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Abstract

There exists a natural notion of convexity in the space of all compact convex sets in RY. Thus, we may
consider the space of all bounded closed convex families of compact convex sets. We present here a
strange generic extremal behaviour of the elements of this space.
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Let & denote the space of all compact convex sets of R, equipped with the
Hausdorff distance 8. A set ¥ C & is called convex if A, B€ % and A € [0,1]
imply A4 + (1 — A)B € A (Minkowski addition). Let ¥ be the space of all
bounded closed convex subsets of § and let A denote the Hausdorff distance in
€. Then (¥, A) is complete ([2], pages 314, 315), hence a Baire space too. We
always use the words “most” and “typical” in the sense of “all, except those in a
set of first Baire category”. An element 4 € % of a set A € € of convex sets is
called extremal if A is not a convex combination of other two elements of 9. As
a contribution to the study of the space ¥, we shall describe in this note the
extremal behaviour of typical elements of €.

V. Klee (private communication) proved that in an infinite-dimensional compact
convex subset X of a normed linear space, most compact convex subsets of X are
nowhere dense in X. Concerning the extreme points of such sets, Klee [1] showed
that in most compact convex subsets of an infinite-dimensional Banach space, the set
of extreme points is dense.

The following theorem from [4] is analogous to the first result of Klee
mentioned above.
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Typical members of € are nowhere dense in &.
We establish here the following surprising theorem, similar in spirit to Klee’s
second result.

THEOREM. In typical members of € most elements are extremal.

PrOOF. We follow the ideas of the proof of Theorem 1 in [3]. Let &(4,r)C &
and #(A,r)C € be the balls of radius », and centre 4 € &, respectively
A € €. Let S(A) be the set of nonextremal elements of A € €. Then

s = U 5,0,

where S, ()= {A4 + (1 - A)B: A €[},3), A,B€ U, 8(A4,B) < 1/n}. Let
= {A e € S(A)is of second category},
&, = {% € €: S,(A) is not nowhere dense},
N4 {% € ¢:34 € A such that B(4,m™") C S§,(%) }.

n,m

Since
o0 00
gc Ut U +, .
n=1 n,m=1

it suffices to prove that 7, , is nowhere dense.

Let # € €, ¢ > 0 and « < ed /% Consider the lattice «Z ¢ with fundamental
distance a in R“. As every point in UN has a distance smaller than aVd to some
point in aZ ¢, every element of ¥ is at Hausdorff distance smaller than ayd from
some polytope with vertices in «Z“. Since UY is bounded, all these polytopes are
contained in some large ball K € R The convex hull B of the set of all these
polytopes (a “polytope of polytopes™) is a member of Z(¥, ¢). We are going to
use the fact that the spherical images of the vertices of a polytope in R, which is
a convex combination of two other polytopes, are obtained as intersections of
spherical images of vertices of these two polytopes. The set of all spherical images
of vertices of polytopes with vertices in aZ“ N K is finite and hence so is the set
of all spherical images of vertices of elements of 8. Assume now that there is an
element Q, € B at distance more than m~! from any extremal element of B.
Consider a polytope P, with §(Q,, P,) < (2m)~! containing a vertex of spherical
image different from and included in one of those mentioned above. Then P, is
an extremal element of the convex hull B, of B U {P;} and all extremal
elements of B are extremal elements of B, too. If still there is an element
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Q, € B, at distance more than m~' from any extremal element of %,, then we
insert a new polytope P,, and obtain a new set B, in the same way. Note that all
extremal elements of R, are now extremal elements of B,. We continue this
procedure. We claim that it stops after finitely many steps. Suppose, indeed, that
we produce infinitely many steps. Then we have a sequence { P,}¥_, of con-
structed polytopes, all in B(UB, m™'). Then, by Blaschke’s theorem, some
subsequence converges. But this contradicts the inequality

8(P,,P)>8(P,.0,)—8(P,.Q,)>m —=(2m)" = (2m)”

which holds for all ¢ and » (¢ < n). Hence we can construct a “polytope” ¥/,
which is a member of Z(¥%,¢) — &,

Let the polytope V' be a fixed extremal element of 3’. We claim that there
exists a ball @, C & with centre V such that @, N §,(B’) = J. Indeed, suppose
we can find a sequence { 4;}32, with 4, € S, (") converging to V. Every A; can
be written as AP, + (1 — A,)Q,, with P, Q, € ', and § < A, < 3. By using
Blaschke’s theorem and taking an appropriate sequence of 1ndlces {1 } 721, We can
arrange that P, - P, Q, — 0, and >\ - A, with P, Q € ' and Aeid il
This implies that ¥V = AP + a-xg 'is not extremal and a contradiction is
obtained.

Now we claim that there exists even an open neighbourhood @, € % (%, ¢) of
B’ such that S,(2)N O, = & for each £ € @,. Indeed, suppose we can find a
sequence { ;)% converging to B’ such that S,(2,)N @, # . Choose B, €
S, (2)N0,. We have B, = AP, + (1 — A)Q, for suitable P, Q, € £, and
A, €[}, 3] Again we find a sequence of indices {i,}%, such that P, - P,
Q. = Q,and A, » A, with P, Q € ' and }\6[3,3] Then B, —» B for the
pojlytope B= Aj’ + (1 = A)Q, which belongs to both S,(B") and 0,, thus
contradicting the choice of 0.

Let E(*B’) denote the (finite) set of extremal elements of B’ and O =
Ny e p@y- We claim the existence of a neighbourhood A"C @ of B’ for which
the following holds: For every Q € 4" and every B € £, the ball B(B, m™!)
meets the union U, . zq,@,. Suppose this is not true. Then there exist a
sequence { £3,}%, converging to B’ and a sequence { B;}%, with B, € &, such
that B(B,, m™') does not meet ¢, for any extremal element ¥ of B’. Again we
can select a sequence of mdlces {i,}721 such that {B; }}2, converges. Since
L; = B, {B, )2, converges to an element P of B'. Tnv1ally, B(B,. m) -
?B(P m1). Hence B(P,m')yNO,= @ for any V € E(B’), which contradicts
the construction of P’. This shows that &, . is nowhere dense, and the theorem
follows.
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