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Abstract

Pseudo-BL algebras are noncommutative generalizations of BL-algebras and they include pseudo-MV
algebras, a class of structures that are categorically equivalent to /-groups with strong unit. In this paper
we characterize directly indecomposable pseudo-BL algebras and we define and study different classes
of these structures: local, good, perfect, peculiar, and (strongly) bipartite pseudo-BL algebras.

2000 Mathematics subject classification: primary 06F99,08A72.

Introduction

BL-algebras are the algebraic structures for Hajek's Basic Logic [14]. The main
example of a BL-algebra is the interval [0, 1] endowed with the structure induced by
a t-norm. MV-algebras, Godel algebras and product algebras are the most known
classes of BL-algebras. Recent investigations are concerned with noncommutative
generalizations for these structures.

In [4, 13], pseudo-BL algebras were defined as noncommutative generalizations
of BL-algebras. The main source of examples of pseudo-BL algebras is /-group
theory. In order to recapture some of the properties of pseudo-BL algebras a notion
of pseudo-f-norm was introduced in [10]. For the interval [0, 1], this notion induces
more general algebras named weak pseudo-BL algebras.

Pseudo-MV algebras were introduced as a noncommutative generalization of MV-
algebras (see [11, 12]). Dvurecenskij proved in [9] that the category of pseudo-MV
algebras is equivalent to the category of /-groups with strong unit. This theorem
extends the fundamental result established by Mundici for the commutative case [16].

In [2], Belluce, Di Nola and Lettieri studied local MV-algebras, structures having
a unique maximal ideal. An important class of local MV-algebras are perfect MV-
algebras, which are MV-algebras generated by their radical. The category of perfect
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MV-algebras is equivalent to the category of abelian /-groups [6]. All these results
were extended in [15] topseudo-MV algebras. Following [2], in [19] local BL-algebras
were defined and classified.

Bipartite MV-algebras, defined in [7], are another important class of MV-algebras.
Bipartite BL-algebras and strongly bipartite BL-algebras were defined in [17]. In [8]
bipartite BL-algebras were classified and it was proved that the variety generated by
perfect BL-algebras is exactly the variety of strongly bipartite BL-algebras. All these
results are parallel to the ones already existing for MV-algebras (see [1, 7]).

In this paper we shall extend some of these results to pseudo-BL algebras. By [5],
the congruences of a pseudo-BL algebra are in a bijective correspondence with the
normal filters. Then, there are two possibilities to define a concept of local pseudo-BL
algebra. The first one is to define a local pseudo-BL algebra as being a pseudo-BL
algebra with a unique ultrafilter. This paper deals with this approach. Another way
is to consider structures having a unique maximal normal filter. For the second case,
we obtain the notion of normal local pseudo-BL algebra. The investigation of normal
local pseudo-BL algebras seems to be a difficult problem, since we do not have a
characterization of the normal filter generated by a set of elements.

The paper is divided into four sections. In the first section we recall some facts
concerning pseudo-BL algebras and pseudo-MV algebras and we prove some prop-
erties used in the sequel. Following [3], we characterize directly indecomposable
pseudo-BL algebras. In Section 2 we define and study local pseudo-BL algebras.
Many of the results from local MV-algebras [2] and local BL-algebras [19] are ex-
tended to local pseudo-BL algebras. In the next section we study good pseudo-BL
algebras, an important class of pseudo-BL algebras. We associate with any good
pseudo-BL algebra a pseudo-MV algebra in a natural way. In Section 4 we investigate
some classes of local pseudo-BL algebras, namely perfect, locally finite and peculiar
pseudo-BL algebras. We give a classification of local pseudo-BL algebras and we give
a simpler proof of the fact that locally finite pseudo-BL algebras are exactly locally
finite MV-algebras. In the last section of the paper, following [17] we study (strongly)
bipartite pseudo-BL algebras.

1. Definitions and first properties

A pseudo-BL. algebra ([4, 13]) is an algebra A = (A, A, V, O, ~», ->-, 0, 1) with
five binary operations A, v, O, ~>, —> and two constants 0, 1 such that:

(A 1) (A, A, v, 0,1) is a bounded lattice;
(A2) (A, O, 1) is a monoid;
(A3) a O b < c if and only if a < b ~» c if and only if b < a -*• c;
(A4) a A b = (a ~* b) O a = a O (a ^> by,
(A5) (a -v* b) v (b ~» a) = (a -> b) v (b ->• a) = 1.
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[3] Some classes of pseudo-BL algebras 129

In the sequel, we shall agree that the operations A, v, O have priority towards the
operations ~>, ->•. Sometimes, we shall put parenthesis even if this is not necessary.

It is proved in [4] that commutative pseudo-BL algebras are BL-algebras. For
details on BL-algebras see [14, 18]. A pseudo-BL algebra A is nontrivial if and only
if 0 ^ 1. For any pseudo-BL algebra A, the reduct L(A) = (A, A , V, 0,1) is a
bounded distributive lattice. A pseudo-BL chain is a linear pseudo-BL algebra, that
is a pseudo-BL algebra such that its lattice order is total.

For any a e A, we define a~ = a ~+ 0 and a" = a —>• 0. We shall write a* instead
of (a~)~ and ar instead of (a~)~. We denote the set of natural numbers by co. We
define a0 = 1 and a" = a"~l O a for n e co — {0}. The order of a e A, in symbols
ord(a), is the smallest n € co such that a" = 0. If no such n exists, then ord(a) = oo.

The following properties hold in any pseudo-BL algebra A and will be used in the
sequel. See [4] for details.

(1) (a O b) -w c = a ~+ (b ~+ c);
(2) (bOa)-+c = a-+(b^c);
(3) a < b if and only if a ~+ b = 1 if and only if a —> b = 1;
(4) a < bimplies a O c < bO c and cQa < cQ b;

(5) aQb<a,b;
(6) aQb<aAb;
(7) a O b = 0 if and only if a < fc~ if and only if b < a~\
(8) fl0O = O 0 a = O;
(9) a~ Oa = a O a " = 0;
(10) 1 - • a = 1 - • a = a;
(11) a~ = 1 if and only if a~ = 1 if and only if a = 0;
(12) 1~ = 1" = 0;
(13) a < b implies b~ < a" and b~ < a~\
(14) a < a and a < a ;
(15) a ~> b < b~ —*• a" and a -> b < b~ ~* a~;
(16) a = a~ anda~~~ = a~;
(17) (aOb)" = a ~* b~ and (a Qb)-= b^> a~;
(18) (a v b)~ = a~ A b~~ and (a v b)~ = a~ A b~\
(19) (a A by = a~ v b~ and (a A fc)~ = a~ v fc~;
(20) a O (fe v c) = (a © fe) v (a © c);
(21) ( i v c ) Q a = ( i>Ofl )v(c0a) ;
(22) a v (fe A c) = (a v fc) A (a v c).

Let A be a pseudo-BL algebra. According to [4], a filter of A is a nonempty subset F
of A such that for all a, b € A,

(i) if a, b € F, then aQb e F;
(ii) if a e F and a < b, then be F.
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By (6), it is obvious that any filter of A is also a filter of the lattice L(A). A filter F
of A is proper if F ^ A. A proper filter P of A is pnme if for alia, b € A,av b e P
implies a € P or b € P. We shall denote by Spec (A) the set of prime filters of the
pseudo-BL algebra A.

A proper filter U of A is an ultrafilter (or a maximal filter) if it is not contained in
any other proper filter. We shall denote by Jit (A) the intersection of all ultrafilters
of A. Obviously, JK(A) is a proper filter of A.

We recall some properties of filters that will be used in the sequel.

PROPOSITION 1.1 ([4, Theorem 3.25]). Let F be a filter of the pseudo-BL algebra
A and let S be a v-closed subset of A {that is, if a, b € 5, then a V b e S) such that
F n 5 = 0. Then there exists a prime filter P of A such that F c P and P n S = 0.

PROPOSITION 1.2. Any proper filter of A can be extended to a prime filter.

PROOF. Apply [4, Corollary 3.26]. •

PROPOSITION 1.3 ([4, Corollary 3.32]). Any ultrafilter of A is a prime filter of A.

PROPOSITION 1.4 ([4, Remark 3.33]). Any proper filter of A can be extended to an
ultrafilter.

PROPOSITION 1.5. Let A be a pseudo-BL. algebra. The following are equiva-
lent:

(i) A is a pseudo-BL chain;
(ii) any proper filter of A is prime.

LEMMA 1.6. If A is a pseudo-BL algebra, then the sets AQ = {a € A | a~ = 0}
and AQ = [a 6 A | a~ = 0} are proper filters of A.

PROOF. Let us prove that AQ is a proper filter of A. By(12), 1 € AQ. Leta, b e AQ,

that is, a~ = ZT = 0. By (17), we get that (a Q b)~~ = a ~» b" = a ~* 0 = a~ = 0,
hence u 0 b € AQ. Let n e A J and b e A such that a < b. Then a~ = 0 and, by
(13), b~ < a~, so b~ = 0, that is, b e A~. Thus, A~ is a filter of A. Since, by (11),
0~ = 1, it follows that 0 £ A^, hence AQ is proper. Similarly we can show that AQ is
a proper filter of A. •

Let X c A. The filter of A generated by X will be denoted by {X). We have that
(0) = {1} and {X) = {a e A \ xtQ ••• Qxn < a for some n e co - {0} and some
xu ... ,xn £ X} if 0 ^ X c A. For any a € A, (a) denotes the principal filter of A
generated by {a}. Then, (a) = [b e A \ a" < b for some n e co — {0}}.
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LEMMA 1.7. Let a, be A. Then

(i) (a) is proper if and only iford(a) = oo;
(ii) if a < b and ord(&) < oo, then ord(a) < oo;

(iii) if a < b and ord(a) = oo, then ord(b) = oo.

PROOF, (i) (a) is proper if and only if 0 £ (a) if and only if a" ^ 0 for all
n € co — {0} if and only if ord(a) = oo.

(ii), (iii) Applying (4), a < b implies a" < b" for all n e co. D

A filter H of A is called normal ([5]) if for every a, b e A we have the equivalence:

(AO a ~* b e H if and only if a ->• be H.

It is easy to see that {1} and A are normal filters of the pseudo-BL algebra A. We
remark that if A is a BL-algebra, then ~*=—*•, so the notions of filter and normal filter
coincide.

For a filter F of A and a e A, let us denote a Q F = [a O x | x e F] and
F O a = [x © a \ x e F).

PROPOSITION 1.8 ([5]). Let H be a a filter ofA. The following are equivalent:

(i) H is a normal filter,
(ii) aQ H = H Q a for any a e A.

With any normal filter H of A we can associate a congruence relation =H on
A by defining a =H b if and only if (a ~> b) O (b ~» a) e H if and only if
(a -+ b) © (b -> a) e H.

In [5] it is proved that the map H )->=# is an isomorphism between the lattice of
normal filters of A and the lattice of congruences of A. If we denote by A/H the
quotient set A/=H, then A/H becomes a pseudo-BL algebra A/H with the natural
operations induced from those of A.

PROPOSITION 1.9 ([5]). Let H be a normal filter of A.. Then A/H is a pseudo-BL
chain if and only if H is a prime filter of A.

The following lemma is implicitly contained in [5].

LEMMA 1.10. Let H be a normal filter of A and a, b e A. Then

(i) a/H = \/H if and only if a e H;
(ii) a/H — 0/H if and only if a" e H if and only if a~ e H;

(iii) a/H < b/H if and only if a ~~> b e H if and only if a —> b e H.
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PROOF, (i) a/H = \/H if and only if (a ~+ 1) O (1 ~* a) € H if and only if
1 O (1 ~~> a) e H if and only if a € H, since a ~+ 1 = 1 and 1 ~* a = a, by (3) and
(10).

(ii) a/// = 0/H if and only if (a -* 0) O (0 ~+ a) € // if and only if a~ O 1 e //
if and only if a~ e // . Applying ((TV)), a" e H if and only if a ~+ 0 € // if and only
if a -»• 0 € // if and only if a~ e / / .

(Hi) By (3) and (i), a/H < b/H if and only if a/H ~» fe/H = \/H if and only if
(a ~+ b)/H = \/H if and only if a ~» b € W. By (N), we have that a ~-> b € # if
and only ifa -*• b e H. •

If /t : A ->• B is a homomorphism of pseudo-BL algebras, then the kernel of /i is
the set Ker(/t) = {a € A | A (a) = 1}. For any normal filter H of A, let us denote
by [ ]w the natural homomorphism from A onto A./H, defined by [ ]#(a) = a/H for
any a € A. Then H = Ker([ ]w). The following propositions are easily obtained.

PROPOSITION 1.11. Let h : A —> B be a homomorphism of pseudo-BL algebras.
Then the following properties hold:

(i) for any (normal) filter G ofB, the set h~x(G) =def {a e A \ h(a) 6 G] is a
(normal) filter of A. Thus, in particular Ker(/i) is a normal filter of A.

(ii) h is injective if and only ifKer(h) = {1}.

PROPOSITION 1.12. Let A be a pseudo-BL algebra and H be a normal filter
of A.

(i) The map f A []H(F) is an inclusion-preserving bijective correspondence
between the filters of A containing H and the filters of A/H. The inverse map is also
inclusion-preserving.

(ii) F is a proper filter of A containing H if and only if [ ]H(F) is a proper filter
of A/H. Hence, there is a bijection between the proper filters of A containing H and
the proper filters of A/H.

(iii) There is a bijection between the ultrafilters of A containing H and the ultra-
filters of A/H.

Let A be a pseudo-BL algebra and F be a filter of A. We shall use the following
notation:

FZ = {a € A | a < x~ for some x e F] and

F* = {a € A | a < x~ for some x € F}.

REMARK 1.13. Let A be a pseudo-BL algebra. Then

(i) F* = {a eA \aQx =0forsome;t € F};
(i') F* = {a € A | x O a = 0 for some x € F};
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(ii) F* = {a e A \ a~ e F};
(ii') F* = {a e A \ a~ e F}.

PROOF, (i), (i') Apply (7).
(ii) Let a e A. If a < x~ for some x e F then, by (13) and (14), we get that

x < x~~ < a~. Since F is a filter, it follows that a~ e F. Conversely, suppose that
a" € F. Then, a < (a~)~, hence a e FZ-

(ii') Similar to (ii). •

For any pseudo-BL algebra A, B(A) denotes the Boolean algebra of all comple-
mented elements in L(A). Hence, B(A) = B(L(A)).

PROPOSITION 1.14 ([5]). Let Abe a pseudo-BL algebra and e e A. The following

are equivalent:

(i) eeB(A);
(ii) eQ e = eande = e = e~~;

(iii) e O e = e and e~ ~» e — e;
(iii') e O e = e and e~ —• e = e;
(iv) e Ve~ = 1;
(iv') e V e~ = 1.

LEMMA 1.15 ([5]). Let A be a pseudo-BL algebra and e e B{A). Then

(i) (e) = [a€A\e < a};

(ii) e O a = e A afar any a € A;
(iii) e v ( a 0 i ) = ( e v u ) 0 ( c v £)/£"• a«y a, b e A;
(iv) e~ = e~ w f/ie complement of e.

A pseudo-BL algebra A is called directly indecomposable if and only if A is
nontrivial and whenever A = A[ x A2 then either A] or A2 is trivial. In the sequel,
in a similar manner as in [3, Chapter 6.4], we shall give a characterization of directly
indecomposable pseudo-BL algebras. Let A be a pseudo-BL algebra. For each x e A,
let the functions ~-*x: A x A -*• A, ->x : A x A -> A and hx : A -> A be defined by
a ~+x b = x v (a ~+ b), a -+x b = x V (a -*• b), and /i* (a) = x v a.

PROPOSITION 1.16. Let A be a pseudo-BL algebra and e e B(A). Then

(i) (e) = ((e), A, V, O, -^*e, ->e, e, 1) is a pseudo-BL algebra;
(ii) A,(A) = (e);

(iii) /if « a homomorphism ofpseudo-BL algebras from A orcfo (e);
(iv) Ker(Ae) = («-);
(v) (e> w nontrivial if and only ife^l;

(vi) (e) « a subalgebra o/A r/and on/y ife = 0 if and only if (e) = A;
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(vii) B((e)) = (e) n B(A).

PROOF, (i) By Lemma 1.15 (i), we have that (e) — [a € A | e < a}. Let us verify
the axioms from the definition of a pseudo-BL algebra.

(Al) It follows immediately that ((e), A , V, e, 1) is a bounded lattice.
(A2) Since (e) is a filter of A, (e) is ©-closed and, obviously, ((e), ©, 1) is a

monoid.
(A3) Let a, b, c > e. If a © b < c, then a < i ^ c < e v ( t ^ c ) = i ^ e c and

b<a-*c<ev(a-*c) = a -»e c.
Conversely, let us suppose that a < b ~*e c, that is, a < e v (b -*~> c). Applying

(4), (21), Lemma 1.15 (ii) and (A4), we get that a 0 b < [e v (b ~» c)] O b =
(e O 6) V [(£ ~+ c) O b] = (e A 6) v (b A C) = e V (2> A C) = b A c < c.

Now, let us suppose that b < a ->c c, so 6 < € v (a -»• c). Then, by (4), (20),
Lemma 1.15 (ii) and (A4), a G b < a O [e v (a -+ c)] = (a O e) v [a © (a -*• c)] =
(a A e) V (a A c) = e v (a A C) = a A c < c.

(A4) Let a,b>e. We have that (a ~*e b) Q a = [ e v ( o ~» fc)] © a =
(e © a) V [(a ~» Z>) © a] — (e A a) v (a A ft) = e V (a A b) = a A 6 and, similarly,
aO(a ->-, 6) = a©[ev(a - • *)] = (aQe)V[aQ(a -> *)] = (aAe)v(aAfe) = aAft.

(A5) Let a, b € A. By (A5), we get that (a —»e i ) v ( i > ^ f l ) = c v ( a - »
i ) v e v ( t - » ( j ) = e v l = l and, similarly, (a -+e fc)v(i^(d) = c V ( a - >
fe) v e v (b -»• a) = e v 1 = 1. Hence, ((e), A, v, ©, ~*e, ->•„ e, 1) is a pseudo-BL
algebra.

(ii) For any a e (e), we have that he(a) = ev a = a. Hence, (e) c he(A). The
other inclusion is obvious.

(iii)Leta, b € A. It follows immediately that he (a ~* b) = ev(a -^ fc) = a -~~*e b,
h e ( a - > 6 ) = e V ( a - • b ) = a - + e b , h e ( 0 ) = 0 V e = e , h e ( l ) = « v l = l ,

M a v fe) = e v (a v fc) = he(a) v M*)- By (22), he(a A b) = e V (a A b) =
( « v a ) A ( c v i ) = /ie(a) A /ie(£)- Applying Lemma 1.15 (iii), we also get that
he(a 0 i ) = e v ( a 0 i ) = ( e v a ) 0 ( e v i ) = /i,,(a) © /ie(*)-

(iv) If a € Ker(he), then Ma) = a v e = 1, so «~ = e~ A (a v e) = (e~ A a) V 0 =
e~ A a. It follows that a > e~, hence a G (e~>. Conversely, if a > e~, we get that
he(a) = eva>eve~ = l, hence he(a) = 1, that is, a e Ker(he).

(v), (vi) They are obvious.
(vii) Let a e (e), that is, e < a. If a e B({e}), then there is b > e such

that a A b = e and av b = 1. Taking c = 6 A e~, we get that a A C = 0 and
a v c = a V (ft A e~) = (a v £) A (a v e~) = 1 A (a V e~) = a V e~ > e V e~ = 1, by
(22) and Lemma 1.15 (iv). Conversely, suppose that a € B(A), hence there is b e A
such that a V b = 1 and a A b = 0. Let c = e v b. Then c > e and a V c = 1,
UAC = (lA(cVi) = (flAc)V((!Ai)) = «VO = «. D
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PROPOSITION 1.17. Let {A,}16/ be a nonempty family ofpseudo-BL algebras and
let P = J~[;e/ A;. Then there exists a set {5, | i € /} C B(P) satisfying the following
conditions:

(i) A,e/5,=0;
(ii) (5, v 8j = 1, whenever i ^ j ;

(iii) each A, is isomorphic to (Si).

PROOF. Similar to the proof of [3, Lemma 6.4.4]. •

PROPOSITION 1.18. Let A be a pseudo-Bh algebra and e u . . . , en e B(A), n>2,

such that

(i) e\ A • • • A en = 0; and
(ii) e, V ej -\fori ^j, i,j = 1, . . . , n.

ThenX = (e,) x ••• x (en>.

PROOF. Similar to the proof of [3, Lemma 6.4.5]. •

PROPOSITION 1.19. A pseudo-Bh algebra A is directly indecomposable if and only

ifB(A) = {0, 1}.

PROOF. Similar to the proof of [3, Theorem 6.4.7]. D

It follows immediately that

PROPOSITION 1.20. Any pseudo-BL chain is directly indecomposable.

PROOF. Let A be a pseudo-BL chain and e e B(A). By Proposition 1.14, we get
that e V e~ = 1. But e < e~ or e~ < e, hence e — 1 or e~ = 1. By (11), it follows
that e€ {0,1}. ' •

In the sequel we shall recall some facts about pseudo-MV algebras, which are non-
commutative generalizations of MV-algebras (see [11, 12]). A pseudo-MV algebra
is an algebra (A, ©," ,~ , 0, 1) with one binary operation ©, two unary operations ~,~
and two constants 0, 1 such that:

(i) (A, ©, 0) is a monoid;
(ii) a(Bl = l®a = a;

(iii) l~ = l- = 0;
(iv) ( a - 0 & - r = (a~0 2f)-;
(v) a © (a~ O b) = b © (b~ © a) - (a © b~) © b = (b © a~) © a;

(vi) a © (a~ © b) = (a © b") © b;
(vii) a = a.
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where a © b = {b~ ffi a~)~~. Let A be a pseudo-MV algebra. On A one can define an
order relation '< ' by

a < b if and only if a~ ffi b = 1 if and only if b © a~ = 1.

PROPOSITION 1.21 ([11, Proposition 1.13]). Let A be a pseudo-MV algebra. Then
(A, <) is a lattice in which for all a, b € A,

a V b = a ffi (a~ O £) = b © (2T © a) = (a © 6~) ®b = {bQ a~) © a

a A 6 = (a © b~) © 6 = (b © a~) © a = a © (a" © b) = b © (b~ © a).

For any a 6 A, we define 0a = 0 and na = (n — \)a ffi a for n e <y — {0}. The
MV-order of a € A, in symbols MV-ord(a), is the smallest new such that na = I.
If no such n exists, then MV-ord(a) = oo.

LEMMA 1.22 ([15, Lemma 14]). Let A be a pseudo-MV algebra. For any a e A,
MV-ord(a-) = MV-ord(a~).

We shall denote by D(A) the set {a e A \ MV-ord(a) = oo}. A pseudo-MV
algebra A is locally finite if for all a € A, a ^ 0 implies MV-ord(a) < oo. According
to [15], a pseudo-MV algebra A is strong if for all a e A, a~ = a~. According to
[11], an ideal of A is is a nonempty subset I of A such that for all a, b e A,

(i) if a, b € / , then a ffi b e / ;
(ii) ifbel and a < b, then a € I.

An ideal / is proper if / ^ A. A proper ideal of A is called a maximal ideal if it is not
contained in any other proper ideal. An ideal H of a pseudo-MV algebra A is called
normal (see [12]) if for all a, b € A, a~ © b e H if and only if bQa~ € H.

LEMMA 1.23 ([12, Lemma 3.2]). Let H be a normal ideal of A and a e A. Then
a e H if and only if a" € H if and only if a" e H.

PROPOSITION 1.24 ([4, Corollary 2.34]). A pseudo-BL algebra A is a pseudo-MV
algebra if and only if a = a = afar all a € A.

Following [2], in [15] local pseudo-MV algebras were defined and some classes of
local pseudo-MV algebras were studied. Thus, a pseudo-MV algebra is local if and
only if it has a unique maximal ideal and a local pseudo-MV algebra is:

- perfect if for any a e A, MV-ord(a) < oo if and only if MV-ord(a~) = oo;
- singular if there exist a, b € A such that MV-ord(a) < oo, MV-ord(fc) < oo

and MV-ord(a © b) = oo.

https://doi.org/10.1017/S144678870000851X Published online by Cambridge University Press

https://doi.org/10.1017/S144678870000851X


[11] Some classes of pseudo-BL algebras 137

By Lemma 1.22, it follows that a local pseudo-MV algebra A is perfect if and only if
for any a € A, MV-ord(a) < oo if and only if MV-ord(a~) = oo

PROPOSITION 1.25 ([15]). Every local pseudo-MV algebra is either perfect or sin-
gular. There is no local pseudo-MV algebra which is both perfect and singular.

PROPOSITION 1.26 ([15]). Every locally finite pseudo-MV algebra different from
(0, 1} is singular.

2. Local pseudo-BL algebras

Local rings play an important role in ring theory. On the other hand, the study of
local objects became a standard problem for other classes of structures (MV-algebras
[2], BL-algebras [19], pseudo-MV algebras [15]). In this section we shall study local
pseudo-BL algebras.

A pseudo-BL algebra is called local if and only if it has a unique ultrafilter.

LEMMA 2.1. Let A be a local pseudo-BL algebra. Then

(i) any proper filter of A is included in the unique ultrafilter of A;
(ii) AQ , AQ are included in the unique ultrafilter of A.

PROOF, (i) Apply Proposition 1.4 and the fact that A has a unique ultrafilter.
(ii) Apply Lemma 1.6 and (i). •

In the sequel, we shall use the following notation:

D(A) = {a € A | ord(a) = oo} and D(A)* = {a e A | ord(a) < oo}.

Obviously, D(A) n D(A)* = 0 and D(A) U D(A)* = A.

PROPOSITION 2.2. Let A be a pseudo-BL algebra. The following are equiva-
lent:

(i) D(A) is a filter of A;
(ii) D (A) is a proper filter of A;

(iii) A is local;
(iv) D(A) is the unique ultrafilter of A;
(v) for all a,b e A, ord(a O b) < oo implies ord(a) < oo orord(b) < oo.

PROOF, (i) if and only if (ii). We have that ord(O) = 1, hence 0 £ D(A).
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(i) implies (v). Let a,b € A such that ord(a O b) < oo, so a Q b & D(A). Since
D(A) is a filter of A, we get that a & D(A) or b <£ D(A). Hence, ord(a) < oo or
ord(fe) < oo.

(v) implies (i). Since 1 € D(A), we have that D(A) is nonempty. Let a, b e D(A),
that is ord(a) = ord(b) = oo. It follows that ord(a O b) = oo, that is a Q b € D(A).
If a < b and a e D(A), then a" > 0 for all n € a>. Since a" < b", we have that
b" > 0 for all n e a>. That is, ord(Z?) = oo, hence b e £>(A). Thus, we have proved
that D(A) is a filter of A.

(iv) implies (iii). It is immediate.
(iii) implies (iv). Let U be the unique ultrafilter of A. Applying Lemma 2.1 (i) and

Lemma 1.7 (i), we get that a 6 U if and only if (a) c t/ if and only if (a) is proper if
and only if ord(a) = oo if and only if a 6 D(A). Hence, U = D(A).

(iv) implies (i). It is obvious.
(i) implies (iv). Since 0 ^ D(A), we have that D(A) is proper. Let F be a

proper filter of A. If a € F, then {a) c F, so {a} is a proper filter of A. Applying
Lemma 1.7 (i), it follows that ord(a) = oo, hence a € D(A). Thus, we have got that
any proper filter F of A is included in D(A). From this fact it follows that D(A) is
the unique ultrafilter of A. •

COROLLARY 2.3. Let A be a local pseudo-BL algebra. Then

(i) for any a € A, ord(a) < oo or (ord(a~) < oo andord{a~) < oo);
(ii) D(A)t c D(A)* and D(A)*_ C D(A)*;
(iii) D(A) D D(A)l = D(A) n D(A)*_ = 0.

PROOF. (i)Leta € A. By (9), we have that a"" Oa = aQa~ = 0, soord(a~Oa) =
ord(a O a~) = ord(O) = 1 < oo. Apply now Proposition 2.2 (v) to get (i).

(ii) Let a € D(A)l, so there is x € D(A) such that a < x~. Since ord(;c) = oo,
applying (i), we get that ord(*~) < oo. Applying now Lemma 1.7(ii), we get that
ord(a) < oo. Hence, a e D(A)*. We obtain similarly that D(A)*_ C D(A)*.

(iii) Apply (ii) and the fact that D(A) D D(A)* = 0. •

PROPOSITION 2.4. Any pseudo-BL chain is a local pseudo-BL algebra.

PROOF. Let A be a pseudo-BL chain. We apply Proposition 2.2 (v) to obtain that
A is local. Let a,b 6 A such that ord(a Q b) < oo. Since A is a chain, we have that
a < b or b < a. Suppose that a < b. Then a O a < a O b, so, by Lemma 1.7 (ii), we
get that ord(a O a) < oo, hence ord(a) < oo. Similarly, from b < a it follows that
that ord(fc) < oo. •

A proper normal filter P of a pseudo-BL algebra A is called primary if for all
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a,b e A,

((a O b)")~eP for some n e co implies (am)~eP or (bm)~eP for some m e co.

Applying the definition of a normal filter, we get that a proper normal filter P of A
is primary if and only if for all a, b e A, ((a © b)")~ e P for some n e co implies
(am)~ € P or (fcm)~ 6 P for some m e co.

REMARK 2.5. Suppose that A is a BL-algebra and let P be a proper filter of A. The
following are equivalent:

(i) P is primary;
(ii) for all a, b e A, (a © b)~ € P implies (am)~ € P or (fcm)~ e P for some

m e co.

PROOF, (i) implies (ii). It follows immediately from the definition of a primary
filter.

(ii) implies (i). Let a,b e A such that ((a O b)")~ e P for some n € a>. Since
O is commutative, we get that ((a © b)")~ = (a" © 6")" € P. Applying now (ii),
it follows that there is p e co such that (anp)~ € P or (6np)~ e P. Hence, letting
m = np, we have that (am)~ e P or (fcm)~ 6 P. •

Hence, in the case that A is a BL-algebra, the notion of primary filter defined here
coincides with the notion of primary filter defined in [19].

PROPOSITION 2.6. Let A be a pseudo-BL algebra and P be a proper normal filter
of A. The following are equivalent:

(i) A/P is a local pseudo-BL algebra;
(ii) P is a primary filter of A.

PROOF. Applying Proposition 2.2 (v) and Lemma 1.10 (ii), we have that A/P is
local if and only if for all a, b € A, oid(a/P © b/P) < oo implies ord(a/P) < oo
or 0Td(b/P) < oo if and only if for all a, b € A, (a/P © b/P)n = 0/P for some
n € co implies (a/P)m = 0/P or (b/P)m = 0/P for some m e co if and only if for all
a, be A,{{aQb)")/P = 0/P for some n e co implies am/P = 0/P or bm/P = 0/P
for some m e co ii and only if for all a,b e A, ((a © b)")~ € P for some n e co
implies (amy e P or (bm)~ e P for some m e co if and only if P is primary. •

PROPOSITION 2.7. Any prime normal filter of a pseudo-BL algebra A is primary.

PROOF. Let P be a prime normal filter of A. Applying Proposition 1.9, we get
that A/P is a pseudo-BL chain, hence A/P is local, by Proposition 2.4. Apply now
Proposition 2.6 to get that P is primary. Ill
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PROPOSITION 2.8. Let Abe a pseudo-BL algebra. A proper normal filter of A is
primary if and only if it is contained in a unique ultrafilter of A.

PROOF. Let H be a proper normal filter of A. By Proposition 2.6, H is primary if
and only iiA/H is a local algebra if and only iiA/H has a unique ultrafilter. Applying
Proposition 1.12 (iii), there is a bijection between the set of ultrafilters of A/H and
the set of ultrafilters of A that contain H. Hence, H is primary if and only if there is
a unique ultrafilter of A that contains H. •

PROPOSITION 2.9. Let A be a pseudo-BL algebra. The following are equiva-
lent:

(i) A is local;
(ii) any proper normal filter of A is primary;
(iii) {1} is a primary filter of A.

PROOF, (i) implies (ii). Let H be a proper normal filter of A. Since A is local, by
Lemma 2.1 (i) and Proposition 2.2 (iv) it follows that D(A) is the unique ultrafilter of
A containing H. Applying Proposition 2.8, we get that H is primary.

(ii) implies (iii). Apply the fact that {1} is a proper normal filter of A.
(iii) implies (i). Since {1} is a primary filter of A, by Proposition 2.6, we get that

A/{1} is local. But A = A/{1}, hence A is local. •

PROPOSITION 2.10. Any local pseudo-BL algebra is directly indecomposable.

PROOF. Let A be a local pseudo-BL algebra. We shall prove that B(A) = {0,1}
and then apply Proposition 1.19. Let e e B(A). Applying Corollary 2.3 (i), we get
that ord(e) < oo or ord(e~) < oo, that is, there is n e co - {0} such that e" = 0 or
(e~)n = 0. But e" = e and (e~)" = <?~, by Proposition 1.14 (ii) and the fact that
e~ is the complement of e, so e, e~ e B(A). It follows that e = 0 or e~ = 0. By
Proposition 1.14 (ii) and (11), from e~ = 0 we get that e = (e~)~ = 0~ = 1. That is,
e e {0, 1}. Hence, B(A) = {0, 1}. •

3. Good pseudo-BL algebras

A good pseudo-BL algebra is a pseudo-BL algebra A satisfying the following
identity

(*) a~~ = a~~.

Pseudo-MV algebras are particular cases of good pseudo-BL algebras. In [5] it is
proved that any pseudo-product algebra is also a good pseudo-BL algebra. A strong
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pseudo-BL algebra is a pseudo-BL algebra A such that a~ = a~ for all a e A.
Obviously, every strong pseudo-BL algebra is a good pseudo-BL algebra.

In the sequel, if not otherwise specified, A is a good pseudo-BL algebra. Let us
consider the subset M(A) = [a € A \ a = a~~ — a}.

LEMMA 3.1. Let A be a good pseudo-BL algebra. Then

(i) 0, l e M ( A ) ;
(ii) a~, a~ e M(A) for all a € A;

(iii) if a, b 6 M(A), then a ~» b = b~ -*• a~ and a -*• b = b~ ~+ a~;
(iv) if a, b G M(A), then (a~ © b")~ = (a~ O b~)" = a~ ~> b = b~ -> a.

PROOF, (i) Apply (11) and (12).
(ii) Let a G A. Applying (*) for a~ and a" and (16), we have that (a~) =

(a~)~~ = a~ and (a~) = (a~)~~ = a~. It follows that a~, a~ e M(A).
(iii), (iv) See [4, Lemma 2.31]. •

For any a, b € A, let us define a © b = (b~ O a")~.

LEMMA 3.2. Let Abe a good pseudo-BL algebra. Then

(i) a © b e M(A)forany a, b € A;
(ii) j/a, 6 6 M(A), thena®b = (b~Oa~)~ = (6"©fl")~ = b~ -^ a - aT ^ b\

(iii) i/a, b e M(A), f/ien a © b~ = a~ ->• b~, a © fe~ = b ~+ a, a" ffi b = a -» ft
and a~ ® b = b~ -~> a~;

(iv) i/a, fe e A/(A), fAgw a~ © b" = (b © a)"" and a" © 6" = (b © a)".

PROOF, (i) Apply Lemma 3.1 (ii).
(ii) Apply Lemma 3.1 (iv).
(iii) Apply (ii).
(iv) By (iii), (1) and (2), we have that a~ © b~ = b ~+ a~ = b ~~+ (a ~-+ 0) =

(b 0 a) ~» 0 = (b O a)~ and a~ ffi 6" = a - • b~ = a ->• {b -> 0) = (b © a) ->•
) - . D

The following proposition extends a result from [19].

PROPOSITION 3.3. Let A be a good pseudo-BL algebra. The structure M(A) =
(M(A), ©,~ ,~ , 0, 1) is a pseudo-MV algebra. The order on A agrees with the one
o/M(A), defined by a <M(A) b if and only if a" © 6 = 1 .

PROOF. By Lemma 3.1 and Lemma 3.2, it follows that the operations ©," ,~ are
well defined on M(A) and that 0, 1 e M(A). Let us denote by OM(A) the product
on M(A). Hence, for all a, b € M(A), we have that a QM(A) b — (b~ ffi a~)~ =
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(b~ ffi a~)~ € M(A). We shall verify the axioms from the definition of a pseudo-MV
algebra. In the proof we use Lemma 3.1 and Lemma 3.2. Let a,b,c e M(A).

(i) We have that (a © b) © c = (b~.Q a~)~ © (c~)~ = (c~ O (b~ O a~))~ =
((c~ O b~) O a~)~ = (a~)~ © (c~ O 2T)~ = a © (6 ffi c). We also get that
a © 0 = (0~ © a~)~ = ( 1 0 a~)~ = a = a. Similarly, 0 © a = a. Hence
(M(A), ©, 0) is a monoid.

(ii)By(8), (11) and (12), affil = (l~Oa~)~ = ( O 0 a T = 0" = 1. We obtain
1 © a = 1 similarly.

(iii) Apply (12).
(iv) By (*), (a~ © Jr)~ = (fc O a)"~ = .(£> O a)~" = (a" © ft~)~.
(v)Wehavetoprovethataffi(a~OW(/1)2?) = b®{b~QM(A)a) = ( (20^)

(6 OA/(A) a") © fl. Applying (18) and (A4), we get that

a © (a~ QMW b) = a@(b~ © a)~ = (a~)~ © (b~ © a)~

= ((ft" © a) O a")~ = ((6 -> a) O a~)~

= ((a~ ~+ b~) O a~y = (a" A fc~)~

= a~~ V i~~ = ay b

and

(& Ow(A) a") © a = (a © fe~)~ ®a = (a® b")~ © (a~)~

= (a~ O (a © 6~))" = (a~ O (fc - • a))"

= (a~ © (a~ -*• b~))~ = (a~ A b~)~

= a v b~~ = av b.

Similarly we get b © (b"~ QMW a) = (a OMW b~) © b = b v a = a v b.

(vi) a QM(A) (a~ @b)=a Quw (a -*• b) = ((a -•. b)~ © a")~

= ( a 0 ( a - > b))~~ = (a A fc)~~ = (ft A fl)"~

= ((b ~*a)O b)'~ = {b~ ®{b~* a)~)~

= (b~>a) OM(A) b = (a® b~) QM(A) b.

(vii) It follows from the definition of M(A).
Hence, M(A) is a pseudo-MV algebra. By Lemma 3.2 (iii), we have that for all

a,b e M(A), a <M(A) b if and only if b © a~ = 1 if and only if a ~~+ b = 1 if and
only if a < b. •

As a consequence of this proposition we obtain [4, Corollary 2.34]:

COROLLARY 3.4. A pseudo-BL algebra A is a pseudo-MV algebra if and only if
a~~ — a = a for all a € A.
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REMARK 3.5. Let A be a good pseudo-BL algebra. For any a, b e M(A),

a QM{A) b = (b~ © a~)~ - (b~ © a~)~ = (a Q b)~~ = (a Q b)~~.

PROOF. Apply the definitions of © and OM(A>- D

Since, a, b e M(A) does not imply a O b e M(A), it follows that, generally,
(a O by ^ aQb. Hence, the product on the pseudo-MV algebra M(A) does not
coincide with the product on the pseudo-BL algebra A. In the case of BL-algebras,
the product is the same (see [19]).

PROPOSITION 3.6. Let A. be a good pseudo-BL algebra. Then A is a strong pseudo-
BL algebra if and only if'M(A) is a strong pseudo-MV algebra.

PROOF. If a~ — a~ for all a e A, then a~ — a~ for all a e M{A). Conversely,
suppose that a" = a~ for all a G M{A). Let a € A. By (16) and (*), a~ =
a""~ = (a~~~)~ = (a~~)~. But, by Lemma 3.1 (ii), we have that a~~ e M(A), so
(a~~)~ — (a~~)~ = a~, by (16). Thus, for all a € A, we have that a" = a~. •

Let A be a good pseudo-BL algebra. Since, by Lemma 3.1 (ii), a", a~ e M(A) for
any a e A, we can define the maps <pi : A —> M(A) by <p\{a) = a~ for any a € A,
and <p2 : A -»• M(A) by (faia) = a~ for any a € A.

LEMMA 3.7. Let A be a good pseudo-BL algebra. The following properties hold
for all a, b € A:

(i) <pi,<p2 are onto;

(ii) <pi(a v b) — (p\{a) A <pi(b) and<p2(a v b) = (piia) A <p2(b);
(iii) ^i(a A b) = <?i(a) v 9?i(ft) and<p2(a A b) = <p2(a) v <p2(b);
(iv) <p,(a) < <p,(fc) if and only if<p2(a) < (p2(b);
(v) a < ft implies <pi(a) > <pi(£) and<p2(a) > <p2(b)\

(vi) ^i(a) = 1 if and only if<p2(a) — 1 if and only if a = 0;
(vii) <p,(l)=<P2(l) = 0;

(viii) ^ i ( a ) = 0 if and only if<p2(a) = 0;
(ix) ^ ( a O Z>) = <p,(ft) © i^,(a) and<p2(a Q b) = <p2(b) © «
(x) for any n e eo, (p\(a") — nip^a) and<p2(a") = n(p2(a).

PROOF, (i) Let a € M(A). Then a = a = <Pi(a~) and a = a~~ = <p2(a~).
(ii) Apply (18).
(iii) Apply (19).
(iv) Suppose that <p\(a) < <Pi(b), that is, a~ < b~. Applying (13) and (16), it

follows that b = b < a~~~ = a , so a~ = a < b~~~ = b~. Hence,
<p2(a) < <p2(b). We prove similarly that <p2(a) < <p2(b) implies <pi(a) < <P\(b).
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(v) Apply (13).
(vi) Apply (11).
(vii) Apply (12).
(viii) Suppose that a~ = 0, so a = a~~ = 1, hence, a~ = a = 0. We get

similarly that a~ = 0 implies a~ = 0.
(ix) Apply Lemma 3.2 (iv).
(x) By induction on n. For n = 0, we have that a0 — 1, so <pi(l) = 0 and

Ocpxia) = 0. Suppose that <Pi(an) = n<pi(a). By (ix), it follows that <pdan+l) =
(px{an®a) = (pl(a)®<pi(a") = <pi(a) ® n<pi(a) = (n + l)<pi(a). Similarly for <p2. O

LEMMA 3.8. Let X be a nontrivial goodpseudo-BL algebra. Then

(i) AQ = A~ = Ao;
(ii) if a e AQ, then ord(a) = oo;

(iii) for any a e A, ord(a) = MV-ord(^i (a)) = MV-ord(^2(a));
(iv) for any a e A, ord(a~) = ord(a~);
(v) <pdD(A)) = <p2(D(A)) = D(M(A)) and<p-\D{M(A))) = <p

= D(A).

PROOF, (i) Apply Lemma 3.7 (viii).
(ii) Suppose that there is n e co such that a" = 0. Then, applying Lemma 3.7 (vi)

and (x), we get that (p\(,an) = ^i(0) = 1 and <Pi(a") = n<pi(a) — na~ = nO = 0. We
get that 0 = 1, a contradiction. Hence, a" ^ 0 for all n e co, so ord(a) = oo.

(iii) Let a € A and n 6 co. By Lemma 3.7 (vi), we have that a" = 0 if and only if
(px(a

n) = 1 if and only if nq>\(a) = 1. Hence, ord(a) = MV-ord(<pi(a)). Similarly
for <p2.

(iv) Let a € A. Applying (i) and (*), we get that ord(a~) = MV-ord(<p2(a~)) =
MV-ord(a~~) = MV-ord(a-) = MV-ord(^,(a-)) = ord(a").

(v) Apply (iii) and the fact that <pi, <p2 are onto. •

LEMMA 3.9. Let A. be a good pseudo-BL algebra. Suppose that I is an ideal of
M(A) and F is a filter of A. Then

(i) (p;1 (/), <p2
x (I) are filters of A;

(ii) <Pi(F), (p2(F) are ideals o/M(A);
(iii) F C <p;l((pdF)) and F c <p2\(p2(F));

(iv) / = ?,(¥>,-'(/)) and I = (p2((P2l(I));
(v) / is proper if and only if<f>^x{I) is proper if and only if(p2

l(I) is proper;
(vi) F is proper ifand only if<Pi(F) is proper if and only if <p2(F) is proper;

(vii) if F is an ultrafilter of A, then F = <Pxl(<p\(F)) and F = <p2
x(f2(F)):

(viii) if I is a maximal ideal o/M(A), then <p^'(/), <p2\l) are ultrafilters of A;
(ix) if F is an ultrafilter of A, then <pi (F), <p2(F) are maximal ideals of'M(A).
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PROOF, (i) Let us prove that y»f'(/) is a filter of A. Since <pi(l) = 0 e / ,
we have 1 e ^ f ' ( / ) . Let aua2 e (p^l{I). It follows that <pi(ai), <pi(a2) € I, so
<P\(ai O a2) = (pi(a2) 0 <pi(ai) € / . Hence, ay O a2 € ^"'(Z). Let a, e <Pi\l),
a2 e A be such that «! < a2. By Lemma 3.7 (v), we get (p\(a2) < <pi(ai) e I, so
<P\{a2) € / , that is, a2 € <pr'(/). Thus, we have proved that <p[l(I) is a filter of A. We
get similarly that <p2

l (I) is a filter of A.
(ii) Let us prove that <px{F) is an ideal of M(A). We have that 0 = <?i(l) e <P\{F).

Letfei, b2 € #>i(F). That is, there are «i, a2 € F such that &! = ^ ( a ^ a n d ^ = <P\(a2).
We have a2 O a, e F and b\®b2 = <px (a2 Qai) e <pt (F). Let ^ , fe2 G M(A) be such
that fc] < b2 and i 2 G <Pi(F). It follows that fc2 = ^1(^2) with a2 6 F and, since <pi is
onto, there is a € A such that <p\(a) = bt. Let ai = a v a2. Then a2 < ^1 and a2 e F,
so a\ € F and ^i(fli) = ^i(a) A ̂ i(a2) = b\ A Z>2 = b\, by Lemma 3.7 (iii). Hence,
&i G ^1 (F). We obtain in the same manner that #>2(F) is an ideal of M(A).

(iii) It is obvious.
(iv) It follows from the fact that q>\ and <p2 are onto.
(v) / is not proper if and only if 1 e / if and only if <pt (0) 6 / if and only if

0 e <p~[lU) if and only if #>j~'(/) is not proper.
(vi) If 0 e F, then 1 = ^ ( 0 ) e <pdF). Suppose that 1 e <Pi(F). Then, there is

a € F such that <pi(a) = 1. Applying Lemma 3.7 (vi), we get that a = 0, hence
Oe F.

(vii) Suppose that F is an ultrafilter of A. Then, by (v) and (vi), <pf' (<?i(F)) is a
proper filter of A and, by (iii), F C ( ^ ' ( ^ ( F ) ) . Since F is ultrafilter, we get that

(viii) Suppose that (p^(I) c F, where F is a proper filter of A. It follows

that / = (fi\{<p^\l)) c <pi(F). Since <?i(F) is proper, we get that I — <pi(F), so

?,"'(/) = ? r ' (? i (F) ) 2 F. Hence, ^ - ' ( / ) = F-

(ix) Suppose that <pi(F) c / , where / is a proper ideal of M(A). It follows that

F = ^f'(^>(F)) c ^" ' (7) . Since ^!~'(/) is proper, we get that F = <p^(I), so

' /• •
The next result is a consequence of the above proposition.

PROPOSITION 3.10. The maps <plt <p2 are bijections between the set of ultrafilters of
A and the set of maximal ideals o/M(A).

COROLLARY 3.11. Let Abe a good pseudo-BL algebra. Then A is local if and only
J / M ( A ) is local.

We remark that if A is a BL-algebra, then cp{ = <p2 and the results obtained above
extend some results from [19, 8].
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PROPOSITION 3.12. Let Pi.be a good pseudo-BL algebra. Suppose that I is an ideal
o/M(A) and F is a filter of A. Then

(i) if F is normal in A, then <Pi(F) = <p2(F) ^ <p(F);
(ii) if F is normal in A, then <p(F) is normal in M(A);

(iii) if I is normal in M(A), then (p^(I) — <p2
l(I).

PROOF, (i) Let b e <p\(F), that is, b = <pi(a) with a G F. By (14), we have that
a < a~~, so a~~ e F, hence a" e F, since F is a normal filter of A. Since b G M(A),
we also get that b = b = aK~ = (p2(a

K), hence b € <P2(F). Thus, <pi(F) C (p2(F).
The other inclusion is proved similarly.

(ii) Let b, c G M(A). By Lemma 3.2 (iii), we have V OM(A) c = (c~ © fc)~ =
( c - * fc)~ and c O M <A)*" = (b®c~)~ = (c ~» fc)~. Suppose that ZT 0 M W ) c € <p(F),
so there is a e F such that (c ->• b)~ = a". But c -»• b — c~ ® b € M(A),
hence c -> b = (c —>• fe) = a~~ > a, by (14). Since a € F and F is a filter,
we get that c -> b e F. But F is normal, hence c ~+ 6 e F . We obtain that
c OM(A) b~ = (c ~+ fc)~ e v>(F). We get similarly that c O«(A) t~ e ^)(F) implies
b" GMW c € <p(F).

(iii) Let a e <p~['(/), so a~ G / . Since / is normal, from a~ e I and Lemma 1.23
we get that <2~= G / . But, by (*) and (16), a~= = a = a" = <P2(a)- We have
got that (pi(a) G / , that is a G <p2~\l). We prove similarly that a G (p2

x{I) implies
a 6 *>,-'(/). D

4. Some classes of local pseudo-BL algebras

Perfect pseudo-BL algebras A pseudo-BL algebra A is called perfect if

(i) A is a local good pseudo-BL algebra, and
(ii) for any a G A, ord(a) < oo if and only if ord(a~) = oo.

PROPOSITION 4.1. Let A be a good pseudo-BL algebra. Then A is perfect if and
only i/M(A) is perfect.

PROOF. We have that A is local if and only if M(A) is local, by Corollary 3.11.
In the sequel, we shall apply repeatedly Proposition 3.8 (iii). Suppose that A is
perfect and let a G M(A), so a = a . We get that MV-ord(a) < oo if and only
if MV-ord(a~~) < oo if and only if ord(a~) < oo if and only if ord(a) = oo if
and only if MV-ord(a~) = oo. Hence, M(A) is perfect. Conversely, suppose that
M(A) is perfect and let a G A. Then, by Lemma 3.1 (i), a" G M(A). It follows that
ord(a) < oo if and only if MV-ord(a~) < oo if and only if MV-ord(aw) = oo if and
only if ord(a~) = oo. Hence, A is perfect. •
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PROPOSITION 4.2. Let A be a local good pseudo-BL algebra. The following are
equivalent:

(i) A is perfect;
(ii) for any a e A, ord(a) < oo implies ord(a~) = oo;
(ii') for any a & A, ord(a) < oo implies ord(a~) = oo;
(iii) D(A)l = D(A)*;
(iii') D(AY_ = D(A)\

PROOF, (i) if and only if (ii). Let a € A. Since A is local, by Corollary 2.3, we have
that ord(a) = oo implies ord(a~) < oo, hence ord(a~) = oo implies ord(a) < oo. It
follows that A is perfect if and only if (ord(a) < oo implies ord(a~) = oo).

(ii) if and only if (ii'). Apply Lemma 3.8 (iv).
(ii') implies (iii). Since A is local, D(A)l c D(A)*, by Corollary 2.3 (ii). Let us

prove the converse inclusion. Let a € Abe such that ord(a) < oo. From (ii') we get
thatord(a~) = oo, so a~ e D(A) and, by (14), a < a~~. Hence, a e D(A)*L.

(iii) implies (ii'). Suppose that D(A)^ — D(A)* and let a e A with ord(a) < oo,
that is, a e D(A)*. It follows that there is x e D(A) such that a < x~, so x < a~,
by (13). Since x < x~~ and ord(x) = oo, applying Lemma 1.7 (iii), we get that
ord(*~~) = oo. Applying again Lemma 1.7 (iii), from x~~ < a~ it follows that
ord(a") = oo.

(ii) if and only if (iii'). It is similar to '(ii') if and only (iii)'. •

A primary filter P of a pseudo-BL algebra A is called perfect if for all a € A,
(a")~ € P for some n € CD implies ((a~)m)~ f£ P for all m € co.

LEMMA 4.3. Let A be a pseudo-BL algebra and P be a perfect filter of A. Then
for all a e A, (a")~ € P for some n € co if and only if{(a~)m)~~ £ P for all m € co.

PROOF. Let a e A such that ( ( a ~ ) T £ P for all m 6 co. We have to prove that
(a")~ e P for some n e co. By (9), a" O a = 0, hence ((a~ O a)")~ = 0~ = 1 e P
for all n e co. Apply now the fact that P is primary and the hypothesis to get that
(a")~ € P for some n e co. •

PROPOSITION 4.4. Let Abe a good pseudo-BL algebra and P be a proper normal
filter of A. The following are equivalent:

(i) A/ P is a perfect pseudo-BL algebra;
(ii) P is a perfect filter of A;

(iii) P is primary and for all a e A, (a")~ e P for some n € co implies ((a~)m)~ &
P for all m € co.
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PROOF. Since good pseudo-BL algebras form a variety, it follows that A/P is a
good pseudo-BL algebra. By Proposition 2.6, we have that A/P is local if and only
if P is primary. Let a e A. Applying Lemma 1.10, we get that ord(a/P) < oo
if and only if (a/P)" = 0/P for some n € co if and only if (a")~ e P for some
n € coif and only if (a")~ € P for some n € co, that ord((a/P)~) = oo if and only
if ((a/P)~)m ^ 0/P for all m e co if and only if ( ( a ~ ) T £ P for all m € <u and
that ord((a/P)~) = oo if and only if ((a/P)")m ^ 0/P for all m e cu if and only if
((a~)m)~ & P for all m € a>. Apply now Proposition 4.2 (ii) and (iii) to get that (i) if
and only if (ii) and (i) if and only if (iii). •

PROPOSITION 4.5. Let Pi. be a BL-algebra and P be a proper filter of A. The
following are equivalent:

(i) P is a perfect filter of A;
(ii) for all a e A, (a")~ e P for some n € co if and only if {(a~)m)~ & P for all

m € co.

PROOF, (i) implies (ii). Apply Lemma 4.3.
(ii) implies (i). We shall prove that A/P is local and apply Proposition 2.6 to get

that P is a primary filter. Let a e A and suppose that ord(a~/P) = oo. As in the
proof of Proposition 4.4, we get ((a")m)~ £ P for all m € oo. Applying (i), it follows
that (a")~ € P for some n € co, that is, ord(a/P) < oo. Thus, we have proved that
for all a € A, ord(a/P) < oo or ord(a~/P) < oo. Apply now [19, Proposition 1] to
obtain that A/P is local. •

Hence, in the case that A is a BL-algebra, the notion of perfect filter defined above
coincides with the notion of perfect filter defined in [19].

PROPOSITION 4.6. Let A be a good pseudo-BL algebra. The following are equiva-
lent:

(i) A is perfect;
(ii) any proper normal filter of A is perfect;

(iii) {1} is a perfect filter of A.

PROOF, (i) implies (ii). Let F be a proper normal filter of A. Since A is local, by
Proposition 2.9 it follows that F is primary. Let a € A such that (a")~ € F for some
n € co. Suppose that ((a~)k)~~ e F for some it € co. We get that ((a")~), (((a~)*)~) c
F and, since F is proper, it follows that ((.an)~~) and (((a~)k)") are also proper filters
of A. Applying Lemma 1.7 (i), we get that ord((a")~) = ord(((a~)*)~) = oo. Since
A is perfect, we obtain that ord(a") < oo and ord((a~)*) < oo, hence, ord(a) < oo
and ord(a~) < oo, a contradiction with the fact that A is perfect. Thus, (a")~ € F for
some n € co implies ((a~)m)~ £ F for all m e co.
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(ii) implies (iii). It is obvious, since {1} is a proper normal filter of A.
(iii) implies (i). Since {1} is a perfect filter of A, applying Proposition 4.4, we get

that A/{ 1} is perfect. But A = A/{ 1}, hence A is perfect. •

Locally finite pseudo-BL algebras According to [5], a pseudo-BL algebra A is
locally finite if for any a € A, a ^ 1 implies ord(a) < oo.

PROPOSITION 4.7. Let A be a pseudo-BL algebra. The following are equiva-
lent:

(i) A is locally finite;
(ii) {1} is the unique proper filter of A.

PROOF. Applying Lemma 1.7 (i), it follows that A is locally finite if and only if
for every a e A, if a ^ 1 then (a) = A if and only if {1} is the unique proper filter
of A. •

PROPOSITION 4.8. Every locally finite pseudo-BL. algebra A is a local pseudo-BL
algebra.

PROOF. We have that D(A) = {1}, hence D(A) is a filter of A. Apply Proposi-
tion 2.2 to get that A is local. •

In [5] it is proved that locally finite pseudo-BL algebras are locally finite MV-
algebras. We shall give a simpler proof of this fact.

PROPOSITION 4.9. Let A be a locally finite pseudo-BL algebra. Then for alia G A,
a~~~ = a = a. Hence, A = M{A).

PROOF. If a = 0, then it follows immediately that 0 = 0~~ = 0. Suppose
that a ^ 0. Let us prove that a = a. By (14), we have that a < a . Suppose
that a~~ ^ a, hence a~~ -> a ^ 1. Since A is locally finite, it follows that
ord(a~~ -* a) < oo, hence (a~~ -> a)n = 0 for some n e co — {0}. By (16), (2),
(A4) and (14), we get

(a -*• a) -*• a~ = (a -> a) —> a = (a -*• a) —> (a -> 0)

= a~~ O (a"~ ->• a) -> 0 = (a A a~~) ->• 0 = a ->• 0 = a~.

Applying repeatedly this procedure, it follows that (a~~ —>• a)n —> a" = a~, hence
a~ = 0 - • a~ = 1, so, by (11), a = 0. We have got a contradiction, since a ^ 0.
Hence, a~~ = a. We prove similarly that a~~~ = a. •
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COROLLARY 4.10 ([5]). Every locally finite pseudo-BL algebra A is a locally finite
MV-algebra.

PROOF. Applying Proposition 4.9 and Proposition 1.24, we get that A is a pseudo-
MV algebra. Let a € A, a ^ 0, so a~ ^ 1, by (11). By Proposition 3.8 (i), we obtain
that MV-ord(a) = MV-ord(a ) = ord(a~) < oo. Thus, we have proved that A is a
locally finite pseudo-MV algebra. Apply now [15, Proposition 39] to get that A is a
locally-finite MV-algebra. •

Peculiar pseudo-BL algebras A pseudo-BL algebra A is called peculiar if

(i) A is a local good pseudo-BL algebra;
(ii) there is a € A — {1} such that ord(a) = oo;

(iii) there is a e A such that ord(a) < oo and ord(a~) < oo.

Let us denote by && the class of perfect pseudo-BL algebras, by -S?^" the class
of locally finite pseudo-BL algebras and by &"% the class of peculiar pseudo-BL
algebras. The following proposition is similar to [2, Theorem 5.1].

PROPOSITION 4.11. Let Abe a local good pseudo-BL algebra different from L2 =
{0, 1). Then exactly one of the following holds:

(i) A €
(ii) A e

(iii) A e

PROOF. By the definitions, if A £ 9>& U .Sf &, then A € &<€. Hence, one of
(i), (ii) or (iii) holds. It is easy to see that &<€ D S£ & = &"tf n & & = 0. Let us
prove that && n J?J? = {L2}. Obviously, L2 is perfect and locally finite. Now, let
A jt L2 be a locally finite pseudo-BL algebra. Since A ^ [0,1], there is a € A such
that a ^ 0 and a ^ I. From a ^ O and (11) we get that a~ ^ 1. Applying now the
fact that A is locally finite, it follows that ord(a) < oo and ord(a~) < oo. Hence, A
is not perfect. That is, exactly one of (i), (ii), (iii) holds. •

PROPOSITION 4.12. Let A be a locally good pseudo-BL algebra such that A jt
M(A). Then A is a peculiar pseudo-BL algebra if and only if M(A) ^ L2 is a
singular pseudo-MV algebra.

PROOF. Suppose that A is peculiar. Then A is not perfect, hence, by Proposition 4.1,
M(A) is not a perfect pseudo-MV algebra. Since L2 is a perfect pseudo-MV algebra,
it follows that M(A) ^ L2. Applying Proposition 1.25, we also get that M(A) is
singular. Conversely, suppose that M(A) ^ L2 and that M(A) is a singular pseudo-
MV algebra. Since A ^ M(A), by Proposition 4.9 we get that A is not locally
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finite. We also have that M(A) is not perfect, hence A is not perfect. Applying
Proposition 4.11, we get that A is peculiar. •

5. Bipartite pseudo-BL algebras

In this section, we shall define (strongly) bipartite pseudo-BL algebra and we shall
prove some properties of them, following [17, 8].

A pseudo-BL algebra A is called bipartite if U U UZ = U U £/* = A for some
ultrafilter U of A. A is called strongly bipartite if U U UZ — U U £/* = A for any
ultrafilter U of A. Obviously, any strongly bipartite pseudo-BL algebra is bipartite.

A filter F of A is called Boolean if for all a € A, a V a~ e F and a V a~ € F. It is
obvious that if F c G are two filters of A and F is Boolean, then G is also Boolean.

PROPOSITION 5.1. Let A be a pseudo-BL algebra and F be a filter of A. The
following are equivalent:

(i) F is a Boolean ultrafilter of A;
(ii) F is a Boolean prime filter of A;

(iii) F is proper and for all a € A, a e F or (a~ e F and a~ € F).

PROOF, (i) implies (ii). It is obvious, since, by Proposition 1.3, any ultrafilter of A
is a prime filter of A.

(ii) implies (iii). Let a € A. Since F is Boolean, we have that a v a~ e F and
av a~ € F. Apply now the fact that F is prime to get (iii).

(iii) implies (ii). Let G be a proper filter of A such that F c G and suppose that
F ^ G. Then there is a € G such that a <£ F. By (iii), it follows that a"", a~ G F c G,
so by (8), 0 = a~ Q a e G, hence G is not proper, that is a contradiction. Hence,
G = F. Thus, F is an ultrafilter of A. Let us prove now that F is Boolean. Let
a e A. If a e F, since a < a v a~ and a < av a~, we get that a v a~, av a~ e F.
If a <£ F, then a~, a" € F and from a~ < a v a"~, a~ < a v a~ we also get that
a\/ a~,av a~ e F. •

LEMMA 5.2. Ler A be a pseudo-BL algebra and U be an ultrafilter of A. The
following are equivalent:

(i) UUUZ = UUIT=A;
(ii) U is Boolean.

PROOF. Applying Proposition 5.1 (iii) and Remark 1.13 (ii) and (ii'), we get that U
is Boolean if and only if for all a e A, a e Uor(a~ e f/anda" € U) if and only if for
all a e A, a e U or (a € £/* and a e U*) if and only if UD UZ = UU U*_ = A. •
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PROPOSITION 5.3. Let A be a pseudo-BL algebra A. The following are equiva-
lent:

(i) A is bipartite;
(ii) A has a Boolean proper filter.

PROOF, (i) implies (ii). Apply the above lemma.
(ii) implies (i). Suppose that A has a Boolean proper filter F. By Proposition 1.4,

we can extend F to an ultrafilter U and U is also Boolean. Applying again Lemma 5.2,
we get that A is bipartite. •

Let A be a pseudo-BL algebra. Following [17], we define

3S(A) = C\{F | F is a Boolean filter of A},

and

sup(A) = {a v a~~ \ a 6 A] U {a v a~ \ a e A}.

The following remark is obvious.

REMARK 5.4. Let A be a pseudo-BL algebra. Then

(i) SS(A) is the smallest Boolean filter of A;
(ii) if sup(.A) is a filter of A, then it is a Boolean filter;

(iii) sup(A) C 38{A).

PROPOSITION 5.5. Let A be a pseudo-BL algebra. Then

(i) # ( A ) = <sup(A)>;

(ii) sup(.A) = [a € A \a>a~ora> a~}.

PROOF, (i) By the above remark, we have that sup(A) c 3S(A) and 98(A) is a filter
of A. Hence, (sup(A)) c <%{A). Obviously, (sup(A)) is a Boolean filter of A, so
a (A) c (sup(A)>.

(ii) Let a esup(A). If a = x v x" for some x e A then, by (18), a = x v x~ >
x~ > x~ A x" = (x v x~)~ — a". We prove similarly that if a = x v x~ for some
x 6 A, then a > a~. Conversely, if a e A such that a > a~, then a = a v a~, hence
a € sup(A). Similarly, if a > a r , then a = av a~, that is, a e sup(A). •

PROPOSITION 5.6. Let \ be a pseudo-BL algebra A. 77ie following are equiva-
lent:

(i) A is strongly bipartite;
(ii) any ultrafilter of'A w Boolean;

(iii) ^ ( A ) C ^#(A), w/iere w^ remind that ^Jf(A) denotes the intersection of all
ultrafilters of A.
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PROOF, (i) if and only if (ii). Apply Lemma 5.2.
(ii) implies (iii). If U is an ultrafilter of A then, by (ii), U is Boolean. Applying

Remark 5.4 (i), we get that 38(A) c U.
(iii) implies (ii). Let U be an ultrafilter of A. Then @{A) c U and 9S{A) is a

Boolean filter of A. It follows that U is also Boolean. •
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