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Abstract. In this paper, we discuss implications of the results obtained in [5]. It
was shown there that eigenvectors of the Bethe algebra of the quantum gl Gaudin
model are in a one-to-one correspondence with Fuchsian differential operators with
polynomial kernel. Here, we interpret this fact as a separation of variables in the gly
Gaudin model. Having a Fuchsian differential operator with polynomial kernel, we
construct the corresponding eigenvector of the Bethe algebra. It was shown in [5] that
the Bethe algebra has simple spectrum if the evaluation parameters of the Gaudin
model are generic. In that case, our Bethe ansatz construction produces an eigenbasis
of the Bethe algebra.
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1. Introduction. Generally speaking, separation of variables in a quantum
integrable model is a reduction of a multi-dimensional spectral problem to a suitable
one-dimensional problem. For example, the famous Sklyanin’s separation of variables
for the gl, Gaudin model [10] is a reduction of the diagonalization problem of the
Gaudin Hamiltonians, acting on a tensor product of gl,-modules, to the problem
of finding a second-order Fuchsian differential operator with polynomial kernel and
prescribed singularities. Having such a differential operator, Sklyanin constructs an
eigenvector of the Hamiltonians.

It has been proved recently in [5] that the eigenvectors of the Bethe algebra of
the gly Gaudin model are in a bijective correspondence with Nth-order Fuchsian
differential operators with polynomial kernel and prescribed singularities. This reduces
the multi-dimensional problem of the diagonalization of the Bethe algebra to the one-
dimensional problem of finding the corresponding Fuchsian differential operators. In
that respect, ‘the variables are separated’.

Having an eigenvector of the Bethe algebra, one has an effective way to construct
the corresponding Fuchsian operator (see [2, 5] and Theorem 2.1). In the opposite
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direction, the assignment of an eigenvector to a Fuchsian operator is not explicit in
[5]. In this paper, having a Fuchsian differential operator with polynomial kernel, we
construct the corresponding eigenvector of the Bethe algebra. Our construction of an
eigenvector from a differential operator can be viewed as a (generalized) Bethe ansatz
construction (cf. [1, 6-8]).

It has been proved in [5] that the action of the Bethe algebra on a tensor product of
irreducible finite-dimensional evaluation gly[7]-modules has simple spectrum provided
the evaluation points are generic. In that case, our construction of eigenvectors of
the Bethe algebra produces an eigenbasis of the Bethe algebra, thus showing the
completeness of the Bethe ansatz.

2. Eigenvectors of Bethe algebra.

2.1. Liealgebragl,. Letey,i,j=1,..., N,Dbethestandard generators of the Lie
algebra gly, satisfying the relations [ej, ex] = §jseix — Sixey.

Let M be a gly-module. A vector v € M has weight A = (A, ..., Ay) € CV if
e;v=»xruvfori=1,..., N. A vector v is called singular if ey =0for 1 <i<j<<N.

We denote by (M), the subspace of M of weight A, by (M)*"¢ the subspace of
M of all singular vectors and by (M),"® the subspace of M of all singular vectors of
weight A.

Denote by L, the irreducible finite-dimensional gl -module with highest weight A.
Any finite-dimensional gl weight module M is isomorphic to the direct sum €, Ly ®
(M),"™®, where the spaces (M),"® are considered as trivial gly-modules.

The gly-module L o0 is the standard N-dimensional vector representation of
gly, which we denote by V. We choose a highest weight vector in } and denote it
by v,.

A gly-module M is called polynomial if it is isomorphic to a sub-module of V®"
for some n.

A sequence of integers A = (A1, ..., Ay)suchthati; > A, > ... > Ay > Oiscalled
a partition with at most N parts. Set |A| = Zfi 1 Ai. Then it is said that A is a partition
of A/

The gly-module V®" contains the module L, if and only if A is a partition of n
with at most N parts.

2.2. Current algebra gly[7]. Let gly[f] = gly ® C[f] be the Lie algebra of gly-
valued polynomials with the pointwise commutator. We call it the current algebra. We
identify the Lie algebra gl with the sub-algebra gly ® 1 of constant polynomials in
gly[7]. Hence, any gly[7]-module has the canonical structure of a gly-module.

It is convenient to collect elements of gl [f] in generating series of a formal variable
u. For g € gly, set

g =) (@ .
s=0

For each a € C, there exists an automorphism p, of gly[z], o, : gu) — g(u —
a). Given a gly[f]-module M, we denote by M(a) the pull-back of M through the
automorphism p,. As gly-modules, M and M (a) are isomorphic by the identity map.
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We have the evaluation homomorphism, ev : gly[f] = gly, ev:g(u) > gu!. Its
restriction to the sub-algebra gly C gly[f] is the identity map. For any gly-module M,
we denote by the same letter the gly[f]-module, obtained by pulling M back through
the evaluation homomorphism. For each a € C, the gly[7]-module M(a) is called an
evaluation module.

2.3. Bethe algebra. Given an N x N matrix A with possibly non-commuting
entries a;, we define its row determinant to be

rdet A = Z(—l)a A16(1)A205(2) - - - ANo(N)-

UESN

Let 3 be the operator of differentiation in variable u. Define the universal differential
operator DB by

0—en(u) —en(w ... —eni(v)
DB _ rdet —ep) 0—en) ... —en(u)
o) —eaw(@) ... 9= ey

It is a differential operator in variable u, whose coefficients are formal power series in
u~! with coefficients in U(gly[7]),

N
DF =0V + > Biw o',

i=1

where
B,(U) = Z By' H_j
j=i

and Bj € U(glyl?]), i=1,...,N, je Zy;. Wecall the unital sub-algebra of U(gly[7])
generated by By, i =1,..., N, j € Z; the Bethe algebra and denote it by 5.

By [1, 11], the algebra B is commutative and commutes with the sub-algebra
U(gly) C U(gly[e).

As a sub-algebra of U(gly[]), the algebra B acts on any gly[f]-module M. Since
B commutes with U(gly), it preserves the subspace of singular vectors (M)*"¢ as well
as weight subspaces of M. Therefore, the subspace (M), is B-invariant for any
weight A.

Let AD, ..., a® A be partitions with at most N parts and by, ..., by distinct
complex numbers. We are interested in the action of the Bethe algebra B on the
tensor product of evaluation modules ®’S‘:1Lw (bs) and more precisely, on the subspace
(®§:1Lx(l‘)(bs)))s~mg- .

Note that the subspace (®*_,L,w(by)), ¢ is zero-dimensional unless |A| =

k
Y AL

2.4. Fuchsian differential operators and eigenvectors of Bethe algebra. Denote
A=A, .. A®)yand b= (b, ..., by). Let Ay, 4 be the set of all monic Fuchsian
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differential operators of order N,
N
D=3+ hPwoV,
i=1

with the following properties:

(a) The singular points of D are at by, . .., by and co only.

(b) The exponents of D at by, s =1, ..., k, are equal to AS;‘}), )»Ef,)_l +1,..., )»(1“') +
N-—1.

(c) The exponents of D at co areequaltol — N —A;, 2— N — Ay, ..., —An.

(d) The kernel of the operator D consists of polynomials only.
Note that the set A 3 5 is empty unless |A| = Zle A
Let M be a gly[f]-module and v an eigenvector of the Bethe algebra B C U(gly[t])
acting on M. Then for any coefficient B;(u) of the universal differential operator D5
we have B;(u)v = h;(u)v, where h;(u) is a scalar series. We call the scalar differential
operator

N
DY = 0"+ ) o'

i=I
the differential operator associated with the eigenvector v.

THEOREM 2.1. Letv € (®f:1 Lo (bs))ilng be an eigenvector of the Bethe algebra, then
DB € Ap a5 Moreover, the assignment v — DE is a bijective correspondence between
the set of eigenvectors of the action of the Bethe algebra on (®F_, Ly»(bs))y* ( considered
up to multiplication by non-zero numbers) and the set Ay 3 p.

The first statement is Theorem 4.1 in [2] (cf. [4]). The second statement is Theorem
7.11in [5].
The goal of this paper is to construct the inverse bijection.

3. Schubert cell and universal weight function.

3.1. Thecell Q,. Let N,d e Z.y, N < d. Let Cy[u] be the space of polynomials
in u of degree less than d. We have dim C,[u] = d. Let Gr(¥, d) be the Grassmannian
of all N-dimensional subspaces in C;[u].

Given a partition A = (A, ..., Ay) such that A; < d — N, introduce a sequence

P={d >d>-->dy}, di=A+N-—i

and denote by 2, the subset of Gr(N, d) consisting of all N-dimensional subspaces
X c C4[u] such that for every i =1, ..., N, the subspace X contains a polynomial of
degree d;.

In other words, €2, consists of subspaces X C Cy[u] with a basis {f; (), ..., fx(u)}
of the form

d;
fiwy =ut+ 30 fut

Jj=1. di—j¢P
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For a given X € Q,, such a basis is unique. The basis {f](«), . .., fy(u)} will be called
the flag basis of the subspace X.

The set 2, is a (Schubert) cell isomorphic to an affine space of dimension |A| with
coordinate functions fj.

For X € Q,, we denote by Dy the monic scalar differential operator of order N
with kernel X. We call Dy the differential operator associated with X .

3.2. Generic points of ;. For gy, ..., g € Clu], introduce the Wronskian by the

formula
2w g .. (j_ii(”)
Wi (), ... i) = det | 200 £ - (u)
g g ... g w
For X € @, let {f1(u), ..., fn(u)} be the flag basis of X. Introduce the polynomials
o), yi(w), ..., yy_1(w)}, by the formula
vaw) TT Oi=2) = Wr(fun @), ... fu(w). a=0,...,N.
a<i<j<N
Set
N
o= > M, a=0,...,N. (1)
b=a+1

Clearly, [y = |A| and Iy = 0.
Foreacha =0,..., N — 1, the polynomial y,(«) is a monic polynomial of degree

. Denote £, .. (a) the roots of the polynomial y,(u) and
0) (0) (N— 1 (N—1)
tx = (6. ). LY. (2)

We say that ty are the root coordinates of X.

We say that X € Q, is gemeric if all roots of the polynomials yg(u),
i), ..., yy—1(u)aresimple, and foreacha =1, ..., N — 1, the polynomials y,_(u)
and y,(1) do not have common roots.

If X is generic, then the root coordinates ¢y satisfy the Bethe ansatz equations [7]:

la—1 lu la+l

2 1
Zta) [(a D Z @ _ @ + Zt(a) [a+D) = 0.
J=1 J=17% 7 J=17 7
/ '#

Here the equations are labelled bya=1,..., N—1,j=1,...,1,.

Conversely, if ¢ = ([(0) .. tg)) t(N_l), t(N 1)) satlsfy the Bethe ansatz
equations, then there exists a unique X € Qy such that X is generic and ¢ are its root
coordinates (see (2)). This X is determined by the following construction (see [7]). Set

1(1—] 1(/

1 1
Xa(u,t)ZZﬁ—Zﬁ, a:l,...,N.
u— u—j

j=1 j i=1
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Then
Dy = @—x'w0) ... (0= x"u1).
LEMMA 3.1. Generic points form a Zariski open subset of 2.

The lemma follows, for example, from part (i) of Theorem 6.1 in [6].

3.3. Universal weight function. Let A be a partition with at most N parts. Let
ly, ..., Iy be the numbers defined in (1). Denote n =1, [=/; +---+Iy_; and I =
(hy-oos In-1)

Consider the weight subspace (V®"), of the nth tensor power of the vector

representation of gly and the space C/*" with coordinates ¢ = (t(o),...,

(0) (N-1) (N-1)
P N ).

In this section we remind the construction of a rational map w : C'*" — (V®"),,
called the universal weight function (see [9]).
A basis of V®" is formed by the vectors

ejv = €10+ @ -+ - ¢, 1y,

where J = (ji,...,j)and 1 <j, < Nfors=1,..., N. A basis of (V®"), is formed by
the vectors ey v such that #{s | j; > i} = [;foreveryi=1,..., N — 1. Such a J will be
called /-admissible.

The universal weight function has the form

o(t) = Z wy (1) eyv,

J

where the sum is over the set of all /-admissible J, and the function w,(#) is defined
below.
For an admissible J, define S(J) = {s | j; > 1},and fori=1,..., N — 1, define

SiJ) ={sll1<s<n, 1<i<J}

Then |S,(J)| = l,‘.

Let B(J) be the set of sequences B8 = (81, ..., Bn—1) of bijections B; : Si(J) —
{(I,....,4}i=1,...,N—1.Then |BUJ)| =[] 4! .

For s € S(J) and B € B(J), introduce the rational function

R 1
wp(t) = 75 — 0 Hlm —
Bi(s) S i=2 TBi(s) Bi—1(s)

and define
w0 =Y [] @
BeB(J) seS(J)
EXAMPLE 1. Letn =2and / = (1, 1,0, ...,0). Then
1 1

=T T -

w(t) = vy ®e3 vy,
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THEOREM 3.2. Let X € Q, be a generic point with root coordinates ty. Consider the
value o(ty) of the universal weight function w : C*" — (V") at ty. Consider V®" as
the glylt]-module &_, V(tﬁo)). Then

(i) the vector w(ty) belongs to (Vo)™

(i) the vector a)(t x) Is an eigenvector of the Bethe algebra B, acting on &’_, V(tgo)).
Moreover, Dw(t y=Dx, where Dw (ty) and Dy are the differential operators
associated with the eigenvector w(ty) "and the point X € Qy, respectively.

Part (i) is proved in [1] and [8]. Part (i) also follows directly from Theorem 6.16.2
in [9]. Part (ii) is proved in [3].

Remark. For a generic point X € ©, the differential operator Dy has the
following properties (continued from Section 2.4):

(e) The singular points of Dy are at t(o) o Y and oo only.

(f) The exponents of Dy at [\0)’ s=1,...,n,areequalto0, 1,...,N -2, N.
(g) The exponents of Dy at co areequalto 1l — N — A, 2— N — Ay, ..., —An.
(h) The kernel of the operator Dy consists of polynomials only.

On the other hand, Theorem 2.1, applied to the gly[f]-module ®_ V(t(o)) yields
that for any eigenvector v of the Bethe algebra B, acting on (®"_, V(IEO)))img, the
differential operator D? has properties (e)—(h).

Therefore, the universal weight function and the assignment Dy — X — w(ty)
allows us to reverse the correspondence v > DB of Theorem 2.1 for the case of the
gly[7]-module ®7_ V(t5 ) under the condition that X e Qx is generic. Our goal is to
generalize this constructlon to the case of a gl [¢]-module ®S: ,0(bs) and an arbitrary
differential operator D € Ax  p.

4. Construction of an eigenvector from a differential operator.

4.1. Epimorphism F,. Let AV, ... A® A be partitions with at most N parts
such that |A| = Zle A®| and by, ..., by distinct complex numbers. Denote n = |A|
and ny = A9}, s=1,..., k.

Fors=1,...,k, let Fy: V® — L, be an epimorphism of gly-modules. Then

FI® - ®F : @ V(b)®™ — & Lwby) (1)
is an epimorphism of gl,/[f]-module, which induces an epimorphism of 5-modules

F (@, Vb)) — (@, Luw(by) .

4.2. Main result. Let D° be an element of Ay 5. Let X° be the kernel of D°.
Then XV is a point of the cell 2. Choose a germ of an algebraic curve X (¢) in Q, such
that X(0) = X° and X () are generic points of Qx for all non zero €. Let t(¢) be the
root coordinates of X(¢). The algebraic functions 7, )(6) l,, (e) are determined up
to permutation. Order them in such a way that the first of them tend to by ase — 0;
the next 7, coordinates tend to b,; and so on until the last n; coordinates tend to by.
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For every non-zero e, the vector v(e€) = w(#(¢)) belongs to (V®");"¢. This vector
is an eigenvector of the Bethe algebra B, acting on (®"_, V(1" (¢)));"™, and we have
DY) = Dxie) (see Theorem 3.2).

The vector v(¢) depends on € algebraically. Let v(e) = voe® + v; € + --- beits
Puiseux expansion, where vy is the leading non-zero coefficient.

THEOREM 4.1. For a generic choice of the maps Fi, ..., Fy, the vector F(vg)
is non-zero. Moreover, F(vo) is an eigenvector of the Bethe algebra B, acting on
(®.’§:1Lw(bx));mg: and Dll?(vo) ="

Proof. For any element B € B3, the action of B on the U(gly[f])-module ®’_, V(z,)
determines an element of End(V®"), polynomially depending on zi, ..., z,. Since for
every non-zero €, the vector v(e) is an eigenvector of B, acting on (®"_, V(£ (e));",
and since Df(é) = Dy, we conclude that the vector vy is an eigenvector of B3, acting
on (®%_, V(by)®™);", and D§ = D°.

The gly[f]-module ®f:l V(bs)®" is a direct sum of irreducible gly[f]-modules of
the form ®*_, L« (b;), where |p¥| =ny, s=1,... k. Since D° € Ay, 5, the vector
vo belongs to the component of the type ®f: Ly (by). Therefore, for generic choice of
the maps Fi, ..., Fy, the vector F(vy) is non-zero.

Since the map F1 ® - - - ® Fy (see (1)) is a homomorphism of gly[f]-modules, the
vector F(vp) is an eigenvector of the Bethe algebra B, acting on (®*_, L, (by)); "%, and

B _ o
Di,y = D"

Remark. The direction of the vector vy can depend on the choice of the algebraic
curve X(¢) in 5. However, Theorem 2.1 yields that the direction of the vector F(vg)
does not depend on either the choice of the curve X(¢) or the choice of the maps
Fi, ... F.

Given D € Ay 5, denote by w(D) the vector F(vy) € (®F_, Ly (by)), "¢ con-
structed from D in this section. The vector w(D) is defined up to multiplication by
a non-zero number. The assignment D — w(D) gives the correspondence, which is
inverse to the correspondence v +— D¥ in Theorem 2.1.

4.3. Completeness of Bethe ansatz for gl Gaudin model. The construction of the
vector w(D) € (®F_, Lyw(by))y ¢ from a differential operator D € Ay 5 can be viewed
as a (generalized) Bethe ansatz construction for the gly Gaudin model (cf. the Bethe
ansatz constructions in [1, 6-8]).

The following statement is contained in Theorem 6.1, Corollary 6.2 and Coro-
llary 6.3 of [5].

THEOREM 4.2. If by, ..., by are distinct real numbers, then the action of the Bethe
algebra on (QF_, Ly (bs))y"® is diagonalizable and has simple spectrum.

Hence, for generic complex numbers by, ..., b, there exists an eigenbasis of the

action of the Bethe algebra on (®*_,L,x(by)),"%. This eigenbasis is unique up to
permutation of vectors and multiplication of vectors by non-zero numbers.
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COROLLARY 4.3. If by, ..., by are distinct real numbers or by, ..., by are generic
complex numbers, then the collection of vectors

{w(D) € (®§=1 Lx(x)(b‘y));ing | De AAJ‘,],}

is an eigenbasis of the action of the Bethe algebra.
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