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A remark on the construction of
designs for two-way elimination

of heterogeneity

Leon S. Sterling and Nicholas Wormald

A method of construction of designs with parameters

2 .
vy =r,=p°, r,=v,=p+1l, b = p(p+l) , k = p which may

be used for the two-way elimination of heterogeneity is

discussed. These designs were first studied in connection with
estimating tobacco mosaic virus. Our designs have the advantage
that every treatment occurs at most once in a row or column. We

give the designs explicitly for p =3, 4, 5 .

It is well known (see Hall [2, p. 176]) that an affine plane or

balanced incomplete block design with parameters v = p2 s b=plpa) ,
r=p+1l, k=p, A=1 exists whenever p is a prime or a prime
power. Moreover, the incidence matrix of this plane can always be chosen

in the form

e o I I ... I
e I
N2l = . . ey N
0 e I

where e is the p x 1 matrix of ones, I is the identity matrix of
order p X p and Pij are p X p permutation matrices. In fact if p
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is prime we can choose Pij =79 vhere T is a p *p matrix with 1

in the (p, 1) element and for entries (s, g+l) and zero elsewhere.

We choose N x eT s Where eT denotes e transposed,

31" (Jp+l-Ip+l)

J 1is the square matrix of ones, and A X B = (aijB] wvhere A = (aij) .

Clearly NBl is a balanced incomplete block design with parameters
2
v=p+1, b=p(p+l) , r=p°, k=p , A =p(p-1) .

Further,
Noligy =PI+ 7,
N31N§l = pI + P(P'l)J E)
”21”§; =p -

So N21 and N31 have the required properties. The design construction

is as follows:
CONSTRUCTION, write the affine plane in the form of

N2l = [Q1Q2 ... @ ] where Qi s, =1, ..., ptl is a p2 X p (o, 1)

p+l
matrix with 1 non-zero element per row and p non-zero elements per
column. Now assign the p + 1 treatments vl, vg, cees vp+l to the non-

zero elements of N21 so that

(i) each treatment v v ) oceurs

s v p+l

12 Yoo i-1° Y141’

.

exactly once in each column of Qi s, =1, ..., ptl

(ii) each treatment vl, v v occurs exactly once in

2° 77 Tp+l
each row of N21 .
The design is now obtained by labelling the rows of Nzl with
treatments Vi, Vé, caey D;a , and writing Vﬁvi in the kth column of

the design if row Vﬁ of N2l had v, assigned to the non-zero element
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in the (J, k) position of N21 .

This method of choice ensures that each pair occurs once and only
once in the final design. So N23 =dJ .

. 2
The vy, Uss o) vp+l give the (p+1, p(p+l), p°, p, p(p-1))

balanced incomplete block design while the V.

12 e 14 o give the

r
(pz, p(p+l), p+l, p, l) balanced incomplete block design.

We note that the manner of choosing the latter design ensures that it
is resolvable and that the blocks comprising one replication of its

treatments all contain the same subset of p treatments from the second

set.,

EXAMPLE. Let a, b, ¢, d be the treatments from the N3l matrix,
end A, B, C, D, E, F, G, H, I the treatments from the N21 matrix.
Consider

AlD a d e T
c d a b

cld a b e

D b e d a

IV21 (assigned) = E e a d|b

F d elb a

G bld a e

H e a b

Il e dl b a N

This has b, ¢, d in each column of &, ; a, ¢, d in each column of

Qz;

and a, b, ¢, d in each row of N2l .

a, b, d in each column of Q3 ; a, b, ¢ in each colum of Qh B

Then the design with parameters

is
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Ab Db Gb Aa Bd Ca Ad Ba Cb Aec Bb Ce
Be Ec Hd De Ea Fe Fb Dd Ed Eb Fa Da
Cd Fd Ie Gd He Id Ha Ib Ga Ia Ge Hb .

Another solution with

v, =1, = 9, r=v,= Yy, p=12, k=3
is

Alb a d e 7]
Ble a d b
cld a b e
D e d a b
E d c alb

F b dja e

G e d a

H e d b a
I d e b a ]

A solution for

vl=r2=l6,rl=02=5,b=20,k=h

is

Ale a d e b 7]

Blb a e c d

cld a e b e

Die a b e

E|l b d a e

F| e e a b d

Gl d e aib e

H| e e a b d

I e e d al b

J b d e a |e

K d e le a b

L e el d a

M ble d| e

N dl e b |e a

4] e d b ela

Pl e dlb e a _

Table 1 gives one solution for
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A a d e f e
Ble a b f d e
cld a b e f e
Dle a d b r e
E|f a d e e b
Fl b ) a f d
Gl e d e i alb
H d e e fla b
Il e e bla f d
J| f cla e b d
X b d f el a
L c e b |f a d
M d e fl b a |e
N e d |b e fl a
0 f d| e a |e
P b e f e d
Q e f e a d b
R d f e e b a
S e f d b c a
T f e a b e d
U bif a e d e
14 dl e f a b e
4 e d r e b a
X f e d a b e
Y e f a b c d

Table 1

We found many solutions for k = 3 , and for k = 5 , the results in

the latter case being found by a computer search.

We also searched for solutions for p = 7 using a computer but none

were found in the time available.
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