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Introduction

In this paper we are dealing with the following problem: determine
all normal (or smooth) projective varieties X over an algebraically closed
field & supporting a given variety Y as an ample Cartier divisor. In §1
we assume Y = P"! with n > 38 and show that such a normal variety X
is isomorphic to the projective cone over v,(Y), where s > 0 is the integer
determined by the equality

O0:(Y)® Oy = O(s) and v,: P! c_)pN-l(Nz (n :i; 1))

is the s™ Veronese embedding of P"-!. A similar result is valid for ¥ =
Ps x P* with s,t> 2. In the second section we prove the following
generalization of a result of Sommese ([13]). If Y = H(d) is a hypersur-
face of prime degree d in P™*! such that either n > 3, or else char(k) = 0
and H(d) is a generic surface in P*® with d > 5, then Y can be contained
in a smooth projective variety X as an ample divisor only in one of the
following two cases: 1) X is P""' and the inclusion Y C X is just the
inclusion H(d) C P**!, or ii) X is a smooth hypersurface of degree d in
P! and Y is the intersection of X with a hyperplane. In the last sec-
tion we determine all smooth projective threefolds X with P? (resp. P' X P')
as an ample divisor. Note that if char (k) = 0 the proofs are not so com-
plicated (in the case of Y = P? the result being (well known and) contained
in §1) because one applies the result of [2]. However, by the method of
lifting to characteristic zero we show that in our situation we can apply
[2] in positive characteristic as well.

The proofs of these results require Lefschetz type theorems in
Grothendieck’s form ([7], [8], [2]). Throughout this paper k& will be an
algebraically closed field of arbitrary characteristic and the notations and
terminology will be standard, unless otherwise specified.
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§1. Normal projective varieties containing P*~' (n > 3) or P* X.P*
(s, ¢ > 2) as an ample Cartier divisor n

Let Y be an arbitrary connected smooth projective variety over k
and choose a projectively normal embedding i: Y=—> P™ of Y (by a the-
orem of Serre such an embedding always exists). Denote by C(Y, i) the
projective cone in P™*' over i(Y). Then C(Y,i) is a normal projective
variety containing i(Y) as an ample Cartier divisor.

ExamprLEs. 1) Take Y= P" ' with n > 2 and for every s > 0 consider
the s Veronese embedding

v P =—> P¥1 with N= (" +s— 1) .

n—1
Then v, is projectively normal and hence P"' is an ample Cartier divisor
in the normal variety X; = C(P", v,) such that the normal sheaf Non-1 xp
is O(s) = Ogpn-:(s). Moreover, X" = P".

2) Take Y= P° X P* withs > 2and ¢t > 2 and for everya > 0,5 > 0
consider the Segre-Veronese embedding
ip: P X Pt=—>P¥' with N= (s + “)(“g b) .

s
Then i, , is projectively normal and hence Y is an ample Cartier divisor
on the cone C(P° X P%,i,,) = X} such that the respective normal sheaf
if O(a, b) = p¥(Orfa)) @ p¥(0O5.(d)), p, and p, being the canonical projec-
tions of P* X P°.

THEOREM 1. Assume that n > 4 and that Y = P"' is an ample Cartier
divisor on the normal projective variety X. Then if the normal sheaf Ny x
is isomorphic to O(s) (necessarily s > 0), X is isomorphic to X? and Y is
contained in X as in example 1 above. If n = 3 the same conclusion holds
provided that char (k) = 0. In particular, X is smooth if and only if s = 1,
i.e. X = P~

Proof. Let Sing (X) be the singular locus of X and set U= X —
Sing (X). Since Y is a smooth Cartier divisor on X, YC U, and since Y
is ample, dim (Sing (X)) < 0, i.e. Sing (X) consists of at most a finite set
of closed points {x,, - - -, x,}.

By [7], exposé X, Example 2.2 the pair (X, Y) satisfies the effective
Lefschetz condition, Leff (X, Y). Since this condition is local along Y we
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have also Leff (U, Y). If n > 4 we have H(Oy(—mY)/Ox(—(m + 1)Y)) =
H(O(—ms)) = 0 for i = 1,2 and for every m > 0. Hence by [7], exposé
XI, théoréme 3.12 the natural map of restriction «:Pic (U)— Pic(Y)=Z
is an isomorphism. If instead n = 3 and char (k) = 0 we have

H'(Ox(=mY)[Ox(—(m + 1)Y)) = H'(O(—ms)) = 0

for every m > 0, and then apply the theorem of [2] (in a slightly modified
form) to deduce that « is injective and Coker («) is torsion-free. Since
Pic (U) # 0 (O(Y)/U % Oy) and Pic (Y) = Z this yields that « is also an
isomorphism.

Therefore in both cases there is an invertible O,-module L such that
L® Oy = 0(1). For every me Z put F™ = j (L®™), where j: U= X is
the canonical open immersion. The following statements hold:

a) F™ is a coherent Oy-module and depth,,, (F™),,) > 2 for every
meZ.

Indeed, the coherence of F‘™ comes from [7], exposé VIII, Corollary
VIII-II-3. On the other hand, the canonical map F™ — j, j*(F™) is (by
the very definition of F‘™) an isomorphism, and the second affirmation
follows from the exact sequence

0 —> @ HL((F™),) —> F™ 5 j 5F™)—> & HL(F™),) —> 0.
i=1 i=1

b) F™ = 0;(mY) for every me Z.

Indeed, L®™ = O4x(mY)/U because Ox(mY) & O, = O(ms) and the map
« is injective. Applying j, to this isomorphism and taking into account
that depth (0,,) > 2 (O,, is normal of dimension >2) we get the conclusion.

c) H'(F™) =0 for every m < 0.

First choose ¢ big enough so that O4(tY) is very ample and consider
the embedding i: X=— P = P(I'(X, O4(tY)) such that i*On(1) = Ox(tY).

Cram. For every coherent Oy-module G such that depth,, (G,) > 2
for every closed point xe X, H'(G ® Ox(qY)) = 0 for every g < 0.

Proof of the claim. Set G’ = i, (G). For every closed point ye P —
i(X) we have clearly Hj(G;) = 0. If yei(X) is a closed point, by [5],
Corollary 5.6 we have H)(G,) = HXG,), and recalling the hypothesis the
last group is zero. Thus we may apply [7], exposé XII, Corollary 1.3 and
deduce that HY(X, G ® Ox(q'tY)) = H(P, G’ ® 0:(¢")) = 0 for every ¢’ £ 0.
Also, denoting by G,=GR O04rY), r=0,1,---,t—1 (G, = G), then
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H'(X, G, ® 04(q’tY)) = 0 for ¢’ € 0 (because for every closed point xe X
depth ((G,),) = 2). Now let g be arbitrary and divide ¢ = ¢t + r, with
0<r<t—1 The equality G® 0;(qY) = G, ® Ox(¢’tY) and the above
discussion proves the claim.

Now in order to prove c) write m = gqs + r, with 0 < r < s — 1. Since
0,(Y) is invertible on X, b) and projection formula yield

Fm = j (L8 @ LB%) = j(L®¥ ® j*(0x(qY))) = jx(L") ® Ox(qY)
= F"® 04qY).

The statement of c¢) follows applying the claim to G= F?, r=
0,1,---,5s — 1 and taking into account a).

d) Let oeI'(X, F®) = I'(X, O4(Y)) be such that divy (¢) = Y. Then
for every me Z there is the exact sequence on X

(1) 0—>Fm9_ s Fm 5 0O(m) —>0),

where the first map is multiplication by o.
Indeed, the exact sequence

0—> 0x(—Y) 250, —>0,—>0

tensorized by F™ yields the exact sequence

F™® 0y(—Y) = Fm-9 25 Fm 5 O(m) —> 0.

Since F'™ 1is invertible on U the map ¢/U is injective, and since o(x;)
#+ 0 for every i = 1, - - -, h, ¢ is injective everywhere.
Now (1) yields the exact sequence of cohomology (m e Z)

0 —> (X, F-2) —25 (X, F™) —> (Y, O(m))
— > H'(X, F™-9) ™ (X, F™) —> H'(Y, O(m)) = 0.

Thus for every me Z the map 4, is surjective. Thus from c) and
induction on m it follows that H'(X, F™) = 0 for every me Z. Thus for
every m one gets the exact sequence

(2) 0—> I'(X, F™~9) AN I'X, F™)— I'(Y, O(m)) —> 0 .

Set S=@;_[(X, F™)=®5_,I'(U L®™). Then S is a graded k-
algebra, o€ S, and (2) yields the isomorphism of graded k-algebras
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SlaS = C—T—) 'y, O(m)) = k[T, ---, T,] (polynomial ring in n variables) .
m=0

Set S’ = S®, where S/ = S,, for every tc Z. Then o S/ and
S,/US/ = k[T,l’ Tty Tn]“) .

Choose t,¢ S, such that ¢, mod¢S = T, and set o,,..,, =t - -tre S,
= S/, where i, + --- + i, =s and i, > 0. Then g, .., satisfy the well
known Veronese equations

(3) Oigpennyin Ojg,eee, jn T 0‘61,“-,87,,'0']'1,'-',/7, = 0 ’

where i, + j.=¢e, + fo, m=1,---, n.

Furthermore the images of {s;,,....,,} in S’/¢S’ generate the graded k-
algebra S’/¢S’, and since o ¢ S/, it follows that ¢ and {g,,...;} generate
S’ as a graded k-algebra.

In particular, S’ = @:_, I'(X, O,(mY)) is generated by its part of degree
one. Since Y is ample on X, O4(Y) results then very ample. Thus the
canonical map ¢,: X — P(I'(X, Ox(Y))) (such that ¢F(0(1)) = Ok(Y)) is a
closed immersion. If in (2) we take m =s we get dim I'(X, O,(Y)) =
dim I'(X, Oy) + dim I'(Y, O(s)) = N + 1, where

N=<n+s—1>.

n—1

Thus ¢y(X) C P and ¢, restricted to Y is precisely the Veronese embed-
ding v,. In particular, Y is the intersection of X with the hyperplane
P¥-', Tt remains to be proved that ¢,(X) is isomorphic to the cone X
Set S” = k[T, ---, T,]¥, grade the polynomial k-algebra S”[T] so
that if ¢e S” is an arbitrary homogeneous element then deg (aT™) =
deg (a) + m, and define the homomorphism of graded k-algebras +: S”[T]
— 8" by W(T) = ¢ and y(Tf* - - - T¥) = oy,,.....,, Where i, >0 and i, + ---
+ i, = s. The equations (3) ensure us that this definition is correct.
Since o,,...;, and o generate S’ as a k-algebra, v is surjective. Also, the
dimension of S”[T] and S’ are the same (namely n -+ 1) and these graded
algebras are integral domains. Therefore + is an isomorphism, which
proves that ¢, (X) = X2 Q.E.D.
Exactly in the same way one can prove the following theorem.

THEOREM 2. Assume that Y= P* X P' (with s > 2 and t > 2) is an
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ample divisor on the normal projective variety X. Then if the normal
sheaf Ny y is isomorphic to O(a, b) (necessarily a >0 and b>0), X is
isomorphic to the cone X2 (from Example 2 above). In particular, P* X
P! cannot be contained in a smooth projective variety as an ample divisor.

Remark. The assumption about the normality of X in Theorem 1 or
Theorem 2 cannot be dropped. Indeed, consider the Veronese embedding
Uy: P? = P® and take the generic projection Y’ of v,(P?) into P!, i.e. the
Veronese surface in P!. Then Y’ is isomorphic to P? Y’ is an ample
Cartier divisor on the cone C(Y’) C P*® over Y’, but since Y’ is the pro-
jection of v,(P?) into P!, the vertex of C(Y’) is not a normal point. Thus
C(Y’) cannot be isomorphic to any X2

COROLLARY 1. i) Assume that Y = P"' is an effective Cartier divisor
on the normal complete variety X such that Ny = O(s) with s >0, and
assume moreover that either n > 4, or else n = 3 and char (k) = 0. Then
there is a birational morphism f: X — X such that f is an isomorphism in
a neighbourhood of Y and f(Y) = v,(P"").

i) Assume that Y= P* X Pt (s> 2, t>2) is an effective Cartier
divisor on the normal complete variety X such that Ny y = O(a, b) with
a>0and b > 0. Then there is a birational morphism f: X — X3, such
that f is an isomorphism in a neighbourhood of Y and f(Y) = i,,,(P* X P").

Proof. Let us prove for example i). By [8], chapter III, Theorem 4.2
there is a birational morphism f: X — X’ such that f is an isomorphism
in a neighbourhood of Y and Y’ = f(Y) is an ample Cartier divisor on X’.
Since X is normal, we may assume that X’ is also normal. Then by
Theorem 1 X’ = X such that Y’ corresponds to v (P""?). Q.E.D.

COROLLARY 2. Assume that Y is as in Corollary 1 i) or ii), and let
Y=> X, (i =1,2) two closed immersions such that X, and X, are smooth
varieties of dimension equal to dim (Y) + 1 and Ny x, = Ny,x, is ample.
Then there is a birational map u: X, — X, which is an isomorphism on an
open neighbourhood of Y in X and induces identity on Y.

§2. A generalization of a result of Sommese

First we need the following extension to arbitrary characteristic of
a result of Kobayashi-Ochiai (see [11]). For the intersection theory of
line bundles needed in this section we refer to [10].
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TuEOREM 3 (Kobayashi-Ochiai). Let V be a complete Cohen-Macaulay
algebraic scheme of pure dimension t > 0 over k and L an ample invertible
O,-module such that (L"), = 1 and dim I'(V,L) > t -+ 1. Then dim I'(V, L)
=t+ 1 and the canonical map ¢.: V— P{'(V,L)) = P' is a biregular
isomorphism.

Proof. First we prove that V is integral. Let V,, ..., V, be the ir-
reducible components of V naturally regarded as closed subschemes of V
(see [10], p. 298). Then by loc. cit. Proposition 5 and Corollary 1 one has

Ly =@+ -+ Ly,, where L, =LRO,.

Since every V, has dimension ¢ and L, is ample on V,, (L}%),, > 0 for
every i =1, ---,n. Thus if V were reducible the above equality would
imply (L"), > 2, a contradiction.

Thus V is irreducible. By loc. cit. Proposition 5 and Corollary 2 (p.
298) one has

(L*)y = length (OV,e)'(M.Z)de ,

where M = L® O,,, and ¢ is the generic point of V. Thus length (O, )
=1, i.e. V is generically reduced. Now since V is Cohen-Macaulay and
generically reduced, [1], chap. VII, Proposition 2.2 shows that V is reduced
everywhere. Thus V is integral.

Let now s, - -, 8;,; be t + 1 linearly independent section (over k) from
I'(V,L) and D, = div, (s;). Define the sequence of closed subsets of V'

V= VtQVHQ-HQVoQ V—1

by Vi.,=D,N---ND, fori=1,---,t+ 1. V,, can be naturally en-
dowed with a structure of closed subscheme of V,i=1,.-.,¢+ 1. Then
one can easily prove as before that each V,_, is an integral Cohen-
Macaulay scheme of dimension ¢ — i and that there is a natural exact

sequence

0—> (Sl, ) Si) —> F(V’ L) —_—> F(Vt—h L ® OVt__i) ’
where (s,, - -+, s;) is the subspace of I'(V, L) generated by s, ---,s; (see
[11] for details). From this point one gets the conclusion exactly as in
[11]. Q.E.D.

THEOREM 4. Let Y = H(d) be a hypersurface of P™*' (i.e. a complete
intersection of codimension one in P™*', not necessarily smooth) of degree
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d with d prime. Assume that one of the following conditions holds:

a) n=>=3, or

b) char(k) = 0 and Y is a generic surface in P® with d > 5.

Assume further that Y is embedded as an ample divisor in the projec-
tive smooth variety X. Then one has one of the following possibilities:

i) X is isomorphic to P**' and the inclusion Y C X is just H(d) C
P7L+1.

i) X is isomorphic to a smooth hypersurface of degree d in P"** and
Y is the intersection of X with a hyperplane.

Proof. In case a) by Lefschetz’s theorem we have Pic (Y) = Z[O,(1)].
Also, since Y= H(d) and dim (Y) =n > 3, H(Oy(s)) = 0 for i = 1,2 and
for every se Z; in particular, H{(Ox(—mY)/Oz(—(m + 1)Y)) =0 for i =
1,2 and for every m > 1. Thus we may apply Lefschetz’s theorem to
(X, Y) and get that the map «: Pic (X) — Pic (Y) is an isomorphism.

In case b) we may apply Noether’s theorem (see [8], p. 182) and also
deduce that Pic (Y) = Z[O,(1)]. By [2] « is injective and Coker (&) is
torsion-free. Hence « turns out to be also an isomorphism. :

Therefore in both cases there is an invertible Oy-module L such that
L® O, = Oy(1). Further there is an integer r > 0 such that 0,(Y) = L®".
Let o e I'(X, O4(Y)) = I'(X, L®") be a section such that divy (¢6) = Y. We
have

L)y = 1r-(L"-LE)y = 1r- (L™ Y)x = 1r-(Ly)y

(4) = 1/r-(0;(1)'™)y = djr, where L, = L® O, .

In particular r divides d, and since d is prime one has two possibilities.

1) r=d, ie. Ox(Y) = L%

Then (4) gives (L'"*V), = 1. On the other hand, exactly as in the
proof of Theorem 1 one shows that the sequence

0 —> I(IR-9) — L5 (L) —> I'(04(1)) —> 0

is exact. Since d > 1 and L is ample I'(L®*-%) = 0. Thus dim I'(L) =
n + 2. Now Theorem 3 applied to V = X leads to case i).

2) r=1, ie. L = Ox(Y).

Again one deduces the exact sequence (for every me Z)

(5) 00— I'(LO®™-Y)y — ['(L®™) — I['(Oy(m)) —> 0 .
Denoting by S the graded k-algebra @:_, I'(X, L®™), ¢ S, and by (5)
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SleS = @5, I'(Y, Oy(m)). Recalling that Y is a hypersurface in P**!, this
last algebra is generated by its homogeneous part of degree one. Hence
S itself is generated by S, = I'(L), and in particular L is very ample on X.

If in (5) we take m = 1 we get dim I'(L) = dim I"(Oy) + dim I'(Oy(1))
= n + 3. Therefore the canonical map ¢ = ¢,: X — P(I'(L)) — P"** is a
closed immersion. Since ¢*(O(1)) = L (taking into account that r =1
and (4))

deg o(X) = (O(1) ™*V - (X )pnsa = (L', = d .

The fact that ¢(Y) is the intersection of ¢(X) with a hyperplane of
P7** is now clear. Thus case 2) leads to case ii). Q.E.D.

CoROLLARY. Let Y be a hyperquadric in P with n>3. Then Y
can be an ample divisor on the smooth projective variety X if and only if
either X is isomorphic to P"*', or to a smooth hyperquadric in P™*"

Remark. If k= C the above corollary has been previously obtained
by Sommese in [13].

§38. Lifting to characteristic zero

Let & be an algebraically closed field of characteristic p >0 and A
= W(k) the ring of Witt vectors on k, which is a complete discrete valua-
tion ring of characteristic zero, with residue field £ and such that p
generates its maximal ideal. Let X be a projective smooth variety over
k. One says that X has a lifting to characteristic zero if there is a pro-
jective smooth morphism f: & — Spec (A) whose closed fibre is isomorphic
to X. Then the generic fibre X’ of f is a projective smooth variety over
the quotient field %’ of A.

Grothendieck proved in [6], exposé III, théoréme 7.3 that a sufficient
condition for the existence of a lifting to characteristic zero of X is the
following “H*(Ty) = H*Oy) = 0”, where Ty = (2%,)" is the tangent sheaf
of X.

Let now % be a field (not necessarily algebraically closed) and X a
smooth projective variety of dimension 3 over k. Let L be an ample in-
vertible Oy-module and ¢eI'(X, L) a section such that Y = divy (¢) is
smooth over k. Then we have the following result which follows from [2].

ProposITION 1. Assume char (k) = 0. Then the natural map Pic (X)
— Pic (Y) is injective and its cokernel is torsion-free.
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LemmA 1. Let k be an algebraically closed field of characteristic p > 0
and X,L,o, and Y as above. Assume moreover:

i) X has a lifting to characteristic zero.

i) H(Ox)=0for i=1,2.

iiil) HYOy) =0 for i =1,2.

iv) HY(L) = 0.

Then the map of restriction Pic (X)— Pic (Y) is injective with cokernel
a torsion-free group.

Proof. Let f: & — Spec (A) be a lifting to characteristic zero of X.
First we prove that the natural map of restriction Pic (%) — Pic (X) is an
isomorphsm. Indeed, let £ be the formal completion of along X. Then
by Grothendieck’s existence theorem (see [3], chap. III 5.4.1) the natural
map Pic (#) — Pic (®) is an isomorphism. It will be therefore sufficient
to show that the map of restriction Pic (£) — Pic (X) is also an isomorphism.
Let &, be the closed subscheme of £ defined by the sheaf of ideals p"O,.
In particular &, = X. An invertible Oz-module is nothing but a sequence
(L.)ns1, where L, in an invertible O, -module, plus isomorphisms L,,; &
O,, = L,. Then the map Pic (&) — Pic (X) is precisely (L,),s; —~—> L. In
order to see that this map is an isomorphism it will be sufficient to show
that for each n > 1 the map of restriction Pic (£,,,) — Pic (£,) is an iso-
morphism. But this follows from the standard exact sequence

0__>p'n x/pn+loﬂ‘ = OX O-;‘kn+1 O-;kn >1 ’

which together with hypothesis ii) yields the assertion.

In particular there exists an invertible O,-module ¥ such that ¥ &®
Oy = L, and by [3], chap. III 4.7.1 ¥ is ample. Moreover, from the exact
sequence

r&«,s)—I'X, L) — H\(Z, 5,”)—1) H% %) — HX,L)=0

and Nakayama’s lemma we deduce that the first map is surjective. In
particular, ¢ lifts to a section rel'(Z,¥). Set # = div,(r) and g =
fl%:% — Spec (A). Then the closed fibre of g is Y, and hence g is a
smooth morphism. If Y’ is the generic fibre of g, then Y’ = divy (¢/X’)
is a smooth surface in X’. By Proposition 1 the map Pic (X’) — Pic (Y)
is injective with cokernel a torsion-free group. In order to complete the
proof of Lemma 1 it will be therefore sufficient to show that there are
isomorphisms
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Pic (X')—=> Pic(X) and Pic(Y’)-—=> Pic(Y)
making commutative the following diagram

Pic (X’) —> Pic (Y")

! )

Pic (X) —> Pic (Y).

This fact is well known. For example we have firstly the isomorphism
Pic (Y’) = Pic (%) defined by [M1-—~— [M'], where M’ is an invertible
O,-module such that M’/Y’ = M. Such a M’ always exists because % is
a regular scheme and Y’ is an open subset in %. This definition is correct
since the complement of Y’ is Y and Y is defined as a closed subscheme
of # by the ideal pO,, which is isomorphic as an O,-module to O,.
Secondly, by the first part of the proof the natural map Pic (#) — Pic (Y)
is an isomorphism. Q.E.D.

LEMMA 2. Assume that Y = P? (resp. Y = P' X P') is contained in
the smooth projective variety X as an ample divisor, where k is an alge-
braically closed field of arbitrary characteristic. Then the map of restriction
Pic (X) — Pic(Y) is an isomorphism (resp. is injective and its cokernel is
a torsion-free group).

Proof. If char (k) = 0 this follows directly from Proposition 1 taking
into account (if Y = P?) that Pic (P?) = Z. Assume therefore char (k) > 0.
Then the conclusion will follow from Lemma 1 if we show that conditions
i)-iv) are satisfied by (X, L = Ox(Y), o, divy (¢) = Y). The verification of
conditions ii), iii) and iv) is not difficult (using the explicit computation
of the cohomology of P?* and P' X P! and the cohomological characteriza-
tion of ampleness) and is left to the reader.

In order to verify condition i) it will be sufficient (using [6], exposé
III, théoréme 7.3) to show that H*(Ty) = 0 (the condition H*(Oy) = 0 being
contained in ii)). Consider the exact sequence (m e Z)

H(Ty ® Ox(mY) ® Oy) —> H Ty ® Ox(m — 1)Y)) —> H Ty @ Ox(mY)).

Since Y is ample on X, H¥(Ty ® Oy(mY)) =0 for m > 0. Therefore
in order to prove that H*Ty) = 0 it will be sufficient (via descending
induction on m) to see that

(6) H(T; ® Ox(mY)® 0,) =0  for every m>1.
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Consider the exact sequence

" H'(Ty ® Oy(mY)) —> H(Ty ® Ox(mY) ® 0,)
( —> H'(Ox((m 4+ 1)Y) ® Oy)

(induced by 0 > T, - T, ® O, — 0,(Y) ® O, — 0).
If Y= P? then Ox(Y)® O, = O(s) with s > 0 (since Y is ample on
X). Then H'(Ox(m + 1)Y)® O,) = H'(P?, O(m + 1)s)) = 0 for every me
Z. On the other hand, the standard exact sequence on Y = P?
0—> 0, — 01)®»® — T, —>0
yields the exact sequence of cohomology
0 = H'(O(ms + 1)®*) —> H(Ty ® O(ms)) —> H*(O(@ms)) = 0 .

Therefore H'(Ty, ® O;(mY)) = H(T, ® O(ms)) = 0. Now the exact
sequence (7) proves (6) if Y = P-.

If Y=P X P' then OxY)®O0, = O(a,b) with a >0 and b > 0.
Then H'(Ox(m + 1)Y)® Oy) = H'(P' X P!, O((m + 1)a, (m + 1)b)) = 0 for
every m > 0.

On the other hand, T, = O(2, 0) ® 0O(0, 2), and therefore

H{(T, ® O,(mY)) = H'(O(ma + 2, mb)) ® H'(O(ma, mb + 2)) = 0.
Again the exact sequence (7) proves (6) if Y = P' x P Q.E.D.

PropPoSITION 2. Assume that Y = P? is embedded as an ample divisor
in the smooth projective variety X. Then X is isomorphic to P® and Y is
contained in X as a hyperplane.

Proof. 1If char (k) = 0 this result is contained in Theorem 1. Thus
we may assume char (B) > 0. Since Pic (P?) = Z we may apply Lemma 2
and deduce that the map Pic (X) — Pic(Y) is an isomorphism. Now the
argument is contained in the proof of Theorem 1. Q.E.D.

THEOREM 5. Assume that Y = P' X P' is embedded in the smooth pro-
jective variety X as an ample divisor. Then we have one of the following
possibilities:

i) X= P® and Y is a quadric in X.

i) Xis isomorphic to a hyperquadric in P* and Y is a hyperplane
section.

ilil) There are a >0, b >0, ¢ > 0 and s > 0 positive integers such
that a + b + ¢ = 2s and the exact sequence of Op-modules
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0—> 0p—> 0@ @ O0B)DOC) = E-25>06) @ 0@) = F—>0

such that X is isomorphic to P(E) and Y = P(F) is embedded in X via
the surjection o.

Proof. From Lemma 2 we deduce that the map

Pic (X) > Pic (V)= Z X Z

is injective and its cokernel is torsion-free. Thus we have two possibilities:
a) Pic(X)=Z. Let L be an invertible Oy-module which is ample
and generates Pic (X). Then L ® O, = O(s, t) with s > 0and ¢ > 0. Since
Coker (@) is torsion-free s and ¢ are relatively prime integers. Writing
0,(Y) = L® and oy = L®?, we get easily from the adjunction formula that
sd+r)=Hd+r)= —2, and thus s =t = 1.
Let ¢ e I'(X, O4(Y)) = I'(X, L®") be such that div, (¢) = Y. The exact

sequence

0 s [®m-1 % rem O(m, m) —> 0

yields the exact sequence (m e Z)

(8) 0—> I'(LO™ ") —L5 I(L8™) —> I'(O(m, m)) —> HILE™ ") = 0.

Put S=®;_,I'(L®™); then S¢S = ®;_,['(O(m, m)) is a graded k-
algebra generated by its part of degree one. On the other hand

Ly = 1r-(L*-Y)y = 1Jr-(01, 1)-O(1, 1))y = 2/r .

Therefore r =2 or r = 1.

a) Caser=2. Ifin (8) we take m = 1 we get dim I'(L) = 4. Since
(L'*y = 1 Theorem 3 implies X = P* and we get case i).

a,) Case r =1. Then deg(¢) = 1 and since S/oS is generated by its
homogeneous part of degree one, the same is true for S. In particular
L is very ample. Again take m =1 in (8) and get dim I'(L) = 5. Thus
¢.: X — P(I'(L)) = P* and since deg ¢,(X) = 2 we get case ii).

b) Pic(X)= Z x Z. Then the map Pic(X)—> Pic(Y) is an iso-
morphism. Therefore there are two invertible Oy-modules L, and L, such
that L, ® O, = 0(1, 0) and L,® Oy, = 00, 1). If O,(Y)® Oy = O(s,, s;) with
8, >0 and s, > 0 (Y is ample on X), then since the map « is injective,
O0,(Y) = L& @ LY. Let 0 I'(Ox(Y)) = I'(L®* Q L*) be a section such
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that div, (¢) = Y. Then the exact sequence

0—> Ox((m — 1Y) AN O;(mY) —> O(ms,, ms;) —> 0

yields the exact sequence (exactly as in the proof of Theorem 1)

(9) 0—> I'(Ox((m — 1Y) —> I'(0x(mY)) —> I'(O(ms,, ms;)) —> 0.

Put S = @z, ['(0x(mY)); then ¢ € S, and S/oS = ®;, I'(Y, O(ms,, ms,))
is generated by its homogeneous part of degree one. Therefore S itself
is generated by S, and hence Y is very ample on X. If in (9) we take
m=1 we get

(10) dim|Y| = (s, + I)(s: + D) .

If s, =s, =1 then |Y| = P* and X would be a smooth hypersurface
in P*. But then Lefschetz’s theorem yields Pic (X) = Z, a contradiction.
Thus at least one s, or s, is >1.

Suppose s; > 1. Then the exact sequence

0—> La- @ L& — 5> L, —> O(1,0) —> 0
yields the exact sequence

0 —> (LR~ @ L) —> I'(L,) —> I'(0(1, 0))

(11) N Hl(L‘l&(l—Sl) ® Lgb(—sz)) )

Since 1 — 5, <0 and —s, <0 we have HYLP** Q L") = 0 for
i <1 Indeed, H(F® O4(mY)) =0 for i<1 and m € 0 (with F = L),
and from the exact sequence

0—> FQ® Ox((m — 1)Y) —> F® O;(mY) —> O(ms, + 1, ms,) —> 0

we deduce for every m < 0 and i < 1:
H{F Q Ox((m — 1)Y)) —> H'(F ® Ox(mY)) —> H(O(ms, + 1, ms,)) .

By Kiinneth’s formulae we get H(O(ms, + 1,ms,)) =0 for i <1 and
m < 0, and the affirmation results by induction on m.

Now recalling (11) we get that the map of restriction I'(L,) — I'(0(1, 0))
is an isomorphism if s, > 1. In particular, for every 4,4 €|L,| (4 +# 4)
we have AN 4 N Y=¢. Since Y is ample on X, 4 N 4’ is at most a

finite set of closed points. Since X is smooth we cannot have 4 N 4" # ¢
because otherwise
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3 = codimy (4 N 4") < codimy (4) + codimy () =1+ 1= 2.

Therefore 4 N 4 = ¢. Thus the linear system [L,| has no base points
and hence the corresponding map p = ¢,,: X — |L,| = P! (such that p*O..(1)

=~ L) is a morphism. Moreover, for every invertible O;-module L, (L;*- L)
= 0.

Now look at the equalities
1= (0(1,0)-00, 1)y = (L;-L,- Y)x = s(Ls* L) + si(Ly- L)

One deduces sy(L,-L?) =1, i.e. s, =1 and (L-L;) = 1. Set s, =s.

Let del|L,| be arbitrary. Then (O (Y)*-4) = (L) + 2s (L2 Ly +
(L,-L?) = (L;-L;) = 1. Therefore, denoting by M= O0,(Y)® O,, we get
(M?), =1, Mis ample on 4 and 4 is a Cohen-Macaulay scheme of pure
dimension 2. Moreover, for every i = 0,1, ---,s — 1 one has the exact
sequence (since L, ® 0, = 0,)

0—> LR~V QL,—> L VQ® L, —> M —>0
and hence
0 —> (LY ® L) —> 'L P @ L) —> ['(M) .

Cramt. Dim I'(M) > 3.
Indeed, assuming the contrary we get

2> dim I'(LP* ® L,) — dim I'(LE*Y Q L,) , i=01---,5—1,
and therefore taking the sum:
12 2s > dim I'(0x(Y)) = dim I'(L,) .

But the exact sequence

0—> L8925 I, —>0(0,1) —> 0
yields
0 = (L) —> I'(Ly) —> I'(0(0, 1))

and thus dim I'(L,) < 2. Therefore (12) becomes dim I'(0(Y)) < (s + 1),
or else dim|Y| < 2s + 1, which contradicts (10). The claim is proved.
By Theorem 3 we deduce then that 4 = P* and O/ = L, ® 0,. Now
Hironaka has shown that in these circumstances p is the projection of
the projective bundle P(E) associated to a locally free O,-module E of
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rank 3 (see [9], Theorem (1.8)). Moreover Ox(Y)® O, = L¥ Q L, ® O, =
L,® 0, = 0,1), and therefore we can take E = p,Ox(Y). Then Op;(1) =
0Ox(Y) and the exact sequence

0—> Oy —> 04(Y) —> O(s,1) —> 0
yields

0—>p, 0y = 0p, —> p, 0 (Y)=E
—> pix0(s, 1) = O(s) ® O(s) —> R'p,,Ox =0,

where p,: P* X P' — P! is the first projection. In other words we get the
exact sequence of locally free Op,-modules

0—>0p—>E—>03BE)® O03B)—>0.

In particular deg (E) = 2s. By a theorem of Grothendieck (see [4] for &
= C, but the same result holds in arbitrary characteristic) there are three
integers a, b, ¢ (uniquely determined up to a permutation) such that E =
O(e) @ O(b) ® O(c). Finally, since O,(Y) is ample on X, E is ample on P,
and therefore ¢ >0, b >0 and ¢ > 0. In other words we get situation
iii). Q.E.D.

Remarks. 1) The case iii) of Theorem 5 really occurs. Indeed, we
shall construct an exact sequence as in case iii) with ¢ = s, i.e. with a +
b=s(@>0,b>0and ¢c>0). It will be sufficient to construct a sur-
jection of the form ¢’: O(a) @ O(b) — O(a + b) = O(s), because one can take
o = ¢ @idy, (and then taking the degrees one sees that Ker (p) = Op).
Let x, and x, homogeneous coordinates on P! and define ¢'(p, q) = xip +
xfq. We claim that I'(¢’): I'(O(a)) ® I'(O(b)) — I'(O(a + b)) is surjective.
For, if ue I'(O(a + b)) = k[x,, x].., is of the form u = > % a,xix?**~¢, then
u = x)p + xtq, where p = > %t axixt e I'(O(@) and q = D% axi-°x**o?
€ I'(0(b)). Now since I'(¢’) is surjective and O(a + b) is generated by its
global sections, ¢’ is also surjective (and thus ¢ is surjective).

2) Note that the theorem asserting that P" is the unique smooth
projective variety containing P"~' (n > 3) as an ample divisor was known
for n > 4 and char (k) arbitrary, and for n = 3 and char (k) # 3 (see [12]).

Added in proof. 1. Further results in connection with the problem
of ample divisors can be found in author’s paper “On ample divisors: II”,
Proceedings of the Week of Algebraic Geometry, Bucharest 1980, pp. 12-32,
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Teubner-Texte zur Mathematik, Band 40, Leipzig 1981. We would also
like to mention the paper of T. Fujita “On the hyperplane section prin-
ciple of Lefschetz”, J. Math. Soc. Japan 32 (1980) 153-169.

2. We are indebted to Professor A. Franchetta for informing us about
a classical result of G. Scorza, which, although stated in a different form,
turns out to be equivalent to our theorem 1 above.

3. Theorem 4 above can be also deduced from Mori’s work [12].
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