related spaces m(e') =
Moy (‘I’(-, e )). Then each value of B(e”, e'*) is a partial isometry with final space m(e™").
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So the co-kernel of W is H, (a(e™)), where
M = [ &m(e™)do(e"),
and the image of M(IT) under B is included in H3, (o(¢*)). In fact, BM(IT) must be

dense in H2, (a(eis)), in order for equation (7) to hold. This shows that B is S)-outer. m

LEMMA 12. Suppose that ® is A-analytic and ® is A-outer. Then the range function
F of ® is A-analytic.

PROOF. By Lemma 4, the A-invariant subspace 45(A) has the structure
(®) A5 (A) = IMc(A) © S1BM(TD),

where J is A-inner, B is [1-analytic and Sj-inner, J*B = 0, and (from the proof of
Theorem 5)

Nal) L Min(B(-,€")), a.e.[o(e")].
Next, check that from equation (8)

[@M(N)]™ C A5(A)
J[@MA(AN)]™ € My)(A)
B [®M(A)]™ C SiHyyz)(a(e")).

Thus I'y = J*® is A-analytic, and I, = S}B*® is Il-analytic. Furthermore, we have
[Ti(e®, €] L [Ta(e”, €*)C] . And now

® = (JJ* +BS,S:B")®
= JI'1 + 5B,
= (J+B)(F1 +S1F2).

Note that

J+B)Y(J+B)=JJ+B'B
= Pnoy + Pu)
= Pnuyom®)-
Hence the IT-analytic function J + B is S}-inner.
Let @ = WY be a factorization of ® where W is [1-analytic and S;-inner, and ¥ is
IT-analytic and S;-outer. By Lemma 11 and Proposition 10, W is the associated S, -inner

function to the range function ¥. Since the range of J + B is pointwise included in ¥, we
have (J + B) = WU for some I1-analytic, partial isometry valued function U. But then

O = WY =WUT, +ST)
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implies that

Y = U(Fl +S1F2).
Because VW is S| -outer, I'; must be identically zero and U must be S;-constant. Thus
o = JI'| + 5B,
= Jrlv

and J has range function ¥ as well. By Lemma 11, J is S;-outer; by Proposition 10, the
S)-inner function J is associated with its TT-analytic range function 7.
Finally, from

Ar(A) = IM(N) © S1BM(IT)
C ax(I1)
= JMc(H)

and the fact that JM (IT) L S, BM(I1), we see that B = 0. Therefore 25 (A) = JM(A),
and 7 is A-analytic. L]

Now suppose that Wbelongs to L%?C)(al), and that its values are nonnegative operators.
A fundamental issue is whether there exists a A-outer function ® such that W = ©*®.
A “regularity” criterion on W is given in [2], and that result is extended in [1] to allow
A to be a more general type of semigroup. Loubaton [7] derived a logarithmic integral
test for the finite rank case. To accomplish this, it was necessary to reduce the problem
to the full rank case. We shall pursue the corresponding reduction below.

THEOREM 13. In order that the nonnegative weight function W € L‘,’,‘(’C)(az) have
a A-outer factorization, it is necessary for the range function F of W to be (—A)-
analytic. Suppose that this necessary condition holds, and let J be the (—A)-inner
function associated with F. Then W has a A-outer factorization if and only if the weight
Sunction Wy = J*WJ does.

PROOF. Suppose that the nonnegative operator valued function W belonging to
Ly C)(az) has a A-outer factorization W = @*®. Thgn the range function ¥ of W coincides
with that of @*. Since ® is A-outer, the function ®* is (—A)-outer. By Lemma 12, with
(—A) in place of A, we deduce that 7 is then (—A)-analytic. Hence there is a (—A)-inner
function J such that

Ar(—A) = IM((—N)).
Set W, = J*WJ. Now W; = (DJ)*(DJ). For any ¢ € N(®), the function ®*c lies in

Ax(—A). Thus ®*c = Jf for some f € M(—A). Thus J*®* preserves M-(—A) and is
therefore (—A)-analytic. The factor ®J is A-outer, for

My@y(A) = (PM(A))”
2 (DIM(N))
D (DI M(N))
M@)y(A).

https://doi.org/10.4153/CJM-1995-026-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-026-2

ANALYTIC RANGE FUNCTIONS 473

On the other hand, assume that #has a (—A)-analytic range function ¥ with associated
(—A)-inner function J, and consider again W, = J*WJ. If W, has a A-outer factorization,
W, = ¥*Y¥, then W has the A-analytic factorization W = (WJ*)*(¥J*). In fact, by
Proposition 10, J* is A-outer, hence (‘VJ*) is A-outer. n

The point is that we may view the values of W) as full rank operators on Niy(J). With
that, we may be able to apply a factorization criterion such as [2, Theorem 7.4].
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