
ON THE DERIVATION ALGEBRAS OF LIE ALGEBRAS 

SHIGEAKI TOGO 

Let L be a Lie algebra over a field of characteristic 0 and let D(L) be the 
derivation algebra of L, that is, the Lie algebra of all derivations of L. Then 
it is natural to ask the following questions: What is the structure of D(L)? 
What are the relations of the structures of D(L) and LI It is the main purpose 
of this paper to present some results on D(L) as the answers to these questions 
in simple cases. 

Concerning the questions above, we give an example showing that there 
exist non-isomorphic Lie algebras whose derivation algebras are isomorphic 
(Example 3 in § 5). Therefore the structure of a Lie algebra L is not com
pletely determined by the structure of D(L). However, there is still some 
intimate connection between the structure of D(L) and that of L. 

Let LM = L D{L) = { £ * , £ , : * , € L, Dt € D(L)\ and define Un+u = 
L[n] D(L) inductively. L is called characteristically nilpotent provided there 
exists an integer k such that L[k] = (0) (4,p. 157). Then L is characteristically 
nilpotent if and only if D{L) is nilpotent and L is not one-dimensional (6, 
Theorem 1). As an analogue, we call L characteristically solvable provided D(L) 
is solvable and the centre of L is contained in [L, L]. Then characteristically 
nilpotent Lie algebras are characteristically solvable. It is known that D(L) 
is semi-simple if and only if L is semi-simple (5, Theorem 4.4) and thatZ>(Z) 
is nilpotent if and only if L is characteristically nilpotent or one-dimensional. 
In § 2, we shall show that D{L) is the direct sum of a semi-simple ideal and 
the radical if and only if either L is reductive or L is the direct sum of a semi-
simple ideal, a characteristically solvable ideal and a central ideal whose 
dimension is at most one (Theorem 1). We also prove that D(L) is the direct 
sum of a semi-simple ideal and the nilpotent radical if and only if either L 
is reductive or L is the direct sum of a semi-simple ideal and a characteristically 
nilpotent ideal (Theorem 2). It is known that, as an algebraic Lie algebra, 
D(L) has the following structure: D{L) = © + % + 31 with [©, 21]*= (0) 
where © is a maximal semi-simple subalgebra, 21 is a maximal abelian sub-
algebra of the radical consisting of semi-simple elements, and 31 is the ideal 
of all nilpotent elements in the radical (1, p. 144). If D(L) is especially the 
direct sum of ideals ©, 21, and 91, then either DÇL) = © + 91 or D{L) = 
© + 21 where 21 is one-dimensional (Corollary 1 of Theorem 2). 

In §§ 1 and 3, we study the derivation algebra of L when L is the direct 
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sum of the ideals Lt (i = 1, 2, . . . , n). D{L) is the direct sum of a semi-
simple ideal and the non-abelian nilpotent radical (resp. non-abelian nil-
potent, reductive) if and only if D(Li), for each i, is also; in the case that the 
dimension of the image of the centre of L in L/[L, L] is at most one, D(L) is 
the direct sum of a semi-simple ideal and the radical (resp. solvable) if and 
only if D(Li), for each i, is also (Theorem 4). In § 4 we show that if the nil-
radical of L is characteristically solvable, then the radical of L is characteris
tically solvable and is the direct summand of L (Proposition 2). We also show 
some other properties of characteristically solvable Lie algebra (Propositions 
3, 4, and 5) and give some examples of such Lie algebras. 

Section 5 contains some remarks and the partial answers to the questions 
asked in the first paragraph (Theorems 5 and 6). 

1. Throughout this paper we denote by L a Lie algebra over a field K of 
characteristic 0, by D(L) the derivation algebra of L and by Z(L) the centre 
of L. For any element x of L, the adjoint mapping ad x: y —•» [y, x] is a deriva
tion of L which is called inner. Given a subset M of L, we denote by ad M the 
set of all ad x with x in M. L is called reductive provided L is the direct sum 
of a semi-simple ideal and the centre Z(L). 

Let L be the direct sum of the ideals Lt (i = 1, 2, . . . , w). Let pt denote 
the projection of L onto Lt. Let E(L) be the set of all linear transformations of 
L into L and let E(Lt, Lj) be the set of those of Lt into Lj. We shall identify 
an element Ttj of E(LU Lj) with an element piTi:J of E{L). Thus we have 
E(LuLj) C E(L). Put D(LuLj) = D(L) C\ E(Liy L3). Then it is obvious that 
D(LU Lt) = D(Li). We prove the following 

LEMMA 1. Let L be the direct sum of the ideals Lt (i = 1, 2, . . . , n). Then 

(1) D{L) = S D{LUL}); 
i, 3=1 

(2) For i 9^ j} D{LU Lj) consists of all elements Ttj of E(LU Lf) such that 
LiTij C Z(Lj) and [Lit Lt]Ttj = (0) ; 

(3) For i y^ j , D(LU Lj) is abelian and 

D{LuLj), Z D(Lk) CD(LuLj). 

Proof. We shall first prove (2). Let Dtj be an element of D(Li} Lj) with 
i y£ 7. Then, for xt in Lt and Xj in Lj} we have 

U = [Xi, Xj\Uij = [XiUij, Xj\. 

Therefore LiDij C Z{L3). Furthermore, for elements xt and yt of Lu we 
have 

[xu ytlDij = [xtDij, yt] + [xu ytDij] = 0, 

which shows that [Ltl Lt]Dij = (0). Conversely, suppose that Tu is an 
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element of E(LU Lj) satisfying the conditions in (2). Then it is immediate 
that 

[XJCJ Xi\l tj — [XjcTijj Xi\ = [Xjc, XiTij] = 0 

for all Xjc in Lk and all xt in Lx. It follows that Tfj is a derivation of L, that is, 
that Ttj belongs to D(Lt, Lj). Thus (2) is proved. 

Let D be any element of D(L). Put Ttj = piDpj. Then 

where Ttj belongs to E(LU Lj). It is easy to see that Tu is a derivation of 
Lt and that, for i ^ j , Ttj satisfies the conditions in (2). Therefore it follows 
from (2) proved above that Ttj belongs to D(Lt, lj). Thus we have 

D(L)C E D(LuLj). 

Since the converse inclusion is evident, we have 

D(L) = Ê D{L«L,) 
i, j=l 

and (1) is proved. 

(3) is evident. Thus the lemma is proved. 

Let D{L) denote the subalgebra of D(L) consisting of all elements D of 
D(L) such that L D C ZÇL). Then we have 

LEMMA 2. Let L be the direct sum of the ideals Lt (i = 1, 2, . . . , n). Suppose 
that Z(Lj) C [Lj, Lj]for some j . Then 

(1) D(Lj) is an abelian ideal of D(L) ; 

(2) [D(Lt, Lj), D(Lj, Lt)] C D(LS) for all i * j . 

Proof. Let Djj be any element of D(Lj). Then it is immediate that [Lj, Lf\ 
Djj = (0) and therefore that Z(Lj)Djj = (0). By using the fact that the centre 
of Lj is stable under all derivations of Lj, it is easy to see that D(Lj) is an 
abelian ideal of D{L3). By Lemma 1 (2) it is clear that any element DJt of 
D(Lj, Lf) with i 9e j satisfies Z{Lj)Djt = (0). Therefore it is immediate that 

\D(Li), £ D{Lt) + £ D{Lt, Lk) = (0). 

We can now use Lemma 1 (1) to conclude that D (Lj) is an abelian ideal of D (L), 
and (1) is proved. 

For i 7^ j , let Dtj and Dji be any elements of D{LU Lj) and D(Lj, Lt) 
respectively. Then, by Lemma 1 (2), we have 

https://doi.org/10.4153/CJM-1961-017-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1961-017-8


204 SHIGEAKI TOGO 

Lt[Dij9 Djt] = LtDijDjt C ZiLJDjt = (0), 

Lj[Dij9 Djt] = LjDjtDi, C ZiLJDtj C Z(Lj), 

which shows t h a t [D%j, Dit] belongs to D(Lj). T h u s we have (2), completing 
the proof. 

2. In this section we determine the s t ruc ture of the Lie algebra L such t h a t 
D{L) is the direct sum of a semi-simple ideal and the radical. We begin with 

L E M M A 3. Let L be a solvable Lie algebra such that Z(L)(Z [L, L]. If D(L) 
is the direct sum of a semi-simple ideal and the radical, then L is characteristically 
solvable. 

Proof. I t is clear t h a t L is not abelian. Wri te D{L) = © + 9Î where © 
is a semi-simple ideal and 9Î is the radical of D(L). Since ad L is a solvable 
ideal of D(L), it follows t h a t ad L(Z 9î. Let D be any element of ©. Then 
ad LD = [ad L, D] = (0) by hypothesis . Therefore L D d Z(L). Since 
Z(L) C [L, L] by hypothesis , it follows t h a t D2 = 0, which shows t h a t all 
elements of © are ni lpotent . By Engel 's theorem, © is ni lpotent and therefore 
© = (0). T h u s D(L) is solvable and L is characterist ically solvable, com
pleting the proof. 

L E M M A 4. Let L be a non-abelian solvable Lie algebra. If D(L) is the direct 
sum of a semi-simple ideal and the radical, then D(L) is solvable, and L is either 
characteristically solvable or the direct sum of a characteristically solvable ideal 
and a one-dimensional central ideal. 

Proof. By vir tue of Lemma 3, it suffices to prove the lemma when Z(L) Ç]L 
[L, L). Let L\ and Z be subspaces of Z(L) such t h a t 

Z(L) = Z i + Z, Lxr\ [L, L] = (0), and Z C [L, L]. 

Let L2 be a subspace of L containing [L, L] such t h a t 

L = Lx + L2, Lxr\L2= (0). 

Then it is clear t h a t Li is a non-zero central ideal of L and t h a t L2 is a non-zero 
ideal of L such t h a t Z(L2) C [L2, L2]. 

By hypothesis , D(L) = © + 9Î where © is a semi-simple ideal and 3i is 
the radical of D(L). Wr i te D(L2) = © 2 + 9i2 with © 2 a semi-simple sub-
algebra and 9î2 the radical of D(L2). Then , since Z(L2) C [L2, L2], it follows 
from Lemma 2 (1) t h a t 3?2 contains D(L2). Le t Dx be the ident i ty derivat ion 
of Li and let M be the space spanned by Du D(Li, L2), D(L2, Li) and 9?2. 
Then , by Lemma 1 (1), (3) and Lemma 2 (2), it is immedia te t h a t 3R is an 
ideal of D(L). W e assert t h a t 9K is solvable. In fact, by L e m m a 1 (3) and 
L e m m a 2 (2), we have 
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Since 9î2
(fc) = (0) for some integer k, it follows t h a t 

9WW C D(L2) + D(Ll9 L2) + D(L2, Lx). 

By Lemma 2 we have 2Jî(A;+1) C D(L2). I t now follows from Lemma 2 (1) 
t h a t 9ft(fc+2) = (0), t h a t is, t h a t 9TO is solvable, as was asserted. T h u s 3DÎ is a 
solvable ideal of D(L) and therefore it is contained in dt. Since © is a unique 
maximal semi-simple subalgebra of D(L), it contains ©2 . Therefore [©2, SR2] = 
(0), which shows t h a t D(L2) is the direct sum of a semi-simple ideal and the 
radical. Therefore we can use Lemma 3 to see t h a t L2 is characteristically 
solvable and we see t h a t 

m = (D1) + D(LU L2) + D(L2, Lx) + £ ( L 2 ) . 

Fur thermore , we assert t h a t dim Lx = 1. In fact, if dim L\ > 1, then 
D(Li) = ©1 + (Z>i) where ©1 is a non-zero semi-simple ideal of D(Li). 
Therefore Z>(L) = ©1 + 3D? and [©1, W] = (0) by hypothesis. Let Dn be any 
element of ©1. Then 

D2iDn = [D21, # n ] = 0 

for any element D2X of D(L2, Li). But , since Lx is abelian and L2 ^ (0), it 
follows from Lemma 1 (2) t ha t L2D(L2, Li) = L±. Therefore we have Dn = 
0, whence ©1 = (0), which is a contradiction. T h u s L\ mus t be one-dimensional, 
as was asserted. We now see t ha t D(Li) = (Z>i) and therefore t h a t D(L) = Wl. 
T h u s D(L) is solvable and the lemma is proved. 

We can now prove the following 

T H E O R E M 1. D(L) is the direct sum of a semi-simple ideal and the radical if 
and only if L is one of the following Lie algebras: 

(1) L is reductive] 
(2) L is the direct sum of a semi-simple ideal and a characteristically solvable 

ideal; 
(3) L is the direct sum of a semi-simple ideal, a characteristically solvable 

ideal, and a one-dimensional central ideal. 

Proof. Suppose t h a t D{L) is the direct sum of a semi-simple ideal © and 
the radical 9Î. Wri te L = S + R where 5 is a semi-simple subalgebra and R 
is the radical of L. Then it is clear t h a t ad 5 and ad R are contained in © and 
Si respectively. Therefore 

a d [ 5 , i e ] = [ad S, ad R] = (0), 

from which it follows t h a t [S, [S, R]] = (0). Since ad 5 is completely reducible, 
it follows t h a t [S, R] = (0). T h u s L is the direct sum of the ideals 5 and R. 
Since Z(S) = (0) and 5 = [5, 5 ] , by Lemma 1 (2) it is clear t h a t D(S, R) = 
D(RyS) = (0). Therefore by Lemma 1(1) we have D(L) = D(S) + D(R). 
I t now follows t h a t 9? is the radical of D(R) and therefore t h a t D(R) = © Pi 
D(R) + 9?. Since © r^D(R) is semi-simple as an ideal of ©, D(R) is the 
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direct sum of a semi-simple ideal and the radical. We can use Lemma 4 to see 
t h a t R is abelian or characteristically solvable or the direct sum of a character
istically solvable ideal and a one-dimensional central ideal. T h u s the necessity 
of the condition is proved. 

T o prove the sufficiency of the condition, if L is reductive, write L = S + A 
with 5 a semi-simple ideal and A an abelian ideal. Then by Lemma 1 we have 
D{L) = D(S) + D(A). Since D(A) is the direct sum of a semi-simple ideal 
and the one-dimensional central ideal, so is D(L). If L is the Lie algebra as in 
(2), then D{L) is clearly the direct sum of a semi-simple ideal and the radical. 
If L is the Lie algebra as in (3), write L = S + R + Z where S is a semi-simple 
ideal, R is a characterist ically solvable ideal, and Z is a one-dimensional central 
ideal. Then D{L) is the direct sum of the ideals D(S) and D(R + Z) , the la t te r 
being the radical of D(L) (cf. the fact t h a t 2JÎ is solvable in the proof of Lemma 
4). T h u s the theorem is proved. 

As an immediate consequence of Theorem 1, we have 

COROLLARY 1. D(L) is solvable if and only if L is characteristically solvable 
or one-dimensional or the direct sum of a characteristically solvable ideal and a 
one-dimensional central ideal. 

T h e following corollary is remarked in (6, § 3) . 

COROLLARY 2. If D(L) consists of semi-simple elements, then L is a reductive 
Lie algebra whose centre is at most one-dimensional. 

Proof. Since the radical of D{L) consists of semi-simple elements, it follows 
from the s t ruc ture theorem on algebraic Lie algebras (1 , p . 144) t h a t D(L) 
is reductive. By Theorem 1 we see t h a t L is reduct ive. If dim Z(L) > 1, then 
it is evident t h a t L has a non-zero ni lpotent derivat ion. Therefore dim Z(L) < 
1, completing the proof. 

Let Do(L) = L, DX{L) = D(L) and let Dn(L) be the derivat ion algebra 
of Dn-i(L). Then we have the following corollary correcting (7, Theorem 4 ) . 

COROLLARY 3. For any integers m, n > 0, Dm(L) is reductive if and only 
if Dn(L) is reductive. Then all the Dn(L)'s with n > 1 are completely reducible 
and isomorphic to each other. 

Proof. I t follows from Theorem 1 t h a t Dn(L) is reduct ive if and only if 
Dn-i(L) is reductive. Therefore the first pa r t of the corollary is evident . If 
some Dm(L) is reduct ive, then all the Dn(L) wi th n > 1 are completely 
reducible. Since the centre of D(L) is a t most one-dimensional, it is im
mediate t h a t all the Dn(L)}s with n > 1 are isomorphic to each other, com
pleting the proof. 

In Theorem 1, if L is not reductive, then the maximal semi-simple sub-
algebra of D(L) is ad S with 51 the maximal semi-simple ideal of L. We here 
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note the following proposition which is an easy consequence of (5, Theorem 
4.3). 

PROPOSITION 1. Let S be a maximal semi-simple subalgebra of L. Let R be 
the radical of L and let ffll be the subalgebra of D (R) consisting of all derivations 
D of R which can be trivially extended to the derivation of L, that is, such that, 
by putting S D = (0), D is a derivation of L. Then ad 5 is a maximal semi-
simple subalgebra of D(L) if and only if 9ft is solvable. 

Proof. We identify an element of 2JÎ with the trivially extended derivation 
of L. Therefore 3DÎ C L>(L). Let D be any element of D(L). Then, as is well 
known, there exists an element x of L such t ha t the restriction of D to 5 is 
equal to the restriction of ad x to 5 as the derivations of 5 into L. P u t Dr = D 
— ad x. Then it is clear t ha t D' belongs to 9JÎ, which shows t h a t D(L) = ad L 
+ S0Î. If we write 9Ki = ad R + 9ft, then it is immediate t h a t SDîi is an ideal 
of D(L) and ad S Pi 9ft i = (0). Let dt be the radical of D(L). Then , since 
Z)(Z)/9fti is semi-simple, it follows t ha t 3? is contained in 9fti. 

If 9ft is solvable, then 9fti is solvable and therefore ad S is a maximal semi-
simple subalgebra of D(L). Conversely, if ad S is such a subalgebra of D (L), 
then it is clear t h a t dim 9î = dim 2Jîi. Since 9? C 9Wi, we have 9? = 9Wi. 
Therefore 9JÎ is solvable, completing the proof. 

Before we s ta te the second theorem, we prove 

L E M M A 5. Let L be a non-abelian nilpotent Lie algebra such that Z(L) is not 
contained in [L, L]. Then D(L) is not nilpotent. D{L) actually contains a solvable 
non-nilpotent ideal. 

Proof. Let L\ and Z be the subspaces of Z(L) such t h a t 

Z{L) = Lt + Z, Lxr\ [L, L] = (0), and Z C [L, L]. 

Let Z 2 be a subspace of L, complementary to L\ and containing [L, L]. Then 
it is clear t ha t Z(Z 2) C [L2, L2]. Let Di be the identi ty derivation of L\ and 
let SW be the space spanned by Di, D(Li, L2), D(L2, Za), and D(L2). We assert 
t h a t 9JÎ is a solvable non-nilpotent ideal of D(L). In fact, by Lemma 1 (1), 
(3) and Lemma 2 (2), we see t h a t 2JÎ is an ideal of D{L). I t is obvious t h a t 

2KW C D(L2) + D(L1} L2) + D(L2j Lx). 

Therefore it follows from Lemma 2 t h a t 9Jî(3) = (0), t h a t is, t h a t 9K is solvable. 
By the hypothesis t h a t L is non-abelian and nilpotent, we have D(Li, L2) 9e 

(0). Since 

[DUD(LUL2)] = D(LhL2), 

it follows t ha t WH is not nilpotent. T h u s 9ÎÎ is a solvable non-nilpotent ideal 
of D(L), as was asserted. The proof is complete. 

We can now prove the following 
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T H E O R E M 2. D{L) is the direct sum of a semi-simple ideal and the nilpotent 
radical if and only if either L is reductive or L is the direct sum of a semi-simple 
ideal and a characteristically nilpotent ideal. 

Proof. The sufficiency of the condition is immediate by L e m m a 1. To prove 
the necessity, suppose t h a t D(L) is the direct sum of a semi-simple ideal 
and the nilpotent radical. Then , by Theorem 1, we have t h a t (1) L is reduct ive 
or (2) L is the direct sum of a semi-simple ideal S and a characterist ically 
solvable ideal R, or (3) L is the direct sum of a semi-simple ideal S, a character
istically solvable ideal R, and a one-dimensional ideal Z. In the case (2), 
D(R) must be ni lpotent and R is not one-dimensional. Therefore by (6, 
Theorem 1) R is characterist ically ni lpotent . I t now suffices to show t h a t the 
case (3) does not happen. If L is the Lie algebra in (3), then it follows from 
Lemma 1 t h a t D(L) = D(S) + D(R + Z). Since D(R + Z) is a solvable ideal 
of D(L) by Theorem 1, it mus t be ni lpotent by our assumption. Therefore 
R + Z is a non-abelian ni lpotent Lie algebra. Then Lemma 5 tells us t h a t 
D(R + Z) is not nilpotent, which is a contradict ion. Therefore we cannot 
have the case (3). T h u s the theorem is proved. 

COROLLARY 1. If D{L) is the direct sum of a semi-simple ideal and the nil-
potent radical, then the radical of D(L) is either one-dimensional and consists 
of semi-simple elements or consists of nilpotent elements. 

Proof. This is immediate from Theorem 2 and the fact t h a t A7 is a character
istically ni lpotent Lie algebra if and only if all the der ivat ions of Ar are nil-
potent . 

COROLLARY 2. Let R and N be the radical and the nil-radical of L respectively. 
Then the following conditions are equivalent: 

(1) D(L) is the direct sum of a semi-simple ideal and the radical consisting 
of nilpotent elements; 

(2) R is characteristically nilpotent; 
(3) N is characteristically nilpotent; 
(4) A7' D(L)n = (0) for some integer n. 

If L satisfies one of these conditions, then R = X. 

Proof. (1) —» (2) is an immedia te consequence of Theorem 2. (2) —» (3) is 
evident, since (2) implies t h a t R = A7. (3) —» (4) is immediate by the fact 
t h a t A7 is stable under all derivat ions of L. Therefore it suffices to prove t h a t 
(4) —> (1). Suppose t h a t L satisfies the condition (4). Let 5 be a maximal semi-
simple subalgebra of L. Then L = 5 + R. Since A7(ad S)n = (0) and [R, S] C 
A7, it follows t h a t R(ad S)n+l = (0). Since ad 5 is completely reducible, we 
have i?(ad S) = (0), t h a t is, [R, S] = (0). Then , by Lemma 1, D{L) is the 
direct sum of the ideals D(S) and D(R). I t is obvious t h a t D(S) is semi-simple. 
From the fact t h a t R D C N for any D in D(R), it follows t h a t R D(R)n+l = 
(0) and therefore t h a t D(R) consists of ni lpotent elements. T h u s we see t h a t 
(1) is satisfied by L. T h e proof is complete. 
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3. This section is devoted to the s tudy of D(L) in the case t ha t L is the 
direct sum of the ideals. By using Lemma 1, we can first prove 

T H E O R E M 3. Let L be the direct sum of the ideals Lt (i = 1,2, . . . , n). Then 
D{L) = D(Li) + D{L2) + . . . + D{Ln) if and only if L satisfies one of the 
following conditions: 

(1) Z{L) = (0); 
(2) L = [L, L]; 
(3) All the L^s except one are such that Z{Lt) = (0) and Lt = [Lu Lt]. 

Proof. If Z{L) = (0) (resp. L = [L, L]), then it is clear t h a t Z{LX) = (0) 
(resp. Lt = [Lt, Li]) for all i. Therefore, if one of the three conditions in the 
s t a tement is satisfied by L, it follows from Lemma 1 (2) t ha t D{Lt, Lf) = (0) 
for all i Ï* j . By Lemma 1 (1) we have D{L) = Y,i=\nD(Ll). Conversely, 
suppose t ha t D{L) = Y,i=inD(Lt). If Z(L) ^ (0) and L j* [L, L], let i and 
j be respectively any integers such t ha t Z(Lt) 9e (0) and such t ha t Lj ^ 
[Lj, Lj]. If i 9^ 7, then by Lemma 1 (2) we have D(Lj} Lt) 5* (0), contrary to 
our assumption. Therefore i = j . This shows t ha t there exists only one Lt such 
t h a t Z(Li) T^ (0) and Lt ^ [Lu L J , and tha t all the other Lk's satisfy the 
conditions Z(Lk) = (0) and Lk = [Lk, Lk]. The proof is complete. 

L E M M A 6. If D(L) is abelian, then L is one-dimensional. 

Proof. If D{L) is abelian, then we have 

ad [L,L] = [ a d L , a d Z ] = (0), 

from which it follows t h a t Lz = (0). Then it is easy to construct a non-zero 
semi-simple derivation of L, whence L is not characteristically nilpotent. By 
(6, Theorem 1) we see t h a t L is one-dimensional. 

We now prove the following 

T H E O R E M 4. Let L be the direct sum of the ideals Lt (i = 1, 2, . . . , n). Then 
(1) D(L) is reductive {resp. semi-simple) if and only if D{Li), for each i, is 

reductive {resp. semi-simple); 
(2) D{L) is the direct sum of a semi-simple ideal and the non-abelian nil-

potent radical if and only if D{LX), for each i, is such a direct sum; 
(3) D{L) is non-abelian nilpotent if and only if D{Lt), for each i, is non-

abelian nilpotent. 
If dim (Z(L) + [L, L]/[L, L]) < 1, then 
(4) D {L) is the direct sum of a semi-simple ideal and the radical if and only if 

D {L^, for each i, is such a direct sum; 
(5) D{L) is solvable if and only if D{Lt), for each i, is solvable. 

Proof. (1) is immediate from Corollary 3 of Theorem 1, Lemma 1 (1), (2), 
and the fact t h a t L is reductive (resp. semi-simple) if and only if Lu for each 
i, is reductive (resp. semi-simple). 

(3) is a consequence of (6, Theorem 6), bu t for completeness we write the 
proof in a slightly different way. Suppose t h a t all D{Ltys are non-abelian 
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nilpotent . Then all L / s are characterist ically ni lpotent , whence we have 
Z(Lt) C [Li, Lf] for all i. Therefore L D(LU L^B{Lh Lk) = (0) for all i,j, k 
such t h a t i 9^ j , j ^ k. Let mt and lt be the integers such t h a t 

D(Lt)
m* = (0) and Ul* = (0), 

and let m be the maximal integer of all wz- and lt. By Lemma 1 (1), we have 

D(L)2m = i : D(Lt)
2m + E 1 Z t • • • l[i>a*)P, !>(£«,£,)], !>(£,)], • • • , D(Lj)} 

i=l p=0 i^pj 

+ . . . + E [.. .[P(L„L,), £(£„£*)] D(i«,L,)], 

where D(Li)° means the ident i ty t ransformation of Lt into Lt for each /. 
I t is clear t h a t all the te rms except the ones 

m = [ . . . [[D(LiY, D(LU Lj)], D(Lj)], . . . , D(Lj)] with i ^ j and p < mt 

are equal to (0). Bu t we have 

L Wl C LjDiLj)^-"-1 C L?m-*-1] = (0), 

since 2m — p — 1 > m > /;-. Therefore 9JJ = (0). T h u s we see t h a t D(L)2m = 
(0). Since m > 1, -D(Z,) is non-abelian ni lpotent . Conversely, suppose t ha t 
Z)(L) is non-abelian ni lpotent . Then it is clear t h a t all D(LtYs are ni lpotent . 
If some D(Lj) is abelian, it follows from Lemma 6 t h a t Lj is one-dimensional 
and therefore from Lemma 5 t h a t D(L) is not ni lpotent , cont ra ry to our 
supposition. Therefore all Z>(Lz-)'s are not abelian. T h u s (3) is proved. 

T o prove (5), suppose t h a t dim (Z(L) + [L, L]/[L, L]) < 1. Then either 
there exists only one suffix i0 such t h a t 

Z(LiQ) (jL [LiQJ Lio]j 

or Z(Lt) C [Li, Li] for all i. In the first (resp. second) case, let 3JÎ be 

£ DiL^Lj) + £ D(Li) ( resp . £ £ ( L „ L , ) ) . 

For i 9e k and j 5^ &, by L e m m a 1 (2) and Lemma 2 (2) we have 

[D(L{,Lk),D(Lk,Lj)} 

= (0) 
CD{LUL3) 

C 5(£<) 
C 5(Lt) 
= (0) 

if i y£ j and k j * i0, 
if i 9^ j and k = i0, 
if i = j and & = i0, 

if i = j = to, 
if i = j ?£ i0 and & ^ ?'c 

and 

[£>(L„ L, ) , 5 ( L ? ) + D(Lk)] = (0) if i ^ i0 and * 
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In the first case, we have 

3W(1)C Z D(LuLj)+ Z D(Lt) 

and therefore 9Q?(2) = (0). In the second case, we have 9W(1) = (0). T h u s 3)2 
is a solvable subalgebra of D(L). Fur thermore , by Lemma 1 (3) and Lemma 
2 (1), it is immediate t ha t $D? is an ideal of D(L). Therefore, if D(Lt) is solvable 
for each i, then Zi=inD(Li) is solvable. Since D(L) = E*«inZ>(Z,,) + 2W, it 
follows t h a t D(L) is solvable. The converse is evident and (5) is proved. 

T o prove (2) (resp. (4)), let L be any Lie algebra (resp. a Lie algebra such 
t h a t dim (Z(L) + [L, L]/[L, L]) < 1). If D(L%), for each i, is the direct sum 
of a semi-simple ideal and the non-abelian nilpotent radical (resp. the radical) , 
then it follows from Theorem 2 (resp. Theorem 1) t ha t Lu for each i, is the 
direct sum of a semi-simple ideal St and the radical Rt with D(Rt) non-abelian 
ni lpotent (resp. solvable). Pu t 5 = ^i=inSi and R = ^2i=inRi. Then L is the 
direct sum of a semi-simple ideal 5 and the radical R. Then D(R) is non-
abelian nilpotent by (3) (resp. solvable by (5), since it is clear t ha t dim 
(Z(R) + [R,R]/[R,R]) < 1). By Lemma 1 we see t ha t D(L) is the direct 
sum of a semi-simple ideal D(S) and the non-abelian nilpotent radical (resp. 
the radical) D(R). 

Conversely, if D(L) is the direct sum of a semi-simple ideal and the non-
abelian ni lpotent radical (resp. the radical), then it follows from Theorem 2 
(resp. Theorem 1) t ha t L is the direct sum of a semi-simple ideal 5 and the 
radical R with D(R) non-abelian nilpotent (resp. solvable). Then Lu for each 
i, is the direct sum of a semi-simple ideal St and the radical Ru and we have 
5 = Y,i=in St and R = £ ,_ !» R{. Therefore it follows from (3) t h a t D(Rt) 
is non-abelian nilpotent (resp. solvable) for all i. By Lemma 1 D(Li), for each 
i, is the direct sum of a semi-simple ideal D(Si) and the non-abelian ni lpotent 
radical (resp. the radical) D(Rt). T h u s (2) and (4) are proved. T h e proof is 
complete. 

We note tha t , by Lemma 6 and (6, Theorem 1), Theorem 4 (2) is equivalent 
to the following s t a t emen t : D(L) is the direct sum of a semi-simple ideal and 
the radical consisting of nilpotent elements if and only if D(Li), for each i, is such 
a direct sum. 

4. In this section we show some properties and some examples of character
istically solvable Lie algebras. We first prove the following 

PROPOSITION 2. (1) If the radical of L is characteristically solvable (resp. the 
direct sum of a characteristically solvable ideal and a one-dimensional central 
ideal), then it is a direct summand of L. 

(2) If the nil-radical of L is characteristically solvable, then the radical of L is 
also characteristically solvable. 
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Proof. Let S and R be respectively a maximal semi-simple subalgebra and 
the radical of L. If R satisfies the assumption in (1), then D(R) is solvable, 
whence the image of the restriction homomorphism of ad S into D(R) is semi-
simple and solvable. Therefore the image is (0), which shows t h a t [R, S] = 
(0), t h a t is, t h a t R is the direct summand of L, proving (1). 

To prove (2), suppose t h a t the nil-radical N of L is characterist ically solvable. 
Let © be a maximal semi-simple subalgebra of D(R). Then , since Ar is s table 
under all der ivat ions of L, i t is immedia te t h a t the image of the restriction 
homomorphism of © into D(N) is equal to (0), which shows t h a t N © = (0). 
Since R D C N for any D in D(R), we have R © 2 = (0). Since © is completely 
reducible, it follows t h a t R © = (0). T h u s © = (0), t h a t is, D(R) is solvable. 
If R is not characterist ically solvable, then by Lemma 4 we see t h a t R con
ta ins a one-dimensional ideal Z as a direct summand . Therefore N contains Z 
as its direct summand , whence Z(N) <£ [N, N], con t ra ry to the character is t ic 
solvability of X. T h u s we conclude t h a t R is character is t ical ly solvable.The 
proof is complete. 

We remark tha t , in Proposition 2 (2), we cannot assert t h a t the nil-radical 
of L is the radical of L, though it is t rue for characterist ic nilpotence case 
(cf. Example 2). 

As a generalization of (6, Theorem 4) , we prove 

PROPOSITION 3. / / a Cartan subalgebra of L is characteristically solvable, then 

L is solvable. 

Proof. Let 5 and R be a maximal semi-simple subalgebra and the radical of 
L respectively. Then a Ca r t an subalgebra II of L is the sum of a Car t an sub
algebra Hi of 5 and a subalgebra of R, and Hi is a central ideal of H (2, 
Proposition 1). Therefore, if II is characterist ically solvable, then we have 
Hi = (0), whence 5 = (0), t h a t is, L is solvable. 

We here remark t h a t it is easy to construct a solvable Lie algebra which is 
not ni lpotent and whose Car t an subalgebras are characterist ically solvable. 

PROPOSITION 4. Let L be the direct sum of the ideals Lt (i = 1, 2, . . . , w). 
Then L is characteristically solvable if and only if Lufor each i, is characteristically 
solvable. 

Proof. This is immediate from Theorem 4 (5) and from the fact t h a t Z(L) C 
[L, L] if and only if Z(Lt) C [Lu Lt] for all i, 

PROPOSITION 5. Let L be a Lie algebra which has no proper subalgebra whose 
derived algebra is equal to [L, L]. If [L, L] is characteristically solvable, then L 
is characteristically solvable. 

Proof. Le t S be a maximal semi-simple subalgebra of D(L) and suppose 
t h a t © 7* (0). Then there exists a non-zero semi-simple derivat ion D in ©. 
Let II be the set of all elements of L annihi lated by D. Then H is an ideal of 
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L containing [L, L] , since we have [L, L] @ = (0) by the characterist ic sol
vabil i ty of [L, L]. There exists a non-empty subspace U of L such t h a t 

L = U + H and U D C U. 

We assert t ha t [U, H] = (0). In fact, let K be the algebraic closure of the 
basic field K, let L z = L ®^K and U* = U ®^K. As usual, we consider t h a t 
UK C LK and we identify D with its extended derivation of LK. Let X be an 
eigenvalue of D and let x be an element of U^ corresponding to X. Then , for 
any element y of H, we have 

[x, y]D = [xZ>, 3/] = X[x, 3/] = 0. 

Since X ^ 0, we have [x, y] = 0. Since UK is spanned by those elements x, it 
follows t h a t [U*, H] = (0) and therefore [U, H] = (0), as was asserted. I t 
now follows t h a t 

[[U, U], L] C [[U, L], U] = [[U, U], U] C [H, U] = (0). 

Therefore we have 

[L,L] = [U, U] + [H,H], 

where [U, U] is a central ideal of [L, L], Since [L, L] is characteristically 
solvable, it follows t h a t [U, U] C [H, H] and therefore t ha t [L, L] = [H, H]. 
This contradicts our hypothesis since H is a proper subalgebra of L. T h u s we 
see t h a t © = (0), t h a t is, t h a t D(L) is solvable. By our hypothesis, L cannot 
contain a central ideal as its direct summand. Therefore we conclude t h a t L 
is characteristically solvable. The proof is complete. 

E X A M P L E 1. Let L be the Lie algebra over K with a basis Xi, x2 such t h a t 

[Xi, X2] = X2 , [X2, Xi] = — X2 . 

As is well known, L is a solvable Lie algebra whose derivation algebra is iso
morphic to L. Therefore L is characteristically solvable. 

E X A M P L E 2. Let L be the algebra over K described in terms of a basis xJ? 

x2> • • • > ^ 5 by the following multiplication table : 

[xi, x2] = x2, [xi, x3] = x3, [xi, x4] = 2x4, 
[xi, x5] = 3x5, [x2, xz] = x4, [x2, x4] = x5. 

In addit ion [xu Xj] = —[xjy xf] and for i < j [xu Xj] = 0 if it is not in the 
table above. Then L is a solvable Lie algebra and [L, L] = (x2, . . . , x5). 
Le t D be a derivation of L and let xtD = Y,j=ib ^axj (i — 1, 2, . . . , 5). Then 
the matr ix of D is 

Xi2 Xl3 Xl4 X15 

x 2 2 X23 Xl3 2̂ X14 

0 X33 — X12 0 
0 0 X 2 2 + X33 — Xi2 

0 0 0 2X22 + X33 

0 
0 
0 
0 
0 
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Let [L, L] = (yu . . . , 3/4) with yt = x i + 1 (i = 1, . . . , 4). Let Z>' be a deriva
tion of [L, L] and let 3̂ Z>' = Z)i=i4 Mo^y (i = 1, . . . , 4). Then the matrix of 
D' is 

M i l M12 M13 Ml 4 

0 M22 M23 M24 

0 0 Mu + M22 M23 

0 0 0 2/in + M22 

Therefore L and [L, L] are characteristically solvable Lie algebras. The nil-
radical of L is [Ly L] and there is no proper subalgebra of L whose derived 
algebra is equal to [L, L], 

5. In this section, we summarize some obtained results and give some 
remarks as the partial answers to the questions stated in the beginning of the 
introduction. 

For the first question in the introduction, we have the following 

THEOREM 5. We have the following statements for the derivation algebras of Lie 
algebras : 

(1) An abelian derivation algebra is one-dimensional and consists of semi-
simple elements; 

(2) A non-abelian nilpotent derivation algebra consists of nilpotent elements; 
(3) A reductive derivation algebra is the direct sum of a semi-simple ideal and a 

one-dimensional ideal consisting of semi-simple elements; 
(4) A derivation algebra, which is the direct sum of a semi-simple ideal and a 

non-abelian nilpotent ideal, is the direct sum of a semi-simple ideal and an ideal 
which is another derivation algebra consisting of nilpotent elements. 

It would be interesting to know 
(1) whether or not there exists a characteristically nilpotent derivation 

algebra; 
(2) whether or not there exists a derivation algebra whose radical consists 

of nilpotent elements and is not a direct summand. 
In connection with (1), we note that there exists a characteristically solvable 

derivation algebra, for instance, the derivation algebra of the Lie algebra in 
Example 1. In connection with (2), we note that, if D(L) is such a derivation 
algebra of a solvable Lie algebra L, then L must be nilpotent, Lz ^ (0) and 
dim L > 6. In fact, it is clear that L is nilpotent. Write D(L) = © + ÏÏI where 
© is a semi-simple subalgebra and 5Î is the radical of D(L). If L3 = (0), then 
there exists a subspace U of L such that 

L=U + L2, Ur\L2=(0), and U © C U. 

Define a derivation D of L in the following way: 

x D = x for x in U, 
y D = 2y for y in L2. 
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Then it is immediate that [D, ©] = (0). Therefore D is a semi-simple deriva
tion of L which does not belong to @. Write D = D1 + D2 with Di in © and 
JD2 in s3î. Let Z>i = Si + iVi be the Jordan sum decomposition of Di\ Si and 
i\'i are respectively semi-simple and nilpotent derivations of L and [Si, Ni] = 
0. Since [A Dx] = 0, we see that [D, Si] = 0 and [£>, i\Ti] = 0. Therefore 
D — Si is a semi-simple derivation of L and [D — Si, iVi] = 0, which shows 
that D2 ~ (D — Si) + ( — iVi) is the Jordan sum decomposition of D2. Since 
Do is nilpotent, it follows that D — Si = 0, that is, that D = Si. Since © 
is splittable, Z} belongs to ©, which is a contradiction. Therefore Z,3 ^ (0). 
All the nilpotent Lie algebras whose dimensions are < 5 are determined in 
(3, Proposition 1). Therefore we can calculate the derivation algebras of those 
Lie algebras to see that their radicals contain non-zero semi-simple derivations. 
Thus dim L > 6. 

As for the second question in the introduction, we have the following 

THEOREM 6. Let D(L) be the derivation algebra of a Lie algebra L. Then: 
(1) D{L) is abelian if and only if L is one-dimensional; 
(2) D(L) is non-abelian nilpotent if and only if L is characteristically nil-

potent; 
(3) D{L) is non-nilpotent solvable if and only if either L is characteristically 

solvable and not characteristically nilpotent or L is the direct sum of a character
istically solvable ideal and a one-dimensional central ideal; 

(4) D(L) is reductive (resp. semi-simple) if and only if L is reductive (jesp. 
semi-simple); 

(5) D(L) is the direct sum of a semi-simple ideal and the non-abelian nil-
potent radical if and only if L is the direct sum of a semi-simple ideal and a 
characteristically nilpotent ideal; 

(6) D(L) is the direct sum of a semi-simple ideal and the non-nilpotent radical 
if and only if either L is the direct sum of a semi-simple ideal and a characteris
tically solvable ideal which is not characteristically nilpotent or L is the direct 
sum of a semi-simple ideal, a characteristically solvable ideal and a one-dimen
sional central ideal. 

Finally, we note the following example, which shows that non-isomorphic 
Lie algebras can have isomorphic derivation algebras: 

EXAMPLE 3. Let Ai, A2 be abelian Lie algebras such that dim Ai 9e dim A 2. 
Then D(A t) is the direct sum of a semi-simple ideal St and the one-dimensional 
ideal Zt (i = 1, 2). Let Li (resp. L2) be the direct sum of S2 and A\ (resp. 
Si and A2). Then, by using Lemma 1, we see that D(Li) (resp. D(L2)) is the 
direct sum of ideals D(S2), Si, and Zx (resp. D(Si), S2, and Z2). Since D(St) 
is isomorphic to St (i = 1,2), it follows that D(Li) is isomorphic to D{L2). 
But L\ is not isomorphic to L2. 
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