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Abstract

We show that framed deformation rings of mod p representations of the absolute Galois group of a p-adic local
field are complete intersections of expected dimension. We determine their irreducible components and show that
they and their special fibres are normal and complete intersection. As an application, we prove density results of
loci with prescribed p-adic Hodge theoretic properties.

Contents
1  Introduction 2
1.1 Completeintersection . . . . . . . . . . . . i it e e e e e e e e 3
1.2 TIrreducible components . . . . . . . . ... e 6
1.3 Overviewbysection . . . . . . . . ... L e 7
L4 Notation . . . . . . . . o i e e e e e e e e e e 7
2 Geometric invariant theory 7
3 R/E) is complete intersection 8
3.1 Genericmatrices . . . . . ... e e e e e e e e e e e e e e 9
3.2 Bounding the dimension of the fibres . . . . . . .. . ... ... oL oL 11
3.3 Commutative algebra preparations . . . . . . . . . . o vt et e e e 15
3.4 Bounding the dimension of thespace . . . . .. ... ... ... .. ... ..... 18
3.5 Completions at maximal ideals and deformation problems . . . . . . . ... ... .. 22
3.6 Bounding the maximally reducible semi-simple locus . . . . ... ... ... .... 27
3.7 Density of the irreducible locus . . . . . . ... . o000 29
4  Irreducible components 32
S Deformation rings with fixed determinant 42
6  Density of points with prescribed p-adic Hodge theoretic properties 45
A Kummer-irreducible points 50
References 53

"The online version of this article has been updated since original publication. A notice detailing the changes has
also been published at https://doi.org/10.1017/fmp.2024.3.

© The Author(s), 2023. Published by Cambridge University Press. This is an Open Access article, distributed under the terms of the Creative
Commons Attribution licence (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in
any medium, provided the original work is properly cited.

https://doi.org/10.1017/fmp.2023.25 Published online by Cambridge University Press


doi:10.1017/fmp.2023.25
https://orcid.org/0000-0003-1758-1537
https://orcid.org/0000-0002-2050-528X
https://orcid.org/0000-0002-0400-1989
mailto:paskunas@uni-due.de
https://doi.org/10.1017/fmp.2024.3
https://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/fmp.2023.25&domain=pdf
https://doi.org/10.1017/fmp.2023.25

2 G. Bockle, A. Iyengar and V. Paskiinas

1. Introduction

Let p denote any prime number, let F be a finite extension of Q, and let G denote its absolute Galois
group. Let L be a another finite extension of Q, with ring of integers O, uniformizer @ and residue
field k = O/w. Fix a continuous representation p : G — GL4(k) and denote by D% : A» — Sets the

functor from the category e of local Artinian (O-algebras with residue field & to the category of sets,
such that for (A, my) € Ao, D%(A) is the set of continuous representations p4 : G — GL4(A), such

that p4 (mod my4) = p. The functor D% of framed deformations of p is pro-represented by a complete
local Noetherian (O-algebra Rg (with residue field k).

Our first main result completely settles a folklore conjecture on ring-theoretic properties of Rg that
can be traced back to the foundational work of Mazur [37, Section 1.10]:

Theorem 1.1 (Corollary 3.38). The ring R/E) is a local complete intersection, flat over O and of relative

dimension d* + d*[F : Qpl. In particular, every continuous representation p : Gp — GL4(k) has a
lift to characteristic zero.

Obstruction theory provides a presentation Rg = Ollxt,.- % 1/(f1s- ., fs) with r equal to the

dimension of the tangent space and s equal to dim H>(Gr,adp). The Euler-Poincaré characteristic
formula from local class field theory gives

r—s=d*+d*[F:Q,]

Our theorem proves that dim R; /@ is given by this cohomological quantity, the expected dimension in
the spirit of the Dimension Conjecture of Gouvéa from [27, Lecture 4]. Having the expected dimension
implies that @, f,..., fs is a regular sequence and that Rg is a local complete intersection. It also

implies (see [26, Lemma 7.5]) that the derived deformation ring of p as introduced by Galatius and
Venkatesh in [26] (see also [12]) is homotopy discrete, which means the derived deformation theory of
p does not contain more information than the usual deformation theory of p. Theorem 1.1 is used in the
forthcoming work of Matthew Emerton, Toby Gee and Xinwen Zhu on derived stacks of global Galois
representations.

Our second main result completely describes the connected components of the space Spec Rg [1/p]

as envisioned in [8]. Let u = up~(F) C F* be the p-power torsion subgroup and suppose that L is
sufficiently large. Let Rge; 5 denote the universal deformation ring of the one-dimensional representation
detp.

Theorem 1.2 (Corollaries 4.5, 4.15, 4.19, 4.21, Proposition 5.12). The natural map Ryeis — Rg,

induced by sending a deformation of p to its determinant, is flat and induces a bijection of connected
components

mo(Spee R5[1/p]) — mo(Spec Raer[1/p])- ey

Labeling these components in a natural way by characters y : u — O, the connected components
of Spec Rg[l /p] are in natural bijection with the irreducible components Spec R;’X of Spec Rg, and

the rings R;’X and R;’X /@ are normal domains and complete intersections.
As a consequence, we obtain the following useful Corollary.
Corollary 1.3 (Corollary 4.22). Rg is reduced and Rg[l /p] is normal.
We would like to highlight the following result for the amusement of the reader.
Theorem 1.4 (Corollary 4.25). If p is absolutely irreducible, then RE’X and RE’X /@ are factorial,

exceptinthe case d =2, F = Qs and p = p(1).
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Let ¢ : G — O* be a continuous character lifting det p. Let R[E)"/' be the quotient of Rg parame-
terizing deformations with determinant equal to .

Theorem 1.5 (Corollary 5.4, Theorem 5.6). The rings R;’w, R;’w /@ are normal domains and complete

intersections of dimension dim R[E)‘ —dim Ryei5+1 and dim Rg —dim Rye, respectively. Moreover, R;“/’
is O-flat.

Our work builds in an essential way on the work of GB—Juschka [9] on the special fibres of the
deformation rings of pseudo-characters (i.e., pseudo-representations) of Gr. The paper [9] draws its
inspiration from the work of Chenevier [16], who studied rigid analytic generic fibres of these rings. Our
results in turn imply that the rigid analytic spaces appearing in [16] are normal (Corollaries 4.27, 5.10).

The knowledge of irreducible components of Rg allows us to refine the existing results on the Zariski
density of the locus with prescribed p-adic Hodge theoretic properties.

Theorem 1.6 (Theorem 6.1). Suppose that p does not divide 2d. Let ¥ be a subset of the maximal
spectrum of Rg [1/p] parameterizing any of the following sets of lifts of p to characteristic zero:

(1) crystalline lifts with regular Hodge—Tate weights;
(2) potentially crystabelline lifts with fixed regular Hodge—Tate weights;
(3) potentially crystalline supercuspidal lifts with fixed regular Hodge—Tate weights.

Then X is Zariski dense in Spec Rg[l /pl.

The assumption p 1 2d enters via our use of the patched module M, constructed in [14]. The
paper [14] is applicable whenever p has a potentially diagonalisable lift. It has been proved recently
by Emerton—Gee [24], using the Emerton—Gee stack, that this holds for all p. The rest of our paper is
independent of [24]. We show that the action of R% on M., is faithful (Theorem 6.8), which allows us
to deduce Theorem 1.6 from [25].

Partial results towards Theorem 1.1 and also towards the more recent question solved by Theorem
1.2 appear in many places (e.g., [3], [8], [6], [20], [30], [40]) in special cases. However, these papers
either compute with equations defining the rings or impose assumptions on p so that the deformation
theory of p is essentially unobstructed, which leads to only one irreducible component. Although there
is some overlap in ideas with [30], the argument in our paper is rather different as we do not compute
with equations. We refer the reader to Section 6 for a more detailed discussion of the previous results on
Zariski density of specific loci in Spec Rg and to Remark 6.10 for a detailed explanation of the relation
between Theorem 1.6 and our more recent results in [7].

Remark 1.7. In the theorems above, we work with framed deformation rings. Our results also carry
over to the versal deformation rings (which coincide with the universal deformation rings if p has only
scalar endomorphisms) by exploiting the fact that framed deformation rings are formally smooth over
versal deformation rings (see, for example, [30, Lemma 2.1]) and using [1 1, Theorem 2.3.6, Corollary
2.2.23 (a)].

1.1. Complete intersection

We now give an overview of the proof of Theorem 1.1. To do so, we introduce two further key players.
The first are determinant laws, which we refer to as pseudo-characters throughout the paper, and their
deformations. Let D : k[Gr] — k be the pseudo-character attached to p as defined in [18]. Let
DPS : A»n — Sets be the functor mapping (A, my) € Ay to the set DP*(A) of continuous A-valued
d-dimensional pseudo-characters D : A[Gr] — A with D = D (mod my). The functor DP* is pro-
representable by a complete local Noetherian O-algebra (RPS, mgs); see [18, Section 3.1]. The ring RP®
has been well understood in the recent work of GB—Juschka [9], who have determined the dimension
of its special fibre and showed that the absolutely irreducible locus is dense in the special fibre. In
particular, they show the following:
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Theorem 1.8 (GB—Juschka [9, Theorem 5.5.1(a)]). The ring R® /@ is equi-dimensional of dimension
1+d?[F : Qpl.

Mapping a lifting of p to its associated pseudo-character induces a natural transformation Dg — DPS
and thus a map of local O-algebras RP® — Rg. Our basic idea is to study RS by studying the fibres of
this map. Our initial observation was that the difference between the expected dimension of Rg /@ and

the dimension computed in Theorem 1.8 is d? = 1, which is the dimension of PGL,;. However, a fibre at
a point corresponding to an absolutely irreducible pseudo-character can be shown to be isomorphic to
PGL,. This led us naturally to study fibres at other points. In fact, it is technically more convenient to
introduce an intermediate ring RP* — A&" — R/E), depending on D and not on p itself, such that A% is

of finite type over RP* and Rg is a completion of A%®" at a maximal ideal. This is our second key player.

To describe A", let D* : RP*[Gfr] — RP be the universal pseudo-character lifting D and let
CH(D") be the closed two-sided ideal of RP*[ G ¢ ] defined in [18, Section 1.17], so that

E := R®[GFr]/CH(D")

is the largest quotient of RPS[G ] for which the Cayley—Hamilton theorem for D* holds. Following
[18, Section 1.17], we will call such algebras Cayley—Hamilton RP®-algebras of degree d. By [50,
Proposition 3.6], the ring E is a finitely generated RP*-module. Now a construction of Procesi [44] gives
a commutative RP*-algebra A" together with a homomorphism

J 1 E — Ma(A®")

of Cayley—Hamilton RPS-algebras satisfying the following universal property: if f : E — Mg(B) is
a map of Cayley—Hamilton RP*-algebras for a commutative RP*-algebra B, then there is a unique map
f : A= — B of RP*-algebras such that f = M, (f) o j. We give further details in Lemma 3.1 in the
main text. The superscript gen in A" stands for generic matrices.

Since E is finitely generated as an RP*-module, the construction of Procesi shows that A®*" is of
finite type over RPS. Moreover, one has an algebraic action of GL; on X&" := Spec A%" which,
for every RPS-algebra B and point f : E — My(B) in X&"(B), is simply given by conjugation of
matrices. Wang-Erickson has studied the quotient stack [ X" /GL,] in his thesis [49], [50] and X&" is
isomorphic to Rep% = Rep%, pu as defined in [50, Theorem 3.8]. It is an important observation that to
7 X&" — XPS .= Spec RP® we can apply geometric invariant theory (GIT). As shown in [50, Theorem
2.20], the induced morphism X&" / G — XP* is an adequate homeomorphism in the sense of [I,
Definition 3.3.1].

Our first important result on dimensions is for X" = Spec A" /@7,

Theorem 1.9 (Theorem 3.31, Lemma 3.23). We have
dim X&' [1/p] < dimX*" < d® + d*[F : Q,].

To prove the second inequality of Theorem 1.9, we decompose the base of the finite type morphism
X oX = Spec RPS /@ as a finite union X" = (U; U; of locally closed subschemes U;. The points
of the U; correspond to semi-simple degree d representations of G g with certain (degree) conditions on
the irreducible constituents. The work [9] gives dimension estimates on the U;. We combine them with
bounds on the dimensions of the fibres at the closed points of U;, obtained using GIT, and with results
on 7~ (U;) — U; from commutative algebra. In Subsection 3.2, we analyze in detail the dimensions of
the fibres of 7 at points y of XP* valued either in finite fields containing k or local fields whose residue
fields contain k. The analysis at such points suffices for all results in this paper. The commutative algebra
results, used to analyze 7~ (U;) — U; and to give the first inequality, are proved in Subsection 3.4. The
key technical improvement, working with X&°" instead of Spec Rg directly, is that the fibres are of finite

type over k(y).
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We apply the bounds from Theorem 1.9 to the study of lifting rings of continuous residual represen-
tations p, : Gg — GL4(k(x)), where x is a point of X&" whose residue field «(x) is a finite or a local
field. We distinguish three cases:

(1) If x(x) is a finite extension k” of k, then we set A to be the ring of integers O of the unramified
extension L’ of L with residue field k’.

(2) If x(x) is a finite extension of L, then we set A to be k(x).

(3) If k(x) is a local field that contains k and if k” denotes its residue field, then we take as A a Cohen
ring of k(x) (with the natural topology) tensored over the Witt vector ring W (k") with O’.

Let A5 be the category of local Artinian A-algebras (A, m4) with residue field x(x). We equip the
rings A with a natural topology, and we consider the functor Djj : s — Sets such that Dj (A) is the
set of continuous group homomorphisms p : G — GL4(A), such that p (mod my4) = py. In cases
(1) and (2), such functors occur in the work of Mazur and Kisin, respectively. The formulation in case
(3) appears to be new. In all cases, the functor D} is pro-represented by a complete local Noetherian
A-algebra Ry with residue field «(x). The arguments of Mazur and Kisin carry over to the case when
k(x) is a local field of characteristic p and yield a presentation

R[I:)‘x EA[[Xl,...,xr]]/(flv""fs‘) (2)

with 7 = dim,(x) Z'(GF,ad py) and s = dim,(y) H*(GF, ad py); here, ad py is the adjoint representa-
tion of G on End, () (px) by conjugation. By a suitable version of Tate local duality results, one finds
r—s=d>+d?*[F: Qp]. From this, Theorem 1.9 and some commutative algebra results that relate the
completion of A%" at x to the ring R , we deduce the following result.

Corollary 1.10 (Corollaries 3.38 and 3.44). For x as above, the following hold:

) RE,X is a flat A-algebra of relative dimension d*> + d*[F : Qp] and is complete intersection;
(2) ifchar(x(x)) = p, then REX @ is complete intersection of dimension d* + d*[F Qpl.

At first glance, one might expect that for closed points x of X&", the residue field x(x) is always
finite. However, as we show in Example 3.22, x(x) can also be a local field of characteristic O or p. In
Subsection 3.5, we show that this exhausts all possibilities.

Corollary 1.10 gives us a handle on the completions of the local rings Oxeen , (resp. O?'e",x) at

closed points x € X&" (resp. x € Ygen), which allows us to deduce the following result.
Corollary 1.11 (Corollaries 3.40 and 3.45). The following hold:

(1) A2 is O-torsion free, equi-dimensional of dimension 1 + d* + d*[F : Qp] and is locally complete
intersection;
(2) AE" /g is equi-dimensional of dimension d* + d*[F - Qp] and is locally complete intersection.

We end Section 3 with a result on the density of (certain) absolutely irreducible points in Rg and in
R[E)‘ /. This is motivated by and relies on similar results for RP*. A point x in XP* = Spec R is called

absolutely irreducible if the associated semisimple representation px : G — GLg4 (m) (which is
unique up to isomorphism) is irreducible. It follows from the main theorem of [16] that the locus of
absolutely irreducible points is dense open in the generic fibre XP5[1/p] = Spec RP*[1/p], and this is
extremely useful because such points are regular on XP*[1/p].

A key role in the study of the regular locus in the special fibre xX™ = = Spec RP /@ in [9] is played
by a class of absolutely irreducible points, which are called non-special. We extend this notion slightly
in Appendix A. We say that an absolutely irreducible point x in X" with finite or local residue field is
Kummer-reducible if there exists a degree p Galois extension F”’ of F({,,) such that p,|g,. is reducible,
and Kummer-irreducible if not. If {,, € F, then x € X" is Kummer-irreducible if and only if it is non-
special in the sense of [9, Section 5]. We show that if x is Kummer-irreducible, then H 2 (GF, ad’ px) =0

https://doi.org/10.1017/fmp.2023.25 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.25

6 G. Bockle, A. Iyengar and V. Paskiinas

where ad® p, is the subrepresentation of ad p of trace zero matrices. Much more importantly for us,
—Ps PSS

we also show that the locus of Kummer-irreducible x € X' is dense open. At these points, X " is not

necessarily smooth, but it is relatively smooth over Spec Rge;5. Here we prove the following:

Proposition 1.12 (Proposition 3.55 and Corollaries 3.59 and 3.61). We have the following.

(1) The set of absolutely irreducible points x € Spec Rg[l/ pl with k(x) finite over L is dense in
Spec Rg[l/p].
(2) The set of Kummer-irreducible points x € Spec Rg [@ with k(x) a local field is dense in Spec Rg /@.

In particular, every continuous representation p : Gg — GL4(k) has an absolutely irreducible lift to
characteristic zero.

1.2. Irreducible components

From here on, we assume that L contains F, so that, in particular, L contains all roots of unity contained
in F. We now give a more detailed overview of Theorem 1.2 on components of RFE). The homomorphism
Rieip — Rg from that theorem is induced by the natural transformation Dg — Dyep that to a
representation assigns its determinant, and it induces the map (1) on components.

Via the Artin map F* — G}b from local class field theory, the inclusion € F* and the identification
of Ryer5 with the completed group ring of the pro-p completion of G, the ring Rye 5 becomes an O[u]-
algebra. It is well-known that Rye is a power series ring over O[u] in [F : Q,]+1 formal variables. The
components of the étale L-algebra O[u][1/p] = L[u] are in bijection with the characters y : u — O*.
Setting R;’X = Rg ®0[u],x O, we obtain a decomposition Spec Rg[l/p] = |, Spec R;’X [1/p], where
x ranges over the characters uy — O*.

The main step in the proof of the bijectivity of the map (1) in Theorem 1.2 is to show that the rings R;’X
are normal by verifying Serre’s criterion for normality. We first present Rg over Ryeip (Proposition 4.3)

X - _
detp = Raetp ®0 (). O

is formally smooth, by applying ®o(,],, O, we obtain a presentation of R;’X over Rfj(etﬁ analogous

by imitating Kisin’s method of presenting global rings over local rings. Since R

to the presentation (2). Since RFE)’X has the same dimension as Rg, the presentation yields that R[E)’X
is complete intersection of expected dimension and hence satisfies Serre’s condition (S2). We then
show that XX := Spec(A®" ®p[,],, O) and its special fibre X" are regular in codimension 1 by
showing that the Kummer-irreducible locus in XX (resp. absolutely irreducible locus in XX [1/p])
is regular, and its complement has codimension at least 2 if either F/ # Q,, or d > 2 or D is absolutely
irreducible. The case F = Q,,, d = 2 and D reducible requires an extra analysis of the reducible locus.
Since R;’X is a completion of a local ring at a closed point of XX we deduce that R;’X is regular in
codimension 1. We thus deduce that RS’X is normal. Since RE’X is a local ring, it is an integral domain.
A similar argument works for the special fibre.

Theorem 1.5 on R;"/’ is proved by reduction to the results on R;’X where y : O[u] — OX is the
restriction of i to y via the Artin map. To give an idea of the proof, let X’ : W — Sets be the functor,
which sends (A, my4) to the group X (A) of continuous characters 8 : Gg — 1+my4 such that 6 restricted
to p is trivial, and let O(&X") be the complete local Noetherian O-algebra pro-representing X'. Local class
field theory gives an isomorphism O(X) = Olyi,...,y[F.q,1+1]- Let 9q : O(X) — O(X) be the
morphism induced by the d-power map X — X, § — 6¢. Our key technical result is Proposition 5.1,
which yields a natural isomorphism

R ®0(x),44 O(X) = 280 O(X)

that comes from an analogous isomorphism of functors. It allows us to compare the sets of points x
with «(x) finite or local at which H2(G,ad’p,) is non-zero on both sides. We also show that the
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map Spec R;’X ®0(x),pq O(X) — Spec R;’X induces a homeomorphism on special fibres, and a finite
covering on generic fibres. Then we use topological arguments to obtain the dimension of R;’w and
bound the codimension of its singular locus from the analogous results on R;’X .

We also prove analogs of Theorem 1.2 (resp. Theorem 1.6) for spaces X&™X and X*™* for characters

x 1 — O (resp. XY Ygen’w for characters v : G — O* lifting det p); see Corollaries 4.6, 4.18,
4.26 (resp. Corollaries 5 8, 5.9). We expect that our results will be useful in the study of the geometry
of the Emerton—Gee stack and its derived versions.

It is natural to ask whether our results generalize to deformations valued in reductive groups other
than GL4. This question will be addressed in the forthcoming joint work of VP and Julian Quast.

1.3. Overview by section

In Section 2, we briefly review GIT. A key result that gets used later on is Lemma 2.2. In Section 3, we
introduce X" and its special fibre X" In Subsection 3. 2, we bound the dimensions of the fibres of the
map X" — XP5 In Subsection 3.4, we combine this with results of [9] to bound the dimension of X&°"
and X*°. In Subsection 3.5, we relate the completions of local rings at closed points x of X&" e
to the deformation theory of Galois representations py : G — GL4(k(x)) and prove Theorem 1.1. In
Section 3.6, we bound the maximally reducible semi-simple locus in X*" and X X" This computation
later on gets used only in the case d = 2, F = Q, and D is reducible. In Subsection 3.7, we prove the
Zariski density of the Kummer-irreducible locus in X*" and absolutely irreducible locus in X&"[1/p]
and also establish lower bounds for the dimension of their complements. These bounds are used to
establish normality later on. In Section 4, we present RZ over Rye5 and prove Theorem 1.2. In Section 5,
we prove Theorem [.5. In Section 6, we prove Theorem 1.6. In Appendix A, we introduce the notion of
Kummer-irreducible points in Spec RP* /@, which slightly generalizes the notion of non-special points
defined in [9]. This technical improvement is needed in Section 5 when (), ¢ F.

1.4. Notation

Let F be a finite extension of Q, and let Gy be its absolute Galois group. Let L be another finite
extension of Q,, such that Homg,, ¢ (F, L) has cardinality [F : Qp]. Let O be the ring of integers in
L, w a uniformiser, and k the residue field. We will denote by £, a primitive p-th root of unity in a fixed
algebraic closure of F. For a commutative ring R, we let PR = {p € Spec R : dimR/p = 1}.

We fix a representation p : Gr — GL4(k) and assume that all its irreducible subquotients are
absolutely irreducible. We note that we may always achieve that after enlarging k, since the image of
p is a finite group. Let ad p be the adjoint representation of G and ad’p the subspace of trace zero
endomorphisms, so that G g acts on End () by conjugation. We will denote the dimension as a k-vector
space of cohomology groups H' (G, ad p) by /'.

2. Geometric invariant theory

We first recall the setup of [47]. Let R be a Noetherian ring and let S = Spec R. Let G be a reductive
group scheme over S, so that G is an affine group scheme over S, G — S is smooth and the geometric
fibres are connected reductive groups. In the application, G = § Xgspecz GLg and G = § Xspecz Gy, 50
that these conditions hold.

Let V be a free R-module of finite rank r endowed with a G-module structure, let V = Homg (V, R)
and let Sym(V) be the symmetric algebra. The G-module structure on V induces an action of G on
Spec(Sym(V)) = A%. Let X be a closed G-invariant subscheme of Spec(Sym(V)). The G-action on X
induces an action on B, the ring of functions on X. The GIT quotient X // G is represented by the ring
of invariants BC.
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Lemma 2.1. Every irreducible component Z of X, equipped with its reduced subscheme structure, is
G-invariant.

Proof. This fact is mentioned (and a proof is sketched) in [47, Section 4], but we give a full proof for
the convenience of the reader. We have to show that ¢(G X5 Z) € Z, where ¢ : G Xs X — X is the
action map. In terms of rings, this amounts to showing that the kernel of of 1 B — O(G) ® B/p is
equal to p, where O(G) is the ring of functions of G and p is a prime of B such that Z = V(p). Since
the identity element in G maps Z to itself, ker ¥ is contained in p. Since Z is an irreducible component
of X, it is enough to show that O(G) ®g B/p is an integral domain, as then ker ¢* is a prime of B and
therefore has to equal to p.

Since G — S is geometrically connected and smooth, G Xg 7 is integral for every geometric point n
of S. Thus, O(G) ®g m is an integral domain, where m is an algebraic closure of the fraction field
of B/p. Since G — § is smooth, it is also flat. Thus, O(G) ®g B/p is a subring of O(G) ®gr «(p) and
hence is an integral domain. O

Let y = Spec  be a geometric point of X / G. We may identify the fibre X, with a closed G-invariant
subscheme of X.

Lemma 2.2. Let x € X, (k) be such that the orbit G - x is closed in X,; then
dim X, < dim, T (Xy).

Proof. Let Z be an irreducible component of X, such that dim Z = dim X,,. By Lemma 2.1, Z is closed
in X, and G-invariant. Then by [47, Theorem 3], both Z and X, have a unique closed G-orbit; hence,
those orbits must be equal. Therefore, x € Z, so since Z is irreducible,

dim X, = dim Z < dim, T (Z) < dim, T (X,). |

3. R/E) is complete intersection

Let p : GF — GL4(k) be a continuous representation. Let D2 : A» — Sets be the functor from
the category of local Artinian (O-algebras with residue field k to the category of sets, such that for
(A,my) € Ap, D%(A) is the set of continuous representations ps : Gg — GL4(A) such that pg

(mod my) = p. The functor Dg is pro-represented by a complete local Noetherian (O-algebra Rg. The
main goal of this section is to establish inequalities

dimRY < 1+d*+d’[F:Q,], dimRY/w < d®+d*[F:Q,]. ©)

It is well known to the experts that these bounds imply that the rings Rg and Rg /@ are complete inter-

section. Namely, the proof of [38, Proposition 21.1] shows that the tangent space to Dg is Z'(Gp,adp),
and it follows from the proof of Proposition 2 in [37, Section 1.6] that there is a presentation

R[E)EO[[xl,...,xr]]/(fl,...,fs), 4
where r = dimy Z'(Gp,adp) = d*> — h° + h! and s = h? and h' = dimy H (GF,ad p). The Euler—
Poincaré characteristic formula implies that 7 —s = d?+d> [F:Qp]. Thus, @, fi, ..., fs canbe extended
to a system of parameters in a regular ring O[ xy, . . ., x, ]| and hence form a regular sequence.

Let D : k[Gr] — k be the determinant law attached to p in the sense of [18], so that D is equal to

the composition of the polynomial laws induced by k[G r ] LN M (k) and M4 (k) e k. In this paper,
we will refer to determinant laws as pseudo-characters. Let DP* : 2» — Sets be the functor sending
an object (A,my) € Wp to the set DPS(A) of continuous A-valued d-dimensional pseudo-characters
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of A[GF] which reduce to D modulo m4. The functor DP* is pro-representable by a complete local
Noetherian O-algebra (RP*, mgps) by [18, Proposition 3.3].

Mapping a deformation of p to its determinant induces a natural transformation D’g — DPS and thus
a map of local O-algebras R?* — Rg. The ring RP® has been well understood in the recent work of
GB-Juschka [9], who have determined its dimension and showed that the absolutely irreducible locus
is dense in the special fibre. Our basic idea is to study Rg by studying the fibres of this map. In fact,
it is technically more convenient to introduce an intermediate ring R?® — A" — Rg (see the next

subsection), depending on D and not on p itself, such that A" is of finite type over RPS and Rg isa
completion of A®" at a maximal ideal. Since dim R[E)' < dim A#*", it is enough to bound the dimension
of A%®" In fact, we first bound the dimension of its special fibre (Theorem 3.31).

3.1. Generic matrices

Let D* : R™[Gf] — RP be the universal pseudo-character lifting D. Let CH(D") be the Cayley—
Hamilton ideal, which is a closed two-sided ideal of RP*[G ] defined in [18, Section 1.17] in such a
way that

E = R®[GF]/CH(D")

is the largest quotient of RP*[[ G ]| for which the Cayley—Hamilton theorem for D“ holds. Following [ 18,
Section 1.17], we will call such algebras Cayley—Hamilton RP*-algebras of degree d. Then E is a finitely
generated RPS-module, [50, Proposition 3.6]. If f : E — M4(B) is a homomorphism of RP*-algebras
for a commutative RP-algebra B, then we say f is a homomorphism of Cayley—Hamilton algebras if
detof : E — B is equal to the specialization of D" along R?® — B.

The superscript gen in A" stands for generic matrices, and the following construction appears in
the work of Procesi [44]; Lemmas 3.1, 3.2, 3.4 are contained in [50, Theorem 3.8], but one needs to
translate from the language of groupoids and stacks used in op. cit. to access them.

Lemma 3.1. There is a finitely generated commutative RP*-algebra A" together with a homomorphism
of Cayley—Hamilton RPS-algebras j : E — My(A®™"), satisfying the following universal property: if
f : E > My(B) is a map of Cayley-Hamilton RP*-algebras for a commutative RPS-algebra B, then
there is a unique map f : A%™ — B of RP-algebras such that f = Ma(f) o j.

Proof. By writing down a generic d X d-matrix for each RP*-generator of E and quotienting out by the
relations the generators satisfy in £, one obtains a commutative RP-algebra C and a homomorphism of
RPS-algebras j : E — M4(C). More formally, C is a quotient of RP® ®7 Sym(W), where W is a direct
sum of n copies of End(Std)*, where Std is the standard representation of GL,; over Z, n is the size of a
generating set of E as an RP*-module and Sym (W) is the symmetric algebra over Z. If we were to only
require the maps to be RP*-algebras homomorphisms (i.e., if we did not impose the Cayley—Hamilton
condition), then the map j : E — My;(C) would satisfy the required universal property. To ensure
that the Cayley—Hamilton condition is satisfied, we have to consider the quotient of C constructed
as follows. Let A; : E — RP, 0 < i < d be the coefficients of the characteristic polynomial of
D"; these are homogeneous polynomial laws satisfying D" (f — a) = Z;‘zo(—l)iA,-(a)td’i in RP[¢] as
explained in [18, Section 1.10]. For each a € E, let ¢;(j(a)) be the i-th coefficient of the characteristic
polynomial of the matrix j(a) € My(C). Let I be the ideal of C generated by A;(a) — ¢;(j(a)) for all
a€ Eand 0 <i < d and let A%*" := C/I. Since [18, Corollary 1.14] and [49, 1.1.9.15] imply that
the coefficients of the characteristic polynomial determine pseudo-characters uniquely, the composition
E —» My;(C) —» M;(A#") is a map of Cayley—Hamilton algebras, and the universal property of
Jj 1 E — M;(C) implies the universal property for j : E — M, (A%"). Since E is finitely generated as
RP*-module, C and hence A" are of finite type over RP®. O
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Let us make a connection to GIT as described in Section 2. If E is generated by n generators as an
RP-module, then as explained in the proof of Lemma 3.1, A%" is a quotient of RP® @z Sym(W). The
group G := GL,4 acts on W by conjugation, and this induces an action of GL; on X&" := Spec A&".
For every RP*-algebra B, a point in X&"(B) corresponds to an n-tuple of d X d-matrices with entries in
B satisfying certain relations, and GL;(B) acts on X"(B) by conjugating the matrices. The scheme
X&M jg isomorphic to Rep% = Rep ;. as defined in [50, Theorem 3.8].

The GIT quotient X2 // G is represented by the ring of invariants (A2")%. The map RP® — A" is
G-invariant and induces a homomorphism RP® — (A®M)C 1t follows from [50, Theorem 2.20] that the
induced map

X&" ) G — XP° := Spec RP® 5)

is an adequate homeomorphism in the sense of [1, Definition 3.3.1] (i.e., an integral, universal homeo-
moghlsm Wthh is a local isomorphism around points with characteristic zero residue field). We denote
by X *"and X* the special fibres of X&™" and XP®, respectively. The same argument shows that

Ygen // G N Ypb

is an adequate homeomorphism.
We equip RP® with the mgps-adic topology. Since the ring is Noetherian and the residue field is finite,
RP is a compact ring with respect to this topology.

Lemma 3.2. Let B be a topological R -algebra. If f : E — M4(B) is any (not a priori continuous)

homomorphism of RPS-algebras, then the composition Gg — E* L GL;(B) defines a continuous
representation of Gp.

Proof. Since R is a compact ring [2, Corollary 1.10] implies that for every finitely generated RP*-
module M there is a unique Hausdorff topology on M making M into a topological RP*-module.

We equip RP[[G ¢ ]| with its projective limit topology, E with the quotient topology, and its group of
units EX with the subspace topology via the embedding EX < E x E, x — (x,x~!). Since the map
Gr — RP[GF] is continuous, the map Gr — E* is also continuous. Moreover, since CH(D") is a
closed ideal, the topology on E is Hausdorff.

Since E is a finitely generated RP*-module, its topology coincides with mgps-adic topology (this is
also proved in [50, Proposition 3.6]). Let M := f(E) c My4(B), let 7; be the subspace topology on
M and let 7, be be the unique Hausdorff topology on M such that the action of RP® is continuous. We
claim that the identity map (M, ) — (M, 71) is continuous. We will now prove the claim. Since B is a
topological RP*-algebra, the action of RP* on M;(B), and hence on M, is continuous with respect to 7.
Since M is a finitely generated RP*-module, we may pick a continuous surjection ¢ : (RP*)" —» M for
some n > 1. Since RP® is Noetherian, the kernel of ¢ is finitely generated and hence a closed submodule
of (RP*)". Thus, the quotient topology on M induced via ¢ is Hausdorft and therefore must coincide
with 1, which proves the claim.

The same argument shows that 7, coincides with the quotient topology via E — M, and the
claim implies that the map f : E — My(B) is continuous and hence induces a continuous group
homomorphism E* — M4(B)* = GL4(B). m|

Lemma 3.3. The composition R®[Gr| — RP[GFg] - E is surjective.

Proof. Since RP®[GF] is dense in RP*[G ], its image will be dense in E for the topologies introduced
in the proof of Lemma 3.2. The image is also closed, as it is an RP*-submodule of E. Hence, the map is
surjective. i

The representation p : Gr — GL4(k) induces a map of RPS-algebras E — M, (k) and thus a
homomorphism of RPS-algebras A®" — k. It follows from the universal property of A" that Rg is
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isomorphic to the completion of A" with respect to the kernel of this map; see Proposition 3.34 for a
more precise statement. Conversely, we have the following Lemma.

Lemma 3.4. Let x € X" be a closed point above the unique closed point of XP* and let py : Gp —
GL4(k(x)) be the representation obtained by composing

Gr — RP[Gr] — E -5 My(A=") = My(k(x)).

Then the pseudo-character associated to py is equal to D ®y k(x). In particular, px and p ®y k(x) have
the same semi-simplification.

Proof. Since D" ®gp k = D, the first part follows immediately from the definition of A%*", The second
part follows from [ 18, Theorem 2.12]. Note that since we have assumed that all irreducible subquotients
of p are absolutely irreducible, it is enough to prove that p, and p have the same semi-simplification
after extending scalars to the algebraic closure of k. O

Remark 3.5. We note that one needs to impose the Cayley—Hamilton condition in the definition of A"
for Lemma 3.4 to hold. For example, if D= X1+ x2, where x1, y2 : Gg — k* are distinct characters,
then E ®ges k = k X k by Equation (8) in the proof of [5, Lemma 1.4.3], let 7y : E — k be the map
obtained by projecting to the first component. Then the map E — M;(k), a — diag(m;(a),ni(a)) is
a map of RPS-algebras, and hence induces a map of RPS-algebras x : C — k, where C is the algebra
introduced in the proof of Lemma 3.1. The representation p, obtained by specializing j : E — M,(C)
at x is isomorphic to x| + x1; hence, p, is not equal to y; + y2.

3.2. Bounding the dimension of the fibres

Let p be a prime ideal of RP® such that dim RP*/p < 1. Its residue field «(p) is either k or a local field
by Lemma 3.17 below. Let « be an algebraic closure «(p) equipped with its natural topology and let
y : RP® — k denote the corresponding homomorphism. The goal of this subsection (Proposition 3.15)
is to bound the dimension of the fibre

X5 = X5 xxm y Spec k.
Let D, be the specialization of the universal pseudo-character along y : RP®* — « and let
Ey = E Qpps y kK = (RPSHGF]] ®Rrs,y K)/CH(Dy), (6)

where the last isomorphism follows from [18, Section 1.22] or [49, Lemma 1.1.8.6].

Since E is a finitely generated RP*-module, E, is a finite dimensional k-algebra. It follows from the
proof of Lemma 3.2 that the natural map Gp — E ; is continuous for the topology on E, induced by
the topology on «. Thus, if W is an Ey-module on a finite dimensional k-vector space, then the induced
G p-action on W is continuous.

Since « is algebraically closed, we may write!

~

Dy = D;,
i=1
where each D; is an irreducible pseudo-character? of dimension d;. We define an equivalence relation

ontheset {D; : 1 <i <r}by D; ~D;if D; = D;(m) for some m € Z. Let k be the number of the
equivalence classes and let n; be the number of elements in the i-th equivalence class.

We follow the convention of [18], so that a pseudo-character of a direct sum of representations is a product of their pseudo-
characters; the papers [9] and [50] refer to a direct sum instead.
2We refer the reader to [9, Section 4.1] for the fundamentals of pseudo-characters.
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Moreover, for 1 < i < r, we fix representations p; : G — GLg, (x) such that D; is the pseudo-
character associated to p;. These representations are uniquely determined up to an isomorphism by [18,
Theorem 2.12], but by p;, we really mean a group homomorphism into GL4, (k) and not the equivalence
class.

If V is a continuous representation of G on a finite dimensional k-vector space such that its semi-
simplification is isomorphic to &._, p;, then the pseudo-character associated to V' is equal to D, and
the action of G on V extends to an action of RP[G | and then to an action of RP*[GF ] ®res.y «,
which factors through the Cayley—Hamilton quotient. It follows from (6) that V and any G g-invariant
subquotient of V is an Ey-module. In particular, we may apply this to V = &!_, p; to deduce that each
pi is an Ey-module.

Lemma 3.6. Ifi # j, then’
Homg, (pi, pj) = Homg,. (pi, p;) and Ext‘lEy (pi,pj) = ExtgF (pispj)s

where ExthF (pi, pj) is computed in the category of continuous representations of G on finite dimen-
sional k-vector spaces.

Proof. It follows from Lemma 3.3 that the natural map «[Gfr] — E, is surjective. This implies
the assertion about Hom spaces and gives an inclusion Ext}gy (pi,pj) C Ext};F (pi, pj). To prove the
reverse inclusion, consider an extension 0 — p; — W — p; — 0 of Gg-representations and let
V=We @m’j p1. As explained above, the Gg-action on V will factor through the action of E,.

Hence, W is a representation of E, which implies that EXt}sv (pispj) = Extg, (i, pj)- O

Since (5) is an adequate homeomorphism, there is a unique point y’ € X&" / G above y and
Xs,en - X;éen is a homeomorphism. The group G acts on Xﬁe". Moreover, X;gen is of finite type over

and Xﬁen(/() is in bijection with the set of continuous representations p : G — GL4(k) such that the
semi-simplification of p is isomorphic to p; @ ... ® p,.

Lemma 3.7. The fibre Xsen is connected, and the unique closed G-orbit in X;gen corresponds to the semi-
simple representations. If the p; are pairwise non-isomorphic, then its dimension is equal to d* —r.

Proof. It follows from [47, Theorem 3] that X ygfm (and hence Xﬁen, by the remark in the paragraph above)
contains a unique closed G-orbit. Thus, it is enough to show that the closure of every G-orbit will contain
.. . gen . .
a semi-simple representation. If x € X~ (), then after conjugation we may assume that x corresponds
to arepresentation p : Gg — GLg4(«) such that the image of p is block-upper-triangular, and the blocks
on the diagonal are given by diag(p(1)(g), - - -, Po(r) (g)) for some permutation o € S,.. By extending
scalars to k[T'], conjugating p by diag(7" ! ida, s T2 idg, s - - -»ida, ) and specializing at T = 0,
we see that the closure of the G-orbit will contain a semi-simple representation. The action of G on Xﬁen

leaves the connected components invariant by Lemma 2.1. Hence, every connected component of Xﬁen
will contain the closed point corresponding to the representation g +— diag(pi(g),...,0r(g)). Thus

Xﬁcn is connected.

The stabilizer of a semi-simple representation with distinct irreducible factors in GL is isomorphic
to GJ,: a copy of Gy, is embedded as scalar matrices inside of each block. Hence, the dimension of the
closed G-orbit is given by dim GL, — dim G’, = d*> - r. O

In order to analyze Xﬁen, we introduce the following notation. We fix a permutation o € S, and
write P for the block-upper-triangular parabolic subgroup of GL; with the i-th diagonal block of size
do(iy X dg(iy. We write N for its unipotent radical and L for its Levi subgroup consisting of block

3We do not assume that V is multiplicity free so that p; and p; might be isomorphic as G -representations even if i # j. Note,
however, that the statement of the lemma might not hold if i = j. For example, if V is irreducible, then Ey = M4(«) is a semi-
simple algebra, but ExtéF (p1,p1) is non-zero. The proof uses that the pseudo-character associated to p; ® p; is a factor of Dy,.
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diagonal matrices. We let Z;, = G/ denote the centre of L. Finally, we denote their Lie algebras by p,
1, [ and 3., respectively, and write g for the Lie algebra of GL,. We have

,
dimg = d?, diml= Z 42, dim3 =r, 7)
i=1
1
dimn = 2 (dimg — dim ) = Z did;. (8)
I<i<j<r

Remark 3.8. We note that although p, n, [ and 3;, depend on o, their dimensions do not.

Let ps : GF — GLg4(x) be the representation g + diag(po(1)(g)s - - -» Po(r) (). It follows from a
calculation with block-upper-triangular matrices that p can be given an associative «x-algebra structure
such that the inclusion p C g = My4(k) is an inclusion of Cayley—Hamilton algebras.

Lemma 3.9. There exists a closed subscheme Xygerclr C X;gen representing the functor sending a k-algebra
B to the set of homomorphisms of Cayley—Hamilton k-algebra ¢ : E,, — p ®, B such that the projection
onto the ith diagonal block is p ;) ®« Bfor1 <i <r.

Proof. The universal map j : E — M (A#™") induces a map
Jy  Ey — My (A" ®Rrs,y K).

Let 1, be the ideal of A®*" ®gps ), k generated by the matrix entries of j,(a) for all a € E,, which
lie below the diagonal blocks of P, and by all the elements on the block diagonal of the matrices
(jy(a) = po(a)) foralla € E,. Let

X575 = Spec((A®" ®gp.y k) /1y, o).

Then X§7 is a closed subscheme of X§™, and its defining ideal I,, , was constructed precisely so that a
B-point of Xj" factors through X5-.- if and only if it lands in p ®, B and matches the p; on the diagonals
forl <i<r. O

The adjoint action (i.e., via conjugation) of Z; N on p induces an action of Z; N on X§ -

Lemma 3.10. The unique closed Z; -orbit in X;g??, is the singleton {p s }.

Proof. This is the same proof as in Lemma 3.7 and uses the same diagonal matrix trick to kill off the
unipotent part. O

Proposition 3.11. Let x € Xfeg be the point corresponding to the representation p . Then

dim T, (X50) = dimn + (dimn)[F : Q,] + Z dim Homg, (0o (1)» Por () (1))
1<i<j<r

e ©)
< dimn + (dimm) [F 1 Q] + )| (”2) .
i=1

n

Proof. Using Lemma 3.9 and the decomposition p = [ @ n, we may identify TX(X;giT) with the space
of k-algebra homomorphisms ¢ : E, — M («[&]), which can be written as ¢ = p, + &8, where S is a
k-linear map 8 : Ey, — n. If B : Ey, — n is any «-linear map, then ¢ := p, + £f is a homomorphism
of k-algebras if and only if

Blaa’) = po(a)B(a’) + B(a)ps(a’), Va,a’ € Ey. (10)
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For 1 <i < r,weletl; € M (k) be the block diagonal matrix with the identity matrix on the i-th block
and zeros everywhere else. Since p(g) commutes with 1; for all i, we have an isomorphism

Xgeg') = @ Vl]7

1<i<j<r

where V;; is the space of functions g : E, — 1;nl; satisfying (10). We may identify 1,n1; with
Hom, (0 (), Po(iy)- Then V;; is precisely the space of 1-cocycles for the Hochschild cohomology of
E, with values in Hom, (p (), po(i)). Thus,

dim, V;; = dim, HH'! (Ey,Homy (0o (j), Por(iy)) + dime Homy (o (j)s Por(i))
—dim, HH*(Ey, Homy (o (). Por(i)))
= dim, Ext}sy (Po(j)> Poti)) + didj — dim, Homg, (Po(j)>Poi)) (i
= didj + [F : Qpld;d; +dim, BXtG,_(por(j)» Por(i)s
where the first equality follows from [15, Proposition IX.4.4.1], the second from [ 15, Corollary 1X.4.4.4]

and the third from Lemma 3.6 together with the local Euler—Poincaré characteristic formula in this
context* (see [9, Theorem 3.4.1 (c)]). Thus,

dim, Ty (X5%,) = dimn + (dimn)[F : Q,] + Z dimy BXS, (Por () Por(i))-

I<i<j<r

It follows from the local duality (see [9, Theorem 3.4.1 (b)]) that

dim, EXtéF (po-(j)’po'(i)) = dim, HOH’IGF (po-(i),po-(j)(l)).

Thus, if this term is non-zero, then it is equal to 1 and p(;) and p(;) belong to the same equivalence
class. o

Remark 3.12. If char(x) = p and {,, € F, then D; ~ D; if and only if D; = D and the bound is sharp

in this case.

Corollary 3.13. dim X§° < dim, Ty (X55) < dimn + (dimn)[F : Q,] + IX, (”2) .

Proof. This follows from Lemma 3.10 and Lemma 2.2 applied with G = Z;, and X = X}, noting that
X§%5 /| Zy is a singleton. mi

Lemma 3.14. If f : X — Y is a finite type and dominant morphism of Noetherian Jacobson universally
catenary schemes, then dimY < dim X.

Proof. Passing to reduced subschemes does not affect Krull dimension, so we may assume that X and
Y are both reduced.

First, assume X and Y are irreducible. Pick dense open affines U c Y, V c X such that f(V) c U.
Since f is dominant, [48, Tag OCC1] implies that A := Oy (U) — B := Ox (V) is injective. Since A is
an integral domain, Noether normalization [48, Tag 07NA] implies that the map factors as

A Alxy,...,x,] — B’ — B,

4The results in [9, Theorem 3.4.1] on local Tate duality and a local Euler—Poincaré characteristic formula, when the coefficient
field « is a local field, are based on the work of Nekovar [41].
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with B’ finite over A[xy,...,X,] and Bé = B, for some non-zero g € A. Then [48, Tag ODRT] and
[35, 13.C, Theorem 20] imply that

dim X = dim B = dim B, = dimB’g =dimB’ =dimA +m =dimY + m,

so dimY < dim X.
For the general case, we argue as in the proof of [48, Tag O1RM]. Write X = {J; Z; as the union of
its irreducible components. Because f is dominant, we have Y = (J; f(Z;). Clearly, the f(Z;) have to

be irreducible, and so the irreducible components of ¥ have to be among them. The Z; and f(Z;) are
again Noetherian, Jacobson and universally catenary, and hence by the case already treated, we have

dimY = maxdim f(Z;) < maxdim Z; = dim X. o
J J

Proposition 3.15. dim X} < dimg — 7 + (dimn)[F : Q,] + XX, (”2’) )

Proof. We want to apply Lemma 3.14 to

]_[ G xProNe x80 _, x& (12)

oS,

where the actions of Zz,, No- on Xy., and of G on X§™" are given by conjugation.

If x € XJ™(«) and ¢ : Ey, — Mg(«) is the corresponding k-algebra homomorphism, then there will
exist o € S, such that k¢ will admit a filtration by subspaces 0 =V, c V; c ... Cc V, =V, which is
invariant under the action of E\, via ¢, satisfying V;/V;_1 = ps(; for 1 <i < r. Thus, there is g € G(«)
such that gpg~! will lie in Xf?g.(/(), and hence, (12) induces a surjection on k-points. But (12) is also
a map of finite type x-schemes and therefore is a dominant map of Noetherian Jacobson universally
catenary schemes, so we can apply Lemma 3.14.

The fibre bundles G x#2oNe X3° have dimension equal to

dim G +dim X§°5 — dim(Z,, No) = dimg — r + dim X — dimn.
The bound in Corollary 3.13 gives the required assertion. O

Corollary 3.16. If r = 1, then X3 is smooth of dimension dimg — 1.

Proof. Ifr = 1then Ey, = M4(x) and thus has a unique irreducible representation p (up to isomorphism).
Thus, all the points in X ﬁen(K) lie in the same G-orbit. Fix such a point x. Since the G-stabiliser of x is
equal to Zg, we obtain dim X§™" = dim G — dim Zg = dimg — 1.

Since E is semi-simple, we have Ext}iy (p, p) = 0, and thus an argument as in the proof of Proposition
3.11 gives us

dim, Tx(Xfen) = dim, End (p) — dim, Endg, (p) = dim X;gen.

Thus, x is a smooth point of X§™", and since G acts transitively on X5 (), all the points in X§™" () are
smooth. Since Xygen is of finite type over «, we deduce that Xﬁen is smooth. O

3.3. Commutative algebra preparations

Lemma 3.18 is the key result of this section, and it will be applied repeatedly with R = RP* and § = A"
or their reductions modulo @.

We will start with some general commutative algebra lemmas. For a ring R, we set
PiR = {p € SpecR : dimR/p = 1}.
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Lemma 3.17. Let (R, mg) be a complete local Noetherian O-algebra with finite residue field k’. If
p € PR, then k(p) is either a finite extension of L or a local field of characteristic p. Moreover, R|p
is contained in the ring of integers Oy () of k(p), and the quotient topology on R/[p induced by the
mg-adic topology on R coincides with the subspace topology induced by the topology on Oy ().

Proof. Tt follows from Cohen’s structure theorem that if char(R/p) = 0, then O C R/p and R/p is a
finitely generated O-module. Thus, «(p) is a finite extension of L, and R/p is contained in the integral
closure of O in «(p), which is equal to O (y). If char(R/p) = p, then R/p is finite over a subring
isomorphic to k’[[7]], and the same argument carries over. Moreover, O, () is a finitely generated R/p-
module, and this implies that the topologies coincide. O

Lemma 3.18. Let (R, mg) be a complete local Noetherian ring and ¢ : R — S a ring map of finite type.
Let U be a non-empty open subscheme of Unax := (Spec R) \ {mg}, let V (resp. Vinax) be the preimage
of U (resp. Unax) in Spec S, let Z (resp. Zmax) be the closure of V (resp. Vinax) in Spec S and let Y be the
preimage of {mg} in Spec S. Then

(1) VisJacobson,

(2) the set of closed points of V is V N {closed points of Vinax }»

(3) ifxis a closed point of 'V, then its image y in Spec R is a closed point of U and the field extension
k(x)/k(y) is finite;

(4) the set of closed points of U is U N P1R;

(5) if every irreducible component of Spec S meets Y nontrivially, then dim Z = dimV + 1;

(6) dimV < dimU + maxyeynp,r dim o' ({y}).

Proof. We summarize the situation in the following diagram.

Vimaxy <5 SpecS «——Y

Lo

U(max) (T> SpeCR — {mR}

We will first prove parts (1), (2) and (3). If R = § and if U = Upax, then (1) follows from [48, Tag 02IM]
and both (2) and (3) hold trivially. If R = S and if U is arbitrary, then U = V and (1), (2) follow from the
previous case together with [48, Tag 005W] and (3) holds trivially. The case of general ¢ now follows
from [48, Tag 00GB] together with [48, Tag 01P4] because the map V — U induced from ¢ is of finite
type.

Part (4) follows from (2) applied with S = R, using that mpg is the unique maximal ideal of R, so that
the set of closed points of Unx is equal to Py R.

For (5), note first that since V is open in Spec S, the set of generic points of V is a subset of the set
of generic points of Spec S. Thus, Z is union of irreducible components of Spec S. Let Z” = Spec S’ be
an irreducible component of Z with the induced reduced subscheme structure so that S” is a domain, let
V' =Z' NV and let R’ be the image of R in S’. The rings R’ and S’ are excellent and hence universally
catenary by [48, Tag 07QW]. If g € Spec S” and p = g N R’, then

dim §; = dim R}, + trdegg,S” — trdeg, (, k(q) a3)
=dim R’ + trdegg,S” — dim R’ /p — trdeg, (, «(q),
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where trdeg stands for transcendence degree, the first equality is [48, Tag 02IJ] and the second is
[36, Theorem 31.4]. It follows from (13) that

dim §§ < dim R” + trdegg, S, (14)

and the equality in (14) holds if and only if g maps to the maximal ideal of R’ and q is a maximal ideal
of §’. Since Z’ NY is non-empty by assumption, such q exists and so

dim S’ = dim R’ + trdegg, S”.

Let q be a closed point of V” and let p = q N R’. Since V' is open in Z’, we have Oy 4 = S(;,. It follows
from (3) that trdeg, (,,)k(q) = 0 and dim R/p = 1. Thus, (13) gives us

dim Oy 4 = dim R’ + trdegg,S" — 1.
Since this holds for all closed points of V’, we deduce that
dimV’ =dim R’ + trdegg, S" — 1.

This implies part (5).
Let x be a closed point of V and let y be its image in U. Then y is also a closed point of U. We have

dim Oy » < dim Oy, +dim(Oy x ®0,,, k() < dimU +dim ¢~ ({y}).
where the first inequality is given by [36, Theorem 15.1 (i)]. Since

dimV = max dim Oy j,
X

where the maximum is taken over all closed points x of V, we get (6). O

Remark 3.19. We caution the reader that the equality dimZ = dimV + 1 might fail if one drops
the assumption that ¥ meets every irreducible component nontrivially. For example, if R = Z,, and
S =2Zp[x]/(px —1) = Qp, then Y is empty and Viyax = Zinax = Spec S.

Remark 3.20. Here is another cautionary example. If R and S are as in Lemma 3.18, q is a prime of
S and S is a domain, then it need not be true that dim S, + dim S/q = dim S. For example, if R = Z,,
S =Zp[x]andq = (px—1),then S/q = Q, and S, isaDVR, so that dim S;+dim S/q = 1 and dim § = 2.
We also note that q is a closed point of Spec S, but it does not map to a closed point of Spec R. Further,
ifq" = (p,x), then §/q’ =F,, and p, x is a regular sequence of parameters in Sy, and thus dim Sy = 2.
Thus, q and g are closed points of an irreducible scheme, but their local rings have different dimensions.

Lemma 3.21. Let Y be the preimage of {mges} in X8, let W be a closed non-empty GLy4-invariant
subscheme of X" and let Z be an irreducible component of W. Then Y N Z is non-empty. Moreover, if
x is a closed point of Z, then the following hold:

(1) ifx €Y, thendim Oz , =dim Z;
(2) ifx¢Y, thendimOz , =dimZ - 1.

Proof. By Lemma 2.1, each irreducible component Z of W is GL-invariant. The image of Z in X?* is
closed by Corollary 2 (ii) to [47, Proposition 9], and is nonempty and so must contain mges because XP*
has a unique closed point. Therefore, Y N Z is nonempty.

The claims about dim O  follows from the proof of part (5) in Lemma 3.18. m]

Example 3.22. Let us illustrate Lemma 3.21 with a concrete example. Let D be the pseudo-character
of the 2-dimensional trivial representation of the group I' := Z,,. It follows from [18, Theorem 1.15]
that RP® = O[¢, d]| and
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RP[T]
A+ -2+ +T)+1+4d)°

E

1R

where the map I' — RP[T']] - E sends a fixed topological generator y of I" to 1 + 7. Then E is a free
RP5-module with basis 1 + 7', 1 and so

Agen _ R [x11,x12, %21, X22]

(x11+x20 — (2+1), x11%22 — x12%21 — (1 +d))’

and j : E —> M(A®") sends 1+ T to the matrix (! %12). Let x : A®" — L be the homomor-

X21 X22
phism corresponding to the representation p : E — M, (L), such that p(y) = ( (1) pl_ l ). Then x is a
closed point of X" with residue field L; thus, it does not map to the closed point in XP°. Indeed,
A8/ (x11 = 1,x21, %20 — 1) = O[x12], so we are in the situation considered in Remark 3.20.

Lemma 3.23. Let W be a closed nonempty GL 4-invariant subscheme of X" and write W[1/p] and W
for the generic and special fibre. Then dimW([1/p] < dim W. In particular, dim X¢"[1/p] < dim X

Proof. We may assume that W[1/p] is nonempty, and using Lemma 2.1, we may further assume that
W is irreducible. Lemma 3.2 1 implies that there is a closed point x € W, which maps to the closed point
in XP*. Lemma 3.18 (5) implies that dim W[1/p] = dimW - 1.

Since W is irreducible and W[1/p] # 0, the local ring Ow  is a domain, and multiplication by @
is injective. Since char(x(x)) = p, @ cannot be a unit in Ow . Thus, dim OW,x =dimOw - 1. It

follows from Lemma 3.21 that dimW = dim W — 1. |

3.4. Bounding the dimension of the space

The main result of this subsection is Theorem 3.3 1, which bounds the dimension of X5 As explained
earlier, this is an intermediate step in bounding the dimension of Rg.

Recall that D : Gg — k is the specialization of the universal pseudo-character D* : G — RP*
at the maximal ideal of RP*. We may write D = [, D;, where D; are absolutely irreducible pseudo-
characters. Let P be an (unordered) partition of the set {1,...,m} into r disjoint subsets %, and

let £ = (X,...,%,) be an orderlng of the subsets in P. For each 1 < j < r, let D = [lics, D;,
and let d; be the dimension of D’ ;- We define an equivalence relation on the set of pseudo—characters

{5} 11 <j<r}by 5;- ~ 5;, if 5} = 5;-,(t) for some # € Z. Let k’ be the number of the equivalence
classes, nl’ be the number of elements in the i-th equivalence class, and ¢; be the dimension of the
pseudo-characters in the i-th equivalence class. We have

k' k'

’ ’
E n;=r, Zcinizd.

i=1 i=1

We define

k'

lp_Zdz Zn,c3, pp::zp+npzzr:d§+ Z didj, (15)

j=1 l<j<j’<r
where
1 5 S 2 (1
"o E(d mr= 13;’9 didr = 1si<Zi;sk/c e+ ;Ci (2) . 1o

The notation is motivated by (7) and (8); see also Remark 3.8.
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For each 1 < j < r, let R” be the universal deformation ring of 5;- and let st = RES. The
functor Fy, which sends a local Artinian O-algebra (A, m4) with residue field & to the set of ordered

r-tuples (Dy, ..., D,) of pseudo-characters with each D;, a deformation of 52 to A is represented by
the completed tensor product

Rg = RI])S @o ... <§>(9 R,ES.
We let X}' := Spec RS’ and denote by 7;5 := Spec RY' /@ its special fibre. By mapping an r-tuple of
pseudo-characters to their product, we obtain a map

iy szs X7
Lemma 3.24. The map R* — R is finite.

Proof. By topological Nakayama’s lemma, it is enough to show that the fibre ring C := k ®gps Rgs isa
finite dimensional k-vector space. Let F be the closed subfunctor of Fyx defined by C. If (A, m A)isa
local Artinian k-algebra, then F (A) is in bijection with the set of r-tuples (D1, .. ., D,), each D; lifting
5; to A such that []/_, D; = ([1\_, l_);) ® A.

Since C is a complete local Noetherian ring, it is enough to show that its Krull dimension is 0.
If this is not the case, then there is p € Spec C such that dimC/p = 1. Let (D1 y,...,D, ) be the
specialization of the universal object of Fx along y : RY, — «(p). It follows from [18, Corollary 1.14]
that the coefficients of the polynomials D; , (¢ — a), foralla € E and 1 < i < r will generate a dense
subring of RY/p. Since RY. /p is a complete local k-algebra of dimension 1, there will exist a € E and
index i such that the coefficients of D; ,(t - a) will generate a transcendental extension of k inside «(p).
Since p € Spec C, we have

ﬁ Diy(t—a)= ﬁﬁ;(t - a).
i=1 i=1

Thus, all the roots of D; (¢t — a) in the algebraic closure of «(p) are algebraic over k. Since
D; y(t — a) is a monic polynomial, we conclude that all the coefficients are also algebraic over &,
giving a contradiction. O

Let Y};: be the scheme theoretic image of tz. We note that ng depends only on P and not on the
chosen ordering X. It follows from Lemma 3.24 that

.
dimXp = dim Xy, =Zdimfﬁ” =r+lp[F:Qpl, (17)

i=1

where the last equality is obtained by applying [9, Theorem 5.4.1(a)] to each st.

We define a partial order on the set of partitions of {1,...,m} by P < P’ if P’ is a refinement of
‘P. The partition Ppy;, consisting of one part is the minimal element, and the partition Pp,ax consisting
of m parts is the maximal element with respect to this partial ordering. If P < P’, then YI;DS, is a closed
subscheme of ngs and Yl;;mm =X". Let

Up =Xp \ (e} U ] X5,
P<P’

let Vp be the preimage of Up in X*" and let Zp be the closure of Vp in X*" Let Y%n be the preimage of
Ysps in X*. Then an is closed in X° " and contains Vp; hence, we are in the situation of Lemma 3.18
with Spec R = ngs and Spec S = Zp. Note that Lemma 3.21 implies that every irreducible component
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of Y%en contains a closed point mapping to mges. Thus, the condition in part (5) of Lemma 3.18 is
satisfied, and hence, dim Zp = dim Vp + 1; the same conclusion applies to closures of various loci
considered below. Moreover, we have

—gen

XS5 =Y U U Zpr, (18)
PP

where Y is the preimage of {mgps} in X"
We will also need a variant of the situation above. Let us assume that » > 1 and let i and j be distinct
indices with 1 <i,j < r.Let ]—";’ be a subfunctor of Fy parameterizing the deformations (Dy, ..., D,)

of the ordered r-tuple (5;, . ,5;) such that D; = D;(1). Then ]-"g is a closed subfunctor of Fy, and

we let Rgs’ij be the quotient of R} representing it. If D, # 5;- (1), then Rgs’ij is the zero ring; otherwise,
it follows from Equation (17) and another application of [9, Theorem 5.4.1(a)] that

dingj"f/w = dimRY /@ — dim R /@ < r+1p[F : Q,] - (1 +d;[F : Qp])

<r+lp[F:Q,] - (1+[F:Qp)).

Let Y];;’ij be the scheme theoretic image of Spec Rgs’ij in X" under tz. Then
dim X < r+1p[F:Qp] = (1+[F : Q). (19)
Let Ug =UpnN Yl;;s’ij, let V;,’ be the preimage of Ug in X*" and let Zg be the closure of Vg in X*".
Lemma 3.25. Ify is a geometric closed point of Up, then
K
. en 2 . i
d1mX§ <d —r+np[F:Qp] +Zl (2)
If we additionally assume that y ¢ Ug foranyi # j, then
dim X" < d® —r +np[F : Qp].

Proof. We may write Dy, = D1 + ...+ D, with D; lifting 5:- . We note that all the D; are absolutely
irreducible since otherwise, y € X® for some P’ > P. Let k and n; be the numbers defined in Section
3.2. Proposition 3.15 implies that

k
. gen 2 . n;
dim X5 < d® - r +np[F : Qp] +Z‘ (2)
If D; = D j(m) for some m € Z, then also 5:. = 5;(m). This implies that
k . k' W
i i
%[5) = 5 (5)
i=1 i=1
which implies the first assertion. We note that if a;, . . ., a; are positive integers, then

S6-6)

i=1
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Ify¢ Ug for any i # j, then D; # D;(1) for any i # j, and the Hom terms in (9) vanish. The
assertion follows from Proposition 3.15 using this improved bound. O

Proposition 3.26. dimZg <d*+pp[F:Q,]+3K, (r;’) —(1+[F:Qp)).
Proof. Tt follows from Lemma 3.18 (5) that the closure of Ug has dimension dim Ug + 1. Thus,
dimUy +1 < dim X2 <r+1p[F: Q] - (1+[F : Qp)),

where the last inequality is (19). Parts (5) and (6) of Lemma 3.18 together with Lemma 3.25 imply that

k’
dimZy < (r+1p[F : Q] = (1+[F : Qp]) + (@* = r +np[F : Q] Z( )

which imply the assertion. O

Proposition 3.27. Let 6p = max{0, Z ( )—(1+[F Qpl)}. Then

dimZp < d* + pp[F : Qpl +6p.

Proof. Let U > =Up \ Uiz Up 7 et V, be the preimage of Uy, in X*" and let Z,, denote the closure

of V7, in X", Ify is a closed point of U/,, then dimfien <d*-r+np[F: Qp] by Lemma 3.25. Thus,
Lemma 3.18 implies that

dimZj, < dimXp + (&> = r +np[F : Qp]) = d* + pp[F : Qp]. (20)
Since Zp = Z;, U Uy, Zg , we have dim Zp = max;z;{dim Z}, dim Z;D’ }, and the assertion follows
from Proposition 3.26. O
Proposition 3.28. dim Zp,,, < d* + d*[F : Q,].
Proof. In this case, r = 1, 50 Zp = Z,, and the assertion follows from (20). m]

Lemma 3.29. Assume that P # Puin. If d = 2, then
d*+d*[F:Q,] —-dimZp > [F : Q,],
and
d*>+d*[F:Q,] —dimZp > 1+ [F :Q,],

otherwise.

Proof. Proposition 3.27 implies that
d*+d*[F:Q,] —dimZp > np[F : Q,] -
Ifd > 2, then np > 2, and if d = 2, then np = 1, which implies the assertion if 0p = 0. Let us assume
that 6p # 0. Then using (16), we may write
nplF:Qpl=6p= Y. cicnnj[F: Q] +Z(c [F:Q]-1) ( )+ 1+[F: @],
l<i<j<k’

which implies the assertion. m}
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Lemma 3.30. Let Y be the preimage of {mges} in X*". Then
dimY < d* +np,, [F:Qp] +np,, — 1.

In particular, d> + d*[F : Qp]l —dimY > 1 +ip, [F:Qp] 2 1+2[F:Q].

Proof. Proposition 3.15 implies that

n;

k’ ,
dimY < dz—m+npmaX[F:Qp]+Z(2).
i=1

2
assertion. m]

As already explained in the proof of Lemma 3.29, we have Z{.‘;l (”i ) < np,,.. This implies the

Theorem 3.31. dimX* < d? +d*[F : Q,].

Proof. Since X' = {mgm} U Up Up, we have X* =Y U Up Zp. Since these are closed in X° ', we
have

dim X*" = mgx{dim Y,dimZp} < d* + d*[F : Qpl,

by Proposition 3.28 and Lemmas 3.29 and 3.30. O

Theorem 3.31 is the main input to Corollary 3.38, which proves Theorem 1.1. The missing ingredient
is a description of the relationship between X&" and Rg, which is the subject of the next subsection.

3.5. Completions at maximal ideals and deformation problems

Let Y ¢ X" be the preimage of the closed point of XP*, let x be either a closed point of Y or a closed
point of X&" \ Y and let y be its image in Spec RPS. It follows from Lemmas 3.17 and 3.18 that «(x) is
a finite extension of «(y) and there are the following possibilities:

(1) if x € Y, then «(x) is a finite extension of k;
2) ifx e ngﬁ[l/p], then «(x) is a finite extension of L,
3) ifxe x* \ Y, then «(x) is a local field of characteristic p.

The universal property of AS°" gives us a continuous Galois representation
px 1 Gr = GLa(k(x)).

In this section, we want to relate the completion of the local ring Oxzen _ to a deformation problem for p .

We will introduce some notation to formulate the deformation problem for p,. More generally, let
p : Gr — GL4(k) be a continuous representation, where « is either a finite extension of k, a finite
extension of L or a local field of characteristic p containing k equipped with natural topology. We first
define a ring of coefficients A over which the deformation problem is defined.

(1) If « is a finite field, then pick an unramified extension L’ of L with residue field x and let A := Oy,
denote the ring of integers in L'.

(2) If « is a finite extension of L, then let A := «, let A” be the ring of integers in A and let t = @.

(3) If kis alocal field of characteristic p, then let O, be the ring of integers in « and let k’ be its residue
field. Since char(kx) = p, by choosing a uniformizer, we obtain an isomorphism O, = k’[¢]. Let
L’ be an unramified extension of L with residue field k', let A? := O, [[¢] and let A be the p-adic
completion of A°[1/¢]. Then A is a complete DVR with uniformiser @ and residue field x. We equip
A with its (@, t)-adic topology. This induces a topology on A°[1/¢] and A°[1/¢]/p"A°[1/¢] for
alln > 1. We equip A = liLnn A°[1/t]/p™ A°[1/t] with the projective limit topology.
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Remark 3.32. In case (3), if A’ is an O-algebra, which is a complete DVR with uniformiser @ and
residue field «, then it follows from [10, Ch. IX, §2.3, Prop. 4] that A’ is non-canonically isomorphic to
A. We will refer to A’ (and A) as an O-Cohen ring of «.

Let A, be the category of local Artinian A-algebras with residue field «. Let (A, m4) € Up.

(1) Incase (1), A is a finite O /@ -module for some n > 1, and we just put the discrete topology on A.

(2) Incase (2), A is a finite dimensional L-vector space, and we put the p-adic topology on A.

(3) In case (3), A is a A°[1/t]/@"A°[1/t]-module of finite length for some n > 1, and we put the
induced topology on A.

Let D (A) be the set of continuous group homomorphisms ps : Gr — GL4(A), such that ps
(mod my) = p.

Proposition 3.33. The functor DS : Ap — Sets is pro-represented by a complete local Noetherian
A-algebra RS. Moreover, there is a presentation

RS = Alxt, . ox 1/ (s os ) @n

with r = dim, Z' (G, ad p) and s = dim, H*(Gr,ad p).

Proof. If « is a finite field, then this is a well-known consequence of the obstruction theory due to
Mazur, [37, Section 1.6]. (We revisit the argument in the proof of Proposition 4.3.) If « is a local field,
then essentially the same argument works, except that one has to work harder to justify why the 2-
cocycle constructed out of an obstruction to lifting is continuous. Lecture 6 in [21] contains a very nice
exposition of the result if « is a finite extension of L. The same argument works if « is a local field of
characteristic p. )

If we let 4’ := dim, H' (G, ad p), then
r—s=dimg(adp) — h®+ h' = h* = d* + d*[F : Q,], (22)

where the last equality follows from Euler—Poincaré characteristic formula, which by [9,
Theorem 3.4.1(c)] holds in all of the three settings under consideration.

Proposition 3.34. Let q be the kernel of the map
A®p AF" = k(x), A®aw— A4,

where A and a denote the images of A and a in k(x). Then the completion of (A ® AE™), with respect
to the maximal ideal is naturally isomorphic to RE‘X.

Proof. We will prove the proposition, when «(x) is a local field of characteristic p. The other cases are
similar and are left to the reader.

Let B be the completion of (A ®p A&"),. It follows from Lemma 3.36 below that B/w@B (and hence
B) is Noetherian. Thus, B /q"E € A, for all n > 1. The composition

id®j - —~
A®o E < A®o My(A=") - My(B/q"B)

induces a continuous representation G — GLd(B / q”B) by Lemma 3.2, which is a deformation of p,
to B/q"B, and hence a map of local A-algebras Rj — B B/q"B. By passing to the projective limit over

n, we obtain a continuous representation p : G — GLd(B) and a map of local A-algebras REX — B.

Let (A,my) € Ay and let p : GrF — GLy(A) be a continuous representation such that p
(mod my) = p,. We claim that there is a unique homomorphism of local A-algebras ¢ : B — A, such
that p is equal to the composition GL4(¢) o p. The claim implies that the map R;‘x — B constructed
above is an isomorphism.
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The proof of the claim is based on [31, Proposition 9.5]. Following its proof, we may construct an
ascending chain of local open A°-subalgebras A% of A for n > 1, such that for all , the following
hold: A9[1/f] = A, the image of AY under the projection b : A — k(x) is equal to O,(y) and
Uns1 AY = 571 (Ok(x)). Let M € GL4(k(x)) be a matrix such that the image of G under Mp, M~!
is contained in GL4(Oy(x)). Let x” € X&" correspond to the representation Mp, M ~I. Then k(x’) =
k(x) and the image of x’ : A®#" — k(x) is contained in Oy (y). Let z € X" be the composition

7 AN S, Ox(x) — k', where k' is the residue field of O (y), let M € GL4(A) be a matrix
lifting M and let p’ := MpM~". Since GF is compact, p’(G) will be contained in some GLy(AY)
for n > 0. We may consider p’ : Gr — GL4(AY) as a deformation of p, to AY. Since the pseudo-
character of p, is equal to D ®; k’ by Lemma 3.4, the pseudo-character of p’ : Gr — GLy4(A%) is a
deformation of D ® k” to A and hence induces a map of local O-algebras RP* — A9. Thus, p’ factors
through the map A’ ® » RP[Gfr] — M4 (AY), which will factor through the Cayley—Hamilton quotient
(A ®o R™[GFr])/CH(A® ®» D*) — M4(A%). Tt follows from [18, Section 1.22] or [49, Lemma
1.1.8.6] that

A’ @0 E = (A’ ®p R®[GFr])/CH(A? ®» DY).

After inverting # and conjugating by M ™!, we obtain a map of A°[1/1]-algebras A°[1/f]®0 E — My(A),
such that if we compose this map with the map induced by Gr — RP*[GF] — E, then we get back
p. Since A is an Artinian A-algebra, @ A°[1/t] will be mapped to zero for n > 0, and thus the map
extends to a map of A-algebras @ : A ®» E — M;(A). The universal property of j : E — M4(A%™")
implies that there is a unique map of A-algebras ¢ : B — A, such that My(p) o (Id®j) = a.

It remains to show the uniqueness of the map ¢, which is equivalent to showing that there is at most
one map of A ®» RPS-algebras @ : A ®» E — M4(A) such that the composition with Gp — A ®p E
gives p. It follows from the Cayley—Hamilton theorem in M4(A) and [18, Corollary 1.14] that the map
A®o RP»® - A®p E = Ais uniquely determined by p. Thus, a is uniquely determined on the image
of AQo» RP*[GF]in A®p E. The map RP[G ]| — E is surjective, since the image is dense and closed
as E is a finitely generated RP*-module; hence, « is uniquely determined by p. O

The following Lemma is a mild generalization of [9, Lemma 3.3.5].

Lemma 3.35. Let R be a complete local Noetherian k-algebra with residue field k, let A be a finitely
generated R-algebra, let p € Spec A such that its image in Spec R lies in P\ R, and let q be the kernel of
the map

B:=k(p)®r A — k(p), xQar> x(a+p).

Then éq = Ap[[T]]. In particular, Ay is regular (resp. complete intersection) if and only if l§q is.

Proof. Let p’ be the image of p in Spec R. Since by assumption p’ € PR, the residue field «(p’) is a
local field of characteristic p. Since A is finitely generated over R, «(p) is a finite extension of x(p”) and
thus is also a local field of characteristic p. The proof of [9, Lemma 3.3.4] goes through verbatim by
replacing R with A everywhere. O

Lemma 3.36. Let R be a complete local Noetherian O-algebra with residue field k, let A be a finitely
generated R-algebra, let p € Spec A such that k() is a local field of characteristic p and let § be the
kernel of the map

B:=A®oA—«k(p), A®ar A(a+p).

Then Bq =] Ap[[T]]. In particular, Ay is regular (resp. complete intersection) if and only if éq is.

Proof. We first observe that By is flat over A,. This can be seen as follows. Since A is O-flat, B is A-flat.
Since B, is B-flat and Bq is By-flat, we conclude that Bq is A-flat. Thus, éq ®4 Ap is Ap-flat. This ring
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is isomorphic to Bq ®a, Ap. Since the map A, /p"Ap, — Ap/p"Ap is an isomorphism for all n > 1, Eq
is a completion of By ®4, Ay at g, which implies the claim.

It follows from Lemma 3.35 that the map A — B, a — 1 ® a induces a map of local rings Ap — Eq,
such that By /@ = (Ap |@)[T ]] By choosing b € B, which maps to T under this isomorphism, we
obtain a map ¢ : A,,[[T]] - Bq, which induces an isomorphism modulo @. Thus, ¢ is a homomor-
phism of pseudo-compact Ap -modules, which induces an isomorphism after applying ® A, K Thus,
(coker p) ® A, K= 0, and since E‘q is Ap-ﬂat, (ker p) ® A, K= 0. Topological Nakayama’s lemma> for
pseudo-compact modules implies that coker ¢ and ker ¢ are both zero. O

Lemma 3.37. Let R be a complete local Noetherian O-algebra with residue field k, let A be a finitely
generated R-algebra and let p € Spec A such that x(p) is either a finite extension of L or a finite
extension of k. Let q be the kernel of the map

B:=A®pA—«k(p), A®ar Ala+p).

Then l§q =] Ap.

Proof. The completion of A ®» A with respect to the kernel of A ®» A — A, x ® y > xy is just A
(and that is why we do not get an extra variable T like in Lemma 3.35; see [9, Lemma 3.3.5].) The rest
of the proof is the same as the proof of Lemma 3.35. O

Corollary 3.38. Let x be either a closed point of Y or a closed point of X8 \ Y. Then the following hold:

@))] Rgx is a flat A-algebra of relative dimension d*> + d*[F : Qp] and is complete intersection;
(2) ifchar(k(x)) = p, then RD @ is complete intersection of dimension d* + d*[F : Qpl.

Proof. Letus assume that k(x) is a finite extension of k. It follows from Proposition 3.34 and Lemma

3.37 that RDX [T = Xgen , the completion of the local ring of X*" at x with respect to the maximal

ideal. We have dim 5§gen L= = dim (’)igen < dim X*¢ , " and thus by Theorem 3.3 1, we obtain the bound

dimRY /@ < dimX® <d*+d*[F: Q] =r-s,

where the last equality is (22). It follows from (21) thatdim R) /@ > r—sanddim R > 1+r—s.Thus,
the lower bounds of the dimensions are equalities, and @, f, ..., fs are a part of system of parameters
in Afx1,...,x.]]. Thus, they form a regular sequence in Afxy,...,x,] and so REX and R/Ex /@ are
complete intersections of the claimed dimensions. Moreover, since A is a DVR with uniformiser @,
flatness is equivalent to @w-torsion equal to zero, and hence, R[E,‘x is flat over A.

Let us assume that «(x) is a local field of characteristic p. Proposition 3.34 and Lemma 3.35 imply that
R, @ = 6?“,)« [T, and Lemma 3.21 applied with W = X*" implies that diim @%gen < dimX*"-1.

Thus, dim REX /@ < dim Ygen, and the same argument as above goes through.
If k(x) is a finite extension of L, then Proposition 3.34 and Lemma 3.37 imply that

0 A~
R,, = Oxeen x = Oxeenf1/p].x

Corollary 3.23 implies that dim Rgx < dimX&#"[1/p] < dim X*". Then the same argument goes
through. m}

Corollary 3.39. Let x be either a closed point in Y or a closed point in X" \ 'Y and let 5Xgen’x be the
completion with respect to the maximal ideal of the local ring at x. If k(x) is a finite extension of k or L,
then Oxzen = R} . If k(x) is a local field of characteristic p, then Ry == Oxzen, «[T]-

SLemma 0.3.3 in Exposé V I1p in SGA3.
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Proof. If k(x) is a finite extension of k or L, then the assertion follows from Proposition 3.34 and
Lemma 3.37. If x(x) is a local field of characteristic p, then the assertion follows from Proposition 3.34
and Lemma 3.36. m]

Corollary 3.40. The following hold:

(1) A2 js O-torsion free, is equi-dimensional of dimension 1+d* +d*[F : Qp] and is locally complete
intersection;
(2) A% /@ is equi-dimensional of dimension d* + d*[F : Qp] and is locally complete intersection.

Proof. Let us prove (1) as the proof of (2) is identical. Corollary 3.39 together with Corollary 3.38
implies that the local rings at closed points of X" are O-torsion free and complete intersection. This
implies that A% is O-torsion free and A% is locally complete intersection by [48, Tag 09Q5].

Let Z be an irreducible component of X#°". Lemma 3.21 implies that there is a closed point x € Z
such that x maps to the closed point of XP*. Moreover, dim Z = dim Oz . Since Oxen , is complete
intersection, it is equi-dimensional, and thus, dim Oz , = dim Oxeen , = d* + dZ[F 1 Qpl + 1, where
the last equality follows from Corollaries 3.38 and 3.39. O

Proposition 3.41. Letx € Ple, where Rg is the framed deformation ring of p : Gg — GL4(k"), where
k’ is finite extension of k. Let p, : G — GLy(k(x)) be the representation obtained by specializing the
universal framed deformation of p at x. Let q be the kernel of the map

A®OR§—>K(x), A®am A4,

where A is the ring defined at the beginning of the subsection. Then the completion of (A ®© Rg)q with
respect to the maximal ideal is naturally isomorphic to REX.

Proof. The proof is similar to the proof of Proposition 3.34, but easier, since the setting is much closer
to the setting of [31, Proposition 9.5] or [9, Theorem 3.3.1], where an analogous result is proved for
versal deformation rings. We leave the details to the reader. O

Let x be a closed point of X&" \ Y, so that x(x) is a local field. Since G is compact, there
is a matrix M € GLg(k(x)), such that the image of Mp, M~ is contained in GL4(Ok(x))- Let x’
A" — O (x) be the RP*-algebra homomorphism corresponding to the representation E — My (Oy(x)),
a +— Mp,(a)M~'. We will denote the corresponding Galois representation by pg, : Gr — GLg(Ok(x))

o2
and let p+ be the composition p, : Gr — GL4(Ok(x)) — GL4(x(x)). We note that x(x”) = x(x) and
let A be the coefficient ring defined at the beginning of the subsection. Let k’ be the residue field of O, ()

and let p, : G — GL4(k’) be the representation corresponding to z : A" = Ox(x) — k’. Then pg,
is a deformation of p, to O,(x); thus, the map x’ : A#" — O,y factors through x” : Rl(‘:,‘Z — Ok(x)-

Corollary 3.42. There is an isomorphism of local A-algebras between R, RD ., and the completion
of (A ®p Rl(‘:)‘z)q with respect to the maximal ideal, where q is as in Proposmon 3.41 with respect to
x': REZ — OK(X).

Proof. Let M be any lift of M to M4(A). Since A is a local ring, det M is a unit in A and hence
M € GL4(A). Conjugation by M induces an isomorphism between the deformation problems for p
and p,s and hence between the deformation rings. Proposition 3.41 implies that these rings are also
isomorphic to the completion of (A ®o Ry )g- O

Remark 3.43. Corollary 3.42 enables us to study local properties of X" by studying the completions
of local rings at closed points above mgps. For example, if we could show that R[‘:,‘Z is regular, we could
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conclude that the local ring at x’, (Rj;_ ), is regular, and hence that the completion (R‘:‘ )~ is regular. If
k(x) is alocal field of characteristic p, “then Proposition 3.34, Corollary 3.42 and Lemma 3 36 imply that

Oxen [ T] = R;E\X = REX, = (Ry) T].

If k(x) is a finite extension of L, then Proposition 3.34, Corollary 3.42 and Lemma 3.37 imply that

Thus, in both cases we can deduce that @chn’x, and hence Oxzen ., are regular. Thus, if we can show
that REZ is regular for all closed points z € X£°" above mgps, then we can conclude that Oxeen  is regular
for all closed points x € X#°", and thus X&°" is regular.

Of course, one may also reverse the logic of this argument: if X&" is regular, then all its local rings
and their completions are regular, and hence, Rj;_ is regular for all closed points z € X" above mges.

Corollary 3.44. Let p : G — GL4(k) be a continuous representation with k a local field. Then the
conclusion of Corollary 3.38 holds for RS.

Proof. After conjugation, we may assume that p(G ) € GL4(Oy). Let p be the representation obtained
by reducing the matrix entries modulo a uniformizer of O, and let D be the associated pseudo-character.
Corollary 3.38 applies to Rg. Since p corresponds to an x € Ple, Proposition 3.41 together with

Lemmas 3.37, 3.36 allows us to bound the dimension of R} from above. Then the proof of Corollary
3.38 carries over. O

Corollary 3.45. Every representation p : Gg — GLg4(k) can be lifted to characteristic zero.

Proof. It follows from Corollary 3.38 that Rg[l /p] is non-zero. We may obtain a lift by specializing

the universal framed deformation along any O-algebra homomorphism x : R" — @p. O

3.6. Bounding the maximally reducible semi-simple locus

Writing D = [, D; with D; absolutely irreducible pseudo-characters, we now take P = Ppax and
consider the finite (by Lemma 3.24) RP*-algebra RY’, where £ amounts to some choice of ordering of

{1,....m}. Note that if p; : Gr — GL4/(k) is an (absolutely irreducible) representation with pseudo-
character D;, then

where Rg. denotes the universal deformation ring of p;. So let p”““’ : Gr — GLg4, (R5,) denote a
representatlve of the strict equivalence class of the universal representation for eachi =1, ..., m. If we
let M denote the universal invertible matrix in GL4(Ogr,(GLy)), then the representation

M x diag(pi™, ..., pp™) x M~ : Gr = GLa(RY ®0 Og,(GLa))

gives rise to a map of Cayley—Hamilton algebras £ — Md(RgS ®o OgL, (GLy4)), which satisfies the
universal property of A" and so defines a map of RP*-schemes

GLd X@XSS — Xgen’
which descends to a map of RP*-schemes

nx - GLd/ZL X0 ng - Xgen’
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where L := Ly denotes the standard Levi subgroup of GL4; with blocks corresponding to X, and Zy,
denotes its center.

Definition 3.46. The maximally reducible semi-simple locus X™® C X&" is the scheme-theoretic image
of ny : GL4/Z1 X0 ng — Xe&en,

Lemma 3.47. Let x € X" and let y be the image of x in XP. If y lies in X?;;mx and py is semi-simple,
then x € X™. Moreover, such points are dense in X™.

Proof. We first note that if x € X*" maps to Xp and p, is semi-simple, then p, = p1 ®...® p,,, with
each p; an irreducible representatlon of Gp llftmg p;- By conjugating by an element of 1 € GLd(K(x))
we may ensure that 1~ p (g)h = diag(p1(g), . .., pm(g)) forall g € G, and this implies that x € X™.
Since 7z is a map of affine schemes, it is affine and hence quasi-compact; see [48, Tag 01S5].
It follows from [48, Tag 01R8] that the set theoretic image of iy is dense in X™. O

Proposition 3.48. dim X™ < 1 +d*+ [F : Q,] X1, d*.

Proof. The open subscheme Upay = XPS \ {mges} C X™ is Jacobson by Lemma 3.18, as is Vix :=
XM X xps Unax. Let Zimax denote the closure of Vi, in X™*. The formation of scheme-theoretic images
commutes with restriction to opens, so the map

(GL4/Z1 Xo ng) Xxrs Umax = Vimax
is a dominant map of Jacobson Noetherian excellent schemes. Applying Lemma 3.14, we see that
dim Vmax < dim((GLd/ZL Xo ng) Xxps Umax)~

Since X™ is by definition a nonempty closed GL;-invariant subscheme of X&", Lemma 3.21 implies
that every irreducible component of X™® has a point in common with the preimage of mgps in X™.
Therefore, Lemma 3.18 (5) implies that

dim Zax = dim Vipax + 1.

Furthermore, GL4/Z; is flat over Spec O with geometrically irreducible fibres, so the projection
GL4/ZL xo X% — Xp is a flat (and hence open) map with irreducible fibres. It follows from

[48, Tag 037A] ‘that this map induces a bijection between the sets of irreducible components. Since Rp s

is a local ring, we deduce that GL;/Z; X0 ng satisfies the assumptions of Lemma 3.18 (5), and thus,
Lemma 3.18 (5) implies that B

dimGLy/Z; X0 Xy, = dim((GLa/ZL X0 X3') Xxps Umax) + 1.

Since dim X2' = 1+ X (1+d?[F : Q,]) and the relative dimension of GL4/Zy, over O is d* — m, we
get that B

m
dim Zmax < dim GLg/Zp, X0 X2 = 1+d* + [F : Q] Z a2,
o i=1

Let Y™ be the scheme theoretic image of GL;/Z1, X {mges} — Y. Since Y is of finite type over
k, the same argument as above shows that

dimY™* < dim(GLy/Z; Xo {mgm}) = d*> — m.
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Now Zyax U Y™ is a closed subscheme of X&°" containing the image of nx. It follows from Lemma
3.47 that Zp.x U Y™ will contain X™*. Hence,

dim X™® < max{dim Z,x, dim Y™} = dim Z,x. o

Corollary 3.49. dim X' = dim X™ — 1 < d*+ [F : Q,] X, d2.

Proof. It follows from Corollary 3.38 that Rgs is O-torsion free, which implies that GL;/Z1 X0 X;S

is flat over Spec O, and the same applies for X™*. (Here, we are simply saying that a subring of O-
——mrs
torsion free ring is O-torsion free.) Thus, for all x € X, w is a regular element in Oxms  and so

dim Opms = dim Oxmrs , — 1. This implies dim X = dim X™ — 1, and the inequality follows from
Proposition 3.48. O

Remark 3.50. One could study the closure of the reducible semi-simple locus corresponding to more
general partitions using a similar argument. We do not pursue this here, since we need the bound only
for d = 2 and F = Q, when we apply it to Case 3 in the proof of Proposition 4.13 below.

3.7. Density of the irreducible locus

Let us first unravel the definitions of Up,, and Vp . in Section 3.4. We have that Up_, is an open

subscheme of X" such that the closed points of Up,,, are in bijection with p € P;(RP®/w), such that

the specialization of the universal gseudo—character along RP* — k(p) is absolutely irreducible. Now
—gen —gen

Vp,.. is the preimage of Up,, in X~ , so that it is an open subscheme of X " and its closed points are

in bijection q € X*", which map to P;(RP*/w) in X", such that the representation

E L My(A=") 5 My(x(a)

is absolutely irreducible.
Proposition 3.51. Vp . is dense in X"

Proof. We have

X*"\vp,, =vu | ] zp,
Pmnin<P

and it follows from Lemmas 3.29, 3.30 that X* \ Vp,... has positive codimension in X*". Since X is
equi-dimensional by Corollary 3.40, we conclude that Vp_ is dense in X*" . In particular, the inequality
in Proposition 3.28 is an equality. O

We will now prove a stronger version of the above result. Following [9, Definition 5.1.2], we call
y € Up,,, special if either {, ¢ F and D, = D,(1) or {, € F and the restriction Dy to G- is
reducible for some degree p Galois extension F’ of F. Otherwise, y is called non-special. According to
[9, Lemma 5.1.3], there is a closed subscheme U*P®! of Up,_. such that the closed points of U*P! are
precisely the closed special points of Up,, . Let VP! denote the preimage of U! in X*" and let Zs¢!
denote the closure of V¢!,

Similarly, let UXI™ ¢ Up,_, be the Kummer-irreducible locus defined in Appendix A. Let UXred
denote its complement in Up,,,, let VK™ be the preimage of UX™? in X*" and let ZK™ denote the
closure of VKred We have Vspel ¢ yKred with equality if £, € F, and thus, zspel ¢ zKred

Lemma 3.52. We have

— ) 1 —
dim X" - dim <! > SLF: Qpld®,  dimX*" —dim ZK*® > [F: Q,]d.
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Proof. 1t follows from [9, Theorem 5.4.1 (a)] that the dimension of the Zariski closure of U spel jp X7
is at most 1 + %[F : Qp]d2. If y € U, then its fibre Xﬁen has dimension d> — 1 by Corollary 3.16.
Thus, Lemma 3.18 implies that

1
dim Z*?' < 4% + E[F :Qpld-.

Since dim X* = d? + d*[F : Q »] by Corollary 3.40, the assertion follows. Similarly, Proposition A.9

implies that the dimension of the closure of UX™ in X" is at most 1 + (d2 — d)[F : Q,]. The same
argument gives the required bound for the codimension of ZXred, O

Let U™l := Up \ UP and let VP! the preimage of U™ in X*. Let VKI™ be the preimage
of UKI™ in X*" We have an inclusion VK™ ¢ yseel and the subschemes coincide if {p€F.
Proposition 3.53. VK™ is Zariski dense in X*". Moreover, the Jollowing hold:

(1) ifd =2, then dim X*" — dim(X*" \ VKI™) > [F : Q,];

Q) ifd > 2, then dimX*" — dim(X*" \ VKI™) > 1+ [F : Q,].

(3) ifd > 1 is arbitrary but D is absolutely irreducible (i.e., m = 1), then
dim X*" — dim(X*" \ VKI™) > 4[F : Q,].

Proof. Since Vp,_, is dense in X*" by Proposition 3.51, we have X = Zpy, = ZKed U ZKIT | where

ZKi s the closure of VK™, Since dim ZK*d < dim X*" by Lemma 3.52 and X s equi-dimensional,
S en \

we get that X 80 _ gKirr Moreover,

Ygen \ VKirr YU ZKred U U Zp,
Pmin<P

and claims (1) and (2) follow from the dimension estimates in Lemmas 3.30, 3.29, 3.52. If Dis absolutely
irreducible, then {P : Puyin < P} = 0, and claim (3) follows from Lemmas 3.30 and 3.52. O

‘We now want to transfer the density results from X*" to Rg |@.

Lemma 3.54. Let A — B be a flat ring homomorphism, let U be an open subscheme of Spec A and let
V be the preimage of U in Spec B. If U is dense in Spec A, then V is dense in Spec B.

Proof. Let q be a minimal prime of B and let p be its image in Spec A. Since the map is flat, it satisfies
going down, and so p is a minimal prime of A. Since U is dense, it will contain p; hence, V will contain
q. Thus, V contains all the minimal primes of B and so is dense in Spec B. O

Proposition 3.55. Let (Spec(Rg/w))Kirr be the preimage of VKT in Spec(Rg J@). Then
(Spec(l’?g/W))Kirr is dense in Spec(Rg/w).

Proof. The map A#*"/w — Rg/w is flat since it is a localization followed by a completion. The
assertion follows from Lemma 3.54 and Proposition 3.53. O

Remark 3.56. Since (Spec(Rg /@))¥™ is also the preimage of UXI™ in Spec Rg /@, we may characterise
it as an open subscheme of Spec Rg /@, such that its closed points are in bijection with x € P; (Rg |@),
which map to P;(RP*/w) in Spec RP® and for which the representation

px : Gr — GL4(R2 /@) — GLq(k(x))

remains absolutely irreducible after restriction to G - for all degree p Galois extensions F’ of F({,).
Lemma A.2 implies that H>(G -, ad’p,) = 0 for such x.
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We will now prove similar results for the generic fibres. For each partition P as in Section 3.4, let
X;D;.b be the scheme theoretic image of XP* inside ng and let X;g,c " be the preimage of X?; in X&". We

warn the reader that, contrary to our usual notational conventions, it is not clear that Y};: considered in
Section 3.4 is the special fibre of Xf; . However, the following still holds.

Lemma 3.57. dim X5"[1/p] < dim X5 .

Proof. Let ap be the RP*-annihilator of RY’ and let bp be the RP*-annihilator of R}’ /. We may write
XZ" = Spec A" [ap AE", Y;;,en = Spec A%" [bp AZ",

Since Rgs is a finite RP*-module by Lemma 3.24, we have YVbp = 4/(ap, @). In particular, the special

fibre of X7gfn has dimension equal to dim Yien. The assertion follows from Lemma 3.23. O

Proposition 3.58. Let

VI = XEN[1/p] \ U XZ"[1/p].
Prmin<P

Then V™ is an open dense subset of X2 [1/p]. Moreover, the following hold:
(1) ifd =2, then dim X2 [1/p] — dim(X&"[1/p] \ V™) > [F : Q,];
(2) ifd > 2, then dim X&"[1/p] — dim(X&"[1/p] \ V™) > 1 + [F : Q,];
(3) ifd > 1 is arbitrary but D is absolutely irreducible (i.e., m = 1), then X¢"[1/p] = V™.
Proof. Tt follows from Corollary 3.40 that dim X2"[1/p] = d*>+d*[F : Q,] = dim X" . Lemmas 3.57
and 3.29 together with (18) imply that for P > Ppi, we have
—gen

dim X&' [1/p] - dim X5"[1/p] > dimX*" - dim X3 . (23)

It follows from (18) that x=" \ Vi =y y zKred Up, <P Y?ﬁn. Thus, it follows from (23) and the
definition of V' that

dim X2"[1/p] — dim(X&"[1/p] \ V™) > dim X° " — dim(X*" \ VKI™), (24)

and the lower bounds for the codimension of X&"[1/p] \ V'™ follow from Proposition 3.53.
Thus, the dimension of the closure of V' is equal to dim X&"[1/p]. Since A" is O-torsion free
and equi-dimensional by Corollary 3.40 (1), X&"[1/p] is equi-dimensional, and so V'™ is dense in

Xen[1/pl.
If D is absolutely irreducible, then p, is absolutely irreducible for all closed points x € X2"[1/p]
and so X&"[1/p] = VI, ]

Corollary 3.59. Let (Spec Rg[l/p])irr be the preimage of V'™ in Spec Rg[l/p]. Then (Spec Rg [1/pD™™
is dense in Spec RFE)[l/p].

Proof. As explained in the proof of Proposition 3.55, the map A#*" — Rg is flat. Hence, the localization
A [1/p] — Rg[l /p] is also flat. The assertion follows from Lemma 3.54 and Proposition 3.58. O

Remark 3.60. Similarly to Remark 3.56, we may characterize (Spec Rg[l /p])'™ as an open subscheme

of Spec Rg[l /p] such that its closed points correspond to maximal ideals p of R%[l /p] for which the
representation

pp : Gr = GL4(RZ[1/p]) = GL4(k(p))

is absolutely irreducible.
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Corollary 3.61. The characteristic zero lift of p in Corollary 3.45 may be chosen to be absolutely
irreducible.

Proof. It follows from Corollary 3.45 that Spec Rg[l /p] is nonempty, and Corollary 3.59 implies
that (Spec Rg[l /pD'™ is nonempty. A closed point in (Spec Rg[l /pD'™ gives the desired lift of p to
characteristic zero. O

Corollary 3.62. Let ¥ C m-Spec Rg[l /p] be dense in Spec Rg[l /p]. Then
T = ¥ N (Spec Rg[l/p])irr
is also dense in Spec Rg[l/p].

Proof. It follows from the proof of Proposition 3.58 that £ \ '™ is contained in a closed subset of
Spec Rg[l/p] of positive codimension. Since Spec Rg[ 1/p] is equi-dimensional, I is dense. O

4. Irreducible components

The aim of this section is to determine the irreducible components of Spec Rg forany p : G — GL4(k)

and study their geometry. It is instructive to consider first the one-dimensional case. Let / : G — k*
denote any continuous character and write """ : G — GL;(Ry;) for its universal deformation. Local
class field theory gives a group homomorphism

o PN G Y GL (R,

where y := up~(F) is the subgroup of p-power roots of unity in . We note that 4 is a finite cyclic
p-group. The map induces a homomorphism of O-algebras O[u] — Ry, where O[u] is the group
algebra of u over O.

Lemma 4.1. Rz/; = Olullyi,--- ,y[F;QP]H]].

Proof. Tt follows from local class field theory that the pro-p completion of Gj‘;’ is isomorphic to
Hp=(F) X ZI[,F:Q’)]+1 , and the assertion follows from [27, Proposition 3.13]. ]

It follows immediately from Lemma 4.1 that the set of irreducible components of Spec R is in
bijection with the group of characters y : u — O, and the irreducible component corresponding to y
is given by Ry ®o(y],x O, which is formally smooth over O.

Let us return to the general case p : G — GL4(k). Mapping a deformation of p to its determinant
induces a natural map Rgeipz — Rg, which makes Rg into an O[u]-algebra by applying the above

discussion to ¢ = detp. The algebra O[u][1/p] is semi-simple and its maximal ideals are in bijection
with characters y : u — O*. We thus have

RA1/pl= [] RI*[1/pl, (25)

Xiu—Ox

where R;X = Rg ®0[ul,x O- So our goal is to show that the rings R;’X are O-torsion free integral
domains, which we do by showing in Corollary 4.19 that they are normal. Since we already know that Rg
is O-torsion free by Corollary 3.38, this implies that the map Rgei5 — Rg induces a bijection between

the sets of irreducible components, which answers affirmatively a question raised by GB—Juschka in
[8]. Along the way, we will also determine the irreducible components of A" and RPS.
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Warning 4.2. We emphasize that R;’X is not a ‘fixed determinant deformation ring’ in the usual sense

but is rather constructed by fixing the value of the determinant only on the subgroup Artg (u) C G;P:
the ring RFE)’X represents the closed subfunctor Dg’X - D% given by

D;’X(A) = {pa € D5(A) : det pa(Artp (x)) = x (x),Vx € u}.

Proposition 4.3. There is an isomorphism

Rdet;[[xl,...,xr]]/(fl,...,f,) i) Rg,

where r := dimg Z' (Gp,ad’ p) and t := dimy H*(Gr,ad’p) such that the elements fi, ..., f; form a
regular sequence in Ryei[[x1, . .., x,]. Moreover,

r—t=(d*-1)([F:Qp]+1).

Proof. This argument is a modification of Kisin’s method of presenting global deformation rings over
local ones in [32, Section 4]. Kisin’s argument is an important refinement of Mazur’s obstruction theory
in [37, Section 1.6].

— _t . . .
The exact sequence 0 — ad’p — adp 5 k — 0 of Galois representations induces an exact
sequence of abelian groups:

1
0= Z'(Gr.ad’ D) — Z!(Gr.adp) —3 Z'(GF. k).

and hence, r = dimy ker(Z!(tr)). The map Z!(tr) : Z'(Gr,adp) — Z'(GF, k) is the induced map on
Zariski tangent spaces of the map of deformation rings Ryeip — Rg, and thus lifts to a surjection

é:R:= Raepllxr, ..o xr ] - Rg.

We set J := ker ¢. By Nakayama’s lemma, we need to show that dimy J/mJ < t.
The module J/mJ appears as the kernel in the sequence

0—>J/TTIJ—>§/E1J—>E/JER§—>0. (26)
In view of the above sequence, we shall construct a homomorphism
a : Homy (J/mJ, k) — ker(H*(tr): H*(GF,adp) — H*(GF,k))

and show that the kernel of « injects into coker(H! (tr)). This will imply the existence of the presentation
in the statement of the Proposition, since then

dimy J/mJ < dimy ker(H?(tr)) + dimy, coker(H' (tr)) = dimy H*(G ¢, ad’p), (27)
where the last equality comes from the long exact cohomology sequence that arises from 0 — ad’p —

adp - k — 0.
Fix u € Homy (J/mJ, k). The pushout under u of the sequence (26) yields

0— I, — Ry 5 RI -0,
where I, = k. The surjection of profinite groups GL4(R,,) —» GLd(Rg) has a continuous section by

[45, Proposition 2.2.2] (which is not necessarily a group homomorphism). Thus, there is a continuous
function p,, : Gg — GL4(R,,) such that the diagram of sets
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Gr 2“5 GL4(R,)

x iGLd (éu)
P

GL4(R3)

commutes. The kernel 1+ M,(1,,) of GL;(¢,) can be identified with ad p ® I,,, and so the set-theoretic
lift yields a continuous 2-cocycle

cu € ZX(Gp,adp) ® I,

given by 1+ ¢, (g1,82) = pu(8182)Pu(82) "' Pu(g1)~". The class

[c.] € H*(GF,adp) & I,

is independent of the chosen lifting since any other lift p7, gives rise to a class ¢, € Z*>(Gr,adp) ® I,
which differs from ¢, by a coboundary in B*(G,adp) ®; I, so the representation p° can be lifted
to a homomorphism Gg — GL4(R,,) if and only if [¢,] = 0. The existence of the homomorphisms
Rieip — Ry — Rg together with the universality of Ry imply that the image of [c,] in H 2(Gp, k)
is zero. We define a as the homomorphism u — [c,].

To analyze the kernel of @, let u be such that [c,] = 0, so that p” can be lifted to R,. By the
universality of Rg, we obtain a splitting s,, of ¢,,. One deduces that the map from /,, to the kernel of the
surjective map

fy s MR, /(M +@R,) — m?/(m%)’ + @RY)

of mod @ cotangent spaces is an isomorphism. _
The map t,, in turn, is induced from the homomorphism R/mJ — R% by pushout and from the
analogous surjection

7:m/(m? +w@wR) - m°/((m")? + @RY).

Via our identification [, = kert,, the pushout along u induces a surjective homomorphism
Yu : ker(f) — I, = k of k-vector spaces. One easily verifies that u — v, induces an injective k-linear
map

ker(a) < Homy (ker(?), k).

Upon identifying ker(7)* with coker(H' (tr)), the proof of the bound (27) is complete.
It remains to show that fi, . .., f; is a regular sequence. We may write O[u] = O[z]]/((1+2)™ - 1),
where m is the order of . By Lemma 4.1, we get a presentation

Ollz, y15 -+ > Y[F:Qp 415 X15 - - - X ]
((l+Z)m_ lsfl""sft)

By the same argument as in (22), the Euler—Poincaré characteristic formula implies that
r—t = dimy (ad’ p)([F : Qpl+1) = (d>=1)([F : Qp]+1), and thus it follows from Corollary 3.38 that

R

l R
=

dingz [F:Qpl+2+r—1t. (28)
This implies that (1 + z)™ — 1, fi,..., f; can be extended to a system of parameters in a regular ring
S:=0[zy1,-.. S VIF:Qpl+ls X1s - - - ,xr]]- Thus, (1+z)™ -1, fi,..., f; is a regular sequence in S and
SO fi, ..., fr is aregular sequence in Raep[[x1, ..., %] = S/((1 +2)" = 1). m|
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Remark 4.4. The Proposition also holds for continuous representations p : Gr — GL4(«), where «
is a local field, with essentially the same proof. The only difference is that one has to work harder to
show the existence of the continuous section g,,, as the groups GL4(R,,) and GLd(Rg) are not profinite
anymore. The existence of such a section is well explained in [21, Lecture 6].

Corollary 4.5. For each character y : pip~(F) — O and each closed point x € X&" above mpges, the
following hold:

1) RS;X is O-torsion free of dimension 1 + d* + d*[F : Qp] and is complete intersection;
) RD)’CX/zU is complete intersection of dimension d* + d*[F : Qpl.

Proof. Without loss of generality, we may assume that the residue field of x is equal to k. Proposition
4.3 gives the presentation

Ré/elpx[[xl,...,x,]]/(fl,. e ft) = R;E)';X,

where Rfi(etpx = Ryetp, ®0[u],x O- Since R()i(etpx is formally smooth over O of dimension [F : Q,] + 2

by Lemma 4.1, it is enough to show that
dimRE)’(X/w S[F:Qpl+1+r—t

Then the same argument as in the proof of Proposition 4.3 shows that the sequence w, fi, . . ., f; isregular
in Ré/etp [xi,-..,x]. Since RD)’(X is a quotient of Rf,‘x and R[‘:,‘X is O-torsion free by Corollary 3.38, we

have dim RE;X /@ < dimR} /@ =dim R - 1, and the desired inequality follows from (28). O

The restriction of a pseudo-character D : A[Gr] — A to G defines a continuous group homomor-
phism detD : Gg — A*; see [9, Definition 4.1.5]. Moreover, if D is associated to a representation
p : GF — GL4(A), then det D = det p. This induces a map of deformation rings R, 5 — R and
makes RP* into an O[u]-algebra.

Since A%" is an RP*-algebra, we may define

A&y . pgen ®O[/l],)( O’ XEmX = Spec Agenv)(,

and we let X* ™ denote its special fibre. Note that since a character of G?,P valued in a characteristic p

~gen, —gen,1 . ..
field is trivial after pulling back to p,~ (F), we have that X EX = X5 for all X, where 1 is the trivial
character. Moreover, the reduced subschemes of X" and X*™* coincide and so

dim X*™* = dim X*" = ¢® + d*[F : Q,],
where the last equality is given by Corollary 3.40.

Corollary 4.6. For each character y : pip~(F) — O, the following hold:

(1) AZ™X js O-torsion free, equi-dimensional of dimension 1 +d*+d*[F : Qp] and is locally complete
intersection;
(2) AZ™X /g5 is equi-dimensional of dimension d*> + d*[F : Qp] and is locally complete intersection.

Proof. We claim that the local rings at closed points of X&*™X are O-torsion free and complete inter-
section. Given the claim, the proof is the same as in Corollary 3.40.

We will prove the claim using the strategy outlined in Remark 3.43. We already know from Corollary
4.5 that R;"* is O-torsion free and complete intersection of dimension d” + d[F : Q,] + 1 whenever
x € X&™X s a closed point with «(x)/k a finite extension. By applying ®o[u],,O, we obtain the
x-versions of Propositions 3.34 and 3.41 and Corollary 3.42.

Let x be a closed point of X&™X, If x(x) is a finite extension of k, then @chn,x,x = RE;X by Proposition
3.34, and hence, Oxenx x is complete intersection. Otherwise, let x” and z be as in Corollary 3.42.
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In particular, z is a closed point of X&™X and «(z) is a finite extension of k. It follows from the
argument explained in Remark 3.43 that if x(x) is a local field of characteristic p, then

Oxenr [ T] = RSX = RSX = (RSY) [7],

and if x(x) is a finite extension of L, then
Oxgenx x = RDX = RDX = (RD X)X,

Since RSZ’_X is complete intersection, it follows from [48, Tag 09Q4] that the local ring (RS;X )x (and

hence its completion) is also complete intersection. The isomorphisms above imply that 6xgen,,v’x is
complete intersection. Hence, Oxzn.x y is complete intersection; see [48, Tag 09Q3]. O

Remark 4.7. Alternatively, one could first prove a version of Proposition 4.3 for deformation rings of
p : G — GLg4(x(x)) to Artinian A-algebra as in Section 3.5 for any closed point of x € X&" by
changing O to A and k to k(x) everywhere. The Euler—Poincaré characteristic formula still holds in this
setting; see [9, Theorem 3.4.1(c)]. Then deduce Corollary 4.5 in this more general setting using the
same proof and then obtain Corollary 4.6 by repeating verbatim the proof of Corollary 3.40.

In the Lemmas below, « is either a finite extension of k, a finite extension of L or a local field
of characteristic p containing k. The ring A is defined exactly as in the beginning of Section 3.5. If
char(x) = 0, then A = «, and if char(x) = p, then A is an (O-algebra, which is a complete DVR
with uniformiser @ and residue field k. As in Section 3.5, we consider deformation problems of
p : Gg — GL4(k) to local Artinian A-algebras with residue field «.

Lemma 4.8. Let p : G — GL4(k) be a continuous representation, where k is either a finite extension
of k, a local field of characteristic p or a finite extension of L. If H*(G g, ad’p) = 0, then for all characters
X 1 fpe(F) — O, the ring RS’X is formally smooth over A.

Proof. It follows from the proof of [9, Lemma 3.4.2], where an analogous statement is proved for the
deformation functors without the framing and for Artinian x-algebras, that the map

[m]
Rdetp - Rp7

induced by sending a deformation of p to an Artinian A-algebra to its determinant, is formally smooth.
By applying ®c¢(,],, O, we deduce that the map

X Oy
Rie; o R,

is formally smooth.
Since the group GZ}_P [Artg (pp=(F)) is p-torsion free, the ring Rffetp is formally smooth over A.

Hence, RE’X is formally smooth over A. (Alternatively, one could prove Proposition 4.3 for p — see
Remark 4.4 — and then obtain the Lemma as a Corollary.) O

Recall that in Section 3.7 we have deﬁned an open subscheme U™*P°! of X" \ {mges } and defined
Vospel {0 be a preimage of U™l in X° . We will refer to VP! as the absolutely irreducible non-
special locus.

Proposition 4.9. For each character y : pp~(F) — O, the absolutely irreducible non-special locus
in X=X is regular.

Proof. 1t is enough to show that localization of A#*™X /@ at x is a regular ring for every closed point
x in VP A X5 1t follows from Lemma 3.35 applied with R = RP*X/w and A = A®™X /@
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that it is enough to show that the completion of x(x) ®» AE™X at the kernel of the map of «(x)-
algebras x(x) ®» AS*™X — k(x) is regular. Proposition 3.34 implies that we may identify this ring with
deformation ring RE)’(X /w.If {,, € F, then since x is non-special H*(GF,ad’y) = 0 (see [9, Lemma
5.1.1]), Lemma 4.8 implies that RE;X /@ is formally smooth over k(x). If {,, ¢ F, then y is trivial, so
that Rﬁ;" = REX, and H*>(GFr,adpy) = 0; see [9, Lemma 5.1.1]. It follows from (21) that R/E‘x /@ is
formally smooth over «(x). O

Proposition 4.10. For each character y : pp=(F) — O, the absolutely irreducible locus in
X&MX[1/p] is regular.

Proof. Let x be a closed point in X&™X[1/p] and let p, : G — GL4(x(x)) be the corresponding
Galois representation. We claim that if p, is absolutely irreducible, then H>(G,ad’p,) = 0. Since
k(x) is a finite extension of L, ad’p, is a direct summand of ad p,, and thus it is enough to show
that H>(Gr,ad p,) = 0. By local Tate duality, it is enough to show that H*(Gr,ad p, (1)) = 0. Since
px is absolutely irreducible, non-vanishing of this group is equivalent to p, = p,(1). By considering
determinants, we would obtain that the d-th power of the cyclotomic character is trivial, yielding a

contradiction.
Given the claim, the rest of the proof is the same as the proof of Proposition 4.9 since Lemma 3.37
implies that Oxeeny 5 = RE;X . O

Lemma 4.11. Assume that F = Qp, and d = 2. Let k be either a finite extension of L or a finite or local
field of characteristic p. If char(«) = p, then we further assume that p > 2. Let p : Gq,, — GL2(k) be
a continuous representation with semi-simplification isomorphic to a direct sum of characters Y1 ®
satisfying Y1 # Yo (1) and yp # 1 (1). Then

H*(Gq,.adp) = H*(Gr,ad’p) = 0.

In particular, RS’X is formally smooth over A.

Proof. Since char(x) # 2, ad’p is a direct summand adp, and thus it is enough to show that
HZ(GQP,adp) = 0. By local Tate duality (see [9, Theorem 3.4.1(b)]), it is enough to show that
HO(GQP, ad p(1)) = 0. Non-vanishing of this group would imply that wizﬁj_.l (1) is a trivial character
for some 7, j € {1,2}. If i = j, then this would imply xcyc ®z, « is trivial, which is not the case as
char(k) # 2. If i # j, then this does not hold by assumption.

The last assertion follows from Lemma 4.8. O

Lemma 4.12. Assume that p =2, F = Q and d = 2. Let « be a finite or local field of characteristic
2 and let p : Gg, — GLa(k) be a continuous representation, which is a non-split extension of distinct
characters.

Then H*(Gq,, ad’p) = 0. In particular, RE’X is formally smooth over A.

Proof. After twisting, we may assume that we can choose a basis of the underlying vector space of p,
such that with respect to that basis,

1 b(g)

pl8) = (0 w(s)

), VgGGQZ,

where y : Gg, — «* is a nontrivial character. We use the same basis to identify ad p with M, (k) with
the Gg,-action given by

g-M:=p(g)Mp(g)~".

For i,j € {1,2}, let e;; € M>(k) be the matrix with the ij-entry equal to 1 and all the other entries

equal to zero. Let ﬁp be the quotient ad p by the scalar matrices and let e;; be the image of ¢;; in ﬁp.
A direct computation shows that
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g-en=y(@ en, g-en=ecn-v(g) 'b(g)en, g-en=y(gen —v(g) b(g)en.

Since p is non-split, b(g) # 0 for some g € Gg,. Thus, ke, is the unique irreducible subrepresentation
of ﬁp. Since Gq, acts on €12 by a nontrivial character, we deduce that H 0(GQZ, Ep) =0

It follows from local Tate duality (see [9, Theorem 3.4.1(b)]) that HZ(GQZ, adop) = 0. Note that the
cyclotomic character is trivial modulo 2.

The last assertion follows from Lemma 4.8. |

Proposition 4.13. There is an open subscheme VOX X such that

@) HZ(Gpe, ad’py) = Ofor all closed points x € VX ;
2) dimX"" "—d m(X" Y\ Vo) > 2,

. N,y .
In particular, X5 s regular in codimension 1.

Proof. We first note thatif V C XM s open and satisfies part (1), then V is regular by the argument
explained in the proof of Proposition 4.9. Thus if (1) and (2) hold then XY s regular in codimension
1. We also note that Lemma A.2 implies that part (1) holds for VKimx .= yKir n X5 We consider
three separate cases.

Case1: d > 2or F # Qp or D is (absolutely) irreducible. These three conditions correspond
to parts (1), (2) and (3) of Proposmon 3.53, respectively, and indeed Proposmon 3.53 implies that
the complement of VK™Y in X*™ has dimension at most dim X" ¥ — 2. Hence, we may take
V() X — VKlrr X

Case2:d=2and F =Q, and p > 2 and D is reducible. In this case, = {1} so y = 1, and thus,

weenl = i
X = X 1t follows from Proposition 3.26, Lemma 3.30 and Lemma 3.52 that

VO =X\ (yuzp uzd uzked)

satisfies part (2). We may also write V0¥ = yKir y V{Jmax, where we use the notation introduced in

the proof of Proposition 3.27. Since part (1) holds for VXI™ it is enough to consider closed points
x € V5, . The definition of V, implies firstly that p is reducible and secondly that if we let ¥
and zﬁz denote its irreducible Jordan Holder constituents, then | # (1) and 5 # ¢ (1). Therefore,
H*(Gp,ad’p,) =0 by Lemma 4.11.

Case 3: d = 2 and F = Q, and D is reducible. The proof is the same as in Case 2, using Lemma
4.12 1nstead of Lemma 4.11. However, one additionally has to remove the reducible semi-simple locus
in X** . Its dimension is at most 4 + 2 = 6 by Corollary 3.49 and the dimension of X X*™ is 8. Thus,
the codimension is at least 2. O

Proposition 4.14. X5 is normal.

Proof. Since X" isalocal complete intersection by Corollary 4.6, it is Cohen—Macaulay and satisfies
property (S2), and Proposition 4. 13 says that it satisfies property (R1). Hence, X*™ is normal by Serre’s
criterion for normality. o
Corollary 4.15. For each character y : pp~(F) — O* and p : Gp — GL4(k), the ring R/E)’X/w is a
normal integral domain.

Proof. Since X*™* is normal and excellent the completions of its local rings are normal by [36, Theorem
32.2 (i)]. So after formally completing along the maximal ideal corresponding to p, Proposition 3.34
(after applying ®o|,],,O) and Proposition 3.37 tell us that R;’X /@ is normal, and thus an integral
domain since it is a local ring. O

Lemma 4.16. Ler Y be the preimage of mges in Spec R;’X J@. Let W be a closed subscheme
of SpecR;’X/w such that H*(Gp,ad’p,) # O for all closed points x € W \ Y. Then
dim R;’X/w —dimW > 2.
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Proof. The assumptions imply that W is contained in Z U ¥, where Z = XY \ VO:X and Z is a formal
completion of Z at the point corresponding to p. In terms of commutative algebra, the ring of functions
of Z corresponds to the completion of the ring of functions of Z with respect to the maximal ideal
corresponding to p. Hence, dim Z < dim Z, and Proposition 4.13 implies that Z has codimension at
least 2 in Spec R;’X /@ . Similarly, ¥ is a formal completion of ¥ (the preimage of {mgps} in X&) at the

point corresponding to p, and using Lemma 3.30 we conclude that ¥ also has codimension of at least 2
in Spec R;’X |@. o

Proposition 4.17. X£*™X[1/p] is normal.

Proof. The proof is essentially the same as the proof of Proposition 4.14. It follows from Corollary 4.6
that XX [1/p] is Cohen—Macaulay, and we have to check that the codimension of the singular locus
is at least 2. Since X&™X[1/p] is a preimage of Spec RP*X[1/p] in X8", Lemma 3.18 implies that
X&MX[1/p] is Jacobson and we may argue with closed points.

We have already shown in Proposition 4.10 that the absolutely irreducible locus V™ in XX [1/p]
is regular. Thus, the singular locus is contained in

L) xg™1/p),

Pmin<P

where X3 := Xeenx 0 X2

If either p is absolutely irreducible, F # Q,, or d > 2, then it follows from Proposition 3.58 that
Xe&em-x[1/p] is regular in codimension 1.

If p is reducible, F = Q, and d = 2, then there are two partitions Ppin and Ppax and
dim X&™X[1/p] — dim X;”fﬁ?ﬂ:‘ [1/p] = 1, so the previous argument does not work. If x € X&™X[1/p]
is a closed singular point, then it follows from Proposition 4.10 and Lemma 4.11 that p is reducible
and its semi-simplification has the form ¢ @ (1) for some character ¢ : Gg — «(x)*. Thus, we
may assume that the pseudo-character D associated to p is equal to i + (1). We will now recall a
construction, carried out after Lemma 3.24, in this special case. Let R v be the universal deformation
ring of . Mapping a deformation i 4 to the pseudo-character 4 + ¥ 4(1) induces a map of local O-
algebras RP® — Ry. Let X%smr be the schematic image of Spec R; — XP* induced by this map. Let

W = X&MX Xxps Xf;mf The generic fibre W[1/p] contains all the singular closed points, and since
X#"[1/p] is Jacobson, W[1/p] contains the singular locus of X¢"[1/p]. The special fibre W is a union
of Z71;,2max and Y (as underlying topological spaces). Thus, dimW < 6 as dimY < 4 by Lemma 3.30 and
dim Z}fm < 6 by Proposition 3.26. Since W is a GLg-invariant subscheme of X", Lemma 3.23 im-

plies that dim W[1/p] < 6. It follows from Corollary 4.6 that dim XX [1/p] = dim X*™* = 8. Thus,
the codimension of the singular locus in X&™X[1/p] is at least 2. O

Corollary 4.18. X&™X s normal.

Proof. Since A%*™X is O-torsion free by Corollary 4.6, the map O — A#™X is flat. We have shown in
Propositions 4.14 and 4.17 that the fibre rings L ®» A%*™Y and k ® » AS*™X are normal. Since O is a
regular ring, [11, Corollary 2.2.23] implies that A#*™X is normal. O

Corollary 4.19. For each character x : pp~(F) = O* andp : Gp — GL4(k), the ring R;’X isa
normal integral domain.

Proof. The proof is essentially the same as the proof of Corollary 4.15. To see this, note that Corollary
4.18 implies that X&™X is normal, and that the formal completion of X&™X along the maximal
ideal corresponding to p is R;’X by the y-version of Proposition 3.34 as explained in the proof of
Corollary 4.6. O
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Lemma 4.20. Let W be a closed subscheme of Spec R;’X [1/p] with the property that
H*(Gp, adopx) # 0 for all closed points x € W. Then dim R/E)’X [1/p] —dimW > 2.

Proof. Since in characteristic zero ad’ p, is a direct summand of ad p we obtain that H2(G -, ad py) # 0
for all x € W. This implies that W is contained in the singular locus of Spec RS’X [1/p]. Since Rg’)‘ [1/p]
is normal, the singular locus has codimension of at least 2. O

The next result answers affirmatively a question raised by GB—Juschka in [8, Question 1.10].

Corollary 4.21. The map Ryeip — Rg induces a bijection between the sets of irreducible components.

Proof. Since Rg is O-torsion free by Corollary 3.38, the irreducible components of Rg and Rg[l /p]
coincide. Since the algebra O[up~(F)][1/p] is semi-simple, we have

RZ[1/p] = 1_[ E’X[l/p]. (29)

X:iHpoo (F)—O

It follows from Corollaries 4.5 and 4.19 that R;’X is an O-torsion free integral domain. We note that the
special fibres of these rings are non-zero, thus the rings themselves are non-zero. Hence, the localization
;’X [1/p] is non-zero and is an integral domain. O

Corollary 4.22. Rg[l /p] is normal and Rg is reduced.

Proof. The first assertion follows from (29) and Corollary 4.19. Since Rg is O-torsion free by Corollary
3.38, it is a subring of Rg[l /p]. This implies the second assertion as normal rings are reduced. |

Corollary 4.23. If either d =2 and [F : Q,] >4 o0rd >3 and [F : Q] > 3, then for each character
Xt Upo(F) = O*andp : Gr — GL4(k), the rings RS’X, R[E)"X/w are regular in codimension 3. In

particular, R;’X and R;’X /@ are factorial.

Proof. The assumptions together with the lower bound on the codimension of the Kummer-irreducible
locus in Proposition 3.53 and the containment VXirr c yn-spel (res)P. Proposition 3.58) imply that the
. . . . —gen, . :
complement of the absolutely irreducible non-special locus in X (resp. absolutely irreducible locus
in X&Y' [1/p]) has codimension at least 4. It follows from Proposition 4.9 (resp. rog)osition 4.10) that
it contains the singular locus in X=X (resp. X&™X[1/p]). Hence, X8™X and X=X are regular in
codimension 3, which implies that R="¥ and RFE)’X /@ are regular in codimension 3. Since both rings are
also complete intersection by Corollary 4.5, they are factorial by a theorem of Grothendieck; see [13]
for a short proof. O

Remark 4.24. The assumptions in Corollary 4.23 are not optimal as the next Corollary shows. To find
the optimal assumptions, one would have to further study the reducible locus, and we do not want to
pursue this here. We note thatif ¥ = Q,,, p > Sand p = ((') ;‘)) is non-split, where w is the cyclotomic
character modulo p, then it follows from [42, Corollary B.5] that R;’X = Olx1,...,x9]l/(x1x2 — x3x4)
and hence is not factorial. Therefore, some assumptions in Corollary 4.23 have to be made.

Corollary 4.25. If p is absolutely irreducible, then R;’X and R;’X [@ are factorial, except in the case
d=2,F=Q3andp = p(1).

Proof. Singg p is absolutely irreducible, X&™X[1/p] is regular by Proposition 4.10, and the singular
locus of X** is contained in Z sl which has codimension at least % [F:Q p]d2 by Lemma 3.52. Thus,
if either d > 2 or F # Q,, then we can conclude that Rg’)‘ and Rg’)( /@ are regular in codimension 3

and hence factorial.
If p ¢ p(1), then HZ(GQP, ad’p) = 0, and it follows from Lemma 4.8 that R;’X and R;’X /@ are
formally smooth, hence regular and hence factorial.
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If d =2, then p = p(1) implies that detp = (detp)w?. This leaves us with two cases: F = Q, or
F =Qs.If p =2, then Rg is formally smooth over O[u] by [16, Proposition 4.5], and thus R;’X and

R;’X /@ are regular.
We claim that if F = Q3,d = 2 and p = p(1), then the ring R;’X is not factorial. It fol-
lows from [6, Theorem 5.1] that, in this case, R;’X is formally smooth over O[b, c,d]/(r), where

r=(1+d)°1+bcu) — (1+bcv) and u,v are units in O[b, c]]. The ideal p = (b,d) is prime of
height 1. If R;’X were factorial, then p would have to be principal, [48, Tag OAFT], and thus there
would exist 7 € O[ b, ¢, d] such that we have an equality of ideals (b,d) = (r,7) in O[b,c,d]. By
considering this modulo (@, ¢), we would conclude that (013 — d®, 7) is the maximal ideal in k[b,d].
Since (d° — d° 7) — (b,d)/(b,d)? is not surjective, we obtain a contradiction. The same argument
shows that R;’X /@ is also not factorial. m]

Proposition 4.26. For each character x : pp~(F) — O, the rings A**™X and A**™X /@ are integral
domains.

Proof. Since A®“™¥ isnormal by Corollary 4.18, itis a product of normal domains As*™X = A|X...XA,,.
The action of G on X&™X leaves the connected components invariant by Lemma 2.1. It follows from
Lemma 3.21 that each Spec A; contains a closed point over the closed point XP*. Thus, A; ®ges k are
non-zero for 1 < i < m. If m > 1, then this would imply that the fibre at the closed point of XP® is not
connected, contradicting Lemma 3.7. The same proof works also for the special fibre. O

Define RP*Y := RP* ®¢,,, O for a character y : u — O and using the isomorphism from
Lemma 4.1. We let XP%¥ = Spec RP*X and let X" be its special fibre.

Corollary 4.27. The rings RP[1/p], RPX[1/p] and the rigid spaces (Spf RP*)"&, (Spf RP>X)"g gre
normal. Moreover, RP*X [1/p] is an integral domain, and thus the map Ry 5[1/p] — RP*[1/p] induces
a bijection between the sets of irreducible components.

Proof. The assertion follows from [43, Theorem A.1] using Corollary 4.22. As part of the proof, one
obtains RP*[1/p] = (A" [1/p]). This yields RP*X [1/p] = (A2™X[1/p])C. Proposition 4.26 implies
that AS*™X [1/p] is an integral domain. Hence, RP>Y[1/p] is an integral domain, and the assertion about
irreducible components is proved in the same manner as Corollary 4.21. O

Corollary 4.28. The image of R in A®*" is the maximal O-torsion free quotient of RP® and is also the
maximal reduced quotient of R®. In particular, the map R, 5 — RP — RP*[1/p] induces a bijection
between the sets of irreducible components. Moreover, if D is multiplicity free, then R is reduced and
O-torsion free.

Proof. By [50, Theorem 2.20], the map X2 / GL; — XP* is an adequate homeomorphism. It follows
from [, Proposition 3.3.5] that the kernel of RP* — (A2")0l4 is nilpotent and vanishes after inverting p.
Since A" is O-torsion free and reduced, this implies that both quotients coincide and are equal to the
image of RP® in A®". This together with the last part of Corollary 4.27 implies the assertion about the
irreducible components.

If D is multiplicity free, then E is a generalized matrix algebra by [18, Theorem 2.22], and it follows
from [50, Theorem 3.8 (4)] that RPS = (Ag"n)GLd, and so RP® is O-torsion free and reduced. ]

Corollary 4.29. The image of RP>X [w in A%™X [/w is the maximal reduced quotient of R*>X [w. The
image of RP>X in A®™X is the maximal reduced quotient of R°*X and is also the maximal O-torsion free
quotient of RPSX. Moreover, if D is multiplicity free, then both RP*X @ and RP*X are integral domains.

Proof. 1f we work with the algebra EX := E ®¢[,],, O instead of E, then the argument in the proof of
Corollary 4.28 gives adequate homeomorphisms

XENX GLy — XP%Y, XY ) GLy —» X0,
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In particular, the kernel of RP*Y /@ — A£*™X /g is nilpotent. Since A2*™X /w is an integral domain by
Proposition 4.26, we obtain the first assertion. The argument with RP%¥ is the same as in Corollary 4.28
using that A®*™X is an integral domain.

If D is multiplicity free, then EX and EX /@ are generalized matrix algebras, and the argument in
Corollary 4.28 carries over. O

Lemma 4.30. If RP>X [w satisfies Serre’s condition (S1), then RP>X [w and RP>X are integral domains.

Proof. We first note that RP>X /@ satisfies Serre’s condition (RO). Since the underlying reduced
subschemes of X' and X' ¥ coincide, Proposition A.9 implies that the Kummer-irreducible locus
(Yps’)()Kirr in X" ¥ is open dense. If x € (YPS’X)Kirr is a closed point, then the pseudo-character D,
is absolutely irreducible and hence is associated to an absolutely irreducible representation which we
denote by px. Let R, be the universal deformation ring of R, and let Rf,/x be the quotient of R,
parameterizing deformations such that the restriction of the determinant to Artg (u) C G}b is equal to
x. Since Rp’¥ is formally smooth over R} , the Kummer-irreducibility of x implies that RY_is regular.

The proof of [9, Lemma 5.1.6] shows that x is a regular point in X" Hence, X" ¥ contains an open
dense regular subscheme, which implies that RPS¥ /@ satisfies (RO). Since RP*X /w satisfies (S1), by
assumption we conclude that RP*Y /@ is reduced. It follows from Lemma 4.29 and Proposition 4.26
that RP*X /e is an integral domain.

Let RPSY — Rffs’)( be the maximal O-torsion free quotient quotient and let a be the kernel of this
map. We have an exact sequence 0 — a/w — RPY /@ — R{’fs’)( /@ — 0. It follows from Corollary
4.29 that a is nilpotent. Since RP*¥ /@ is reduced, we deduce from the exact sequence that a/w@ is zero.
Nakayama’s lemma implies that a = 0. Thus, RP>Y is O-torsion free and hence is a subring of AS™X
by Corollary 4.29. Since A#*™* is domain, we conclude that RP>X is an integral domain. O

Remark 4.31. We expect that the rings RP>X and RP*Y /@ are integral domains. Although we know the
dimension of RP>X /@ by [9, Theorem 5.5.1], we cannot conclude that the ring is complete intersection
(which would imply that (S1) holds) as we lack a presentation analogous to (21). Since A#™Y and
A&MX /g7 are integral domains, this question is closely related to the embedding problem discussed in
[5, Section 1.3.4].

5. Deformation rings with fixed determinant
Let p : Gr — GLg4(k) be a representation with pseudo-character Dandlety : Gp — OFbea
character lifting det p = det D. Let

0¥ ._ po
A Rﬁ OR et 0.

Let y := ppe(F) and let y : 4 — O be a character such that the restriction of ¢ to u under the Artin
map u — Gan from local class field theory is equal to y. Then R;"p is a quotient of the ring RS’X
considered in the previous section. We let X™-¥ = Spec R;’X , X%¥ = Spec R;’l/' and denote by XX

and X~ their special fibres.

Let X : Apn — Sets be the functor, which sends (A, ny4) to the group X' (A) of continuous characters
0 : Gg — 1+ my4 whose restriction to u under the Artin map is trivial. It follows from Lemma 4.1 that
the functor X is pro-represented by

O(X) = Rt ®0[u) O = O[y1,....V[Fg,+1]- (30)

Fore € N, let ¢, : X — X be the natural transformation that sends 6 € X'(A) to 6°. We also write
@, for the induced maps O(X) — O(X) and Spec O(X) — Spec O(X). The natural transformation
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D;’X — X, p — (det p)y~! induces a homomorphism of local O-algebras O(X) — R;’X ; we will

consider R;’X as O(X)-algebra via this map in the statements below.

Proposition 5.1. One has a natural isomorphism of functors

O.x ~ pov
D XX,sodX=D;, X X.

Proof. Let (A, my) be in . An element in (D;’X Xx,0q X)(A) is a pair (p,6) such that 6 : Gp —
1 + my is a continuous homomorphism that is trivial on g, p : Ggp — GL4(A) is a continuous
homomorphism such that detp and y agree when restricted to u, and one has (detp)y~' = 4. An
element in (D;’w X X)(A) is a pair (p1,60;), where 6; : Gg — 1+, is a continuous homomorphism
that is trivial on g and p; : Gp — GL4(A) is a continuous homomorphism such that det p; = . One
verifies that the map

(p.0) — (p&67".0)
defines a bijection that is natural in A. o

Corollary 5.2. Proposition 5.1 induces a natural isomorphism

RE¥ 80(x),00 O(X) = RT'B0O(X).

We now clarify some properties of the map ¢, : O(X) — O(X).

Lemma 5.3. The map ¢, is finite and flat and becomes étale after inverting p. Moreover, it induces a
universal homeomorphism on the special fibres.

Proof. We may write d = ep™ such that p does not divide e. Then ¢4 = @, o @,. Since e is prime to
p, elements in 1 +my for (A, my) in Ap possess a unique e-th root in 1 + m4 by the binomial theorem,
and it follows that ¢, is an isomorphism. We thus may assume that d is a power of p.

The map ¢4 : O(X) — O(X) sends y; to (1+y;)¥—1. One checks that the monomials Hl.[:@” I+ yi
with 0 < m; < d — 1 form a basis of O(X) as O(X)-module via ¢4 by checking the assertion modulo
@ and using Nakayama’s lemma. A (standard) calculation shows that the discriminant is a power of p
up to a sign. Thus, ¢4 becomes étale after inverting p.

Themapp, : O(X)/w — O(X)/w is apower of the relative Frobenius of Spec(O(X) /@) /Spec k.
The last assertion follows from [48, Tag 0CCB]. O

In the following results, we deduce properties of the ring R;"/'.
Corollary 5.4. The following hold:

) R[E)’w is a local complete intersection, flat over O and of relative dimension (d* —1)([F : Qpl+1).

2) R[E)"/'/w is a local complete intersection of dimension (d> — 1)([F : Qpl +1).

Proof. The pushout of the isomorphism from Proposition 4.3 under R4eiz — O, which corresponds to
Y, gives an isomorphism

Olxt, ... x /(s fi) = R;"/’

with r —t = (d®> = 1)([F : Qp] +1). To prove (1) and (2), it thus suffices to show that the dimension of
R;’w/w is at most (d? — 1)([F : Qp] + 1), or equivalently (see (30)), it suffices to show that

dim((R;’w 80 O(X)) /@) < d*([F : Qp] + 1). (31
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Let us write X := Spec O(X)/w. Since 7 X — X is a universal homeomorphism. by Lemma 5.3,
the map

X g, X X e

is a homeomorphism. In particular, the spaces have the same dimension, which is equal to
d*([F : Qp] +1) by Corollary 4.5. We conclude using Corollary 5.2 that (31) is an equality. O

Lemma 5.5. Let p : GF — GLy4(k) be a representation, such that det p =, where « is either a finite
or local field of characteristic p or a finite extension of L. If H*(G r,adp) = 0, then the ring RE"/' is
formally smooth over A with A as in Subsection 3.5.

Proof. This is the same proof as the proof of Lemma 4.8. O

Theorem 5.6. The rings R;"p and R;’w /@ are normal integral domains.

Proof. We will first prove that R;’w /@ is normal. Since R;’w /@ is complete intersection by Corollary

5.4, it suffices to show that R;’w/w satisfies Serre’s condition (R1). Let p € x> := Spec R;’w/w be
a point of height at most 1 and assume that the local ring at p is not regular. Then by Lemma 5.5 there is
a closed irreducible subset Z of Ym’w of codimension at most 1, the closure of p, such that for all z € Z
with finite or local residue field the space H>(G r, ad’p.) is non-zero. Using the explicit bijection from
the proof of Proposition 5.1, and the isomorphism of Corollary 5.2 modulo, @ it follows that there is a

=0, - . . .
closed irreducible subset W ¢ X * X% %, X of codimension at most 1, such that for all w € W with

finite or local residue field, the space H 2(G F, adopw) is non-zero, where, as in the proof of Proposition
5.1, the point w corresponds to a pair (p,,, 8,,). Since the map (32) is a homeomorphism and sends

(pw,0Ow) to py,, the image of W in YD’X, which we denote by W', is closed irreducible of codimension

at most 1 in YD’X, and all x € W’ with finite or local residue field have non-vanishing H2(G g, ad’p,).
Lemma 4.16 implies that the codimension of W’ is at least 2, yielding a contradiction.
Let us prove that R;’w is normal. Since R;’w is O-torsion free by Corollary 5.4 and we know that

the special fibre is normal, it is enough to prove that R;"/' [1/p] is normal; see the proof of Proposition
4.18. Lemma 5.3 implies that the map

XX/ pl Xx(1/p1ea X[1/P] = X7X[1/p] (33)

is finite étale. We proceed exactly as in the proof for the special fibre, using (33) instead of (32) and
Lemma 4.20 instead of Lemma 4.16. m|
Corollary 5.7. The absolutely irreducible locus is dense in Spec R;’d/ [1/p] and the Kummer-irreducible
locus is dense in Spec R[E)’lp |@.

Proof. By Proposition 3.55 and Corollary 3.59, the absolutely irreducible locus is dense open in
Spec R;’X /@ and in Spec R;’X [1/p]. Arguing as in the proof of Theorem 5.6, one deduces that
the absolutely irreducible locus is dense open in the spaces Spec R;’w /@ and Spec R;"//[l/ p]. For
absolutely irreducible x € Spec R;X /@, Kummer-irreducibility implies H(G ¢, ad’py) = 0, so the
assertion on the density of the Kummer-irreducible locus in Spec R;’X /@ follows from the proof of

Theorem 5.6. O

As explained in Section 4, both RP® and A®" are naturally R, 15-algebras. Moreover, det D = detp.
We let

RP*Y = RP®p _, O, A = A% @y

detD>

s O.

detD?

https://doi.org/10.1017/fmp.2023.25 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.25

Forum of Mathematics, Pi 45

Corollary 5.8. The following hold:

(1) AENY is O-flat, equi-dimensional of dimension 1 + (d*> — 1)([F : Qp] + 1), normal and is locally
complete intersection;

(2) A=Y @ is equi-dimensional of dimension (d> —1)([F : Qpl+1), normal and is locally complete
intersection.

Proof. The ring A®*" is excellent, since it is finitely generated over a complete local Noetherian ring.
Thus, its local rings are also excellent. An excellent local ring is normal if and only if its completion
with respect to the maximal ideal is normal, [36, Theorem 32.2 (i)]. Given this, the proof is the same as
the proof of Corollary 4.6 using Theorem 5.6. O

Corollary 5.9. The rings AE"Y and A=™Y |w are integral domains.

Proof. The proof is the same as the proof of Proposition 4.26. O

Corollary 5.10. The ring RPY [1/p] and the rigid space (Spf RP>¥)"¢ are normal. The ring RP>¥[1/p]
is an integral domain.

Proof. This follows from [43, Corollary A.10]. The last part is proved in the same way as Corollary
4.277 using Corollary 5.9. O

Corollary 5.11. The maximal reduced quotient of_RpS"/’ is equal to the maximal O-torsion free quotient
of RPY and is an integral domain. Moreover, if D is multiplicity free, then RP>Y is an O-torsion free
integral domain.

Proof. This is proved in the same way as Corollary 4.28. O
Proposition 5.12. The map
Rgeip — RI (34)

is flat.

Proof. LetS :=O[z,y1,---, y1+[p;QP]]]. By arguing as in the proof of Proposition 4.3, we may choose
presentations

Rdetﬁ = S/((l +Z)m - l)’ Rg = S[[X],...,xr]]/((l +Z)m - l’fl""’f;‘)’

such that (34) is a map of S-algebras and (1+z)" -1, f1,. .., f; is aregular sequence in S[[xy, ..., x,].
Let 8" := S[[x1,...,x:]/(fi,--., fz). Then S is complete intersection, and hence Cohen-Macaulay,
and the fibre ring k ®g S’ is isomorphic to R/E)’lp /@, which has dimension equal to dim R[E) —dim Rgetp =
dim S’ — dim S, by Corollary 5.4. Since S is regular, the fibre-wise criterion for flatness, [36, Theorem
23.1], implies that S’ is flat over S. Hence, Rg = §/((1+z)" 1) isflatover Ryeip = S/((1+z)™=1). O

6. Density of points with prescribed p-adic Hodge theoretic properties

We fix a continuous representation p : Gp — GLg4(k). Let Rg be its universal framed deformation
ring and let X© = Spec R[Lf. If x : Rg — Q,, is an O-algebra homomorphism, then we denote by
pT 1 Gr — GL4(Q,,) the specialization of the universal framed deformation p° : Gr — GLd(Rg)

at x. In this section, we will study Zariski closures of subsets £ c X" (@p), such that p¥ is potentially
semi-stable for all x € X and satisfies additional conditions imposed on either the Hodge—Tate weights
or the inertial type of pfJ. Recall that the Hodge-Tate weights HT(p) of a potentially semi-stable
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representation p is a collection k of d-tuples of integers k . = (ko1 2 ko2 2 ... 2 ko g) for each
embedding o : F — @p, and we say that k is regular if all the inequalities are strict. Let

s = (x € XO (@p) : pY is crystalline with regular Hodge—Tate weights}.
For a fixed regular Hodge—Tate weight k, we let
T ={xe XD(@p) : p is potentially semi-stable with HT(pY) = k}.

If p is potentially semi-stable, then to it we may attach a Weil-Deligne representation WD(p); we denote
by WD(p)¥ = its Frobenius semi-simplification. We may attach a smooth irreducible representation of
GL4(F), which we denote by LL(WD(p)), to WD(p)f =5 via the classical Langlands correspondence;
see [14, Section 1.8] for more details and further references.

Let 27" be the subset of X, such that x € 3 lies in £ if and only if LL(WD(pY?)) is a principal
series representation. In terms of the Galois side X} may be characterised as the set of x € X such
that the restriction of p? to the Galois group of some finite abelian extension of F is crystalline.

Let le(pCd be the subset of ¥ such that x lies in X, “d i and only if WD(py) is irreducible as a
representation of the Weil group Wy of F and is induced from a 1-dimensional representation of W,
where E is an unramified extension of F of degree d. In this case, LL(WD(p,)) is a supercuspidal
representation of GL;(F).

The goal of this section is the following theorem.

Theorem 6.1. Assume that p { 2d. Let ¥ be any of the sets X, szc, Z,SCPCd defined above. Then X is
Zariski dense in X". ; ;

Remark 6.2. We could additionally require the representations in = to be benign in the sense of
[25, Definition 6.8], or instead of considering crystalline representations, fix an inertial type.
One could also change the definition of Zip “d o allow E to be a ramified extension of F . see

[25, Section 5.3]. B

The problem for X has been studied by Colmez [19], Kisin [34], Chenevier [17], Nakamura [39],
[40]. Hellmann and Schraen have studied the problem for Zimc and = in [28]. Emerton and VP have

studied the problem for £¢, =" and ZZpCd in [25]. A common feature of these papers is that they show

that the closure of ¥ is a union of irreducible components of X™ and density is equivalent to showing
that £ meets each irreducible component. If one knows the irreducible components, then one might
hope to show density this way. This strategy has been carried out for X by Colmez—Dospinescu—VP
in [20] for p =d =2 and F = Qp, and by Al in [30] for p > d and F arbitrary, when p is the trivial
representation, where after determining irreducible components, one can write down the lifts explicitly.
We note that using Corollary 4.21, one may remove the assumption p > d in [30, Theorem 5.11]. It
seems impossible to carry this out for arbitrary k and p directly, even if one knows that the irreducible
components of X are in bijection with irreducible components of Spec Rye(. Instead, we combine our
knowledge of irreducible components with results of [25].

The paper [25] builds on the global patching arguments carried out in [14], which assumes that
p 1 2d and p has a potentially diagonalisable lift. This last condition can be easily verified if p is semi-
simple (see [14, Lemma 2.2]); it has been shown to always be satisfied in [24, Theorem 1.2.2]. The
output of [14] is a complete local Noetherian O-algebra R, with residue field k and a linearly compact
Ro-module M, which carries a continuous R-linear action of G := GL,4(F). Moreover, the action
of R [K] on M, extends (uniquely) to a continuous action of the completed group algebra R [ K],
where K := GL;4(OF), so that M, is a finitely generated R K ]|-module.

https://doi.org/10.1017/fmp.2023.25 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.25

Forum of Mathematics, Pi 47

Lemma 6.3. We have an isomorphism of Rg-algebras:
~ ROS
Roo = RE ®O A,

where A is a complete local Noetherian O-algebra, which is O-torsion free, reduced and equi-
dimensional. Thus, the ring R, is a reduced, O-torsion free and flat R[E)‘—algebra.

After replacing L by a finite extension, the irreducible components of Spec R« are of the form

Spec(Rg’X ®0 A/p), for a character y : Up=(F) — O* and a minimal prime p of A. Moreover, distinct
pairs (x,Pp) give rise to distinct irreducible components of Spec Ro.
Proof. The ring R, is defined in [14, Section 2.8] and is formally smooth over the ring denoted by R'*
in [14, Section 2.6]. The ring R'° is a completed tensor product over O of Rg, the ring R'é‘l, which is
formally smooth over O by [14, Lemma 2.5], and potentially semi-stable rings at other places above
p, denoted by R?’f’T in [14, Section 2.4]. These are O-torsion free, reduced and equi-dimensional by
[33, Theorem 3.3.8]. Thus, R = Rg ® A, where A is formally smooth over the ring ®, eSp\p RS»-f»T in
the notation of [14]. Since the rings Rg’f’T are O-torsion free, reduced and equi-dimensional, so is the
ring A by [14, Corollary A.2] and [29, Lemma A.1]. Since Rg is also O-torsion free, reduced and equi-
dimensional, we obtain that the same holds for R,,. Since A is O-torsion free, R, is a flat Rg-algebra.

It follows from [29, Lemma A.5] that after replacing L with a finite extension, we may assume
that for all minimal primes p of A, the quotient A/p is geometrically integral, by which we mean that
(A/p) ®» O is integral domain for all finite extensions L’/L. If p’ is a minimal prime of Rg, then
Rg /p = R/E)’X for a unique character y : pp~(F) — O* by Corollary 4.21. The moduli interpretation
of R;’X together with Corollary 4.19 shows that the ring is geometrically integral. It follows from
[4, Lemma 3.3 (5)] that the minimal primes q of R, are of the form p’(Rg ®p A) + p(Rg ®0 A), where
p’ is the image of q in Spec Rg and p is the image of q in Spec A. This implies the last assertion. O

In our arguments, we will not invoke the assumption p t 2d, since eventually this restriction used
in construction of M., should become redundant. In particular, the next two Lemmas do not use this
assumption.

Lemma 6.4. Let  : Gg — O be a character such that  is trivial on the torsion subgroup of G}b.
Then after replacing L by a finite extension, we may find a character n : G — O* such that n¢ = .

Proof. Ttfollows from local class field theory that the maximal torsion-free quotient of Gzl‘}’ is isomorphic
to ZXZZ’, where m = [F : Qp,]. We choose topological generators y1, . . ., ¥m+1, Where 1 is a generator
of Z. Let Y (y1) be the image of ¥/ (1) in k. If it is not equal to 1, then choose 4 € k such that A9 = (7).
We enlarge L, so that the residue field contains A and let u : Z X ZZ’ — 7Z — O be the unramified

character, such that (y;) is equal to the Teichmiiller lift of A. After replacing ¢ with yu~¢, we may
assume that ¥ (y;) = 1 (mod ). Thus, we may view ¢ as a character on ZZ‘” and ¥ (y;) = 1 (mod @)
for 1 <i < m+ 1. After enlarging L, we may find y; € (@) such that (1+y;)¢ = ¢/(y;). Since the series

d+y)* =2, z ¥} converges for all x € Z,,, we may define  on ZZ’” by sending y; to 1+ y; and
then inflate it to G . O

Lemma 6.5. Let k : G — O be a character. Then there is a crystalline character y : Ggp — O*
such that W« is trivial on the torsion part of G‘;?.

In particular, given characters x : Gp — k™ and x : pp~(F) — O, there exists a crystalline
character y : G — O* lifting « such that y (Artg (z)) = x(2) for all z € pp=(F).

Proof. The Artin map Artg : F* — G;P of local class field theory allows us to identify characters
Y Ggp — O* with characters ¢ : F* — O*. Under this identification, y is crystalline if and only if
¥ (x) = [1g:pesr o (x)" for some integers n,- and for all x € OF by [22, Proposition B.4].
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Let ¢ be a generator of the torsion subgroup of F* and let m be the multiplicative order of /. Let & be
a primitive m-th root of unity in L. Then «({) = £¢ for some integer a. Let o : F < L be an embedding
such that o(£) = €. Let ¢ : FX — (O* be the character (x) = o-(xw;v(x))“ for all x € F*, where v is
a valuation on F normalized so that v(@wr) = 1. Then ¢«x~!(¢) = 1, and hence, ¢«~! is trivial on the
torsion subgroup of F*. Moreover, ¢ is crystalline by the above. Note that yx~' = 1 (mod @).

For the last part, we may choose any « : G — O* lifting ¥ and satisfying «(Artg (z)) = x(z) for
all z € up~(F) and apply the previous part. m]

Lemma 6.6. Let  : Gr — O be a character lifting detp and let x : Rgeis — O be the corresponding
O-algebra homomorphism. Then the centre Z of G acts on Me ®R,,;,x O via the character 67!, where
6 : Z — O* is the composition

7z = P25 g o,
where € is the p-adic cyclotomic character.
Moreover, Mo ®Ry,5.x O is non-zero and projective in the category of linearly compact O[K]-
modules on which Z N K acts by 6.
Further, if  is crystalline, then there is an algebraic character 6 : Resgp G — Gy, defined over L
such that 8|k nz is equal to the composition

OF = (Resh G)(Qp) = (Reshy ) (L) — G (L),

where Resgp denotes the restriction of scalars.

Proof. Tt follows from the discussion at the beginning of [14, Section 4.22] that Z acts via ¢ on the
Pontryagin dual of Mo ®g,,;,x O- Hence, it acts on Mo ®R,5,x O via 67!, The second part follows
from [14, Corollary 4.26]. The last part follows from [22, Proposition B.4] as explained in the proof of
Lemma 6.5. O

If V is a continuous representation of K on a finite dimensional L-vector space, then we define a
finitely generated R [1/p]-module M. (V) as follows. Since K is compact, it stabilizes a bounded
O-lattice © in V. Let

My (0) = (Homg’f[‘tK]](Mm,G)d))d,
where (-)¢ := Hom%’m(-, 0). Then M (®) is a finitely generated R.,-module. The module M, (V) :=
M. (®) ®p L does not depend on the choice of a lattice ©.

We will denote by Irr(G) the set of equivalence classes of irreducible algebraic representation of

(Resg GL,). defined over L. If ¢ € Irr(G), then we will consider it as a representation of K by
Y4
evaluating at L and letting K act via the composition

K < (Res, GL4)(Qp) — (Resy GLa)(L).

If M is a compact O-module, then we define an L-Banach space
(M) := Hom&™ (M, L),

equipped with supremum norm. If M is a compact O[ K]-module, then the action of K on M makes
I1(M) into a unitary L-Banach space representation of K. For example, the map K — O[ K] induces an
isomorphism of unitary L-Banach space representations II(O[ K ||) = C(K, L), the space of continuous
functions from K to L, with K-action given by left translations; [46, Corollary 2.2].

https://doi.org/10.1017/fmp.2023.25 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2023.25

Forum of Mathematics, Pi 49

Lemma 6.7. Let 6 : Res(g Gm — Gy, be an algebraic character defined over Land let 6 : ZNK — O*
P

be the character associated to 6 in Lemma 6.6. Let M be non-zero and projective in the category of
linearly compact O[K]-modules on which Z N K acts by §~'. Then there is ¢ € Trr(G) such that
Hom@"(M, £*) # 0.

Proof. We may assume that M is a direct summand of O[ K] ‘5(9[[ knz],s-1 O since an arbitrary projec-
tive module is isomorphic to a product of indecomposable projectives, and these are direct summands
of O[K] @o[[lmz]]’éq O. Then the Banach space I1(M) is a non-zero direct summand Cs(K, L), the
subspace of C(K, L) on which Z N K acts by 6.

Using the theory of highest weight, we may find 7 € Irr(G) such that the central character of 7 is
equal to 6. It follows from [23, Corollary 7.8] that the evaluation map

7® ¢ @ Hom™ (r ® ¢/, I1(M)) — II(M)
&elr(G/Z)

has dense image. Thus, there is &’ € Irr(G/Z) and an irreducible summand & of 7 ® &’ such that
Hom@™ (¢, T1(M)) # 0. Dually, this implies Hom@" (M, £*) # 0. !

Theorem 6.8. The action of Rg on M., is faithful.

Proof. Let p be a minimal prime of Rg. We have shown in Corollary 4.21 that there is a character

X 1 Hp=(F) — L* such that Rg /p= R;’X . It follows from Lemma 6.5 that there is a crystalline character
¥ 1 G — O* lifting detp such that ¢ (Artg (z)) = x(z) forall z € pp=(F). Letx : Rgeip — O be
the corresponding O-algebra homomorphism. It follows from Lemmas 6.6, 6.7 that there is & € Irr(G)
such that

Hom@™ (Moo ®Ryes.x O,€7) # 0.

This implies that Mo () ®Ry5.x O # 0.

Let a be the R annihilator of M. In [25, Theorem 6.12], it is shown, following the approach of
Chenevier [17] and Nakamura [40], that the closure in Spec R, of the union of the supports of M (£')
for all £’ € Irr(G) is a union of irreducible components of Spec Re,. Thus, there is a minimal prime q
of R such that Supp M« (¢) C V(q) C V(a).

Since Moo (&) ®Ryyx O # 0, Lemma 6.3 implies that the image of q in Spec Rg is equal to p. Thus,
p contains a N Rg, which is the Rg-annihilator of M,,. Since Rg is reduced by Corollary 4.22, the
intersection of all minimal prime ideals is zero, and hence, Rg acts faithfully on M. O

Proof of Theorem 6.1. This is proved in the same way as [25, Theorems 5.1, 5.3]. Let us sketch the proof
in the case of £ for the convenience of the reader. For each & € Irr(G), let ag be the Rg-annihilator

of M (&). It follows from [14, Lemma 4.18] that RFE)‘ /ag is a quotient of the crystalline deformation
ring of p with Hodge-Tate weights corresponding to the highest weight of &; see [14, Section 1.8],
[23, Remark 5.14]. Moreover, R% /ag is a union of irreducible components of that ring. This implies that
Rg /ag is reduced and O-torsion free. The set X contains the set of maximal ideals of (Rg /ag)[1/p].
Since (Rg/ ag)[1/p] is Jacobson, if a € Rg is contained in the intersection of all maximal ideals in

> then a will annihilate M, () for all ¢ € Irr(G). The continuous L-linear dual of M, (&) can be
identified with Homg (&, I[1(M)). The key point is that the image of the evaluation map

B e Hom (6, 11(M)) — N(M-o) (35)
Eelr(G)

is dense. Thus, a will annihilate the left-hand side of (35), and by density it will annihilate IT(M,). The
continuous L-linear dual of I1(M) can be identified with M [1/p]. Since Rg is O-torsion free and
R[EJ acts faithfully on M, by Theorem 6.8, we deduce that a = 0.
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Ifx =3 orx, “dthen the argument is the same, except that instead of considering all ¢ € Irr(G),
one fixes & € Irr(G), such that the highest weight of & corresponds to the Hodge—Tate weights k and
one considers the family ¢ ®;, V, where V are principal series or appropriate supercuspidal types; see
the proof of Theorems 5.1, 5.3 in [25] for more details. O

Remark 6.9. It is natural to ask whether the ring R acts faithfully on M. We cannot answer this
question in general since it boils down to whether every irreducible component of the potentially semi-
stable rings Rg"f’T (see the proof of Lemma 6.3, where v € S, \ p is a place above p, different from the
place at which the patching construction is carried out) has a point corresponding to an automorphic
Galois representation. These questions are connected with modularity lifting theorems and the Fontaine—
Mazur conjecture; see [14, Remark 4.20].

However, if all RS“E’T were integral domains, then the ring A in Lemma 6.3 would also be an integral
domain, and we would deduce from the proof of Theorem 6.8 that R, acts faithfully on M. A further
possibility is to avoid the modularity lifting related issues by carrying out the patching construction of
[14] at all places above p at once. Then the proof of Theorem 6.8 would carry over in this new setting
to show that R, acts faithfully on M.

Remark 6.10. In [7], which is a sequel to this paper, we have proved the density of X in the rigid
analytic space (Spf R‘(E))rlg associated to the formal scheme Spf R/E) by making a strong use of [24] to
show that X is non-empty. This, in turn, implies Theorem 6.1 for £ without any restrictions on the
prime p; see [7, Corollary 5.2]. However, the sets X} and ZZpCd for a fixed regular k are not Zariski

dense in (Spf Rg)rig, and the argument explained in this section is the only known method to approach
the density result in Theorem 6.1 in these cases. We also find Theorem 6.8 to be an interesting result in
its own right: if one believes the expectation in [14, Section 6] that M., should realize the conjectural
p-adic Langlands correspondence, then Theorem 6.8 has to hold.

A. Kummer-irreducible points

The purpose of the appendix is to slightly generalize the notion of non-special points in
X" = Spec RP® /@ in [9, Definition 5.1.2]. We use the notation of the main text. In particular, ), is a
primitive p-th root of unity in a fixed algebraic closure F of F. If x € X", then welet Dy = D" @g k(x),
where m is an algebraic closure of the residue field at x, and we let p, : Gr — GLg4 (m) be the
semisimple representation whose pseudo-character is D .

Definition A.1. We say that x € P(RP/w) is Kummer-irreducible if the restriction of Dy to G-
is absolutely irreducible for all degree p Galois extensions F’ of F({,). Otherwise, we say that x is
Kummer-reducible.

Thus, x is Kummer-irreducible if and only if pxlGy, o 18 non-special in the sense of
[9, Definition 5.1.2]. In particular, if {, € F, then both notions coincide. Our main interest in this
notion is the following Lemma.

Lemma A.2. If x is Kummer-irreducible, then H*(Gp,adp,) = 0
Proof. Since the order of Gal(F({),)/F) is prime to p, we have

Hz(GF, adOpx) ~ HZ(GF(_(P)s adopx)Gal(F(-(P)/F).

Since x is Kummer-irreducible, the restriction of p, to G F(Zp) is non-special, and it follows from
[9, Lemma 5.1.1] that H*(Gp (). ad’p,) = 0. o

If E C F is a finite extension of F then we denote by RY" the universal ring for deformations of the

pseudo-character D|g,,. We let X, E = Spec RY:, Ulrr the absolute irreducible locus in X E " and Un spel
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the non-special locus in UT. These are open subschemes of X . Let UP be the complement of U™
of Ur. We drop the subscript E, when E = F.

Lemma A.3. If E C F is a finite extension of F, then the morphism r : XP — X2

i induced by
restriction of pseudo-characters of G to G, is finite.

Proof. The proof is similar to the proof of Proposition 3.24. The map RpES — RP is a local homo-
morphism of complete local rings with residue field k. Topological Nakayama’s lemma implies that
it is enough to show that the fibre ring § := RP* /mel;Rps is a finite dimensional k-vector space,
which amounts to showing Spec S = {mg}. We note that S represents the functor of deformations
D4 : A[GF] — A of D to local artinian k-algebras A such that Dl = BlGE Q A.

Let y be any point of Spec S with associated pseudo-character D, and semisimple representation
py : Gr — GLg (Fy)). The restriction py |G, is semisimple, cf. [9, Lemma 2.1.4], and its associated
pseudo-character is BIG = Ok Fy), so that p, (G ) is finite. Hence, p, (G F) is finite, and therefore, D,
is defined over a finite field k” O k. This shows that the corresponding ring map S — «(y) factors via
k’, and thus its kernel y is the maximal ideal mg. O

We define the Kummer-reducible locus in U™ as

Ukt = o (| K\ UED),
FI

where the union is taken over all degree p Galois extensions F’ of F({,). Since there are only finitely
many such extensions, UKred s closed in U™, We define the cyclotomic-reducible locus in U™ as

Cred ._ pyirr -1 ,Ps irr

U =U"nNnr (XF((p)\UF((p))

This is also a closed subset of U™ and is contained in UX™4. If F does not contain a primitive p-th root
of unity, then UC™d = U and UC™d = @ otherwise.

Lemma A.4. We have U ¢ UK, Moreover, the inclusion is an equality if F contains a primitive
p-th root of unity.

Proof. If {,, € F, then the definitions of UX™ and U*P! coincide. If £, ¢ F, then y € U*P! if and only
if D is irreducible and the restriction of Dy to G F(Z) 18 reducible. If we further restrict Dy, to G-,
where F" is any degree p Galois extension of F'({,), then the pseudocharacter remains reducible. Thus,
y € Ukred, o

Lemma A.S. Let T be a locally closed subset of U™, let T be its closure in U™ and let Z be its closure
in X", Then &imT = dimT and dim Z = dim T + 1.

Proof. Since U™ is open in YPS, T is locally closed in X Thus, T is open in Z. Lemma 3.18 (5)
applied with Spec R = Spec S = Z and U = T implies that dim Z = dimT + 1. Since T is contained in
U™, it does not contain the closed point of X" . ThusT c Z \ {mges }. Since Z is the spectrum of a local
ring, dim(Z \ {mgn}) = dim Z — 1. We conclude that dimT < dim Z — 1 = dim 7. Since T contains 7,
dim7 < dimT. o

Remark A.6. The equality dim7 = dim 7 in Lemma A.5 may also be deduced from [48, Tag ODRT],
which applies in a more general context.

Lemma A.7. We have

: 1
dim U™ — dim U¢¢ > Ealz[F 1Qp] > 2.
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Proof. 1t follows from [9, Theorem 5.5.1] and Lemma A.5 that
dim U™ = d*[F : Q,]. (36)

If £, € F, then U™ is empty and the required bound follows. If £, ¢ F, then U™ = Ul and it
follows from [9, Theorem 5.4.1 (a)] and Lemma A5 that dim U < 1dz[F Qpl- O

Lemma A.8. We have

dim U™ — dim UX™® > 4[F : Qpl 22

Proof. Tt follows from [9, Lemma 5.1.1] that the preimage of U;f(d( ) in X under the morphism
Sp

re X0 o Y];:S({p) from Lemma A.3 with E = F({,) is equal to UX™d \ UCd_ Thus, the induced
morphism 7 : UKred \ yCred U?Fl( , is also finite. We deduce
>p

: Kred Cred . spcl
dim(U™\ U )SdlmUF(g)

from [48, Tag 01 WG].
Since F({,) contains a primitive p-th root of unity, [9, Lemma 5.1.1] implies that if p does not divide
d, then U el g empty; thus, UK = €4 and the required bound follows from Lemma A.7.

F(¢p)
Let us assume that p divides d. Part (a) of [9, Theorem 5.4.1] applied with K = F({,,) bounds the
dimension of U:f(d( ) by 3d*[F({p) : Qp] from above. The % in this estimate appears by estimating

[K’ : K] = 2 (see the proof of [9, Theorem 5.4.1] for the notation; K’ corresponds to our F’). If K
contains a p-th root of unity, then it follows from Case II of [9, Lemma 5.1.1] that [K” : K] = p. Since
F({p) contains a p-th root of unity, the argument in the proof of [9, Theorem 5.4.1] gives us

dim U, < (d/p)*[F': Q] =

R d*[F : Qp].

[F({p) - F]
p
Since [F({p) : F] < p — 1, we conclude that
-1
dim(UK™\ y°dy < 2= 2[F 1 @, ).
p

Lemma A.5 implies that the same bound holds for the dimension of the closure of UX"d \ y¢rd jp yirr,
Lemma A.7 gives the bound

dim U™ < %dZ[F :Qpl.
Thus,
dimUS™ < 2= 22(F . Q).
Since dim U™ = d?[F : Q,] by (36), we obtain
dim U™ — dim U > ;d[F :Qp] 2 d[F:Q,] =2,

where we have used that p divides d in the second inequality. O
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Proposition A.9. There exists an open dense subscheme UN™ c U™ such that x € P{(R” /@) is
Kummer-irreducible if and only if x is a closed point in UN™. Moreover,

dim Uirr _ dim(Uirr \ UKirr) > d[F . Qp] > 0.

Proof. Let UXI™ be the complement of UX™ in U™, Since UK is closed in U™, UK is open in U™,
If y € U'™, then y lies in UX™¢ if and only if there exists a degree p Galois extension F’ of F({ ) such

that Dy |g,., is reducible. If y € X" is not the closed point and Dy|g,, is irreducible for all such F’,
then D, is irreducible, and hence y € UXI™. It follows from Lemma 3.18 (4) that U™ 0 Py (RP* /@) is
the set of closed points in UXI™, The bound for the difference of dimensions follows from Lemma A.8.
Since U'™ is equi-dimensional by [9, Theorem 5.5.1], this implies density. O
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