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ON DENSENESS OF CERTAIN NORMS IN BANACH SPACES

M. JIMENEZ SEVILLA AND J.P. MORENO

We give several results dealing with denseness of certain classes of norms with
many vertex points. We prove that, in Banach spaces with the Mazur or the
weak* Mazur intersection property, every ball (convex body) can be uniformly
approximated by balls (convex bodies) being the closed convex hull of their strongly
vertex points. We also prove that given a countable set F, every norm can be
uniformly approximated by norms which are locally linear at each point of F.

1. INTRODUCTION

The problem of approximation of plane convex compacta by polygons has been
investigated by many authors and there exist also some results in n-dimensional spaces
for approximation of convex bodies by polytopes. In the infinite dimensional case,
spaces where the unit ball of each of its finite dimensional subspacesis a polytope, called
polyhedral spaces, have been largely studied (see, for instance [3] and references therein).
However, the unit ball of a polyhedral space is not the only possible generalisation of
polytopes for infinite dimensional spaces. Our approach to these questions finds its
motivation in the following simple fact: it is well known that every ball in a finite
dimensional space can be uniformly approximated by balls being the convex hull of
its vertez points. The concept of vertez point in a polygon can be easily generalised
to infinite dimensional Banach spaces. Thus, it is a natural question to ask whether
every convex body in these spaces can be approximated by convex bodies being the
closed convex hull of their vertex points. Assuming the continuum hypothesis, Kunen
[10] constructed a non separable Banach space for which it has been shown in [9] that,
for every equivalent norm, the set of denting points of the unit ball lies in a separable
subspace. Therefore, no ball of this space can be expressed as the closed convex hull
of its denting points. This property is shared by the Shelah space [15], constructed
assuming the diamond principle for R;.

Nevertheless, we shall prove that there exists a wide class of infinite dimensional
Banach spaces satisfying our desired approximation property. This problem is closely
related to a geometric property, first studied by Mazur, [11] and later called the Mazur
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intersection property: every bounded closed convez set can be represented as an inter-
section of closed balls, and with its dual property, introduced in the remarkable paper
of Giles, Gregory and Sims [6], called the weak* Mazur intersection property: every
bounded weak* closed convez set can be represented as an intersection of closed dual
balls.

During recent years, some authors focussed their attention on the study of these
properties and their connections with differentiability (among others topics) in the
geometry of Banach spaces. It is shown in this paper that every ball (convex body) in a
Banach space with the Mazur intersection property can be uniformly approximated by
balls (convex bodies) being the closed convex hull of their strongly vertex points. Also,
we prove the same approximation property in Banach spaces having a dual with the
weak* Magur intersection property. We give also some other results of approximation
by norms with many vertex points in their unit ball. For instance, every ball in a
separable Banach space can be uniformly approximated by norms having a dense set of
vertex points in their unit sphere.

The second part of this paper concerns approximation by locally smooth norms.
Recently, Georgiev [4] and Vanderwerff [16] proved that, given a Banach space X and
a countable set FF C X \ {0}, almost all (in the Baire sense) equivalent norms in X
are Fréchet differentiable at each point of F'. Then, it is quite natural to consider the
validity of this result if we replace Fréchet by a higher order of smoothness. The answer
is negative due to the fact that the set of Lipschitz smooth norms at a fixed point is
always of first Baire category. This implies, for instance, that the set of twice Gateaux
smooth norms in a Banach space is always of first Baire category (and may be empty).
On the other hand, the set of equivalent norms which are locally linear on an open set
containing F' is dense. To prove this result, a different argument than that provided in
[13] to construct locally linear norms on open dense sets is required. Some results of

this paper have been announced in [8].

2. VERTEX POINTS
We consider only infinite dimensional real Banach spaces. Given a Banach space
(X, ]I-ll) we denote by By, its closed unit ball and by (X*, |H|*) its dual space. We de-
note by (N(X), p) the complete metric space of all equivalent normson X endowed with
the metric induced by the uniform convergence on bounded sets. Similarly, (N*(X*), p)
denotes the complete metric space of all equivalent dual normson (X*,|-||*) endowed
with the same metric. Given a functional f € X* \ {0} and 0 < p < 1, the set

K(f,p)={=z € X: f(z) 2 pll Il l=II}

is the cone generated by f. Let C be a subset of X and z € C. The point z is a
vertez point of C if there exist f € X*\ {0} and 0 < p < 1 such that C C =z — K(f,p),
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that is,

(2.1) flz=y) 2 plfI" e -yl

for every y € C. We also say that z is a vertex point of C with respect to f.

Let C be a closed, bounded convex set and z € C. The point z is said to be
a strongly vertez point of C if there exist a closed bounded convex subset D C C
with z ¢ D satisfying C = conv ({z} U D). The set of (strongly) vertex points of
C will be denoted as (strverC) verC. Given f € X*\ {0}, and § < stépf, the set

S(C,f,6) = {z € C: f(z) > 6} is a slice of C. A point z € C is said to be a
denting point of C if for every € > 0 there exists f € X* and 0 < § < f(z) such that
diam S(C, f,8) < €. It is obvious that strongly vertex points of C are vertex points.
Also, it can be easily deduced from (2.1) that vertex points are denting points. Let
f € X*\ {0} be a functional attaining its maximum on C. The set

C’f:{:z:EC:f(:c)zsgpf}

is called a face (with respect to f) whenever it has nonempty interior in their relative
topology. We denote this interior by int Cy. Suppose C C X* a weak* closed and
bounded set. A point f € C is said to be a weak* denting point of C if for every € > 0
there exists 2 € X and 0 < § < f(z) such that diam S(C,z,6) < €. The following
lemma establishes the duality between vertex points and faces.

LEMMA 2.1. [12] Let X be a Banach space, C a bounded, closed, convex set
of X with 0 €int C, C° its polar set, f € C° and z € C.

(i) Theset C;={y€C: f(y) =1} is a face of C with ¢ € int Cy if and
only if f is a vertex point of C° with respect to z.

(i) The set C2 = {g € C°: g(z) =1} is a face of C° with f € int C, if and
only if z is a vertex point of C with respect to f.

Our first approximation result shows that, given a Banach space (X, ||-|]) and a

countable set {z,} C X \ 10}, we can approximate ||-|| by a norm |-| with {z,/ |z,|} C
ver By . To prove this result, we need the following simple but useful lemma.

LEMMA 2.2. Let X be a Banach space and C a bounded closed convex subset
of X with 0 € int C and boundary 8C. Let f € X*\ {0} such that F = {z € C :
f(z) = sup f} is a face of C. Then, if g € X* \ {0} attains its maximum on C in the

c
interior of F, there exists a € Rt with f = ag.

PROOF: Let us consider ker f = {z € X : f(z) =0} and kerg. If H = ker fNkerg
is an hyperplane, obviously f = ag for some a € R. Assume now that H is a subspace
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of codimension two. If we consider y € ker f \ H, clearly |g(y)| > 0. Take z € int F
with g(z) = supg and £ > 0 with z +¢B) N {z € X : f(z) = sup f} C C. Defining
C c

. Yy
z=z+¢€ sign (g(y))m ,

we have that z € F C C and g(z2) > g(z) = supg, a contradiction. a
c
Recall that, given A > 1, the norm || is said to be A-isometric to the norm |||
provided B".” - B|.| C /\B”.”.
ProrPosIiTION 2.3. Let (X,|||]) be 2 Banach space and {z,} C X\{0}. Then,

for each A > 1, there exist a A-isometric norm || satisfying {en/ |2n|}nzy C ver B .
PROOF: We may assume that @, ||2,]|”" # £@m ||zm|| " for every n # m. Con-
sider Bo = AB”"* and define

By ={f € Bo:|f(z1)| < 61}

where ||z;|| < 61 < Al|z1]|. Clearly, B+ C int B; and B, is the unit ball of a dual
norm containing the face {f € By : f(21) = 81} in its unit sphere. Take 0 < p3 < 1
so that {f € p1Bo : [f(z1)| > 61} # 0 and consider the set F; = 3 Bo N8B, C {f €
B, : |f(z1)| = 6:}. Suppose that for every n € N we have

{f € B, : |f(z2)| > supzs — l} NF#0.
B, n

Then F; is weak* compact and there exists fo € F; such that |fo(z2)| = sup 2, which
By

is impossible by Lemma 2.2. Analogously, it is not possible that
{f € B, : |f(22)| > S;lp:vz — (1/n)} M B""~ # 0
1

for each n € N since By, » C int B;. Hence, there is 0 < é; < supz, such that,
B

defining
By = {f € B::|f(z2)| < &2},

then B”,”a C int B, and Fy C 8B,. We procede now inductively. Assume that B, is
already defined satisfying

(2.2) B”."‘ C int B,
(2.3) Fx = prBr-1NOBy Cint{f € 0Bn: |f(zx)| = bk} k=1,...,n—1.
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Take 0 < pn <1 such that {f € ppBn-1:|f(zn)| > 6n} # 0 and define
Fk+1 = {f € I‘ﬂan—l : |f(zn)| > 6n} n aBn .

Using again that Fj,, is weak* compact and Lemma 2.2, we can find, for each k =
1,...,n,0< 6§+1 < sup £,41 such that

n

{f€Bn:|f(znt1)| 2 653N Fr =10

since, by (2.3), Fi lies in the interior of a face in By . Also, as B« C int By, there is
82 ., satisfying
B|1.||‘ c{feB,: lf(zn-i-l)l > 5g+1} .

Let us consider now 8p41 = max{63,,,6%,4,...,60,,} and

Bnt1 ={f € Ba : |f(zn+1)| < bnt1} -

The set Bpy, also satisfies (2.2) and (2.3). If we define B = [\ By, then the

n=1
set B is a unit ball of a dual norm |-|* (B is weak* closed) and By.+ C B C AB .
Also, for each n € N, F, C §|+, and therefore every point of the sequence {z,/ |zn|}

induces a face in B).;+. This implies that z,/|zs| € ver B|.|, as we wanted to prove. 0

Note that =,/ |z, is a strongly vertex point of the dual (and predual) unit ball of
B,,, for each m > n. Nevertheless, in general, it is not true that z,,/|z,| is a strongly
vertex point of B|.,[, as the following corollary points out.

COROLLARY 2.4. Let (X,|-||]) be a separable Banach space and let {z,,} be a
dense set of points in the unit sphere. Then, for every A > 1, there is a A-isometric
norm |-| such that {z,/|z.|} C ver B .

On the other hand, it can be easily proved that the set of vertex points of a ball is
always of first Baire category.

COROLLARY 2.5. Let X be a separable Banach space and F a countable dense
set in X. Then, norms which are not Gateaux differentiable in each point of F are

dense in (N(X),p).

There exist some classical Banach spaces whose unit ball is the closed convex hull
of its strongly vertex points. For instance, £, and the Lorentz sequence space d(w,1)
with their usual norms have this property. Moreover, in both cases, every extreme point
of the unit ball is a strongly vertex point. The class of Banach spaces admitting an
equivalent norm with the unit ball being the closed convex hull of its strongly vertex
points is considerably wide. Actually, this class includes every Banach space with
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property a [12] and, therefore, every Banach space admitting a biorthogonal system
with cardinal equal to the density of the space [7]. Unfortunately, norms with the
property a are only known to be dense in superreflexive Banach spaces [14]. However,
it is possible to give some positive results in this direction provided the space has the
Mazur intersection property or the dual has the weak* Mazur intersection property.

THEOREM 2.6. Let X be a Banach space with the Mazur intersection property.

Then, every equivalent norm in X can be uniformly approximated by norms with their
unit balls being the closed convex hull of their strongly vertex points.

PRrRoOF: In [6] Banach spaces with the Mazur intersection property are charac-
~ terised as those having in the unit sphere of its dual ball a dense set of weak* denting
points. It is shown in [5] that the set of all equivalent norms with the Mazur intersection
property is residual in (N(X),p). Thus, we only need consider an equivalent norm ||-||
with a dense set of weak* denting points in its dual unit sphere.
Let 0 < § <1 and find a family (fa,%a;Pa)acr, With fo € X*, [|fall" =1, 2o €
X, |zall =1, 1 > pa 21 -6 and f, € S(B”.“a, Tos pa), which is maximal with
respect to the condition

(2.4) S(B||,“~, ZTa, pa) N S(B“.“*, €zg, pﬁ) =0, a#f,e=+l1.

This family induces a dual equivalent norm |-|* in X* with unit ball

By = By \ U SByyes e2as pa)-
acl
e=%1

Obviously, (1 — 8) ||| € || € |I{|. The maximality and the density of the weak* denting
points in S} imply that the subset

U{f e By i 1f(za)l = pa}

a€cl

is dense in the unit sphere of B|.+. From this fact it can be deduced in the usual way
that B| = conv({*Ya}acr), where yo = (1/pa)za. Finally, we shall show that the
points {+ya}aer are strongly vertex points. Consider a € I; it follows from (2.4) that
fa(ya) > 1 and |fo(ys)l < 1 for every B € I, B # a. This means that

Ya ¢ B, = Conv({iyﬂ}ﬁel\{a} u {_ya})’

and obviously, By.j = conv(Bqa U {ya}). The point —y, is also a strongly vertex point
by symimetry. 0
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Let us denote by Cp, Cv and Cg the classes of Banach spaces where every
equivalent norm can be uniformly approximated by norms whose unit balls are the
closed convex hull of their denting, vertex and strongly vertex points, respectively.
Obviously, Cs € Cy C Cp and next proposition shows that, actually, these classes are
the same.

PROPOSITION 2.7. Let (X,|-|]) be a Banach space such that its unit ball B,
is the closed convex hull of its denting points. Then the norm ||-|| can be uniformly ap-
proximated by norms with their unit balls being the closed convex hull of their strongly
vertex points.

PROOF: Let 0 < § <1 and find a family of denting points (2a),c; in X, ||2af =
1, which is maximal with respect to the condition that for a # 3

(2.5) lza —zgl| 2 6 and |z + zgl| = 6.

Let B be the closed convex hull of (+za),c; and || the Minkowski functional of B.
Clearly ||-]| € |-|. On the other hand, if we denote by |-|* the dual Minkowski functional
of || on X*, for every denting point = of Bj.| thereis an a € I such that ||z — z.|| < 6
or ||z + zaf| < & and then,

£

sup{|f(2)|, ||z|| = 1}

sup{|f(z)|, flzll =1, z € dent By}
< sup{|f(za)l + 1f(¥): @€, |ly|| < 6}
<UIT+S8IAIT,

and this implies that ||-|| < || < (1 —8)7"|]|. From the fact that the points (£Za)aer
are denting in B and condition (2.5), we get that

zo ¢ By = conv ({:t:ﬂﬁ}ﬁe[\{a} ] {—:c.,})

and obviously, B).| = conv (Ba U{za}). The point —z, is also a strongly vertex point
by symmetry. 0
COROLLARY 2.8. Let X* be a dual Banach space with the weak* Mazur inter-

section property. Then, every equivalent norm in X can be uniformly approximated by
norms with their unit balls being the closed convex hull of their strongly vertex points.

PROOF: Banach spaces with the weak®* Mazur intersection property are charac-
terised in [6] as those having in the unit sphere of their predual ball a dense set of
denting points and it is shown in [5] that the set of all equivalent norms with the weak*
Mazur intersection property is residual in (N*(X*),p). Therefore, we only need to
apply Proposition 2.7. a
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COROLLARY 2.9. Let X be a Banach space with a fundamental biorthogonal
system. Then every norm can be uniformly approximated by norms with their unit
balls being the closed convex hull of their strongly vertex points.

ProoF: It is proved in [13] that for a Banach space X with a fundamental
biorthogonal system, X* can be equivalent renormed to have the weak® Mazur in-
tersection property. Hence, the assertion follows from Corollary 2.8. 1]

Recall that the Banach space (X,||||) has property o« if there is A with
0 < A<1 anda family {za,z%}eer C X x X* with [z = [l24]] = 2%(za) = 1
such that,

(i) for B #£ o, |a:;(a:p)| <A,

(i) By =conv({*za}acr).

This property was introduced by Schachermayer {14] in the study of norm attaining
operators. It could be interesting to know the relation between the class of Banach
spaces with the Mazur intersection property or with dual having the weak* Mazur
intersection property and the class of Banach spaces admitting an equivalent norm
with the property a. The next result goes in this direction.

If 7 is a cardinal, recall that cf () is the smallest cardinal 8 such that there exists
a sequence of cardinals {f;i}i«<g strictly less than 5 such that n = sup{B8;: i < 8}.

CoROLLARY 2.10. Let X be a Banach space such that densX = 7 with
cf(n) > Ry and X does not contain ¢,. Suppose that X has the Mazur intersec-
tion property or X* has the weak* Mazur intersection property. Then, X can be
equivalently renormed with the property a.

ProoF: By Proposition 2.6 and Corollary 2.8 there is a bounded family {z;}:cs
in X with card(I) =7 such that z; ¢ conv ({31‘}3‘61\{:'}) . That means that there is a
bounded family {z:, fi}ier C X X X* and, for every i € I, there is a §; > 0 satisfying
fi(zi) = 1 and |fi(z;)| < 1-— §; for every j # i. Consider for each n € N the set

I, ={ieI: § >1/n}. Clearly, I = {J I, and the hypothesis that cf(n) > Ry
neN

implies that there exists ng € N with card(In,) =7 = dens X . Finally, we relabel
the family {z:, fitier., as {z7, f['}icr,nen and apply [14, Theorem 4.1} to construct a
norm with the property a. 0

A convex body is a bounded closed convex set having nonempty interior. Most
of the previous approximation results for balls can be expressed in terms of convex
bodies as is proved in the following results. We denote the boundary of C by 0C and
the interior of C by int C. Let V(X) be the set of all convex, closed, bounded and
nonempty subsets of X, V/(X) = {C € V(X) : 0 € intC}, V(X*) the set of all
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convex, weak*-compact and nonempty subsets of the dual space X*, and V'(X*) =
{CeV(X*): 0€intC}. Recall that C°={f € X*: f(z) <1 forall =z € C} is the
polar set of C € V'(X) and, for C € V'(X*), the set C, is C°N X. The Hausdorff
metric between two subsets of V(X)) is defined as follows:

h(Cl,Cz) = inf {E >0:Ci CCy +EB||.”, C,cCy+ EB”.”} .

It is well known that (V(X),h) is a complete metric space and that V'(X) is an open
set of V(X). Given C € V'(X), we say that X has the Mazur intersection property
with respect to C if for every closed, convex, bounded set D and every point = ¢ D
there exists y € X and A > 0 such that D C y + AC and =z ¢ y + AC. For a dual
Banach space and C € V'(X*) we consider the corresponding weak™* Mazur intersection
property with respect to €. These two properties can be characterised in the same
manner that the Mazur and weak* Mazur intersection properties are in Theorem 2.1

and 3.1 of {6], with a similar proof.

ProrPOSITION 2.11. (i) A Banach space X has the Mazur intersection prop-
erty with respect to C € V'(X) if and only if the weak* denting points of C° are dense
in 0C°.

(ii) A dual Banach space X* has the weak* Mazur intersection property with
respect to C € V'(X*) if and only if the denting points of C, are dense in 8C, .

PROPOSITION 2.12. (i) A Banach space X admits a norm with the Mazur
intersection property if and only if there exists C € V'(X) such that the set of weak*
denting points of C° is dense in 8C°.

(ii) A dual Banach space X* admits a dual norm with the weak* Mazur intersection
property if and only if there exists C € V'(X*) such that the set of denting points of
C, is dense in 0C,.

PROOF: We proveonly (i). Let us consider in X* the functional o¢(f) = sup f(z)
z€C

and the dual norm
A" = o&(f) + o&(-1) -
It can be easily verified that f| f||*™" is a weak* denting point of By« whenever
fa'(;(f)"1 or—_fcrc;v(—_f)_1 is a weak* denting point of C°. 0
The following result is similar to a characterisation given in [5]. The proof can

be carried out in one direction directly from Theorem 2.12 and, in the other direction,
using Proposition 2.11 and the techniques used in [5].

ProrPosITON 2.13. (i) A Banach space X admits a norm with the Mazur
intersection property if and only if there exists a dense Gg subset Vo C V'(X) such
that for every C € Vy the set of weak* denting points of C° is dense in 8C°.
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(ii)) A dual Banach space X* admits a norm with the weak* Mazur intersection
property if and only if there exists a dense G5 subset Vo C V'(X*) such that for every
C € Vy the set of denting points of C, is dense in 3C,.

As a consequence of the previous results and using analogous arguments to those
in Theorem 2.6 and Proposition 2.7 for approximation of balls, we have the following
corollary.

COROLLARY 2.14. Let X be a Banach space with the Mazur intersection prop-
erty or such that X* has the weak* Mazur intersection property. Then, every convex
body in X can be approximated (in the Hausdorfl metric) by convex bodies being the
closed convex hull of its strongly vertex points.

Given a Banach space (X, ||-]|), the set strver B}, is discrete and this implies that
card (strver B”.") < dens X . Surprisingly, this is not the case with the set of vertex
points, as we can see in the following example.

EXAMPLE 2.15. The usual norm of £; can be uniformly approximated by equivalent
norms with uncountably many vertex points.

PROOF: For each € = (¢;);2; € {-1,1}", set z, = (ej/2j);.°=l. Then z, € £y,
€ € b and |lz.||; =1 = |l¢]l, = €(z.). For every 0 < § < 1/4, we consider the
family of cones K, = z. — K(e,6) for ¢ € {—1,1}N. We shall show that for every
g, e € {—1,1}N,

(1) the point z.» € K.,
(2) if B is the usual unit ball of £;, then (1 —46)B; C K,.
The first assertion follows from the fact that

E;\E; — - €3 .
€(z,—z,;)=z J( J Z I J J = ||lze — 2o,

JjEN JEN

2 bllze —zo |y
and we obtain (1). Consider now z € (1 — 46)B,, then
e(ze—z)=1~¢e(x) 21-(1—46)>26 > 6|z — =||,,

and this implies (2). The set B = | K. is closed, convex, symmetric, bounded
e€{—-1,1}N

and contains a neighbourhood of 0. More precisely

(2.6) (1-46)B, C BC B,.

The first inclusion is obvious from (2). For the second, let us consider z € B and
€ € {—1,1}N such that ||z||, = e(z). The point z € K., so we have

1—|lz]l, =1 - &(2) =e(zc — 2) 2 b |z — 2|,

https://doi.org/10.1017/50004972700017640 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700017640

[11] Norms in Banach spaces 193

and we obtain 1 > 1 — §{lz, — |, = |[z||,. It follows from (2.6) that B is the unit
ball of an equivalent norm ||-|| in ¢;. Using (1) we have that . € B. The fact that
B C K, implies that z,. is a vertex point of the unit ball of ||-||. 0

Observe that, according to Lemma 2.1, card (ver B".") < dens X* since different
vertex points produce different faces with disjoint interiors in B+ . On the other hand,
if we consider the Kunen space KX mentioned above and an equivalent norm ||-|| in K,
there is a separable subspace H C K such that ver B.; € H N By [9]. Therefore,
ver By, C ver (H N B”."). Also, K is a nonseparable Asplund space and thus

card (verB”.") < dens H* = dens H = ¥y < densK*.

It could be interesting then to determine the class of Banach spaces X for which there
exists an equivalent norm [|-|| with card (ver B|;) = dens X*.

3. APPROXIMATION BY LOCALLY LINEAR NORMS. DIFFERENTIABILITY PROPERTIES

We say that a norm ||-|| on a Banach space X is locally linear at a point z € X\ {0}
provided there exists a neighbourhood U of z and a functional f € X*\ {0} such that
lyll = f(y) for all y € U. Every Banach space admits a locally linear norm on a
dense open set [{12]. Moreover, the set of norms with this property is dense in Banach
spaces with dual having the weak* Mazur intersection property [13]. The following
theorem, in the same direction as these results, is the key to proving the validity of
the Georgiev and Vanderwerff result [5, 16] concerning denseness of smooth norms at

a fixed sequence for higher orders of smoothness.

THEOREM 3.1. Let (X,]|||) be a Banach space and {z,} a sequence of points
in X \ {0}. For each X > 1 there exist a A-isometric norm |-| which is locally linear in
a neighbourhood of {z,}.

PROOF: We construct in X* a sequence of dual norms ||-||7 in the following way.
Choose a strictly decreasing sequence {y,} converging to 1/2 such that 1/2 < v, <1,
n € N . Suppose that ||z;] =1 and take f; € X*, with ||fi||" =1 = fi(z1). Then, if
we select 1 < A; <1+ (logA)/2, the set

Byy; = conv ({£M1f1} U By-)

which is obviously weak* closed is the unit ball of ||-||;. The point g, = A, f; is a vertex
with respect to z;. Then, there exist 0 < p; < 1 such that

Byy; €91 — K(z1,01) .
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Suppose we have constructed a dual norm ||-||;,, such that there are different points

R}, i=1,...,kn, in S”,”; such that for every z;, 1 = 1,...,n, there exists j(z) €

{1,...,k,} satisfying
(31) B".”; g h}"(,‘-) hd K(.’L‘,’, p,")’n) .

Assume that ||z,41]/,, =1 and take fo41 such that ||fat1llh =1 = fat1(Zn+1). Then:

(a) if f‘n.+1 ¢ {:‘:h;", ] == 1,...,kn}, we take 1 < ’\n+1 <14+ (IOgA)/2n+1
such that, if gnt1 = Ant1fns1,

(3.2) tgnt1 € A ~ K(zi, piynt1) i=1,...,n

(b) if fn+1 (S {:*:h;", ] = 1,...,’0“}, say f.,,_+1 = h’f’ = g1, wWe can find
1< Anp1 < 1+ (logA)/27%! such that goi1 = Any1fntr satisfies (3.2)
whenever j(i) # 1. If j(¢) =1 then

(3.3) 91 — K(zi, pivn+1) C 9n+1 — K(ziy pivnt1) -

Define now the unit ball of ””:z+1 as
By.js,, = conv ({£gn+1} U By).

In case (a), by (3.1) and (3.2) we have that there exist h;‘“, i=1,...,kny1,
vertex points in the unit sphere of B”.”;_H such that for every 1 = 1,...,n + 1, there

exists j(z) € {1,...,kny1} satisfying

By, S ki — K(zi, pivata) -

:;+1 =
In the second case we can deduce it from (3.2) for j(z) # 1 and (3.3) for j(z) = 1.
Now, it can be easily proved that the sequence of dual norms ||-||) converges in
(N*(X*),p) to a dual norm |-|* which is A—isometric to ||-]|*. The norm |-|* satisfies
the property that, for every n € N, there exists a vertex point h, in its unit sphere
such that
BH' Ch, —K(:l:-n, pn/2) .
By Lemma 2.1(i), the predual norm |-| in X is locally linear in a neighbourhood of
{za}. 0
COROLLARY 3.2. Let (X,||]) be a separable Banach space and F' a countable

dense subset of X \ {0}. For every A > 1 there exists a A-isometric norm which is
locally linear in an open dense set containing F.

Once we have solved the problem of denseness, we are concerned with a Baire

category question. Let ¢ be a real valued function defined on an open subset D of a
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Banach space (X,||-||) and z € D. The function ¢ is Lipschitz smooth at z if there
exist M >0, § >0, and f € X* such that

le(z + k) — ¢(z) = f(R)] < M ||A||*

whenever h € X, ||k|| < 6. It can be deduced [2] that the norm ||-|| on X is Lipschitz
smooth at z € X \ {0} if and only if there exists M > 0 such that

llz + &> + |z — B|I> = 2||z||> < M ||R|? , for every h € X.

ProrPosSITION 3.3. Let X be a Banach space and F a countable subset of
X \ {0}. The set of norms in (N(X),p) Lipschitz smooth in a neighbourhood of F is

dense and first Baire category.

PRrROOF: The denseness follows from Theorem 3.1. The second assertion follows
from the fact that the set £, of Lipschitz smooth norms at a fixed point ¢ is always
of first Baire category. Indeed, let us consider, for every n € N | the set

Fa= {1 € (N(X),p): lloa + BII> + llzo — BII* = 2ljzo]* < 4], for he X}.

o0
Obviously, £z, = |J Fn. The sets F,, are closed with empty interior since the set of
n=1

norms which are not Gateaux smooth at z¢ is dense in (N(X),p). O

It seems to be still an open question whether the set of Fréchet differentiable norms
is of second category. This is the case, for instance, in Banach spaces with dual locally
uniformly rotund.
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