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SINGULARITY OF MONOMIAL CURVES IN A’ AND
GORENSTEIN MONOMIAL CURVES IN A*

JURGEN KRAFT

Let 2 = s € Nand {n,...,n} S N* In 1884, J. Sylvester [13]
published the following well-known result on the singularity degree § of
the monomial curve whose corresponding semigroup is S: = (n}, ..., n.):
If s = 2, then

1
§ = S0 = Dy = D).

Let K: = —Z\S and

a; = min{a € N*lan, € 2 N - n;}

JEi
forall 1 = i = 5. We introduce the invariant
k: = card K\S — card S\K = 26 — 1

of S involving a correction term to the Milnor number 26 [4] of S. As a
modified version and extension of Sylvester’s result to all monomial space
curves, we prove the following theorem: If s = 3, then

K = (a] - l)nl + ((12 - 1)”2 + (a3 - 1)"3 — a)aas.

We prove similar formulas for s = 4 if S is symmetric.

0. Basic invariants of monomial curves. Let 4 be a field and B a
monomial curve over 4 in A’, s € N*; that is, there exists a set
{n,...,n} & N* with gcd(n}, ..., n;) = 1 such that

B = A[[X),..., X,]]/B,

where
B = ker(4[X,, ..., X,] = C: = A[[S]])
X, —

and S is the numerical semigroup
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(ny,...,no: = Nny + ...+ Nn,
Let ® denote the isomorphism

Quot B = Quot C
induced by B = C. As usual, we call

d: = d(B) = d(S) = p(*B) — codim B
the deviation of B (of S), and

m: = m(B) = m(S) = min{n,, ..., n;}

the multiplicity of B (of S).
If I € Z, then [ is called a fractional S-ideal if and only if I # 6 and
S + I € I (cf. [8]). For a fractional S-ideal I let

GIy=I\(M + 1)

denote the (unique) minimal system of generators of / and define
w(l): = card G(I).

Further let
I —J.={z€Zlz+JCI}

for a fractional S-ideal J, I =85 — I, and M. = —Z\I.
Fundamental fractional S-ideals are S, the maximal ideal M: = M(S):
= S\{0}, M~ and the canonical ideal K: = K(S): = SV, Let

ri = r(B) = r(S) = dim, m,'/B
= dim, mgz'/(mz' N B) — dim, B/(B N myz")

denote the type of B (of S). The canonical ideal

(3.0

x€K

of B we will shortly denote by f.
Here we will also be interested in the invariant

k: = k(B): = k(S): = dim, £/(t N B) — dim, B/(B N )
= card K\S — 1
of B (of S), which we will use as a measure of the singularity of B. Note
that k + 1 is the Milnor number [4] and %(K + 1) is the singularity

degree of B. We have
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r(B) = 1 & B is Gorenstein,
d(B) = 0 & B is a complete intersection, and
k(B) = —1 < B is regular.

For us, the study of the singularity of B is the study of f/(f N B) and the
computation of k(B) in terms of a minimal system of generators of 3. By
computing a basis of mpg '/B, we will be able to achieve our goal in case
s = 3 (Section 1) and in case s = 4 if B is Gorenstein (Section 2). Let

:~:=min M \S and z7: = max M \S.

Denote z= and z~ by z if B is Gorenstein. Note that z~ + 1 is the
conductor of S.

ProrosiTioN 1. If'S € N, then M ~1' € Nis also a numerical semigroup.
Moreover, S is of the form M~ for some numerical subsemigroup S of S.
which, if S € N, can be chosen to have the same multiplicity as S.

Proof. Let S C N and take S: = {0} U (S + m) C S. Then
M ' ={zeZlz+(S+mc8}2s.

On the other hand z € M ! implies z + m = Q0Qorz + m =s + m
for some s € S, and hence z € S§. But z = —m < 0 is not possible,
because M ' C N. Therefore S = M .

ProprosITION 2. G(K) = —M*I\S.
Proof.
G(K) = {—yly € Z\S and there does not exist an s € M such
that —y = s + (—x) for some x € Z\S}.

Hence
~G(K) = {y € Z\S|y + s € Sforalls € M)
= M I\S.
CoroLLARY. Z\S = (Y {y — sls € S}.
yeM \s

In particular, W(K) = 1 if and only if S is symmetric (cf. [6] for the
definition of a symmetric numerical semigroup).
If char 4 = 0, then using a theorem of Seidenberg [12], one has

- ~ 0
my' = Der, B> Der, C = 2_1 A=,
deM at

a -
M 'a being homogeneous of degree d. If S € N, then M~ ' € N, so that
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. — a
the scalar multiples of the Euler derivation ta— of C are the only homo-
t

geneous derivations of C of weight = 0 ([10], also [14]; concerning this,
J. Wahl [14] proves a theorem for surfaces). We have

9
Der, C = 2 ct'=,
deG(M™) at

where {td+ Ig
ot

Der, C, and hence
w(Der, C) = p(M™").
Further

d e GM™ Y } is a minimal system of generators of

[1‘”'3, t‘“'ﬁ] =(d + af’)t‘”‘"“3 foralld,d € M.
ot ot ot

In particular

zﬁ, Pk L P Tl
dat ot ot

If § c N, then Proposition 2 shows
GM™Y = {0} U M\S = —G(K) U {0}

_ a .
and hence w(M 'Y=r+ 1, andas0 corresponds to ta—, this means that
!

the minimal generators of M~! (the Euler derivation taken out) are
reflected to the minimal generators of the canonical ideal K. This
illustrates the distinguished role the Euler derivation plays among the
elements of a minimal system of generators of Der, B.

PROPOSITION 3. S is symmetric if and only if z~ = z7, that is,
p(Mfl) = 2. In this case
d o410 d 2410
Der, C = Ct— + Cr'''= = Ct— + ar*'=
at ot ot ot

if char 4 = 0.
Proof. “=" is true, because z~ — z= € M implies
77 =54+ (27 -5 €es,

and “«" because of the corollary (cf. [6], [10] ).

1. Singularity of monomial curves in A3. For the computation of a basis
of my '/B, one needs the important invariants of S
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N
a;: = min{a € N*|an;, € >N- n}, 1=i=s,
=1
’3#1
for s > 1, which were introduced by S. Johnson [9]. (Let a;: = 1ifs = 1.)

Theorems 1, 2, and 3 were essentially known to him; however, he did
not take the ideal-theoretic point of view and did not distinguish clear-
ly the cases I and II of the following theorem. This was later done by
J. Herzog [6].

THeorREM 1 (Relations of monomial curves in A3). If s = 3, then
precisely one of the following two cases does occur:

() B = (X8 — X9 X — Xkx%)
Jor some (i, j, k) € Sy and some a;;, a;; € N; d = 0.
() B = (X — X9, X — XX, X9 — XOXg)
with unique a5, a3, a3, ay, Az}, az; € N* having the property
a = a; + ay foral(i,j k) € Sy;;d =1

Definition. Let % be a graded fractional B-ideal and x € ¥ a fractional
monomial in x|, . . ., x,. Then we will call the unique basis w () of 3/ Bx,
consisting of residue classes of fractional monomials in x|, ..., x,, the
Apéry-basis of ¥ with respect to x. Let w,: = w,(B) for all x € B.

THEOREM 2 (Weights of monomial curves in A’). Let s = 3. Then in

case

() n, =aa,n =aa, and n = aaq, + qa,
(D) n, = aa, — ayay forall (i,j, k) € S;.

Proof. The Apéry-bases of B with respect to x,...,x, look as

follows.
In case I one has

ALXy, X ) 1/(Xy, X)) = B/Bx, = A[[S])/ (")
for all {g, h} = {i, j}. Hence

v, ={(D0=B=a—land0=y=aq — 1)

s

for all {g, h} = {i, j}, and therefore n; = ga; and n; = a;q; (and
ne = aua; + aga;).
As for w, , note that

A[[X, X1 V(X — XP, X{uXv) = B/Bx, — A[[S])/(1"%)

and hence
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IA
2
IA

w, = {(xf‘xf)fl 0

O] {(xfxxf)vl 0=a

g, — land0 =B =gy — 1}

IA

akl- - 1
and akj é B é aj + (1/\/- - l}
Therefore n, = aay; + aa,.
In case II one has '
ALLX, X V(XX X4, X = ALIS] /()
for all (i, j k) € §;. Hence

(P 10=B=a; —1and0 =y =g, — 1}

W,

(D 10=p=a,—landa, =v=a — 1)

C C

{(AD71a,=B=a, —1and0 =y = ay — 1}
for all (i, j, k) € S;, and therefore
n, = aay + aa, — agay forall (i, j. k) € Ss.

In case II, for all (i, j, k) € S; the integers

oy = agn; — agn; and ozt o= agn; +oan; — np = ony —ong
depend only on sign(i, j, k). Hence a: = |a;] is completely independent of
(i, j, k) € 83, and one gets two numbers 7= z; and z : = zZ; for any
(i, ), k) € Aj.

THEOREM 3 (m~ /B for monomial curves in A3). Let s = 3. Then in

case
(1) mp'/B = A(X{x8/xx x;3)” = AF
with

z=uan + an, —n —ny —ny foralll € {i,j};r =1

() mpg'/B = A(x{x/x,xpx3) " + A(xfx{/x,x%3)
=4 + AF for all (i, j, k) € Ay, and

S =min{z*, 27} =27 —a

with

7 = max{z+, z Y r=2.

Proof. Using the notation of the proof of Theorem 2, we see that in case
I we have

(% hT)

as A-basis of the socle of B/Bxg, and in case Il we have
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—1_a,— 1~ =1 ag—1y—
Cogr D o)

as A-basis of the socle of B/Bx,. As for all b € B, (x > x/b), x € B,
gives an isomorphism of the socle of B/Bb and m,;'/B, we get the

assertion.

s
0 .
Let e denote the Euler derivation X, nXi of B. Assuming

i=1 X;

char A = 0, we can also write Theorem 3 as

THEOREM 3’ (Module of derivations of monomial curves in A3). Let

s = 3. Then in case

1 a-10 - -, 0
(I) Dery, B = Be + B(ngx;'," Ly 187 + omx T T —

g
< ax),

- -1 0 0 2410
+ s Liin* ann '——) = C— + crt'—
0x;, t ot

Sor all {g, h}

{i,/} such that a;, # 0.

;0
() Dery B=Be+ B X =i —
(i,jk) €S, ax;
sign(i,j,k)=+1
;0
+ B > nx ;= x gk .
(i jk)ES, 0x;
sign(i,j,k)=—1
0 ,+ 410 .~ 410
=C— +crf V= + o T2
at at at
[t;<+|_a_ t:>+lﬂ _ a123 (@ = 2m, + 10
at at at
= ax® 7 'x§ 728 %,

Remark 1. Note that in the complete intersection cases the derivations

..+|8

r o can be written as determinants called ‘“trivial derivations” by

t
J. Wahl [14).

CoroLLARY 1 (Canonical ideal of monomial curves in A3). Let s

Then in case

(I) £ = B(x;xyx3/x/x3¥) = Ct % foralll € {i,j}.
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(D) £ = Bxpxpxy/xi*x) + B(xxpx3/x7bx")
_-y+ — a7 . .
=Ct 7 4+ Ct 7 forall(i,j, k) € A
Proof. See Theorem 3 and Proposition 2.
COROLLARY 2. Let s = 3. Then in case
(D) z = aymay + (a4, + aya)a, — aa, — qa; — (a,a,0;,4;).
() 7 = ajaya3 + ayapay
— ;a3 + apay) — (a3ay + apas) — (qa3; + aya)),
z = aiayay T aya34a)
— (@ayy t apay) — (aay; T oaya3) — (aay + oapay),
and
a = layaay — ayaza;sl.
Proof. See Theorem 3 and Theorem 2.

Remark 2. Note that the determination of z~ was a problem posed by
G. Frobenius occasionally in his lectures (cf. [S, C7] for references).

We now come to the modified version and extension of a result of
J. Sylvester [13] on the singularity degree of numerical semigroups
generated by two elements.

THEOREM 4 (Singularity of monomial curves in Al ). Let s = 3. Then in
case

(D)« = ayaya;y + (aa+ aya)a, — aa, — aqa; — (aa; + aga).

J
(I «

a1aya3 + a31015ay3 T ay,a3,0)3
— (aa3 = apay) — (aa) — apay) — (44, — aya,)).

Proof. Of course, in case I, the formula for k follows from Corollary 2,
since S i1s symmetric; but we want to illustrate here a way of computing
k which also works in non-Gorenstein cases; namely, we want to study
t/(f N B).

I. Consider the following two subcases:

(A) X{ — X{' € B for some (all) / € {i,j}.
(B) Xy — X7 & P for some (all) [ € (i, j}.

In case (A) let by;: = a; and by;: = a;, and in case (B) choose by, b, € N*
with

XZA _ X?"’ Xj’?k, e P.

Define
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It= Ny yp, -2 X Ny gp 2 X Ny

and

Xi= X A XXXk,

(004 €1

where

x: = xxpx3/x7xi% forall I € {i,/}.
If

I'' = {(a, ), o) € Iloy < gy — 1foralll € {i,j}

ora, <a, — 1},

then

((ENB)y= 2 A xPxixg)T = X/(X N B).

(@pa0q) €T

Further define
ld;: = {(a, a;, ;) € Ila; Z a; and a; = by; — 1},

Xdi = X Ax - xPxbx),

y
(a,a;,0p) €1d;

and Xd, in the same way.

There are (q; + b, — 1)a; + by; — l)a, representations taken into
consideration for the formation of the elements of generating X, and those
elements having two representations are precisely the elements generating
Xd; = Xd; = :Xd. Hence

dim, X = (a; + by; — Dg; + by, — Day
= (b — Dby — Day.
Now define
I Nz+ Hy,: ={(qa,a) € Ila, = a1
and o, = a,, — 1}
and

(X N B), = > A(x - x{xPxgt)
(a0 ) E(INz+H),,

for all (/, m, n) € A;. Then

XNB= 2 (X N B),, in case (A),

(Ilmn)EA,
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and
XNB=XNB1B), + XN B)jk in case (B),
and there are
representations taken into consideration for the formation of the elements
generating X N B in case (A), and

representations in case (B). Those elements having two representations are
precisely the elements generating

(XN B)N Xd =Y, +Y,
with
Jy = { (a;, aj, a;) € Ha, = a, a; = by — 2,
and o) = a, — 1},
Y. = > A(x- X[ g),
(000 ) EJ
and Y, defined in the same way. As ¥;= Y, we get
dim, X N B = by(a; + by, — 1) + (a; + by, — Dby; + bybya,
= 2byby; — (b — Dby — 1)
in case (A), and
dimy X N B = by(a; + by; — 1) + (a; + by — Dby — byby;
— (b — Dby — D
in case (B). Therefore
k =dimy X — dimy, X N B — 1
= (by; — Daja, + a(by; — Day + aga, — bya;, — 1)
= (a; = Dby — bybyjar + byby; — by — by
= 2a,a,a; — a,a; — aza, — a,a,
in case (A), and
& = (by; — Daa, + a;(by; — Day + aaa, — by(a; — 1)
= (a; = Dby — by, — by,
= aja,a; + (aibkj + bk,aj)ak - aaq — qa; — (a,bkj + bk,-aj)
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in case (B).
I1. Define

1: = Nulfz X Na2_2 X Na3_2
and

X" > ATXNxPxD),

(a),00,05) €1

where

xT = X Xx3/xfhh and X = xx0x3/ XY X
for all (i, j, k) € A;. Then

(/¢ N B)y= X" + X
Further define

1 = {(a), a3, &3) € Ila; = a;; and o; = a; — 2}
and

X;:i= 2 ATxPxSaD)

(a,,az.ag)el”

for all (i, j, k) € S5 with sign(i, j, k) = =1.

There are 2(a; — 1)a, — 2)(a; — 1) representations taken into
consideration for the formation of the elements generating X~ + X . As
X,; = X; for all (i, /, k) € A, those elements having two representations
are precisely the elements generating

XTnx = X X/,
(i.jk) € A,

and therefore
k= dim, (X" + X7) — 1
= 2a; — 1)a, — 1)az — 1)
- 2 (@~ Dy — D@ — 1)~ 1

(i, jk)EA,

= 2ayaya; — > Ay Ay ay
(i.jk)EA;

- 2 ((aya + aga;) — aja;)
(i j k) E Ay

= ayayay + ayapay; + ayazna;y — E (gja, — aya;).
(i jk)E A,
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CoroOLLARY 1. In case 1, n; = ajay, n; = aya;, and ny = aqy; + aya;.

Proof. There exists an a € N* such that n; = ag; and n; = aq,. Hence
there exists a A € N* such that Aa = g, since gcd(n,, n,, n;) = 1. Now
k = z shows that A = 1.

COROLLARY 2. Let s = 3. Then

K = 2 (a, —Dn, — I_Iao

o=1 o=1
with ny, ny, ny as in Theorem 2.

Remark 3. It is a result of M. Schaps [11] that space curves are
always smoothable. As they are also unobstructed by [7, 3.2], we have
by [3, 4.1]
=k +r
computed for all monomial space curves.

Very useful for the construction of examples is the following lemma, a
weaker version of which is stated in [9].

LEMMA [9]. Assume s = 3. 1. Let by, by, by € N* and b, b,, € N for
some (A, p, v) € S;. Assume
X’{* — XZ» € B, Xf,’v - XK”*XZW‘ € R, and
ny = bob, and n, = bby.
Then we are in case 1, and we have (by = ay or b, = a,) and b, = a,. If
v = k in Theorem 1, then we also have by = ay and b, = a
2. Let b;, by, by, € N* for all (i, j, k) € A3. Assume
X\ — XiXph € B, b =b; + by, and

n;, = bjbk - bkjbjk for all (i,j, k) S A3.

e

Then we are in case 11, and we have b; = a; and hence b; = a;; for all
(i,j, k) € 8;.
Proof. 1. If we were in case 1, then we would have
ny = bb, = a,a, > a,a, — a,a,, = ny.
Hence we are in case I. If » € {i, j}, then let {», p} = {i,j}, and we get
b, = a, and b, = a, from

n, = bb, = aa,= n

And if » = k, then

o
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Y
a
Q
I

ny = b”b,, ny

n, = bby = a,a, =n

p "

show b, = a,, b, = a,, and by = ay.
2. If we were in case I, then
bl/bl( + b/\'jbl/( = n,- = a/a,\= ni = bjblk + bl/b//\

would show b,-/- < g and b, < a;, and we would get the contradiction

(b, = apn; + (a; — byn; = byn,.

1

Hence we are in case II.
The rest follows from [9]. Note that the assumption

ged(ny, ny) = ged(ny, ny) = ged(ng, ny) = 1
in [9] is not necessary.

Remark 4. Note that in part 1 of the lemma one can have by, # ay or
bu #* . Consider for example (6, 9, 8). Here

P=x - -xhxt-xien x:-x ey
\ 6 =3-2,8=2-4,and q; = 3;
but b, = 4.

Example (Pythagorean monomial space curves). Let s = 3. We call B a
Pythagorean monomial curve if and only if B is not a complete intersection
and there exists an (i, j, k) € S; such that

b: =a, =a =a and a = a; = q; = a.
These have ¢, = a + b, a;; = ay = b — a, and hence
Bo= (X — XPTXPT XD — XX XD — XPXD).
Asn = b* — az, n= 2ab, and n, = a + b, we get
kK =b — a + 2ab’> — 2b(a + b);

and « and b are positive natural numbers of opposite parity with b > a
and ged(a, b) = 1.
Further n} + nf — n} showing

Xk — XX € B,
In fact, we have the identity
XZZ + b X?Z—uZA/qub
= XCCXDP T+ (P THXXY +
g - xbx = XV
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XD XX o+ (XXX - XX

bh—1
2 i a a
(XZ’ Z "y )’)(XZ - X'X)
a—1
— (Xﬁ"*“'x;"’ /E (Xj’)“"*’(xz‘.xf?)’)(xl’? — X4x4).
T 1=0

Conversely, assume there exists a k € {1, 2, 3} such that
n; + n = n; forsome i, j € {1,2, 3)\{k}.

Choose i and j so that n, is odd and n; is even. Then, as is well known, there
exist a, b € N* of opposite parity with ged(a, b) = 1 and b > a such

that
n = » — &, n; = 2ab and n, = at + b
And as
(a + by = (b — ay; + (b — a)n,
bn; = an, + an,
bny = bn; + an,
we get ay; = b = a; = a; and a; = a = a;; = ay by the lemma.

This shows that the Pythagorean monomial space curves are precisely
those monomial space curves for which there exists an (i, j, k) € S such
that n,-2 + nf = n}.

2. Singularity of Gorenstein monomial curves in A*. The next step is the
calculation of k if s = 4. This will be considerably more complicated than
for monomial space curves, as it has been shown by H. Bresinsky [1] that
there exist monomial curves in any A’, s = 4, requiring arbitrarily large
numbers of generators for their defining ideals.

However, our study of monomial curve singularities can still be carried
out, provided one is able to divide the curves in question into subclasses,
whose members have defining equations which one can survey. A division
of this kind has been made for Gorenstein monomial curves in A* by
H. Bresinsky [2].

Let us first treat the case that B is a complete intersection.

THEOREM 5. [2]. (Relations of monomial curves in A* which are
complete intersections). If s = 4 and d = 0, then at least one of the
following two cases does occur:

(A) B = (Xf" — X;/, X‘,?‘ — XimejélAj’ X;" — X?‘/,/\/J/,qu)
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Jor some (i, j, k, 1) € S, with ay;, ay;, a;;, a, ay € N.
(B) B = (X& — X4, Xt — Xit, XVXD — XpX))
Sor some (i, j, k, I) € S4 with b,, bj, b, b, € N.
Remark 5. (8,9, 10, 12) is an example for case (A), (10, 14,15, 21} is an
example for case (B), and (10, 12, 15, 18) is an example for both cases.

The formulas in case (B) of the following theorem are also due to H.
Bresinsky [2].

THEOREM 6 (Weights of monomial curves in A* which are complete
intersections). Let s = 4 and d = 0. Then in case

(A n, = aqa, n; = qam;, n = afaa; + a,q;), and
n = (aa,; + aya)ay + (aa; + a,a;)a;.

(B) n; = alab, + ba)); n; = (a b, + baj)a;;
ne = afab; + bay); n= (ab, + ba;)ay.

Proof. As in Theorem 2 we consider the Apéry-bases of B with respect to

XI,...,XS

In case (A) one has
B/Bx, = A[[X,, X,, X, /(X% X% X{)
if a; # 0 and
B/Bx; = A[[X;, Xi, X1V (X}, X% X[' — X[V X;*)
if a; = 0. Both times
o, ={(Cxx)TI0=p=aq -1,0=y=q — 1 and
0=8=g4q — 1}

Therefore n; = aaia; and the formula for n; one gets by symmetry.
Further

B/Bx, = A[[X, X, X, )/(X¢ — X, XfX%, X
if 4, # 0 and

B/Bx, = A[[X, X, X1 V(X{ — X9, XPXt, X{' — X{X)
if a; = 0. Both times

w, = () I0=a=a-1,0=B=a;— land

0=8=a — 1}

IA
2
lIA

U { (P70 ay — lLay;=B=a +a;— 1

and0 =8 =q, — 1}
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and therefore n, = q/(a,a,; + aya)).
As for w, , note that

B/Bx; = A[[X, Xj_’ X /(X — X;‘f, X — X:!Alxj‘,‘/«_/, X?I’X./"II/XZ“)’

and hence
o, ={(xxXDTI0=a=a - 1,0=B=q, 1,
and0 =y =gq, — 1}
U{(x“ﬁy )I0=a=gq, - lLg;,=B=a +aq,; 1,
and0 =y =gq, — 1}
V{0 Sasa-1,0=S=a, -1
anday, =y =a, +a; — 1}

IA

U{(x“ﬂy)léa a—lLa=B=a +a — 1
anday, =y =a, +ay, — 1}
Therefore
n = (aa; + aa)ay + (aa; + aa)a.
In case (B) one has
B/Bx, = A[[X,, X, X, V(X X — X{t, XpXD),

and hence

[IA

o, = {0 =p=ag-1,0=Sy=q — 1,
and0 =86 =5 — 1}

U{CSAx)TI0=p=ag-1,0=Sy=b — 1,
and b =8 = q, + b, — 1}.

Therefore n; = a;(a;b; + bya;); and the formulas for n, n;, and n; one gets
by symmetry.

THEOREM 7 (m~ /B for monomial curves in A* which are complete
intersections). Let s = 4 and d = 0. Then in case

(A) mz'/B = AXPxEx] X Xx300) T = AL
with

z=an + aqm t an —n — np TNy TN
(B) my'/B = AGOxpxi T ix xyx000) T = AP
with

z=an; + b + (a) + bny — ny — ny — ny — ny.
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Proof. By the proof of Theorem 6, we have
(o Th )
as A-basis of the socle of B/Bx; in case (A), and
(g b th Ty
in case (B).
Assuming char 4 = 0, we can also write Theorem 7 as

THEOREM 7’ (Module of derivations of monomial curves in A* which
are complete intersections). Let s = 4 and d = 0. Then in case
(A) If ay. # O, then define

X = xgkx“‘/g*'th‘*“kh*u/h_'xzu*'
Jor any {g, h} = {i,j} such that a;, # 0. Otherwise define
x: = xglg_leh+alh_]x2A+alk_]

Jor any {g, h} = {i, j} such that a, # 0. Then x € B is well-defined
and

- . -1 0 - - ~1 0
Der, B = Be + B(n,-xj‘-'f DI g x @ T
0x; / 0x
i J

_ 1 g—1 O ad
+ g xantam=lya=l —_ 4 p x—
3xk ax,

= CtE + Ct”'3
ot ot

Sor all {g, h} = {i, j} such that Qg * 0.
(B) Dery, B = Be + B(nl.xj‘.‘ﬁ'xzp_‘x”v“’y—'i

' ax;
4= _b,—1_a,+b,~1 9
+ onxit xt X, axj
- 1 a-10
+ nkxl,:“ ]x§*+h* 'xj" —
ax,
_ 1 a-10
+ nlxim IX;?‘-H))‘ ]xz,( 1Y
0x,
0 .410
= C— + crt'—
ot ot
Sor all {k, \} = {i, j} such that b, # 0 and all {p, v} = {k, |} such that

b, # 0.
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. L. -4 0 .
Remark 6. Note that, as in Remark 1, the derivations ¢- + '8— are trivial
t

derivations.

CoroLLARY 1 (Canonical ideal of monomial curves in A* which are
complete intersections). Let s = 4 and d = 0. Then in case

(A) £ = Blx;xpxyx,/xjxidxiy = Ct %
(B) t= B(x,x2x3x4/x71x2‘x7’+b’) = Cr -
Proof. Use Theorem 7 and Proposition 2.

CoroLLARY 2 (Singularity of monomial curves in A* which are
complete intersections). Let s = 4 and d = 0. Then in case

(A) k=1z= 2(00_1)'10_ I_Ia0
o=1 o=1

s

z:z(ao—l)no—r[a0

(B) « =
o=1 o=1
+ (aibj + bl-aj - a,-aj-)(akb, + bka[ - aka/)
s s
= (qa; + ab;, + ba))awa; + ab, + ba) — II a, — > n,
o=1 o=1
with ny, ..., ngas in Theorem 6.
Proof. Use Theorem 7 and Theorem 6.
Question. Let B be generated by binomials X" — X for some
i € {1,...,s} and some monomial X € A[[X,,..., X[]]

Is
R s
K= (a, — Dn, — Hao?
o=1 o=1
Now we will treat the case that B is not a complete intersection.

THEOREM 8 [2] (Relations of deviation 2 Gorenstein monomial curves in
A4). Lets = 4,d+ 0,andr = 1. Then

sB — (Xill — szxj'./’ Xj‘_‘, — X;‘jl Xﬁlf‘, ka{k — X;‘uxj‘_‘k,,
X;‘I — X;'I,Xfliu\’ X?]lXZIA — XJ{’A,X‘;.I)

Jor some (i, j, k, ) € S, with unique a,, a, aj, @, Ay, Qg A, Ay € N*
having the properties
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a; T a; = a; ay + a; = a; ay + ay = a,, and
ai, + a/, = a,; d = 2

THEOREM 9 [2]. (Weights of deviation 2 Gorenstein monomial curves in
A%). Under the assumptions of Theorem 8,

n = aaay toagagag = aa@; toaga;a
n = aqaa; + oagaga; n = aaay +oaaa.

Proof. Again we consider the Apéry-bases of B with respect to

Xy, ..., X, One has
~ dj) d a d d

“ B/Bx; = A[[X;, X;., X,] 1/ (X2 X", X0, Xih, X' — XXk, XX
")
and hence

W, = {(xfxlx?)_lo =B

1A
Q
|

=

1A
<

lIA
=
|

j<¥)

=

(oW
o
IIA
=
lIA

a; — 1}
Y {(xfxlx}s)_lo =B = q
andg; =6 =a, — 1}.

Therefore n; = aaia; + a,,a,a;; and the formulas for n;, n;, and n; one
gets by symmetry.

Under the assumptions of Theorem 8§,
' = any toan, tagn, —n — ny — ny oy
is independent of
A pv) €It = {(k, A pv) € S, \, u, v) = (i, j, k, ) },
and we have

THEOREM 10 (m_l/B for deviation 2 Gorenstein monomial curves in
A4). Under the assumptions of Theorem 8,
d a,,

my /B = AXIXEX] X Xpx3x0) T = A with z = zj,.
Proof. By the proof of Theorem 9 we have
(G h Ty
as A-basis of the socle of B/Bx;.
Assuming char 4 = 0, we can also write Theorem 10 as

THEOREM 10’ (Module of derivations of deviation 2 Gorenstein
monomial curves in A4). Under the assumptions of Theorem 8,

- - -1 0
Dery B=Be + B X  nxi 'xz" o™ —
(kApp) el axK
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= ng + Ct‘"“i
at ot

CoroLLARY 1 (Canonical ideal of deviation 2 Gorenstein monomial
curves in A%). Under the assumptions of Theorem 8,

£ = B(x;xpxyx,/xpxixiy = Ct ~.
Proof. Use Theorem 10 and Proposition 2.

CoROLLARY 2 (Singularity of deviation 2 Gorenstein monomial curves
in A4). Under the assumptions of Theorem 8,

K3 S
K=12= 2 (a, — Dn, — H a, + agaa,a;
o=1 o=1

with n|, ..., ngas in Theorem 9.
Proof. Use Theorem 10 and Theorem 9.
Remark 7. As in Remark 3, we have by [3, 4.2 and 4.1]
M=k +1
computed for all Gorenstein monomial curves in A%,

Remark 8. Note that most of what we have said in this paper also makes
sense for algebraic monomial curves.
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