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ABSTRACT. Response tests are widely used in ground-water studies to assess the
hydraulic properties of sub-surface water-flow systems. The simplicity of such tests also
makes them attractive for investigation of subglacial hydraulic conditions. This paper de-
scribes a systematic, quantitative approach to the analysis of borehole-response test data.
The approach uses the theoretical model of Stone and Clarke (1993), which describes
water motion in a coupled borehole—subglacial flow system; this framework provides the
basis for an inversion scheme that is focused on quantifying physical properties of the
basal-flow system, as it is characterized in the theoretical model. The inversion proce-
dure was applied to response-test data from Trapridge Glacier, Yukon Territory, Canada.
Results of the inversions suggest that the subglacial drainage network can be described as
a confined layer comprising coarse-sand- to fine-gravel-sized sediments, having a thick-
ness of 0.1-0.3 m, and a hydraulic conductivity ofabout 5 % 10 *ms '. Based on the water-
drainage rates from boreholes, as they connect with the subglacial water-flow system, spe-
cific storage of the sediment layer was estimated to be approximately 1 x 10 *m .
Further consideration of subglacial water-low conditions suggests that connection
drainage test results may tend to underestimate specific storage of the averall glacier sub-
strate.
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k Intrinsic permeability (m=)
K Hydraulic conductivity (ms ') In a previous paper, Stone and Clarke (1993) developed a
m; Maodel parameter theoretical framework for borehole-response tests (BHRT)
m;™"  Estimated model parameter value on glaciers and demonstrated how their model could be
dm{™  Estimated uncertainty in model parameter value used to solve the forward problem — generating predicted
M Number of model parameters data which can he compared with field observations. In this
n Porosity paper, we consider the inverse problem, which begins with
N Number of data the observed data and is guided by the forward model to-
q- Dimensionless specific discharge ward an estimate of the model parameters. Forward model-
E Filter, inner boundary radius (m) ing describes the underlying physics of a particular system;
rmax  Outer boundary radius (m) inversion uses the modeled or assumed physics and focuses
By Well, borehole radius (m) on quantifying specific properties of the system.
™ Dimensionless radial coordinate The BHRT model represents subglacial water-flow con-
Re"  Critical Reynolds number ditions in an idealized way. The model describes water flow
Sh Solid surface-to-volume ratio (m 1) in a saturated, confined sediment layer at the glacier sole, It
oy Specific storage (m ) is in this context that we will use the terms “aquifer” and
% Dimensionless time “flow layer” when referring to the subglacial drainage sys-
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i Iransmissivity (m®s—!) tem. The model also assumes that subglacial material in
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the region influenced by a response test is homogeneous and
isotropic. This approach avoids the complications of a more
detailed description and, instead, represents the actual sub-
strate in terms of an effective medium whose hydraulic
properties incorporate the test-scale heterogeneities; the ef-
fective medium is an alternate, but hydraulically equivalent,
characterization of the real flow system.

Data from two different types of response tests will be
examined: the first we refer to as a connection-drainage lest,
which entails monitoring the water-level draw-down with
time when a water-filled borchole is suddenly opened to the
subglacial aquifer; the second is a conventional slug test, in
which a sealed pipe is suddenly removed from an equili-
brated borehole and the water-level recovery with time is
measured. Both types of test have previously been used to
investigate subglacial hydraulic conditions (Hodge, 1976;
Engelhardt, 1978; Engelhardt and others, 1990; Fountain,
1994; Iken and others, 1996). This paper describes a sys-
tematic, quantitative approach to the analysis of such data
sets, which has until now been lacking in glaciological stu-
dies.

The BHRT framework of Stone and Clarke departs from
standard ground-water models (e.g. Cooper and others, 1965;
Kamp, 1976; Kipp, 1985), which are based on Darey’s law and
the assumption that water velocities are low; under the high-
gradient conditions that arise during connection-drainage
tests on glaciers, Reynolds numbers may be large and turbu-
lent effects can play an important role. The BHRT model
provides for a continuous transition between laminar- and
turbulent-flow regimes and reduces to Darcy’s law at low
Reynolds numbers,

Besides turbulent effects during a connection-drainage
test, response testing on glaciers has additional complexity
hecause the time-scale over which hydraulic head naturally
varies in the subglacial environment can be similar to the
time-scale of a response test. Determining the change in
background head during a response test and accounting
for this effect is an important step in the analysis of glacier
response-test data. We describe our approach to this problem
in the following section.

This paper contains only a briel statement of the for-
ward model; the reader is referred to Stone and Clarke
(1993) for a comprehensive discussion of the BHRT model
and its numerical method of solution. Here, we describe a
systematic method for analyzing BHRT data and demon-
strate its application to field data. The procedure was used
to invert response-test data collected on Trapridge Glacier
(61°14' N, 140°20" W), a small sub-polar glacier in Yukon
Territory, Canada. We show results from inversions of eight
data sets and describe how physical properties of the flow
system are extracted from the final estimates of model para-
meters. We conclude by comparing our inversion results
with reported estimates of subglacial hydraulic properties
obtained by other means, both onTrapridge Glacier and
elsewhere.

METHODOLOGY
Data collection and processing

We used pressure sensors suspended in boreholes to monitor
water levels during response tests. Readings of borehole
water pressure were collected every 0.0625 s during distur-
bances, while background trends and long-term recoveries
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were recorded at 2.0's intervals. To facilitate comparisons
with model solutions, each data set was fitted with an inter-
polating spline (Press and others, 1989, p.88) and data
having a uniform spacing of 0.125 s were generated from it.
For connection-drainage tests, a constant offset was added
to the data so that readings prior to connection correspond
to a water-column height equal to the glacier thickness. For
slug tests, the data were shifted so that water-pressure read-
ings were converted (o displacements relative to a pre-dis-
turbance datum.

Under “typical” ground-water conditions, the hydraulic
head at a particular point within an aquifer usually changes
slowly with time. Over the relatively short time span of a
response test it is, therefore, reasonable to assume that the
disturbance is a brief perturbation to a constant back-
ground head. For a subglacial aquifer, however, this as-
sumption can be untenable: glacier motion and diurnal
cycles of meltwater input and discharge cause continual
and sometimes large changes in hydraulic head at a given
location. (A response test might be performed, for in-
stance, during a rapidly rising limb in basal water pressurce
resulting from a period of enhanced meltwater production,)
Such effects must either be modeled or be removed from the
data before response-test results can be analyzed. Our ap-
proach is to remove background trends from the data when-
ever they can be determined.

Background trends in basal water pressure can be esti-
mated from measurements of borehole water-level varia-
tions prior to a disturbance. Obviously, this can only be
done after the horehole has been drilled, or if there are
other communicating boreholes nearby. For the drainage
tests considered in this paper, we did not have suitable bore-
holes nearby, and so are unable to determine background
trends in subglacial water pressure at the times of these dis-
turbances. However, since these connections took place
rapidly — approaching equilibrium in about 1 min or less
— the change in background pressure over such short time
intervals is probably negligible, so results from these tests
should still be valid. For slower drainage rates following a
connection, this would not be true.

Borehole water levels were recorded before slug tests,
and we apply this information to the data prior to inver-
sion. Our procedure is illustrated in Figure I and is ex-
plained here. Data prior to initial disturbances, shown as
dotted segments in Figure la and ¢, are fitted with straight
lines. These straight-line fits approximate the background
trends in basal water pressure at the times that the tests
were performed. The trends are removed by subtracting
the fitted straight lines from the entire data series, resulting
in the adjustments shown in Figure Ib and d. The horizontal
dashed lines in Figure Ib and d indicate datums, which are
defined by the pre-disturbance water levels following re-
moval of background trends.

Forward model

The model of Stone and Clarke (1993) describes water flow
in a borchole—subglacial aquifer system during a response
test. In simplified form, the BHRT model is expressed by
the following dimensionless equations:


https://doi.org/10.3189/S0022143000002860

Stone and others: Inversion of horehole-response data for hydraulic properties

465 |
460 4
455

45.0 — a

Water Level (m)

445 T——1——7— 71—

0.0 ———L«M‘&———__rr}_:_ e

<05 —

1.0
15 b
'2.0 Ll I T l T ' T

200 300
Time (s)

Displacement (m)

I g I ! I
400

510
50-5 1. eccesenacnnnnsasas
500
495 —

Water Level (m)

49.0 T T T

05
0.0
-05
~1.0

Displacement (m)

15

400

600
Time (s)

1000

Fig. 1. Removal of background trends illustrated for two slug
tests: (a) 90ST384 and (¢) Y0STIBE. The procedure is
explained in the text. (b) For 908T384, the system was
Sully re-equilibrated at the time the slug was removed. (d) In
the case of 90ST38E, the slug was removed when the water
level was higher than its pre-disturbed value.
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(Stone and Clarke, 1993, equations (353) (38)). Motion of
water in the borehole is described by Equation (1), while
Equation (2) governs radial water flow in the subglacial
aquifer.

aquifer is expressed by Equation (3). The constitutive rela-

Transfer of water between the borehole and the

tion in Equation (4), which could be substituted into Equa-
tions (2) and (3), has been explicitly stated to show the
allowance for non-Darcian behavior.

Equations (1)-(4) contain four dimensionless para-
meters: the borehole skin-friction parameter ¢, the diffusiv-
ity parameter X, the transmissivity parameter T and the
“Ergun” parameter & In terms of actual physical quantities,
these parameters are defined as follows:
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The hydraulic properties in these expressions that are of
primary interest are the hydraulic conductivity K, the spe-

cific storage S; and the flow-layer thickness b. The quantity
B in Equation (8a) is a coefficient that determines the par-
titioning of terms in Equation (4) under conditions of lami-
nar or turbulent flow. As discussed by Stone and Clarke
(1993, p.332), B can be expressed in terms of the porosity n
and a critical Reynolds number Re’, which is the Reynolds
number corresponding to the transition between laminar-
and turbulent-flow regimes: B = 240(1 — n)/Re’. Substi-
tuting this expression into Equation (8a) yiclds

120K250(1 — n)? ho

— a |
§ regn3Re’ (&h)

The boundary and initial conditions for the forward
model have been described by Stone and Clarke (1993,
p-333). As discussed in that paper, the model allows for
cither a constant-head or a no-flux outer-boundary condi-
tion. For the inversions presented in this paper, we have
used a constant-head outer-houndary condition. Thus, we
assume that at a sufficient distance from the borehole the
pre-existing hydraulic head in the aquifer is unaffected by
a response-test disturbance; this distance corresponds to
the outer boundary radius.

Inversion scheme

The forward model represents a non-linear functional rela-
tionship between the model parameters m; and the pre-
dicted borehole water-level data d;. If the model accurately
characterizes the geometry and physics of the subglacial
water-flow system and if the initial conditions and maodel
parameters are well known, then d; will closely approxi-
mate observed response-test data (l}’l’“. To gauge the accu-
racy of the model and how well its inputs are known, a
measure of the discrepancy between predicted and ob-
served data is required. Our inversion scheme utilizes the
following objective function for that purpose:

b =0q,; + )\‘I)P (9)

where @ is a measure of the data misfit, ®, is a measure of
the misfit between initial “best-guess” model parameters
and the current values for m,, and A is an adjustable con-
stant that determines the relative importance of the para-
meter and data-misfit terms. A detailed explanation of
Equation (9) is given in the Appendix. The influence of A
on the final value of @ is discussed below.

16 minimize the objective function in Equation (9), in-
version parameters are adjusted using a quasi-Newton
method. The inversion algorithm that we use is a double
precision optimization routine given hy Kahaner and
others (1989, p.372). We adjusted the accuracy level of the
inversion algorithm to mesh with the forward model-
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integration scheme; this was necessary to ensure that
changes in inversion parameters, which are made by the in-
version routine, produce numerically distinguishable
changes in the forward model solution.

To evaluate the relative success of different models, we
calculate a percentage misfit Ey, defined as

N obs
i do™ — d;
By =100 x — 3 |-t (10)
N =1 dﬂ:":\ o d(ulli?l

The quantity Evy, indicates the relative accuracy of a given
set of predicted data; smaller percentage misfits are asso-
ciated with more accurately predicted data.

Inversion parameters and model inputs

If the solution is to be physically plausible, all four dimen-
sionless parameters must be non-negative. To enforce non-
negativity of model parameters, we distinguish between in-
version and model parameters, and we define the inversion
parameters as the natural logarithms of the model para-
meters: hence, the inversion parameters are m; = Ing,
ms =1ny, my = InY and my = In & This scheme requires
that antilogarithms of the inversion parameters be taken
before computing forward-model solutions.

For inversions of connection-drainage data, we include a
fifth parameter that specifies the time of the connection. In
general, this quantity is not accurately known and it can
significantly influence inversion results. By including the
time of connection as an inversion parameter, we obtain an
optimal estimate of when the borehole started to drain.
However, hecause this quantity is not of hydrologic inter-
est, we exclude it from subsequent discussions,

The uncertainties that we associate with the inversion
parameters are based on plausible upper and lower limits
for the dimensionless model parameters. We have selected
plausible limits for ¢ on physical grounds by considering
only realistic values for the borehole radius. Plausible
bounds for the other parameters were chosen based on rea-
sonable extremes in forward-modeling results. The differ-
ence between the logarithms of the limits assigned to the
plausible model parameters is the estimated uncertainty that

we associate with a given inversion parameter: émj™ =

my = miever | where, for example, figr T = Lur e,
With this definition, better-constrained parameters, such as
¢, are associated with a smaller uncertainty.

The forward model requires input of quantities other
than the four dimensionless parameters. Material con-

stants such as the density, viscosity and compressibility of

water must be specified, as well as geometric quantities like
the ice thickness and the aquifer inner and outer boundary
radii. Values for these model inputs, which were held con-
stant for all inversions, are listed in'lable L.

In addition to the inputs listed inTable 1, the model also
requires specification of the initial hydraulic head hq at the
location and time that a particular response test was per-
formed. This quantity is not a constant and must be known
or estimated for each test. Table 3 lists the values of kg, de-
termined from field measurements, that were used in the
inversions.

Inversion procedure

The inversion algorithm requires (1) a way of solving the
forward problem, (2) a measure of model success in fitting
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Table 1. Model inputs held constant for inversions

Model infrut Symbal lalue Units
Water density B 1.0 % 107 kgm *
Water viscosity n 1787 x 10 ® Pas
Water compressibility B 14 % 1071 Pa '
Ice thickness hi 70.0 m
Inner boundary radius T 0.05 m
Outer houndary radius Timax 200.0 m
Uncertainty in data Sd™ 0.05 m
Uncertainty in ln¢™ dmf* 23

Uncertainty in lny™ S 18.4

Uncertainty in InT" omy 8.3

Uncertainty in Ing™! oms* 92

Trade-ofl parameter A 0.01

the observed data and (3) initial estimates of model para-
meters. The BHRT model satisfies the first requirement
and the second is provided by the objective function. The
third requirement — providing initial estimates of model
parameters —is handled using an iterative procedure, the
details of which are described in Appendix B.

The iterative inversion procedure is illustrated in Figure
2 using data from slug test 90ST38A. (Individual response
tests are distinguished using an alpha-numeric label: the
first two numbers indicate the year that the test was per-
formed, the following two-character string identifies the
type of test, the next two numbers denote the borehole and
the last character shows the sequential position in a series of
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Fig. 2. Iterative inversion procedure illustrated with data from
slug test 90ST38A ( solid lines) and modeled vesults ( dashed
lines ). Model input parameters are listed in Table 2. The frro-
cedure is explained in Appendix B.
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slug tests,) Initial model-parameter estimates and associated
values of © and E'y are listed in'Table 2.

The dashed line in Figure 2a is the forward model solu-
tion based on our initial parameter estimates. For this test,
we began by trying to fit only the long-term trend, not the
initial oscillations. The final set of parameters obtained by
the first inversion gave the solution shown in Figure 2b;
these were then used as the starting values for a second in-
version. As can be seen in Figure 2b, after the first inversion
the fit to the observed data was noticeably improved. Values
of ® and Ey following the second inversion were only
slightly different from the previous ones. In this particular
case, we performed three additional inversions, resulting in
the final solution shown in Figure 2c.

Influence of trade-off parameter

By virtue of the parameter misfit term in the objective func-
tion in Equation (9), an optimal solution — the set of model
parameters that results in the smallest value of the objective
function — will not necessarily correspond to the smallest
total data misfit. The non-linear nature of the forward
model and its numerical method of solution forces a trade-
off between fitting the observed data and stabilizing the
search procedure. We have examined the degree to which
the trade-off parameter A in Equation (9) influences the
final value of @; our analysis is summarized in this section,
The influence of the trade-oft parameter A on the final
values of @ and ®;, was assessed by varying only A in re-
peated inversions of data from one response test (90ST38A);
we performed 10 inversions, changing A by one order of mag-
nitude cach time. The initial model-parameter estimates for
these inversions were the same as those listed for Figure 2a
inTable 2. We point out that for A= 0.01 an inversion started
with these initial parameter estimates produced the final set
of parameters listed for Figure 2b in'lable 2, and that the final
parameters obtained in this inversion were substantially dif-
ferent from the initial estimates. Thus, this particular inver-
sion approximates a worst-case scenario: the total parameter
misfit is large, so the influence of A should be strongly felt.
Final ohjective-function values resulting from these in-
versions were used to generate relationships between A and
the two misfit terms @4 and ¢, (Fig. 3). These relationships
show that the data misfit is virtually constant for A < 1,
while it changes rapidly for A > 10. Also, the parameter
misfit is gradually reduced as A is increased, because the
requirement of closely matching initial parameter esti-
mates becomes dominant. It is apparent that for A < 162
the parameter misfit term does not significantly contribute

4.0
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3.0 H
2.5 =
2.0

1.5 = Dy

1.0

05 4 &
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I | I | I | 1 I
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Fig. 3. Trade-off curve based on inversions of slug test
9081 384 data: size of data By and parameter ®,, misfit
terms as a function of trade-off parameter A

to the final value of ®, since the data misfit is large relative
to A®,,. On the other hand, for A > 1, the parameter-misfit
term forces an appreciable increase in @4 and moves the
solution away from the desired goal of fitting the data.
Therefore, based on this analysis, we have used a constant
value of A =001 for all inversions in this study.

RESULTS

Inversion results are presented for eight response tests, four of
each type of test, which were performed on Trapridge Glacier
in the summer of 1990. The four connection-drainages were

recorded in horcholes in close proximity — the maximum
separation distance was 34.9 m (holes 38 and 59) and the
minimum distance was 5.3 m (holes 23 and 38). Three of the
four slug tests were performed in hole 38 in a single day — the
first at 1448 h (90ST38A), the second at 1654 h (90ST38E)
and the third at 1730 h (90ST38G). The starting points for
inversions of these data sets are given in'Table 3.

Estimated model parameters obtained by the inversions
were used to generate final sets of predicted data. The final
parameter estimates are listed in'Table 4. Comparisons of
predicted and observed data are shown in Figure 4, where
we have re-dimensionalized the predicted data and shown
them with dashed lines,

In general, the correlations between observed data and
the predicted final models are excellent; even when the finer

Table 2. Parameter estimates, objective function, and data misfit values for iterative inversions of slug test 90ST 384, as shown in Figure 2

lteration 0 1
Figure a b

mlnml

2 B

(not shown) C

i 3

¢ 1000 x 10 * 2765 x 107° 2764 x 10 2763 % 10
X 1.000 > 10" 3758 x 10 ? 3683 x 10 2 3622 x 10 ?
i 5000 x 10! 1088 x 10 ' Lo70 x 10 ! 1066 % 10!
& 1000 x 107 7793 % 10" 7793 x 10 7793 x 10 *
i 5003 1.208 1.201 1.200
B 2,01 107 102 102
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Table 3. Initial estimates of model parameters and hydraulic head for inversions shown in Figure 4

est

m

Figure Test ¢ X i & hy
m
4a 90CD23 1000 % 102 1100 x 1077 1900 x 10°" 2500 x 107 622
4b 90CD38 1000 x 10 2 LI00 x 10 1900 % 107" 2500 x 107 166
Ic 90CD38 1000 x 10 # LI00 % 10°° 1900 x 107" 2,500 x 10°* 486
4d 90CN39 L000 % 10 1100 x 1077 1.900 x 107" 2,500 x 107 49.8
4e 90ST29D 2765 % 10 4 3758 x 102 1.088 x 107" 7793 x 107" 55.7
4 90ST38A 1000 x 10 2 1000 % 10"% 5000 x 10" 1.000 x 10"* 46.1
dg 90ST38E 2765 x 10°° 3758 x 1077 1088 x 10 ' 7793 % 107 50.3
4h 90ST38G 92765 % 107* 3758 x 102 1088 x 10" 7793 x 107 51.4
Table 4. Final estimates of model parameters and percentage misfits for inversions showen in Figure 4
”Lﬁual
Figure Test E X Ak [3 Ey
la 90CD23 9440 % 10 * 1467 x 10"° 5859 x 107" 6.664 x 10" 1.8
4b 90CD38 1004 x 102 9550 x 107" 1702 % 10" 1.262 » 10** 09
e 90CD38 9990 x 10 * Li21 x 10™ 1188 x 10" 2681 x 107 12
4d 90CD39 9937 x 10 * 1183 % 10" 9751 > 10%° 1647 x 10" 0.6
4e 905T29D 2630 x 10 ° 4821 x 1077 1.254 x 10" 7792 x 10" 4.0
4f 90ST38A 2763 x 1007* 3622 x 10 2 1.066 » 10 7793 x 10" 1.0
4g 90ST38E 92782 x 107? 9355 x 10 * o176 w0 7816 x 10°° 13
4h 90ST38G 2765 x 10°* 3565 x 1072 1149 x 10 7793 x 10! 06

details are not perfectly matched (e.g. Fig. 4¢), the basic be-
havior is still adequately expressed. As can be seen inTable 4,
final parameter estimates from a particular type of response
test are gencrally consistent. However, for some of the para-
meters, substantially different values were obtained from the
two different types of test, even when they were performed
in the same borehole. These results suggest that there are
significant differences between connection-drainage and
slug-test disturbances, either in the hydraulic properties to
which a particular type of response test is sensitive or in
the extent and kind of system that is sampled.

DISCUSSION

During a response test, friction between the borehole wall
and the moving water column is accounted for by the skin-
friction parameter (. The inversion algorithm, which tests a
wide range ol parameter values, rendered estimates for ¢
that are very small in magnitude and only slightly different
from the initial estimates used to start the inversions (sug-
gesting a lack of sensitivity to that parameter). Such small
values for ¢ indicate that wall-friction effects are insignifi-
cant during a response test. Likewise, final estimates of the
Ergun parameter § are negligibly small for slug tests, sup-
porting the intuitive expectation that this type of distur-
bance is not associated with turbulent flow in the sub-
glacial aquifer.

Subglacial hydraulic properties
Hydraulic properties of the subglacial flow layer, as it is

characterized in the BHRT model, can be derived using
Equations (5)(8) and the estimated parameter values ob-
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tained from the inversions. The derived hydraulic proper-
ties are presented in Figure 5 and the basis for these results
is discussed here.

Figure 5a shows estimated values of hydraulic conduc-
tivity K obtained from Equation (8h) and the connection-
drainage test values of £ listed inTable 4. (Because slug tests
do not induce turbulent-flow conditions, estimates of K
hased on slug-test values of £ are unreliable and thus will
not be utilized.) To generate the estimates shown in Figure
5a, we assigned plausible values to the other quantities that
appear in Equation (8b). In porous media, a transition from
laminar to turbulent flow occurs when 10 < Re < 100
(Marsily, 1986, p.74). We assume that the Reynolds number
at which this transition takes place is Re' = 55. A likely
range for porosity of the Trapridge Glacier substrate is
0.2 < n < 0.4 (Clarke, 1987, Murray and Clarke, 1995). We
assume that n = 0.3. Based on a sedimentological size ana-
lysis of basal till from Trapridge Glacier, Clarke (1987) re-
ported that the surface-to-volume ratio for fine-grained
substrate material was Sy = 2.825 x 10°m ", In this calcula-
tion, we assume that S; =30 x 10° m . The filter radius ry,
which represents the excavation at the borehole base due to
drilling, is assumed to be comparable to the radius of a typi-
cal borehole. Thus we take r = 0.05 m, as listed in Table 1.
With these assignments, the calculated hydraulic conduc-
tivities fall within the range 3-20 x 10 “ms ', with a mean
value of 1 x 10 ms ' (the dashed line in Figure 5a). We
point out that this method of calculating K, using Equa-
tion (8b) and drainage-test estimates of £, does not require
any knowledge or assumption of the flow-layer thickness.

Intuitively, we expect that the flow layer is depleted of
very fine-grained matrix material and mostly comprises
sand- and gravel-sized particles, in which case the value of
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Fig. 4. Connection-drainage and slug-test data ( solid lines) and inversion resulls { dashed lines ). Drainage lests shown in the
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lefthand column indicate the approximate ice-flotation level. Slug tests shown in the righthand eolumn are: (e)

90ST384; (g) 90STISE;: (h) 90ST38G.

Si used in the previous calculations is inappropriate. (A Ly pi-
cal diameter for coarse sand particles, say I mm, corresponds
to Sp=6 x 10°m ', three orders of magnitude smaller than
the value assumed above.) To investigate the particle-size
composition of the flow layer, we invoke the Kozeny
Carman relation
-
B
5] S”_(l = ?F)H

(Carman, 1956), assuming that it applies in a subglacial en-
vironment, and combine it with the usual definition of hy-
draulic conductivity

(11)

_ kpwy

n
(e.g. Freeze and Cherry, 1979, p.27) to obtain the following
expression:

K (12)

M JEEC
51507 (1 —n)”

where py is the density of water, g is the acceleration due to

(13)

gravity and 7 is the dynamic viscosity of water. For n=0.3
and Sp=3 x 10°m ', as assumed above, Equation (13) pre-
- - = uy & .ipe
dicts that K = 6.7 x 10" ms !, significantly smaller than the
g Yy
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90ST29D; (f)

results we obtained using Equation (8b) and drainage-test
estimates of £ This inconsistency can be resolved by com-
bining Equations (13) and (8b); after some algebraic manip-
ulation, we obtain

n(l — 'u)_% _ (5n*reRe'e 3

S() - (2—1 p“-'lg h(j) .

Now, for example, if we take £=126.2 (Table 4, 90CD38)
and the other quantities on the righthand side of Equation
(14) are as given above, then, for n = 0.2-04, Equation (14)
predicts that Sj is in the range 29-7.1 % 10*m ', This result
does not depend on an assumed value for K and it is consis-
tent with the range of Sy values expected for coarse-sand
and fine-gravel sediment sizes. With this in mind, we again
employ Equation (8b) to obtain estimates of hydraulic con-
ductivity. However, this time we only consider values of n
and S for which Equations (8b) and (13) are in good agree-

(14)

ment in terms of predicting K. Using the results from
90CD38 (£=126.2) as an example, and spanning the range
of plausible porosity values, we find that K =16 x 10 * ms '
forn=02and §;=3 x 10°m 'and K =39 % 10 *ms " for
n=04 and 5=7 x 10°m ", In fact, for n=0.35 and
Sp=6 x10"m ', values of  from the four drainage tests
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Fig. 5. Hydraulic properties derived from inversion resulls. Horizontal dashed lines indicate mean values. (a) Estimates of
hydraulic conductivity obtained from connection drainage test values of & For reasons explained in the text, these estimales were
subsequently reduced by a factor of about 20. (b) Transmissivily estimates obtained from final values of X, broken down to show
hydraulic conductivity as a function of flow-layer thickness for both connection—drainage tests (CDT ) and slug tests ( ST ). Each
line represents the mean value of resulls from four individual tests of a particular type. Vertical error bars indicate standard devia-
tions of the means. (¢) Estimates of specific storage obtained from connection- drainage test values of x and Y. The actual value of
specific storage is probably somewhat larger than these estimates, as discussed in the text. ( d ) Estimates of the flow-layer thickness

obtained from connection—drainage test values of  and il

(Table 4) again lead to hydraulic conductivities in the range
3-920 x 10 ms !, with a mean value of 1 x 10 Sms . (Asa
consistency check, we note that these values of n and Sp to-
gether with the Kozeny—Carman expression in Equation
(13) predict K =3.1 x 10 Sms™)

Transmissivity T = Kb of the subglacial aquifer was ex-
tracted from Equation (7) using final estimates of the para-
meter T and an assumed value of r, = 0.05 m for the
borehole radius. Transmissivity estimates have been broken
down in Figure 5b to show hydraulic conductivity as a func-
tion of low-layer thickness for the two different types of re-
sponse test. For each type of test, the corresponding line in
Figure 5b is the mean value of results from the four indivi-
dual tests of that type, with vertical error bars showing the
standard deviations of the means. The mean transmissivity
for the connection-drainage tests is 1.52 x 10 *m?s ! for
slug tests, the mean transmissivity is 775 x 10 Sm?s?

For a given aquifer thickness, hydraulic conductivity es-
timates derived from drainage tests are roughly an order-of-
magnitude larger than those estimated from slug tests (Fig:
5h). Differences in results from the two types of test are not
due to spatial heterogeneity or poorly performed tests, as
evidenced by the consistency of final parameter values for
a particular type of test, even when both types of test were
performed in the same borehole (e.g. hole 38). One possible
explanation for this difference is that subglacial conditions
are altered during connection-drainage tests, in which case
the two types of test sample physically different systems; tur-
bulent water flow during a drainage test could mobilize and
flush fine-grained material from the flow layer in the vici-
nity of the borehole. However, in this situation one would
expect subsequent tests to show an increase in hydraulic
conductivity, rather than the decrease indicated by slug-
test results.
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Another possible explanation is that the overpressure
condition that exists during the early stages of a connec-
tion-drainage test temporarily promotes ice-bed separa-
tion in the vicinity of the borehole, thereby facilitating
water flow along the ice bed interface, as well as through
basal sediments. The following sequence of events satisfies
physical intuition. A borehole is full of water until a connec-
tion is established. At the moment of connection, the pres-
sure exerted on the glacier sole by water in the borehole
exceeds the local ice-flotation pressure by about 11%. The
resulting glacier uplift provides an additional course for
water exiting the borehole, effectively increasing the trans-
missivity for a brief period of time. During this time, a part
of the increase in T is due to expansion of the flow layer
B = b+ Ab, where Ab is the height of the ice—bed separa-
tion. However, we expect that Ab is small in comparison
with b (say ~1%), in which case the transient increase inT
is primarily due to an elevated “effective” hydraulic conduc-
Livity.

Acknowledging the effect of temporary ice—bed separa-
tion, Figure 5b suggests that estimates of hydraulic conduc-
tivity from drainage tests should be reduced by a factor ol
about 20 (the ratio of the mean transmissivity values given
above), if they are to be representative of the subglacial flow
Jayer under normal pressure conditions. Applying this cor-
rection to the estimated conductivities shown in Figure 5a
results in a revised mean value of K =5 x 10 *ms ! which
we consider to be a valid estimate of the hydraulic conduc-
tivity of the basal-flow layer.

Figure 5¢ shows specific storage S; of the subglacial flow
layer derived using Equations (6) and (7) and the final esti-
mates of y and T from connection-drainage tests. Estimates
of S, from slug tests are notoriously unreliable, even to or-
ders of magnitude (Papadopulos and others, 1973; Freeze
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and Cherry, 1979, p. 342; Marsily, 1986, p. 203; Harvey, 1992);
thus, we exclude them from this discussion. Specific storage
is obtained after dividing Equation (6) by Equation (7):

L fre 4
s =——|—] . 5
. 2bx(?‘f-) e

1o attain the results presented in Figure 5c, we have as-
sumed that b= 0.1m and ry = rr. With these assumptions,
estimates of specific storage are in the range 5-20 x 10 °
m ', with a mean value of 1.2 x 10 *m ! (indicated by the
dashed line in Figure 5c¢).

As a consequence of heterogeneity of hydraulic condi-
tions at the glacier bed, we expect that specific storage of
the overall glacier substrate may be somewhat underesti-
mated by drainage-test results. To explain this point, consid-
er the following: S; can be described in words as the volume
of water that an aquifer releases from storage per unit
volume of aquifer per unit decline in hydraulic head, and it
is defined mathematically as S; = pyg(er + n3), where o
and (3 are the compressibilities of the porous medium and
water, respectively (Freeze and Cherry, 1979, p.59); also, the
compressibility of fine-grained sediments is typically greater
than that of coarse-grained sediments, in some cases by
several orders of magnitude (cf. Freeze and Cherry, 1979,
p-35). Hence, a porous medium comprising sand- and
gravel-size particles will generally have less storage capacity
than one comprising clay- and silt-size material.

In a region lacking a well-developed conduit or “canal”
(cf. Walder and Fowler, 1994) system, subglacial water will
tend to follow the least resistive paths through the substrate
material or along its contact with basal ice. Parts of the sub-
strate depleted of fine-grained matrix material offer less re-
sistance to water flow, relative to those parts containing a
greater percentage of silt- and clay-size particles, and likely
form a network of preferential flow paths which constitute
the subglacial drainage layer. Impulse disturbances, such
as those imparted by connection-drainage and slug tests,
affect only the relatively permeable zones within the sub-
strate; longer-term stresses are required to obtain a re-
sponse from the less-permeable regions bounding the flow
zones. Hence, storage values inferred from drainage-test re-
sults are characteristic only of the fines-depleted flow zones
and, on average, specific storage of the glacier substrate will
be higher than that estimated from drainage tests, due to the
greater percentage of [ine-grained matrix material in re-
gions that are not part of the active flow layer.

Estimates of the flow-layer thickness (Fig. 5d) can be ob-
tained using the conductivity values shown in Figure 5a and
the connection-drainage test relationship between K and b
shown in Figure 5b, essentially combining results for the &
and T parameters and the assumptions that were discussed
in connection with Figure 5a and b. (For connection- drai-
nage tests, using revised estimates of K and 7 in this calcu-
lation is unnecessary, since both are corrected by an equal
amount. Also, slug-test results cannot be used o estimate b
by this method because the parameter € is insensitive to that
type of test) Estimates of the flow-layer thickness are in the
range 0.1-0.3 m, with a mean value of about 0.18 m (indi-
cated by the dashed line in Figure 5d).

Comparison with other studies

Hydraulic properties of the substrate of Trapridge Glacier
have been investigated by means other than response testing,
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Murray and Clarke (1995) provided values for K and (indir-
ectly) S based on laboratory measurements of a basal till
sample. They reported K =22 x 10 *ms 'and (a +nj) =
6.4 x 10 " Pa . As described above, the quantity (o + n/3)
must be multiplied by py g to obtain specific storage; for p,, =
1000kg m * and g=9.8 ms % this calculation yields S
63 x 10 *m " In another study, Waddington and Clarke
(1995) analyzed pressure fluctuations in boreholes that were

not connected to the subglacial drainage system. They con-
cluded that the hydraulic conductivity of the substrate in
these regions was approximately 1-7 x 10 “ms ' and
reported compressibilities (p. 121; table 4) that correspond to
values of specific storage in the range ~I10 " t0 10 'm ',

The values of hydraulic conductivity reported in both of
these studies are substantially lower (several orders of magni-
tude) than our estimate of K =5 x 10 'ms ! for the basal-
flow layer. The difference is understandable for the following
reasons: the study of Waddington and Clarke (1995) con-
cerned the substrate at the base of boreholes that did not con-
nect with the subglacial drainage system; the substrate in the
vicinity of such boreholes must be significantly less permeable
(conduetive) than the drainage layer, since the substrate in
these regions resists water flow, even in the presence of sub-
stantial hydraulic gradients. The laboratory results reported
by Murray and Clarke (1995) were obtained from a sample
of exposed basal till, which may not be representative of
material comprising the drainage layer. Furthermore, as
pointed out by Fountain (1994), laboratory experiments
measure water flow only within the porous matrix and do
not account for the possibility of additional routing along
the ice—bed interface.

Our estimate of S; lies at the low end of the range
reported by Waddington and Clarke (1995), and is smaller
than the value obtained by Murray and Clarke (1995). How-
ever, as explained above, the storage properties of the drai-
nage layer are likely very different from those of the
substrate in unconnected regions and the spatial mean
value of S;is probably underestimated by connection-
drainage test results.

In general, estimates of the hydraulic properties of the
drainage system beneath Trapridge Glacier compare favor-
ably with results reported from recent studies on other
glaciers: based on analyses of average water levels and
water-level variations in boreholes on South Cascade
Glacier, Washington State, U.S.A., Fountain (1994) con-
cluded that the hydraulic conductivity of a basal sediment
layer of thickness ~0.l m was in the range 10 7 to 10 *ms %
Iken and others (1996) used an analytic solution to the stan-
dard radial diffusion equation (Marsily, 1986, p.162), which
applies to drainage from a borehole into a uniform sediment
layer of fixed thickness b and unlimited lateral extent, to ana-
lyze slug-test data [rom Gornergletscher, Valais, Switzerland.
For b= 0.1m, their results suggest that K =2 x 10 °ms ",
although they pointed out that this value may be oo large
due to the assumption of unlimited lateral extent of the sedi-
ment layer; Hubbard and others (1993) analyzed the propag-
ation velocity of diurnal pressure waves to estimate the
hydraulic diffusivity (D = K/S,) of a sediment layer that
participates in water movement at the bed of Haut Glacier
d’Arolla, Valais, Switzerland. They reported diffusivities in
the range 7 x 10 * to 4 x 10'm?s ™. Our estimates of K =
5%10*ms 'and §,= 12 x 10 *m”’ correspond to a value
of D=42 x 10°m?s ",
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SUMMARY AND CONCLUDING REMARKS

We have described an inverse approach for analyzing bore-
hole response-test data and demonstrated use of the method
with data collected onTrapridge Glacier. For response tests
performed on glaciers, we have also shown that it is impor-
tant to consider the background trend in basal water pres-
sure during the course of the test as a fundamental part of
the analysis procedure. Data from two different types of re-
sponse test were examined; consistent differences between
results from the two types of test stimulated further consid-
eration of the subglacial processes associated with each type
of test.

Inversions of data from both connection-drainage and
slug tests resulted in a close match between the field observa-
tions and the inversion results, implying that the forward
model characterization and final parameter estimates pro-
vide a reasonable hydrologic representation of the
sub-glacial drainage system. Results of the inversions suggest
that the subglacial drainage network of ‘Trapridge Glacier
can be described as a confined layer comprising coarse-
sand- to fine-gravel-sized sediments, having a thickness
of 0.1-0.3 m and a hydraulic conductivity of about
5 % 10 ' ms " Based on connection-drainage test results,
specific storage of the flow layer was estimated to be roughly
I x10*m™.

Consideration of the physical effects of a borehole con-
nection suggests that drainage-test results are susceptible to
overestimation of hydraulic conductivity and probably un-
derestimate mean specific storage of the glacier substrate.
Drainage-test estimates of K can be revised using transmis-
sivity information derived from slug tests. However, this ap-
proach cannot be used to verify estimates of S; because slug
tests do not provide reliable information concerning specific
storage.
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APPENDICES

A. Objective function

The objective function provides a measure of the discre-
pancy between predicted and observed data. The method
of least squares is commonly employed for this purpose.
The objective function that we use (Equation (9)) is based
on a least-squares approach involving two separate terms,
which are described in this Appendix.

The idea behind the method of least squares is to find the
set of model parameters that leads to the smallest total data
misfit

N y
E= ;(d‘;‘]ﬁ —d;)’” (A1)

where N is the number of data. Typically, the individual
data-misfit terms are weighted according to the estimated
uncertainties in the observed data 603‘,-""‘, and the total mis-
fit is normalized by dividing by N. These modifications, ap-
plied to Equation (Al), lead to the following objective
function:
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Py = (A2)

The goal is to obtain the smallest value of @, since this
minimizes the total misfit between predicted and observed
data. However, for two reasons, it is necessary to modify
Equation (A2) before we proceed. First, the differential
equations that comprise the forward model are coupled,
non-linear and stiff. The stiffness arises because diffusion
terms in the PDE (2) are translated by divided differences
into a large system of ODEs (Hairer and Wanner, 1991, p. 5).
Under these conditions, numerical integration fails if model
parameters are too unrealistic. Thus, the inversion algo-
rithm must be restricted to searching a region of model
space in which numerical solutions are both plausible and
feasible, Secondly, the inversions need to he regularized.
Regularization assures that small changes in the data will
produce only small changes in the model parameter esti-
mates, so that the solution remains stable (Tikhonov and
Arsenin, 1977, p.48). 'lo guide and regularize inversions, we
use a second objective function, which measures the para-
meter misfit:

mi — m™ g

Bp= ]\[Z ém"”'

where M is the number of parameters, m¢™
“best-guess” parameter values and ém§™

(A3)

are preliminary,
are the uncertain-

est

ties associated with each m{™. The final objective function

® = d, + AP, (A4)

includes a trade-off parameter A, which is an adjustable con-
stant that determines the relative importance of the para-
meter and data-misfit terms. Regularized, least-squares
expressions like Equation (A4) arc sometimes called
“penalty functions” and are widely used in ground-water
studies involving inversion for parameter identification
(Carrera and Neuman, 1986; Yeh, 1986).

B. Iterative-inversion procedure

We start an inversion with a set of model parameters that is
known from forward modeling to produce a reasonable fit

to the observed data. At this stage, the estimated set of

model parameters represents our best guess of what the
final solution will be. When the first inversion is complete,
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the final set of model parameters will correspond to a mini-
mum value of €. We then start a second inversion by setting
initial estimates equal to the final parameter values that
were previously obtained. When the second inversion is
complete, we compare the final value of ® with that of the
first inversion. In most cases, the two values of ® agree to
our specified level of precision. (Changes in ® smaller than
the precision that we specify — four significant digits —
correspond to parameter changes that do not appreciably
alter the forward model solution,) In a few cases, however,
additional inversions are required to reach consistent final
values of ®; these situations arise when the parameter-
misfit term is significant. The end result of this iterative pro-
cedure is a “best-fitting” model, in the sense that the final
objective-function value depends almost entirely on the
data-misfit term.

Although the iterative procedure produces a best-fitting
model, there is still uncertainty in the final result. Optimi-
zation methods based on Taylor expansions, such as the
quasi-Newton method that we use, are guided by informa-
tion on how a function behaves near a given point; they
lack detailed information about a function’s behavior over
the entire region. These methods are sensitive to initial
starting conditions, because the algorithm has only local
information with which to search for a solution. Thus, the
result of an inversion might be a local minimum of ® in-
stead of a global minimum. The algorithm that we use at-
tempts to escape local minima by testing wide-ranging
parameter values early in the inversion, then making more
subtle changes as @ hecomes smaller; however, some uncer-
tainty in the final solution is inevitable. Furthermore, there
is also the possibility of non-uniqueness, as two or more so-
lutions might produce equal-valued minima in @, Uncer-
tainty and non-uniqueness are intrinsic to many inverse
problems and, in general, require some compromise in ex-
tracting information from any data set (Menke, 1989, p.17).
Monte Carlo or uniform grid-search techniques could he
used to help locate a global minimum but these procedures
would be impractical for inversions of multiple-response
tests — the computational requirements of performing
even a few thousand inversions of a single-data set are pro-
hibitive. In the light of these considerations, we use (he
phrase “estimates of model parameters”™ when referring to
an inverse solution.
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