THE ORDER OF MAGNITUDE OF THE mTH COEFFICIENTS
OF CYCLOTOMIC POLYNOMIALS

by H. L. MONTGOMERY and R. C. VAUGHAN

To Robert Rankin on the occasion of his 70th birthday

1. Introduction. We define the nth cyclotomic polynomial ®,(z) by the equation

b,2)= [1 -e(in) (ela)=e>™ )
(r.n=)i1
and we write
d(n)
®,(z)= 2 a(m,n)z™, )

where ¢ is Euler’s function.
Erdés and Vaughan [3] have shown that

la(m, n)l <exp((+'*+ o(1))m ') ©)

uniformly in n as m — o, where
)
T= 1- ,
l:[ ( p(p+1)

m 1/2
)" @
ogm

and that for every large m

log max la(m, n)|» (

Vaughan [8] has obtained a sharper bound for infinitely many m; that is

lim sup(m’”z(log m)'*log max |a(m, n)|)>0. 5)
n—<o n
Erdds and Vaughan conjectured that

log mrz‘axla(m, n)|=o(m? (6)

as m — o, In this paper we prove this, and more. In particular we obtain the exact order
of magnitude of
L(m) =log max |a(m, n)|, @)

namely that
L(m)=<m"*(log m)~"* 8)
as m — o,
From (10) below it can be seen that if p,>p,>m, (pp,n)=1, then a(m,n)=
a{m, p1p>n). Hence the definition of L(m) would be unchanged if we were to replace max
by lir'x} 1 Sup. "
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The upper bound here stems from Theorem 1 below, a theorem of independent
interest concerning exponential sums with multiplicative coefficients.

THEOREM 1. Let P be a set of prime numbers and let ML denote the set of m all of whose
prime divisors are in P. Then, for X =1, we have

Y w(m)e(ma)« X(log 2X)~1?2
m=sX
meAt

uniformly in # and o €R.
This estimate is best possible, as can be seen by taking
P={p:p=+2(mod5)} and «a=1/5.
In this case standard methods can be used to show that
#m m=X, u(m)#0, meM}~cX(log X) >
as X — o, where c is a suitable positive constant, and that

#m:m=X meM,u(m)#0, m=k(mod 5)}~ tcX(log X) '?

for k=1,2,3,4. Since u(m)= ('—5"—) for m € M, the sum in question is
& (k\ (k v5
1cX(log X)), (§>e(§) +0(X(log X)) = (T c+ 0(1)>X(10g x)12,
k=1
The upper bound for L(m) in (8) is deduced from Theorem 1 in two steps.

THEOREM 2. For each z with |z|<1 we have

2 -1/2
log |, (2)| <« (1-12){log —=—) -
1-|z|
THEOREM 3. We have
L(m)<m'(log2m)~4,
To complement this we also prove the following result.
THEOREM 4. For all sufficiently large m we have

L(m)>» m"*(log m)™"4.

2. Proof of Theorem 1. We first of all observe that

Y 1= ¥ 1,

m=X m=X
meM (m,P)=1
where
P= H p
p<z
p¢P
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and z is a parameter at our disposal. Since
1
y —Og—pslogé-i-O(l)

w<p=2
pEP

whenever 2=<w <z, Theorem 2.2 of Halberstam and Richert [4] with z =X gives

Z 1<<XH (1—%).

m=X p<X
mel pEP

Hence

1 -1
1« (1——) . 9)
mzs:x lOgXpl;Ix p

meAl pe®

Let & denote the set of natural numbers n, none of whose prime factors are in .

Then
Z (m/n)={pb(m) when m € M,
wlm K 0 when m¢ 4.
nexN
Therefore
Y wimle(ma)= 3. Y p(e(ma).
m:ﬁ neyrsXi/n

Davenport [1] has shown that for any fixed h
Y u(r)e(rB)« Y(log2Y))™

rsY

uniformly in 8. Hence

X/n
L pmelma)« ¥ oo

mel neN

The terms with n <X contribute «X/log X. The remaining terms contribute

<« ¥ Y 2Mk+D)2

By (9) with . replaced by W, that is P replaced by ¢? ={p:p¢ P}, we see that the above
is

« ¥ k)22 ] (1—l>_1
k=0 log X p=X p .
p¢P
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Therefore, by (9),

% wme(ma)« == min([] @) I1 ),

=X log X
medl
-1
where [ (o£) = [] (1 —%) . Now [T(P) I (¢®)« log X, so that at least one of [] (?) and
p=X
pesdd

IT(cP) is «VlogX.

3. Proofs of Theorems 2 and 3. Theorem 2 is trivial when n =1 and so we may
suppose that n>1. Then, by (1),

®,.(z)=]] (1-z"4)@. (10)

dln

Let N denote the squarefree kernel of n; N =[] p. Then

pln

q)n (z)= 1—[ (1- (Zn/N)N/d)u(d) = ¢>N(z"”").

dIN
Thus it suffices to establish Theorem 2 when
n>1, wu(@n)#0. (11)

In that case the formula (10) becomes

®.(2)=T1(1- zd)ﬂ‘“’d>=exp(u(n)§ w(dlog(1-2%)).

dln

On expanding log(1—z%) in powers of z this gives

<I>n(2)=exp(—u(n) Z_ cmZ"‘) (12)
with
1
=— du(d). 13
Cm md|(§_n) wn(d) (13)

For an arbitrary real number a« we have

Y cne(ma)= Y, 1 Y w(d)e(dka).
m=X ksxkdjl):/k

Thus, by Theorem 1, when X =1 we have

1 X/k i
Z cne(ma)< Z ;(W)«X(IOgZX) 2

m=X k=X

Theorem 2 now follows easily from (12) by partial summation.
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The proof of Theorem 3 is a straightforward application of Cauchy’s inequalities for
the coefficients of a power series followed by an appeal to Theorem 2 with |z|=
1-m~"*(log 3m)~"4,

4. Preliminaries to the proof of Theorem 4. The proof of Theorem 4 is based on a
precise analysis of the behaviour of ®,(z) for particular choices of n. In Vaughan {8] it
was shown that ®, (z) can be made large by choosing n to be the product of primes p=M
with p=+2(mod 5). However the argument given there is not precise enough to localize
the behaviour of a(m, n) with respect to m.

It is possible to obtain quite precise estimates for a(m, n) by starting from (12), or
more or less equivalently exp(F(z)), where F is given by (15) below, and to apply the
saddle point method to

L. J 2" lexp(F(2)) dz,

2mi Jg
where 4 is a circle radius p <1, centre 0, analogously to the simplest arguments used to
estimate the partition function. However this gives rise to considerable technical compli-
cations as the Dirichlet series generating function D(s, @) occurring in (19) below has an
algebraic singularity at s =1. To avoid these complications we employ a method which
gives less precise estimates, albeit sufficient for the purpose at. hand. We obtain an
asymptotic estimate for

log |®,.(pe(a/5))] as p—1-

and a sharp upper bound for log|®, (pe(a))| that is uniform in «. These estimates then
permit us to complete the proof by a combinatorial argument similar to that of §8 of
Erdds and Vaughan [3].

Let ? ={p:p=+2(mod 5)}, let & denote the set of natural numbers all of whose
prime factors are in &, and let

1
c(m)== Y du(d). (14)
" dm
For technical ease we work with
F(z)= Y. c(m)z™ (15)
m=1

rather than the series Y, c,z™ which occurs in (12). Clearly if n =[], <p p=z2(moas) P With

m=1
M large, then a(m,n) is the coefficient of z™ in the power series expansion of
exp(—p (n)F(z)).
We suppose that z = pe{a) with 0<p<1 and a eR. Let

X= (log %>_1. (16)

For large X we define major and minor arcs as follows. When 1=<a =g =<(log X)* and
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(a,q)=1, let the major arc M(q, a) consist of the set of z=pe(a) with |a —a/q|=
(log X)*q "X '. Since X is large, the major arcs are pairwise disjoint. We define the
minor arcs M to be the set of those z, with |z|=p, lying in no major arc M(q, a).

5. The minor arcs. The treatment of the minor arcs is based on the following special
case of Corollary 1 of Montgomery and Vaughan [6]. Note that, by (14), c(m) is
multiplicative and |c(m)|=1.

LemMA 1. Suppose that | —a/ql=q 2 (a,q)=1 and 2=R=q=M/R. Then
M

Z c(m)e(ma)« o

m=1

M
+ MR "?(log R)*>.
M (log R)

From this we deduce the following result.

LEMMA 2. Suppose that z € m. Then

F(z)« —
z .

log X

Proof. We are given that X is large and z € m. By Dirichlet’s theorem on diophantine
approximation there are a,a,q with z=pe(a),1=a=q=X/(log X)* and |a —a/q|=
(log X)*X'q'. Since ze m we further have q> (log X)°.

Let

n

S, = Z c(m)e{am).

m=1

Then, by (15),
F(z)=(1-p) Z S.o"

n=1

By (14), |c(m)|=1. Thus, by (16),

Y Sp"+ Y Sp< Y n

n=XlogX n>XlogX n=X/logX
+ Y (k+[Xlog Xp XX« X?flog X.
k>0

When X/log X <n=XlogX we have (log X)’<q<n/(log X)? and |a —alq|<q >
Hence, by Lemma 1 with R = (log X)* we have

S, < nflog n.

Therefore

Y som< Y T2« X log X.

X/log X <n=XlogX no1log X

Combining our estimates gives the desired conclusion.
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6. The major arcs. Let

1
=1+ . 17
ogp=1 log X (17)
The argument of Satz 231 of Landau [5] shows that whenever |[Im w\<g one has
1 o-o-%-iw 3
— e "*I'(s) ds =exp(—e™).
2% Uy e
By Satz 229 of Landau [5],
(s)<|s|o Ve ™21 (12=0=2). (18)
This with (15) and a straightforward application of Satz 232 of Landau [5] shows that
1 o i ( X )s
+B)=— D — | T
Flpe(a+B)= 5 L_iw 6. ({5mmg) T ds
where
- c(m)
D@, a)= Z = e(ma).
m=1 M

Thus, in order to study F(z) in the neighborhood of the point pe(a/q), i.e., for z€ M(q, a),
we investigate the behaviour of D(s, a/q). This investigation is dependent on replacing the
additive character e(am/q) by a linear combination of Dirichlet characters. This we
accomplish in the following way. We have

D(s,alq)= Z Z c(n:) e(am/q).
dla (mr:)ilq/d &

Moreover, by (14),
c(ng/d)=c(q/d)c(n, g/d),

where
1
c(n,r)=; Z mu(m).
e
(m,r=1
Therefore
d) 1
Disai=Y D Ly (@)D, ald, ), (20)

dlq (q/d)S ¢(d) x modd

where 7(¥) is the Gauss sum

d
()= Y. x(re(r/q) 1)
r=1
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and
D(s,r,x)= ). M x(n).
n=1 n
Now,
D(s,r,x)=L{(1+s,x)G(s, 1, x), 22)
where

5 x(m)u(m).

mediN m
(m,r)=1

G(s,r,x)=

Clearly G(s, r, x) is of the form

"‘M)u(m

G5, x)= ¥ Ximulm)
meN m
where x' is the character induced by x and having modulus q. Thus, by (20) and (22),
c(g/d) 1 _
D(s, alq) = T (@)r(O)L(1+s, x)G(s, X)) (23)
V=2 wdy 3@ o, XV G x

As a function of s, G(s, x¥') is regular and non-zero for o >1 and satisfies

L r ' 2

G(S, XI)2= (S, XSX,) (1_X (fs) ), (24)
L(S, X1X ) p==x2(mod 5) p
where x; is the quadratic character modulo 5 and y; is the principal character modulo 5.
Let
T = exp((log X)), (25)
1

(26)

%= Clog )™’

where C is a large constant. Let f denote the set of complex numbers s = o + it with
either 1-28 <o =<1and |t|<2T or o> 1, and let &’ denote the set of complex numbers s
with either 1-28§ <o =<1 and 0<|t|<2T or o> 1. Then by combining the general theory
of L-functions as expounded in Davenport [2], for example, with the argument of
Theorem 3.11 of Titchmarsh [7] it follows that, for each non-principal character x to a
modulus q=<5(log X)?, L(s, x) is regular and non-zero in & and satisfies

L(s, x) <. (q(1+|e])°
and
L(s, x)7' < (q(1+]t])°

uniformly in &, for each fixed positive &. Also, if x is a principal character to a modulus q
with g =<5(log X)?, then

L0~ 11 (1-)

pla
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is regular in &, L(s, x) 1s non-zero in &{ and L(s, x) satisfies

L0~ 11 (1-) < (aa+ioy

“ Lopla
and

L(s, x)™" «(q(1+t)"
uniformly in .

Therefore, by (24), when x’ is non-principal and is not induced by xs, G(s, x') has an
analytic continuation throughout &, and

L(1+s, x)G(s, x) <. (g(1+]t])®

uniformly in &. Let € denote the piecewise linear path with vertices ao— i, oo—iT,
1-6—iT, 1-8+iT, o,+iT, oy+i®. Then

o’o+i°° s §
sz_ L)_iw (;1) L(1+s, x)G(s, X')(_1—2mx;3) I(s) ds o
= [ () L+ 06060t ) Tis) ds
2mi kg \q ’ ’ 1-2m7iXB
and by (18) this is
«q® |1 - 2miXp|/2re (XI—S + XTW2+e exP(_l_l—-;%YBT».

For pe((a/q)+ B) € M(q, a) we have q < (log X)*and || < (log X)*q~'X~'. Hence the expres-
sion above is
«X exp(—c,(log X)"?)

for a suitable positive constant c;.
When x' is principal or is induced by xs we observe that G(s, x") has an analytic
continuation throughout &' and that

L(1+s,x)G(s, x)«, (A +{s=17")(q(1 +{e]))°
holds uniformly in &{'. Now let € have vertices
go—iw, 00— iT,1-86—iT,1-8—in, 14+m—in, 1 +n+in,1-86+in,
1-8+iT, 0y +iT, oo+ i,

where m is any small positive number. Then (27) holds once more. Moreover, by (18)
again we obtain

N S -

+O(X exp(=c,(log X)),
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where €, has vertices
1-6—in,1+m—in,1+n+in,1-86+in.
When yx' is principal we have, by (24),
G(s, x)*=(s—DH(s, x),
where H is regular and non-zero in &, and

His, y') = L(s, xsx') (1_x’(p)2>.

B (s —1L(s, x1x") p=-+2(mod 5) st

Thus there is a function K(s, x'), regular in &, such that
G(s, x)=(s = 1)K(s, x")
in &', and K(s, x')?>=H(s, x') in &{. Moreover
K(s, x) < (q(1+]e])"

uniformly in . Using x, for the principal character modulo d and xq for the principal
character modulo q we find, on letting n — 0+, that

2%”, l[‘:;w(g)sL(1 t5,x0)GG, xg)(mf—ﬂ_-}—@)sr(s) ds
= —% J.ll_8 (§>ML(1 +u, xo)(1— u)*K (u, xé)(m)ur(u) du

+ O(X exp(—c,(log X))
«.q°X(log X)72.

Therefore, by (19) and (23), the total contribution to F(z), when z € M(q, a), from
the characters not induced by xs is

1
<Y, (— q°X(log X) ™2+ d"?X exp(—c,(log X)1’2)> « X/log X.
dlq d)(d)

Thus we have established the following lemma.

LeMMA 3. Suppose that 5Yq 1=sa=q=(ogX)3(a,q)=1, X is large and z¢€
M(q, a). Then
F(z)« Xflog X.

We now have to turn our attention to the situation when characters induced by xs
occur. Then 5 | q and such characters can only occur to moduli d dividing q with 5 | d. Let

x denote such a character. Then, much as in the case of the principal character above we
find that for s e '

G(s, x)=(s=1)""2J(s, x'),
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where J is regular in & and satisfies

_(s=1L(s, xsx) _ x'(p)2)'

s X , (1-x2
L(S, X1X ) p=+2(mod 5) p2

Moreover, for q=<(log X)>, d | g, we have

o)
- % Ll_s (§>"L(1 +u, )1~ u)2J (u, x')(;ﬁ@)ur(u) du

+ O(X exp(—c;(log X)?).

By the formula at the bottom of page 67 of Davenport [2] we have 7(y)=
w(d/5)xs(d/5)5'2. Hence, by (19) and (23), when z € M(q, a) we have

xs(a)5'? « clg/d)u(d/5)xs(d/5)

F(z)= O(X/log X)+

T Sidiq o (d)
x Ll_s (g)“uu, d, q)(1- u)—m(é-)@)“r(u) du,

where I(u, d, q) is equal to

tiren(ayy) e lesg) L, 0

plq
m,a)=1

Thus
= Xs(a)5”2j1 _ —1/2( X )u
F(z)=0(X/log X)+ ar 1-u) Ty B,(u, q/5) du,
where

u— 1/2 1/2
&wJFrwmu+mmKL—&&% a-s=2( I a=-p)" B

L(u, xs) p=+2(mod 5)
and

_ v ek (k)xs(k) (k\*
Blu, ')'E, & (k) (r)

(0-5=) T ()

When 1-86=u=1 we have B(u,r)=B,(1,r)+(1—u)B;(v,r) for some ve(y, 1), and
Bi(w, ry«.r® uniformly on {u, 1]. Hence

_ xs(a)5'?
47

1

X

1_—2m—XB) du+ O(X/log X).

F(z) B, “/S)L a- w7
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We also have

L2y 2 )"
B =giasmys I a-p) B,

where

B(,)zzw(’_‘)(n (I_XS_(zm)) H P

klr ¢(k) r pir p+1

p==+2(mod 5)

p

plk

We can evaluate B(r) by observing that it is multiplicative and satisfies

B(p)= when xs(p)=-1,

p*—
B(p*)=—-p*? when k>1 and xs(p)=-1,
B(pk)=_pl—-2k Whel'] X5(p)=+1,
B(Sk) — 5—2k.

Thus

B(1)=1, |B(r)|s% (r>1).

We also observe that

J (- “V”Z(l_—fm&;)u du

1
=< J (1-u)"Y2X"du
1-5

and that

r1 1

A-u)yV2X"du = XJ (1—u)~V2X~0-9 gy

“1-5 1-8
X r 172, ( X )
- v + —_—
(log X)¥2 ), v e dv+ O log X

X,n.l/2 X
L X o X))
(log X) og X

Combining the above results establishes the following lemma.
LeEmMA 4. Let x5 denote the quadratic character modulo 5 and let

1 L(2,xs) ( 1 )1/2'

= 1-—
2m'? (L(1, Xs))l/2 p==+2(mod 5) P2

Then

F(pe(;i)) =xs(a)A (log);{)”2+ O(lo;(X) (54 a).
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Suppose further that 1 =a <q=<(log X)>, (a,q)=1, 5| g, X is large, and z € M(q, a). Then

X X
IF(a)|= AB(@/S) ot O(log X), (30)

where
B(1)=1 and B(r)<4/@3r) r>1).

7. Completion of the proof of Theorem 4. Let M be large and let

n=II »
p=M
pm+2(mod 5)

so that neN. We shall show for some n' that |a(M, n')|>exp(cM *(log M)~"%) for a
suitable positive constant ¢. By (13) and (14) we have

ilcml"‘= i C(m)Z"‘+O< ) |Z|'")- (32)

m=1 m>M

Suppose |z|=p =e ¥ with X large. Then, by Lemmas 2, 3 and 4

- AX X
) m|< + + -=
Cm? <(logX)”2 O(logX Xexp( AX/I))

m=1
AX Q X )
= +
<(logX)”2 o og X

M= Xloglog X. (33)

provided that

By (12) and Cauchy’s inequalities for the coefficients of power series we have

la(m, n)|=p CXP((log X)1/2+O(log X>)

=exp(%+ e+ Olica %))
=eXp (log X)'7? ogX//

m 1/2
X= (X) Glog m)¥*

Now we may choose

provided that (33) is satisfied, and it certainly will be when
2=m=M?logM. (34)
Thus

PUAm o ) -

=
la(m, n)] exp( (log m)"* (log m)**
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Now instead choose X so that
_AX® M
(log X)** 100"
Again (33) is satisfied. Thus, by (32) and Lemma 4,

o . _ X
m2=1 capmelam/S)= x(a)A (log X)1/2+ O(l

The maximum of the function of x given by

25/4(Ax)1/2 X
(log X)¥* X

occurs with AX?2
x (log X)1/2 M
Hence, by (36) and (35),

og X

)

Z la(m n)l ™ =<ex (25/4(AM/200)1/2— M +O(I X >)
Vi " =P\ logM1200)™ 200X T “Niog x /)"
Therefore, by (36),
AX X
o2y AX Lo X))
ZM la(m: n)lp <exp<( 2) (log X)1/2 Og X
msm
A similar argument shows that
AX X
sl o)
%«é%‘a(m n)lp exp(( ) ioe 0™ \iog
Also it follows easily from Theorem 3 that
ZM: la(m, n)|p™ <1.
m>lo_gM
Hence, by (12), (37), (38) and (39) there is an a such that
a AX X
a(m, n)e‘""xe<— m) =ex ( +O(‘ ))
M},:”SM 5 P\aog )" “\log X
200 50
Therefore there is an M, and a positive constant C such that
M M
m<M0_5—6 and |a(M,, n)|>exp(CM?(log M)~14).

A= exp(% M'*(log M)‘”“).
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If |a(M, n)|> A, then we are finished. Hence we may assume that
la(M, n)|=<A. (42)
By (10)
®,.(2)= [ @)@ ((m,n)=1). 43)

dim
Let p, q denote distinct prime numbers with p, q=+1(mod 5), g > M. Further let a_(m, n)
denote the coefficient of z™ in the power series expansion of ®,(z)™", valid for |z|<1.

Note that a0,m)=1, a(1,n)=pn) (44)
Now, since q> M, it follows from (43) with m = pq that

a(M, npg) = Z a(u, n)a_(v, n)

u=0, v=0
u+pv=M

=a(M, n)+b,(M, p),
where
by(M,p)= Y a(M-pv,n)a_(v,n).

1=v=M/p

If |b(M, p)|>2A, then we are finished. Hence we may suppose that
|by(M, p)l=2A for each prime p==+1(mod 5). (45)

Now let p;, p, denote distinct prime numbers in the residue classes +1(mod 5) with
p3> M, p5> M. Then, by (43) with m = p,p,, we have

aM, npip))= Y a(u, n)a_(vy, n)a_(v,, n)
uz0,v,20,v,=0
U-+pv1+pav=M

=a(M, n)+b,(M, p;) +b,(M, p) + b(M, py, p2),
where

b(M,py,p)= ). a(M—p,v,—pyva, n)a_(vy, n)a_(v,, n).
vy, =1,u2=1
PV HPavsSM

If |by(M, p,, p2)|> 6A, then the desired conclusion follows from (42) and (45). Hence we
may suppose that
|b2(M: P1, pZ)I S6A (46)

for all distinct primes p,, p,==1(mod 5) with p3>M, p3>M.
Now let py, p,, p3, q denote distinct primes in the residue classes +1(mod 5) with
p?>M, q> M. Then, by (43) with m = p,p,p,q, we have

a(M, np,p>psq) = Y a(u, n)a_(v,, n)a_(vy, n)a_(vs, n)
uz0,v,20,v,20,v,=0
U+p0+pava+pava=M

=a(M, n)+ X by(M, p)+ L b:(M, p,, p))+b5(M, ps, p2, p3)

i<j
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with
b3(M, py, p2, p3) = Y a(M—p,v;— pov,— pava)a_(vy, n)a_(vy, n)a_(vs, n).
vy=1l,v21,va21
p1V1+paUs+p3vs=M

When M~ M, is odd a straightforward application of the Hardy-Littlewood-Vinogradov
method as expounded in Chapter 3 of Vaughan [9] shows that there are distinct primes
P1, P2, P3 With p,>3M, p;=+1(mod 5) and p,+p,+p;=M—M,. For such a choice of
P1; P2, p3 We have

b3(M, p, p2, p3) = a(Mo, n)a(l, n)>.

Hence, by (40), (41) and (44), we have
Ib3(M1 pl: p2a p3)|> 26A
Thus, when M —M, is odd, it follows from (42), (45) and (46) that

la(M, npip2psq)|> A,

as required.
Now suppose that M — M, is even. If |b3(M, p,, ps, p3)|> 26A, then we are finished.
Hence we may suppose that

lb3(M’ D1, P2, p3)| = 26A} (47)

for all distinct primes p,, p,, ps;==+1(mod 5) with p?>M. By applying the Hardy-
Littlewood-Vinogradov method as above one can readily show that there are primes
P1; P2 P3, Pa With p;>3M, p;=x1(mod 5) and p;+p,+ps+ps=M—M, By (43) with
m = pip2paps We obtain

a(M, np1p2psps) = a(M, n)+ X by(M, )+ X, ba(M, p, b))

i<ij

+ z b3(M7 pi’ pi7 pk)+ a(MO: n)a—(ly n)4'
i<j<k
The argument can now be completed much as in the previous case. Thus we have shown
that
max |a(M, n)|> A.

This completes the proof of Theorem 4.
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