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Abstract  Consider an isospectral manifold formed by matrices M € gl.(C)[z] with a fixed leading
term. The description of such a manifold is well known in the case of a diagonal leading term with
different eigenvalues. On the other hand, there are many important systems where this term has mul-
tiple eigenvalues. One approach is to impose conditions in the sub-leading term. The result is that the
isospectral set is a smooth manifold, bi-holomorphic to a Zariski open subset of the generalized Jacobian
of a singular curve.
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1. Introduction

Consider a Hamiltonian system written in the form of a Lax pair, i.e. (d/dt)A(z) =
[A(z), B(z)], where A(z) and B(z) are complex matrix polynomials in a variable z, i.e.

A(z) = AdiEd + Ad_lxd_l +---+ 4y, A; gl (C),

B(z) = Biz' + Biy#'™' +---+ Bo, B; €gl(C).
The coefficients A;, B; are matrices which depend on the dynamical variables. The
coefficients of the spectral polynomial P(z,y) = det{A(z) — yId,) are the first integrals

of the system. It is easy to see that the matrix Ay is invariant of time, consequently it is
natural to fix it. Denote by M7 the isospectral variety

M} = {A(z) : det(A(z) — y1d,) = P(z,y) = 0 and Ag = J}.

The affine curve X, = {(z,y) € C? : P(z,y) = 0} is embedded in Oz(d). Let X, be
the compactification of X,, we will call it the spectral curve associated to the matrix
polynomial A(z). If the affine curve X, is smooth, then it is easy to check that the
variety M is smooth (L. Gavrilov, personal communication; see also [8]).
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Figure 1. Spectral curve with an ordinary 3-tuple point at infinity.

Several articles on the same topic have appeared. Adler and van Moerbeke [2] fixed
the matrix Aq = J and searched to calculate the variety M3/PGL,.(C,J) (PGL.(C,J)
corresponds to a subgroup of the projective group PGL,.(C) formed by matrices which
commute with J; moreover, this subgroup acts on MJ by conjugation) when the matrix
J is diagonal with simple eigenvalues. So the spectral curve becomes smooth (even at
infinity). However, it is interesting to consider singularities at infinity, because a lot of
integrable systems possess an affine smooth spectral curve and at infinity this curve is
singular (this happens when the matrix J has eigenspace, the dimension of which is
greater than one), for instance the Kowalevskaya top {5], the anharmonic oscillator, the
Garnier system and integrable quartic [14, p. 172].

If the affine curve X, is smooth, van Moerbeke and Mumford [18] describe the quotient
variety M7 /PGL.(C, J) as a Zariski open subset in the Jacobian J(X). If the affine curve
X, is not smooth, they express the variety M7 /PGl (C,J) as a Zariski open subset
in a generalized Jacobian. The difference between the present paper and [18] is that
we describe M} (not the quotient variety M7 /PGL.(C,J)), and, furthermore, the affine
curve X, is smooth but its compactification is singular at infinity.

The article of Adams, Harnad and Hurtubise [1] gives an expression of the same
quotient variety MP/PGL.(C,J) as an affine part of the usual Jacobian J(X). This
result is also proved by Beauville {3].

In [6,9,13], the authors describe abstract Hamiltonian systems. On the other hand,
Hitchin [9] noted that it is important to explicitly find the Hamiltonian differential equa-
tions describing these systems. Here, we consider concrete realization of integrable sys-
tems. The difference between our systems and the integrable systems of Hitchin type
described in the literature [6,13] is the line bundles, which we consider, are neither sta-
ble nor semi-stable; moreover, Hitchin’s systems linearize on abelian varieties but our
systems linearize on generalized Jacobians.

To conclude, we mention a recent article of Gavrilov [8], who uses smooth spectral
curves and shows that the variety MJ is an open subset of a commutative algebraic
group (the generalized Jacobian of X,).
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The purpose of the present article is to describe the variety M ,‘i in the case where
the matrix J is diagonalizable and has multiple eigenvalues (then the matrix J is not
regular).*

Suppose that the affine curve X, is smooth and at @; € X, (where z(Q;) = o), Xa
is locally a normal crossing of many branches. Let F = {(C", J), (E, K)} be the data at
infinity of X, (J is an endomorphism J € End(C"), E a vector space and K € End(E),
see Definition 3.2. We assume that J is diagonalizable and K is diagonalizable with
distinct eigenvalues. Let X be the smooth compactification of X,. Let Py, P,,..., P. be
the ‘infinite’ points of the curve X and X’ ~ (X, 3", F;) the singular curve obtained from
X identifying the points Py, P, ..., P. with a single point noted co. Define

MZ = {A(z) € M} : prp.Aans |5 = K,

where prp is the projection on E and |g is the restriction to E. Denote further by ©’
the canonical Riemann theta divisor formed by special line bundles on X’ of degree p,
(the arithmetic genus of X'}, that is to say dim H'(X’,L’) # 0.

The main result of this article is the following theorem.

Theorem 1.1. The variety M 1}; is smooth and bi-holomorphic to a Zariski open subset
of generalized Jacobian of X', J(X') - ©'.

2. The generalized Jacobian

Now, we introduce the notation of this article [17]. The construction and properties of
generalized Jacobians are due to Rosenlicht [15,16] (even if the generalized Jacobian has
already been used by Jacobi [10]) and Lang [11,12]; they rely on the theory of abelian
varieties, developed by Weil [20]. We consider X to be a smooth compact irreducible
algebraic curve. Let P; for 1 < 7 € s be some distinct points on X. We put m = Zf=1 n; P
and n; e N* Vi=1,2,...,5. We call S(D) the support of some divisor D on X, i.e.
S(m) ={Py, Ps,...,Ps}, denote Xreg = X — S(m) and 7 = >_;_, n;.

Definition 2.1. To the pair (X, m) we associate a singular curve X’ = X,z (Joo. The
curve X' is, as a topological space, just X with its points Py, ..., P, identified with a
single point co. The structure sheaf O’ of X’ is defined in the following way. Let Ox- be
the direct image of the structure sheaf Ox under canonical projection X — X’. Then

, _[0s, if P € Xreg,
P71C+i0, ifP=oo,

where i, is the ideal of O, formed by the functions f having a zero at P; of order at
least n;.

We define the sheaf £/(D), where D is a divisor on X such that S(D)(S(m) =0, by

LDy = [ED)P P € Xy
0L, if P = oo.

* A matrix is regular if all eigenspaces are of dimension one.
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The sheaf £'(D) is a locally free O’-module of rank one and there is a one-to-one corre-
spondence between isomorphism classes of invertible sheaves £ on X’ and isomorphism
classes of line bundles L’ over X".

Let

L'(D) = H(X',£'(D)), I'(D) = H'(X', £'(D)),
I'(D) = dim¢ L'(D), i’ (D) = dimg¢ I'(D).
As the sheaf Ox /O’ is coherent, we put ép = dimc(Op/Op) with P € X', the arith-

metic genus p, (dimension of H(X’,0')) of the singular curve X' is obtained from the
geometric genus p; of X by the relation

Pa =pg + Soo-
In fact,
Ooo Ooo
= di = di Zx) 1= -1
b = dimg (C n iw) dlmc( ioo ) deg(m) ,
then
Pa = pg +deg(m) —1
or

Pa =Dg+7T — 1
A divisor D on X with S(D) () S(m) = 0 verifies

(D) — i (D) = deg(D) +1 — pa.

Now we define the equivalence relation ~.

Definition 2.2. Let D; and D, be two divisors on X with S(D;)(}S(m) =0 and
S(D2) () S(m) = 0. Then D; X D, provided that there exists a global meromorphic func-
tion f on X, such that (f) = Dy — Dy and vp,(f — 1) 2 n;, i =1,2,...,s (vp(-) is the
order function at P).

Definition 2.3. We call the subgroup Pic’(X’) of Pic(X') := Div(X')/ X formed by
the divisors D on X with S(D)() S(m) = @ and deg(D) = 0 the generalized Jacobian of
X', denoted J(X').

It is known that J(X') is an extension of J(X), the Jacobian of X, by the algebraic
group (C*)*~1 x C™~%:

0 (C)* 1 x C™™° = J(X') & J(X) > 0.

Remark 2.4. There is a one-to-one correspondence between isomorphism classes of
invertible sheaves £ on X’ and isomorphism classes of line bundles L over X"’.
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3. The spectral curve

Let = be an affine coordinate on P'. We now consider the vector space M of all complex
matrix polynomials A(z) in a variable z, of fixed degree d (d > 1) and dimension r
(r=3)

A(z) = Agz® + Ag1z? 1 + -+ Ay, A; € gl(C).

Let
Mp = {A(z) € M : det(A(z) — y1d,) = P(z,y) = 0}

and MY be the affine subspace formed by matrices with a fixed leading coefficient Aq = J.
We put

M} = MpnM? = {A(z) € M7 : det(A(z) — y1d,) = P(z,y) = 0},
where P(z,y) is an irreducible fixed polynomial,
P(z,y) = det(A(z) —y1d,) = (-1)"y" + s1(z)y" " + -+ + 5,(2),

with deg(s;(z)) < i.d. Let P?(d) be the d-weighted projective space defined by (C3 —
{{(0,0,0)})/ ~, where (x,y, z) ~ (Azx, A%y, Az) with X € C*.

Definition 3.1. Let X, = {(z,y) € C2: P(z,y) = 0} be the curve associated to the
irreducible polynomial P(z,vy). The spectral curve is the closure X, of X, in P?(d).

Now fix a spectral polynomial P(z,y) = det(A(x) — yId), and assume that Ay is
diagonalizable.
Let
Ed = Cr, Ug = Ad.

Let u4 € End(E,) be an endomorphism of E; and Sp(ug) = {A1,. .., Ax} of respectively
order sy,..., sk, we introduce the set

I; = {i: dimKer(ug — ;) > 1}
If I; # 0, then we can define

Ed—l = @ Ker(ud - /\i)s;’

i€lg

and ug-1 € End(E;_,) by

Ud—-1 = @u;_l : Ed—l — Ed-l,
i€ly

where u%,_,,4 € I, is the endomorphism

ug_y : Ker(ug — X% — Eq4 - Ker(ug — A;)*
v o= Aga(v) = pr(Ag-1(v)).
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Definition 3.2. The data F of the spectral curve at infinity is the set

F = {(Eda ud), (Ed—-h ud—l)}'

Definition 3.3. The projective sub-group of PGI,.(C) such that the data F is invariant
under the conjugation action of this sub-group is denoted PGI,.(C; F)

IPGlr(C;f) = {R € PGlT(C) : Vk e {d,d - 1} REkukIE‘k = uk}
and
REk : Ek g Ed — Ek
v ~ RuvR™! — pr(RvR™Y).
We assume that the curve Xo—Yic 1, Qi is smooth (where 2(Q;) = co and y(Q;) = \;)
and, at Q;, X, is a normal crossing of s; branches. Let F := {(E4, uq), (Fa—1,%d4-1)}

be the data of the spectral curve at infinity where u4 is diagonalizable and u4—; is
diagonalizable with distinct eigenvalues. The geometric genus of X, is

Pe=30r—1)(rd—2)= > o, =3r—-1)(rd—2) =Y }si(s;
i€1g iely
Let X be the smooth compactification of X,. When we desingularize X ,, each point Q;
gives s; distinct points on X.
The projection
7 : P2(d) - {[0,1,0]} — P*
[,y,2] = [z, 7]

identifies the surface P?(d) — {[0, 1, 0]} with the holomorphic line bundle Op:(d), and, as
[0,1,0] ¢ X, then X is naturally embedded in Op1(d) too. The induced projection

7:X =P
is a ramified covering of degree r, and over the affine plane C it is simply the first
projection

7: X —>C

(@,y) >z

Definition 3.4. If 7~1([1,0]) = >_._, P;, then we define the modulus m to be the
effective divisor m = 3__, P.. We denote by X’ = X, the singular curve obtained from
X when we identify its points Py, Ps, ..., P. with a single point co. The arithmetic genus
of X’ is given by pa =pg +7 — 1.

Remark 3.5. Suppose the multiplicity of A;, is greater than 1 and (u4—1)% is homol-
ogous to

(23]
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and the coefficients a1, az, ..., s, are fixed and distinct. The coeflicient «; is the coef-
ficient of z in the Puiseux expansion of y, i.e. y = Ay + ajz +---.

Definition 3.6. Let P(z,y) € Clz,y| and F = {(C",J),(E, K)} be the data at infin-
ity of the spectral curve. We introduce the variety M7 defined by

ME = {A(z) e Mj: A(x) =Jz? + Ag_12%7 ' + - + Ao, Agr|e = K}

For A(z) € M and R € PGL.(C, F), then RA(z)R™! € MZ, it is easy to see that we
can choose a suitable base such that J and K are simultaneously diagonalized.

4. The eigenvector bundle

For each non-singular point p € X, which is not a branching point of X, there is a
one-dimensional eigenspace I(z) C C" of A(z(p)) with eigenvalue y(p). This gives a holo-
morphic line bundle on X, defined everywhere except for singular points and branching
points. Let X be the non-singular compact model of X,, the eigenvector bundle extends
to a holomorphic line bundle [ on the whole smooth curve X. Indeed, the mapping
p — l(p) determines a meromorphic mapping

X - cp?
z = [f(2), f2(2), - ., Fr(2)]-

Since any such mapping is actually holomorphic, the eigenvector bundle extends to X.
We denote its dual by L. If D is the minimal effective divisor such that Vi, (f;) = —D,
then L = Lp. If S(D)}(S(m) # 0, Lp does not define a line bundle on X', that is why
we must normalize the bundle Lp to define the eigenvector bundle on X’.

Proposition 4.1. Let f(z,y) = (fi1,f2,---,f-) be an eigenvector of A(z) € M}
normalized by the condition

fitfot--+fr=1l

Let D be the minimal divisor, such that (f;) > —D, ¢ = 1,2,...,7. Then we get
S(D)(N S(m) = 0 and we define (the dual to the) eigenvector bundle on the singularized
spectral curve X'.

Proof. If j € I, we shall write the polynomial P(z,y, z) near the points Q; = (z =
00,y = A;). This point give s; distinct points Pm,...,Pnsj when we desingularize X,.
Without loss of generality, we shall assume that A; = 0. The polynomial P(z,y,z) is
homogeneous in P2(d) of degree rd:

P(z,y, z) = det(z%A(z/z) — y1d,).

Write P(1,y, z) as the sum of homogeneous polynomials in ascending degrees

P(lay: Z) = st(ya Z) + st+l(y7 Z) +o 4t P‘l'd(y= Z).
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Precisely

Py;(y,2) = [[ A5 det(zud)_, — y1d,,),

it
Sj
s‘7 (y,2 H/\& H za; — ).
i£7 i=1

Let ¢, be the eigenvector of A(x) near the points P, for i =1,2,...,s;. We have
Y=anz+ -
We put ¢, = en, +vn,2+ -, and get
(Ag+ Ag1z+ - )en, +Unz+ -+ ) = (an,z+ -+ )(€n, +Vn, 2+ ),
or, componentwise,

Agen, =0,

Adv’ni + Ad—len, = ani e’ni'

We get that e,, corresponds to the eigenvector of (6;)1<r<r-

Notice the vectors f(P;) = (f1(F,),..., f~(P;)) are fixed and depend on the spectral
curve X, at infinity. Let ¢ € C" and consider the hyperplane H. = {v € C" : (c,v) =
c1v1 + -+ + ¢vp, = 0}. To normalize the eigenvector f, we choose ¢ € C” such that
f(P;) ¢ H. (in our case, we can choose ¢ = (1,...,1)), and the normalization of f is
given by (¢, f) = 1. f has a pole at P; if and only if the line determined by f(FP;) is
contained in the plane ¢; f1 + cafo + - -+ ¢ fr = 0, so with the above normalization P;
is not a pole for f. O

If D is the pole divisor of the normalized eigenvector f, then denote by L = Lp the
line bundle and by £ = Lp the corresponding sheaf of sections.
5. The dimension of H°(X, £(D))

To calculate dim H%(X, £(D)) we follow [18]. Let (z)oo = 3 ;.., F; and introduce Xo =
X —{P1,Ps,..., P} and let Ry be the algebra of regular functions in Xy. Clearly Ry =
Clz, y]. Put R = C[z]. Let V denote the subspace of H%(X,, £(D)) generated by linear
coordinates in C". Now we prove that the natural mapping r : V®R — H(X,, £L(D)) is
surjective. 7(V @ R) is an Ryp-module if f = (fi,..., f;) is the standard basis in V, then
yf = A(z)f so that yf; € r(V ® R). Suppose that 7(V ® R) is a proper Rp-submodule
in H%(Xg, £(D)). Then there is a maximal ideal I, in Ry such that

(V ® R) C I,H(Xo, L(D)).
A maximal ideal I, in Ry is naturally associated with a point p € Xp:

Im = {g € Ry, g(p) = 0}.
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All functions in r(V ® R) would vanish at p, while 1 =3"_, f; contradicts this fact.
Hence, any function of f € L(D) is an element in r(V ® R):

f= Zr:bifi +£L’(2r:b.}fi> +-'-+za(ib?fi).
i=1 =1

=1

Moreover,
fame(p) = Y b (B) + 2 (B (L 0P ) oo+ (0P
i=1 i=1 =1

We get

S obrfi(P) =0, 1<j<r
i=1 '

The r eigenvectors (f;(P;))1<i<r are independent because the matrix J is diagonalizable,
and det(f;(P;))1<i,j<r # 0, implying b = 0 for 1 < 7 < r. In the same way, b = 0 for
1<t<rand 1< j< aq, proving that

.
f= Z bifi-
i=1
Therefore dim H°(X, £L(D)) = r.

6. Calculation of deg(D)

We consider E = D +nY.;_; P; with n large enough. Clearly dim L(E) > r(n+1), since
every function z* fifor0< i< nand 1< j < rbelongs to that space. But every function
f € L(E) belongs to r(V & R). So that

r=Sngrn(Snn) v ean(Seen)
i=1 i=1 i=1

Using the same process, it is easy to show that a < n. Therefore, the dimension of L(F)
is r(n + 1). Using the Riemann-Roch Theorem on X we get

rn + deg(D) —pg + 1 =dim L(E) =r(n+1).

So that
deg(D) =pg+7—1.

7. Statement of the main result

Firstly, we state the next proposition.
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Proposition 7.1. We define © as the canonical Riemann theta divisor of JP=(X)
formed by special line bundles Lp of degree p,, i.e. dim HY(X,L(D)) # 0. If Lp €
PicP*(X) — O, then the sheaf n,L(D) (r is the projection X — P! induced by [z,y, z] —
[x,2]) is a trivial Opi-module of rank r:

7!'*[,(D) =0p DO & - P Opr.
Then we have a bi-holomorphic map

{a matrix A(xz) € Mp up to conjugation by a matrix in PGL,.(C)}

l

{an isomorphism class of a line bundle L € PicP*(X) — O}.

Proof. The demonstration of [3] works with little modifications. Let L be a line bundle
on X of degree deg(L) = p, and dim H°(X, L) = r. By the Riemann-Roch Theorem,*
x(L) = deg(L) ~ pg + 1 = r. Moreover,

dim H°(X, £) = dim H°(P!, 7.L),
x(£) = x(m L) = deg(m L) + (1 — pg(P)) rank(m, L) = deg(m.L) + 7.

Then we obtain that m.L is a locally trivial Op:-module of rank r, degree 0 and it has r
holomorphic sections, so

W*£=pp1€BOP1€B'--€BOP1.

r

The invertible sheaf £ on X can be equivalently described as a locally trivial Opi-module
. L equipped with an additional structure of a m,(0O-module, or, equivalently, a homo-
morphism of algebras a : m, O — End(m.L). To describe the homomorphism a amounts
to giving a linear map

A:7m.L — 7 L(d),

that is to say, a polynomial r x r matrix A(z) of degree d. Clearly, A(x) satisfies
P(z,A(z)) = 0 and as P(z,y) is irreducible over C(z), then by the Cayley—Hamilton
Theorem the spectral polynomial of A(z) is P(z,y). Note that the matrix A(z) is deter-
mined only modulo an automorphism of 7L, and hence up to conjugation by a matrix
R € GL,.(C). d

Denote
PGL,(C; F) = {R € PGL,(C) : R is a diagonal matrix}.

x(£) is the Euler-Poincaré characteristic defined for a line bundle L on X by
x(£) = dim HO(X, £) - dim H'(X, C).

https://doi.org/10.1017/50013091500021222 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500021222

Singular spectral curves and completely integrable systems 615

The group PGL,(C; F) acts freely and properly on the smooth manifold MZ by con-
jugation. We consider the following commutative diagram

ME £ MZ/PGL.(C;F) —— 0

e [
0 —— (C)! — JX)-0 -2  JX)-6 ——0

where ©' = ¢~1(O). We are ready to state the following theorem.

Theorem 7.2. Denote by ©' = ¢~1(0) the theta divisor formed by line bundles L’ €
PicP*(X') such that dim H'(X', L) # 0. The variety M, is smooth and bi-holomorphic
to J(X') - ©".

Proof. Let PicP*(X’) be the shifted Picard group Pic®(X’) of degree p, line bundles
on X'. It is isomorphic to the Jacobian variety J(X’), and J(X’) — @’ is the subset of
line bundles L’ € PicP*(X') with one non-zero holomorphic section. We get a mapping

{a matrix A(z) € MZ}

|

{an isomorphism class of a line bundle L € PicP*(X’) — &'}.

In fact it is an isomorphism, to show that we follow [8] and prove the fibres ¢~ !(b) and
¢~ o l(b) have the same dimension and !’ is an injective morphism of algebraic groups.
The dimension of the fibres is r — 1. Now check that !’ is injective. Let L’ be a line bundle
on X' of degree deg(L') = p, and dim H°(X’,£’) = 1. By the Riemann—Roch Theorem
x(L') = deg(L’) — pa + 1 = 1. Moreover,

dim H%(X', £') = dim H°(P!, 7, L"),
x(£) = x(m L) = deg(m . L) + (1 — pg(P*)) rank(m, L) = deg(m, L) + .
g

Then we obtain that 7, L’ is a locally trivial Op1-module of rank r, degree 1 — r and has
one holomorphic section, so

L = 02 @ Op(-1) @+ & O (-1).

r

The invertible sheaf £’ on X' can be equivalently described as a locally trivial O»:-module
m, L' equipped with an additional structure of a 7, ()’-module, therefore a homomorphism
of algebras a : 7,0’ — End(m,L’). To describe the homomorphism a we shall give a linear
map

A:n L - 7n,L(d),

that is to say, a polynomial 7 X 7 matrix A(z) of degree d. Clearly, A(z) satisfies
P(z,A(z)) = 0 and as P(z,y) is irreducible over C(z), then by the Cayley—Hamilton
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Theorem the spectral polynomial of A(z) is P(z,y). Note that the matrix A(z) is deter-
mined only modulo an automorphism of m,L’. As the vector 1 =5 f; € H(P!,n.L’)
in the base fi, fo,..., f-, is the vector (1,1,...,1), then A(x) is determined up to con-
jugation by a constant matrix R with eigenvector (1,1,...,1). Thus if A’(z) is another
matrix in M7 which defines the same eigenvector sheaf £’, then A’(x) = RA(z)R™!. As
R commutes with the leading term J, Rg,_, commutes with ugz—; and (1,1,...,1) is an
eigenvector of R, then R =1Id € PGL,(C).

Finally it remains to show that M7 is smooth. We choose a € P!, a # [0 : 1] generic
(i.e. such that A(a) has a simple spectrum), the vector fields

adz*“(z) = [fk_(aa) 1A(z)], k€N,

are tangent to the fibre o~ !(b). It is shown in [14] that these vector fields induce transla-
tion invariant vector fields on J(X’) (although the results are formulated only on J(X)).
The direction of these vector fields is moreover computed (formula (8.5) on p. 177 of [14]).
These formulae imply that these vector fields span, for a generic, the tangent space to
the generalized Jacobian J(X’). a

8. Examples

Example 1: a harmonic oscillator with two degrees of freedom

Consider the simplest case, where A(z) is written in the base {e1, ez, e3}:

0 0|0
Alz) =Ajz+A=] 0 0|0 Jz+
0 0 ap

The spectral polynomial P(z,y) = det(A(z) — yId,) is
P(z,y) = h1 + hoy + hay® — v® + z(ha + hsy + aoy?).

When a; = ay, the polynomial P(z,y) is not irreducible, so consider the case a; # as.
Let
X. = {(z,y) : P(z,y) = 0} C P2

Let X, denote the closure of the affine curve X, in the total space of the line bundle
Op:1(1). We choose ag € C* and (h1, ho, ks, hg, hs) € C® such that X, — Q is smooth, and
then at Q (z(Q) = oo and y(Q) = 0), the curve X, is locally a normal crossing of two
branches. Denote by X the smooth compactification of X,. The double point Q € X,
gives two smooth points P;, P, € X on X,. Therefore, X is topologically a sphere. Let
P = (z = 00,y = ap), the modulus is m = P; + P, + P and call X' = X,

P(z,y,z) = apaia2zz? — ap(a; + a)zyz + aory® — y°
+ (a1 + az + a3)y’z + (z1y1 + Z2y2 — 182 — @103 — a2a3)yz>

3
+ (a1a203 — a2Z1y1 — G1T2Y2)2°.

https://doi.org/10.1017/50013091500021222 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500021222

Singular spectral curves and completely integrable systems 617

The data of X, at infinity is

F= {({el,ez,ea}’Al)’ ({61’62}’ < (:)l 6?2 ))}

The variety MZ is defined by

4 A
Z; a1a2a3 — G2T1Y1 — A1Z2Y2 = Iy
as Y1Z1 + YoTo — G102 — G103 — G203 = hp
M}f=< T eC’: ay+ay+asz=hs .
T2 apa1az = hy
n —ag(a1 + a2) = hs
\ \¥2 )

The Hamiltonian system on M If is Ag = [Ap, A1], or, in others words,

Y1 = oY1,
Y2 = apY2,
Ty = —apTi,
To = —apZ2,
dl = 0,

d2 = 0;

a3 =0.

The Hamiltonian function is
dz

H(A(z)) = %Reszzo tr(A%(z)) =

SO
H(A(z)) = y1z1 + y222.

The Poisson bracket {-,-}; is given by

{vi,z1h = ~a0, {y2,22}h1 = —a0, {yi,zh ={zi,y;/L =0, fori#j.
The functions a, a1, a; and as are Casimir functions for this structure.

Remark 8.1. We can take

dx
k’

Hi(A(z)) = 3 Resz=o tr(A?%(z)) k=23,

x
as the Hamiltonian function for the above system. Following the scheme described by
Reyman [14], we get other compatible Poisson structures. For instance,

Hy = apags,
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with the Poisson bracket

{}2 | ao ay a2 ag Y1 Y2 T T2
ag 0 0 0 0 0 0 0 0
aq 0 0 0 0 Y1 0 - 0
as 0 0 0 0 0 ) 0 —To
as 0 0 0 0 -4 —Y2 T T2
1 0 -n 0 Y1 0 0 a; —as 0
Y2 0 0 -y2 v 0 0 0 az ~ ag
s 0 I 0 —Z1 as — ap 0 0 0
) 0 0 Zo —T2 0 az — a2 0 0

or again we may consider
H3 = 50,(2),
with the following Poisson bracket
{ '}3 ap ay a2 a3 Y1 Y2 Ty T2
ag 0 0 0 0 —-y1 -y x 2
a; 0 0 0 o0 0 0 0 0
az 0 0 0 0 0 0 0 o0
as 0 0 0 0 0 0 0 0
m n 0 0 0 0 0 0 0
Y2 Yo 0 0 0 0 0 0 0
i -y 0 0 O 0 0 0 0
T -z 0 O 0 0 0 0 0

The components of the eigenvector of A(z) are given by
fi=plae—y),  fe=(a1 -y, fs = (a1 —y)(a2 —v).

We normalize these functions by dividing by g = fi + fo+ f3 = ¥* — (a1 + ag + y1 +
¥2)y + a1a2 + a1y2 + y1az. This polynomial g has two roots denoted y° and y!. At each
value of y, there is one value of z, we call z° the value of z for ° and z! for y!. Let

Qo = (2°,4°) and Q1 = (z',y"). We get
(fk/g)>—Q0—Q1; k=17273

We put D = Qo + Q1, deg(D) = 2. Using Theorem 7.2, we get that the variety M7 is
an open given by J2(X') - ©'.*

* Let JPa(X') = PicP>(X') be the variety (isomorphic to the generalized Jacobian J(X’)) formed by
line bundles of degree pa (the arithmetic genus of the singularized curve X’) over X’.
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Example 2: integrable perturbation of the harmonic oscillator with five

degrees of freedom

Now consider the Hamiltonian function

H = (a) + a2)p? + (a1 + b2)p3 + (b1 + a2)p + (b1 + b2)p] + (a2 + b2)p?
— (a1 + a2)q} — (a1 + b2)@3 ~ (b1 + a2)g3 — (b1 + b2)gs — (a2 + b2)g3

619

defined on the co-tangent bundle 7*C3 of C3, equipped with a canonical symplectic form
w = dpy Adq; +dps Adga +dps Adgs +dps Adgy +dps Adgs. Under a simple transformation

1 1 .
pizﬁ(iﬂi‘i‘yi): Qiz'ﬁ(_"zi"‘yi): t=1,...

ps = %(ws +us), @ = %(—935 +¥s),

the Hamiltonian function becomes

2

4

H = (a1 + a2)z1y1 + (a1 + b2)Z2y2 + (b1 + a2)x3ys + (b1 + b2)Taya + (a2 + b2)xsYs,

and the symplectic structure becomes:

{.,.}4

8
—
&
[\
8
)
8
£y
8
o
<
oy
3
%)

<@
o

I
T2
T3
Iy

[ R e R B o P e

Zs
n -
Y2
Ys
Ya
Ys

©C O O O O O

b=
OO OO O O oo
(s e i oo Y e Bl e BN o B o i o B e

cooo
o oo

o o

30

RS
OO0 O M
OO0 OOD O
coocooco oo~ oolf
cooooocor~o ool

We perturb H, adding terms of order three

H' = (a; + a2)z1y1 + (a1 + b2)z2y2 + (b1 + a2)x3ys + (b1 + b2)zaya
+ (a2 + b2)zsys + (z122 + 23%4)Ys + (11Y2 + Y3ys)Ts.

O OO DO NOOC OO

(8.1)

Proposition 8.2. The system (H', {-, -}4,R!?) is algebraically completely integrable.

Note in the base {e;,e2,e3,€e4}

0 0 ‘ 0 0 a; 0 |y =2

0lo o 0 b T

A@)=Az+do= |75 [*F | = :1:; Zi ~
o

0 0 l 0 -1 Y2 Y4 5 by
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The Hamiltonian system is Ag = [4;, A3]

T1 = (a1 + a2)z1 + Y2s, Y1 = —(a1 + a2)y1 — z2ys,

T2 = (a1 + b2)z2 + Y175, Y2 = —(a1 + ba)y2 — 15,

%3 = (ag + b1)z3 + yas, Y3 = —(a2 + b1)ys — z4ys,

Z4 = (b1 + b2)z4 + Y325, Ys = —(b1 + ba)ys — x3ys,

Ts = 2(az + b2)xs + 2(z172 + T3z4a), Y5 = —2(az + b2)ys — 2(v1y2 + yava),
da =0, by = 0.

The corresponding Hamiltonian function is

3Resz—o tr(A3(z)) d?a:

(a1 + a2)z1y1 + (a1 + ba)zoys + (b1 + a2)x3ys + (by + ba2)z4ays
+ (a2 + b2)xsys + (2122 + T324)Ys + (V1¥2 + Y3Ya)Ts,

Hy(A(z))

with the Poisson bracket of (8.1).

Remark 8.3. As in the previous example, this system possesses another Poisson
structure compatible with the first one. We find the same system with Hy = z;y; —
ToY2 + T3Ys — T4ys + a3 — b3 and the Poisson structure {-,-}5 (see Table 1).

Fix the polynomial

P(z,y) = det(A(z) - y1d,)
= hy + hox + hay — alblxz + hqzy + h5y2 + (a1 + b1)$2y
+ (b2 — a2)zy® — (a1 + by + ag + ba)y® — 2y® + ¢,

where a; # b, and asg, bs, h; € C. Note that
X, ={(z,y) € Cc?: P(z,y) =0} C P2.

Denote by X, the closure of the affine curve X, in the total space of the line bundle
Op1(1). We choose ag € C* and (hy, ho, hs, hg, hs) € C® such that X, —Q is smooth, and,
at Q (z(Q) = oo and y(Q) = 0), the curve X, is locally a normal crossing of two branches
(i.e. a1 # az). Denote by X the smooth compactification of X,. The double point Q@ € X,
gives two smooth points, Py, P, € X, on X,. Therefore, X is topologically a 2-torus. Let
Py=(z=o00,y=1)and Py = (z = 00,y= —1), the modulusism= P, + P, + P; + P4
and call X’ = Xy. The data of X, at infinity are

F= {({61,62,63,64};141)’ ({61’62}’< C(L)l b01 >>}
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[ i en I eo B = 2 =

Ys

0

0
=Ys
Ys
—y2
n
—Y4
Y3

az — bz

Ys Y4
0 0

Y3 —Ya
—Y3 0
0 Y4
0 0
0 0
az — b] 0

0 by — b2

—X4 I3
0 0
0 0

0 —Ys
0

0

0
I
~Ys

0

Y2
—Y2
0
0
Y2
0
a] — bz

»n
n
0
—-y1
0
az — ay
0
0
0
—x2
0

Table 1. Poisson structure {-,-}s
T3 Ty 23
0 0 0

—~T3 T4 0
I3 0 s
0 —T4 —Is5
0 0 0
0 0 0
0 Is 0

0 0
0

Z2
T2
0
0
-1
Ts
0

T
-T
0
1
0
0

b2
0
0
0
0

b1
0
0

{.’ .}5
a
b
az
bs
T
T2
x3
T4
Ts
n
Y2
Y3
Y4
Ys
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The isospectral variety M7 is the set

( a1a2b1by — bibox1y1 — asbiToys — a1boT3Y3

— a102Z4Ys — 11 Z5Ys + 01(T3Tays + Y3YaTs)

+b1(T1Z2y5 + Y1Y225) + (T1ya — T3y2)(Tays — Toyz) = hu
a1b1(b2 — a2) + a1(x3ys — Taya) + bi(z1y1 — T2y2) = h2

10 — albg(bl + a2) — blag(al + b2) + (b1 + bg).'l?lyl
q (zi,4:) €CT e ;.
+ (by + a2)z2y2 + (a1 + bo)zays + (a1 + a2)zays

+(b1 + a1)xs5ys — (11y2 + Y3ys)2Ts — (2122 + T3T4)ys = h3
(a1 + bi)(az2 — b2) — z1y1 + T2y2 — T3ys + Tays = hy

araz + b1by + (a1 + az)(by + b2) — z1y1

L —ToYs — T3Ys — TaYa — Ts5Ys = hs |

Using Theorem 7.2, we state the result
ME =J3(X") -6

Remark 8.4. Using the same approach, we will be able to construct other completely
integrable systems.

Acknowledgements. I express deep gratitude to my supervisor and friend L. Gav-
rilov, whose guidance and support were important for the successful completion of this
project.
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