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DECOMPOSITION OF MULTIVARIATE FUNCTIONS

J. M. BORWEIN AND A. S. LEWIS

ABSTRACT.  Given a bivariate function defined on some subset of the Cartesian
product of two sets, it is natural to ask when that function can be decomposed as the
sum of two univariate functions. In particular, is a pointwise limit of such functions
itself decomposable? At first glance this might seem obviously true but, as we show,
the possibilities are quite subtle. We consider the question of existence and uniqueness
of such decompositions for this case and for many generalizations to multivariate func-
tions and to cases where the sets and functions have topological or measure theoretic
structure.

1. Introduction. Consider the following simply stated question. Suppose S, and S,
are sets, with E C S| X S, and h: E — R. Suppose further that (f)2 ; and (f;)22, are
two sequences of functions, f': S; — R, for i = 1,2 and each n, with the property that

(1) )ng{f,"(sl) +f3(s2)} = h(sy,s2), forall (s1,s2) € E.

In other words, on the set E, the bivariate function / is the pointwise limit of sums of
univariate functions. Is it true that 4 is itself the sum of univariate functions: do there
exist functions f1: S — R, f2: S5 — R with

) fi(Gs1) + fo(s2) = h(sy,s,), forall (s;,s;) € E?

It seems clear that the answer must be affirmative, and we shall prove this. Notice that
if E is a finite set the result is easy: the set of functions A which have a decomposition
of the form (2) clearly forms a subspace of the finite-dimensional vector space R £, so is
closed, and the result now follows. One might ask the same question, but with the range
of all the functions involved changed from R to R, = {0 < x € R }. Again we shall
show that the answer is affirmative. (Again the proof is straightforward if E is finite).

However, to demonstrate the difficulties which can arise, consider the following ex-
ample. Define

= {(m,m),(m+1,m) | meN} CN?,

and a function h: E — R by A(m,m) := 0 and h(m+ 1,m) := —1, forall m € N. Itis
easy to see that if ;: N — R, for i = 1,2, have property (2) then fi(m) = k — m, and
fo(m) = m —k, for all m € N, where k is some constant. Thus it is not possible to find
fi:N — R, and f,: N — R with property (2).
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However, suppose we define f{': N — R,,and f;:N — R, by

fi(m) == (n—m)",
fr(m) := (m — n),

for each m,n € N (where for x € R, x* = max{x,0}). Then, forallm € N

fi(m) +f3(m) = (m — n)*
— 0 as n — oo, and
ffm+D+f5m)y=m+1—n)"—1

— —1 as n— o00.

To summarize, we have property (1), and yet there do not exist functionsf;: N — R,
and f,: N — R with property (2).

Such questions as the above have many natural extensions to multivariate problems.
For example, suppose E C [T, Si, i E — R, f:8; x Si1 — R fori = 1,2,3, and
each n, and

3
Hm " f7(si, sist) = h(s1,'52,83,54), for all (sy, s2,53,54) € E.
=

Do there exist f;: S; X i1 — R with

ifi(s,-, Siv1) = h(sy, 52, 53, 54), for all (sy, 52, 53,84) € E?
i=1
This paper will be concerned with characterizing those functions 2 which have a de-
composition of the form (2), and generalizations of this question. When the underlying
sets S; have additional topological or measure-theoretic structure we can ask about the ex-
istence and uniqueness of decompositions of the form (2) with additional requirements on
the functionsf;, such as continuity or measurability. The present investigation was largely
motivated by questions of this type, which arose in the context of an abstract optimiza-
tion problem (see [2]). Indeed, we were trying to treat continuous ‘DAD problems’ (cf.
[12] and [13]) by direct optimization methods rather than using the information-theoretic
techniques of [3] applied in [12] and [13]. (For a recent survey of the optimization ap-
proach to DAD problems in the finite-dimensional case, see [16] and [17]). However,
the relevant result in [3] (Corollary 3.1) is inadequate because it fails to address these
questions.
As a typical example, suppose (S;,ds;) and (S, ds;) are measure spaces, with E C
Si X S, measurable. Consider the set of all those functions # € L;(FE,ds,ds;) which
decompose, in the sense that there exist measurable fj = S; — R andf, = §, — R
with
fi(s1) + f2(s2) = h(s1,52) ae. on E.
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Clearly the set of all such functions 4 forms a subspace of L(E, ds;ds). Is this subspace
closed? We shall answer this question positively, by elementary methods, in this paper
(under reasonable conditions on E). This result allows us to give conditions ensuring the
existence of a solution to the following continuous DAD problem: given two measure
spaces S and T, a non-negative measurable ‘kernel’ k: SxXT — R, and non-negative mea-
surable ‘marginals’ @: S — R and 8:7T — R, find non-negative measurable ‘weights’
f:S— R and g: T — R so that

Lﬂ%m%mm:awwﬁm&md
/Sf(s)k(& Ng(t)ds = (1), ae.onT.

See [2] for details.

As suggested by the above application, our interest is in the case where the underlying
sets are infinite. For finite sets the results characterizing decomposability are straightfor-
ward and well-known: they are related to cyclic products on matrices (see for example
[5] for a survey). Similar ideas have been used to study the approximation of bivariate
by univariate functions. See [6], [7] and [14] for further references.

The following result provides a model for the problems which arise. For simplicity
suppose E C [0, 1]% is a convex open set in R?, and define two open intervals,

Ei;:= {s1| there exists s, with (s, s2) € E}, and
Ey:= {52| there exists s; with (s1,s7) € E}.
Suppose h: E— R is C2.

THEOREM 1.1.  There exist C' functions fi: E; — R, i = 1,2, with

3) Sils1) + f2(s2) = h(s1,52), forall (s1,s2) € E,
if and only if, for every closed, piecewise smooth, oriented curve Y in E we have

@) e =0,
Y E)sl

Since E is simply-connected this is equivalent to azh/ 05105, vanishing identically on E.

PROOF. Notice that, since we always have

oh oh
L(EdS| + Ed”) =0,

equation (4) is equivalent to

/Qimza

¥ 832

by [4, 9.4].
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Suppose equation (4) holds. Pick (s?,sg) € E. Now for any #| € Ej, define
oh
(5 hHa) = [/I a—sldsl,
where ¢, is any point with (1, ;) € E and 7, is any piecewise smooth oriented curve in £
from (s?,59) to (t1, 12). Suppose (t1,#5) € E and Y, is a curve from (s%, s9) to (t1, 7). Then

Ll(ah/as])ds, = Lz(ah/ aS])dS] +/[ (8h/ as,)ds,

(11,02),(t1,85)]
:/(ah/aS|)dS1,
"2

by (4), so fi: E; — R is well-defined by (5), and clearly C'. Similarly (by the first
remark), we can define a C' function f: E;, — R by

oh
fa(t2): = /71 Edsz + h(s(l), sg).
But now we have
filt) +fo(r) = ﬁ ((Oh/ dsy)ds) + (] dsy) dsy) + h(sY,59)

= h(t),tr) — h(s(,),sg) + h(s(,), sg)
= h(ty, 1),
(since we are integrating an exact differential form, see [4, 9.4]), so (2) holds. The con-

verse is obvious.
The last statement follows from the fact that (4) holds if and only if
(ah/ asl) dS] + OdSQ
is a closed differential form, which is equivalent to 9> / 95105, vanishing identically [4,
9.4.9]. n

The characterization that we shall develop for functions A satisfying (2) will be exactly
the discrete analogue of Condition (4).

2. Potential differences. In this section we shall be concerned with graphs and with
potential differences defined on the edges of a given graph. We will not restrict attention
to graphs with a finite number of vertices, and we will allow potentials on the vertices to
take their value in an arbitrary group.

Throughout this section, let (V, E) be an (undirected) graph with vertices V (not nec-
essarily finite) and edges E (consisting of unordered pairs from V), and let G be a group,
with identity element e. Recall that a circuit is a path of vertices vovivy - - - vivis With
viviit €EE i=1,... kand vy = vp.

DEFINITION 2.1. A function h: V X V — G is a (left) potential difference if there
exists a function p: V— G with h(vy, vy) = p(vl)"p(vz) for all viv, € E.
Notice that if 4 is a potential difference and v, v, € E, then
h(vy,vi) = h(vi,v2)~".

The following result is well-known in various forms. It is essentially Kirchoff’s po-
tential law (see for example [1] when G = (R, +)). Notice though we do not require V
finite.
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THEOREM 2.2. The function h: V X V — G is a potential difference if and only if for
every circuit vovy - - - vy Vo,

(6) h(vo,vi) h(vi,v2) - - - h(ve, vo) = e
In this case h(vi,v;) = p(v| Y~ 'p(v2) for all vivo € E, where the function p:V — G is
unique on each connected component, up to a constant multiple.

PROOF. One direction is immediate. On the other hand, suppose (6) holds. Clearly
we can treat each connected component of the graph separately, so without loss of gen-
erality suppose (V, E) is connected. Fix an arbitrary vertex vy.

We define p: V — G in the following way. Set p(vy) := e. Suppose u € V. Since
(V, E) is connected, there exists a path vpv; - - - vyu. Then define

(7) p(u) := h(vg, vi) h(vi, v2) - - - h(vg, u).
To see that p is well-defined, suppose vV - - - vj’-u is another path, so
/ /
VOV + - VEWY - Vo
is a circuit and thus
(8) h(vo, vi) h(vi,v2) - - - h(v, u) h(u, le-) <-h(V],v0) = e,
Notice that whenever uju, € E, ujupu; is a circuit, so (6) implies
h(uy, up) = h(uz,up) ™",

From (8),
p(u) = h(vo, vi) K(vi,v2) - - - h(vg, 1)
= h(}, vo)‘lh(vlz, vyt h(u, v;)‘l
= h(vo,V}) (v, v3) - - - h(V}, w),
as required. Furthermore, whenever uju, € E, by the definition of p, p(u;) =
pup)h(uy, up), or h(uy, uz) = p(u )“p(uz), so h is a potential difference.
Suppose h(vi, v2) = q(vi y~'q(v,) whenever v, v, € E, for some other functiong: V —
G. Then if vyv; - - - vgu is a path, we must have
qu) = q(vi)h(vi, u)
= qi—D)h(Vi—1, vi)h(vi, u)

= g(vo)h(vo,v1) - - - h(vi, u)
= q(vo)p(u),

and this must hold for every u € V. The last assertion follows. [
The next result shows that if G is a topological group then the set of potential differ-
ences is closed under pointwise convergence.
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COROLLARY 2.3.  Suppose G is a topological group and (hy)qco is a net of potential
differences, hy:V X V — G, for a € O. Suppose that h:V X V. — G and hy, — h
pointwise: in other words,

limhgy (vy, v2) = h(vi,v,), forall viv, € E.

Then h is a potential difference.

PROOF. We just need to check (6). If vyv, - - - vgvy is a circuit then
h(vo, VR, v2) - h(vi, vo) = (lim A (vo, v0)) -+ - (lim e (v, vo))
= lim(he (v0, 1) -+ A (V. v0))
= liame

=€,

as required. u
We can restate this as follows.

COROLLARY 2.4.  Suppose G is a topological group and (po )« co s a net of functions,
Po:V— G, for a € O. Suppose that h:V x V— G and

1i;n(p,,(v.)*'pa(v2)) = h(vi,v), forallv,v, € E.

Then there exists a function p: V — G (unique up to a constant multiple on each con-
nected component) with

PO p(v2) = h(vi,v2), forall viv; € E.

Suppose in the above result we know that for each vertex v, po(v) € G, foralla € ©,
where G, is a closed subset of G. Can we choose the function p so that p(v) € G, for
all v € V? A simple example shows that this need not be the case. Let the graph consist
of just two vertices, V = { 1,2}, and the single edge joining them, £ = {12} . Let the
group G be (R, +) and suppose A is identically zero. Consider the sequence of functions
pn:V — R defined by (forn > 2) p,(1) := n, and p,(2) := n+ % Let

Ci:={neN|n>2}
1
G = {n+— l neN’nZZ}’
n
so certainly p,(i) € C; for each i and n, and C; and C; are closed in R . Clearly
pn(j) — pa(i) — 0, for all i,j.

However, if p(2) — p(1) = h(1,2) = 0, and p(i) € C;, for each i, then 0 € C, — Cy,
which is a contradiction.
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In the case where the graph (V, E) is finite, the group G = (R, +), and each set G, is
a closed interval in R, there are well-known conditions characterizing those functions
h:V x V— R for which there exists a function p: V— R withp(v) € G, forallv € V,
and
p(v2) — p(v;) = h(vy,vy) for all viv, € E,

(see [1] for example). It is easy to see from these conditions that in this case the answer
to the above question is affirmative.

However, even in this case, if we allow the graph to be infinite the result may fail.
Examples analogous to that given in the introduction demonstrate this. What is lacking
is a suitable compactness conditon.

COROLLARY 2.5. Suppose G is a topological group, and G, C G is closed for each
vertex v € V. Suppose (Da)aco IS a net of functions, p,:V — G, for a € ©, with the
property that for each vertex v € V, po(v) € G, for all « € ©. Suppose further that
h:V XV — G, with

9) 1i;n(pa(v.)“pa(w)) = h(v,v2), forall v\v, € E.

Suppose finally that the following condition holds.

CONDITION A. For each connected component Vv, there exists a vertex vy € V,
such that the net (pa(w, ))0[e o has a convergent subnet.

Then there exists a function p: V — G with
p(v1) "' p(v2) = h(vi,v2), forall viv; € E,

and
p(v) € G,, forallverticesv € V.

PROOF. We can treat each connected component independently, so without loss of
generality suppose (V, E) is connected. Suppose (po((vo))o[E o has a convergent subnet.
Without loss of generality, lim, po(vo) = g € G,,. By Corollary 2.4 there exists a
function p: V — G with p(v;) ™' p(v2) = (v, v,), for all v;v, € E, and we can choose p
so that p(vp) = g.

We now claim limy po(v) = p(v) for all vertices v € V. Suppose there is a path of
length & linking vy to v. The proof will be induction on k. Clearly the result is true for
k = 0. Suppose it holds for k, and vov; - - - v¢v is a path. By hypothesis, limy po (k) =
p(vi). Furthermore, by assumption,

lim(pa () ' pa(¥)) = h(v.v)

= p(v)~'p(v),

so limy py (v) = p(v) as required. Thus the hypothesis holds for k& + 1, and hence for all
k.
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Finally, since p,(v) € G, for all @ € ©, and G, is closed, p(v) € G, as required. =

EXAMPLES.

(1) If, for each connected component Vs, there exists a vertex vy € Vy with G, com-
pact then Condition A holds. In particular, if G is compact, Condition A holds,
as for example on G = ({€? |0 < 6 < 1},-).

(2) Suppose G = (R, +) and in each connected component there exists an edge viv,
with G,, = R;, G,, = —R,. Then

Pa(V2) — pa(vi) — h(vi,v2),

so for all o sufficiently large

pa(VZ) _pa(vl) e [h(v1,v2) - l,h(V],v2)+ 1]7

and thus
Pa(Vz) S [h(Vl»VZ) - ]’O]’

which is compact. Therefore (pa(vz)) has a convergent subnet, so Condition A
holds.
(3) Much the same argument works with the multiplicative group

G=({0<xeR},),
assuming in each connected component there exists an edge vyv, with G,, =

{x>1} and G,, = {x < 1}.

3. Decomposable functions. We now return to our central question. We wish to
characterize those bivariate (or, more generally, multivariate) functions which can be
decomposed as products or sums of univariate functions. We will call such functions
‘decomposable’.

DEFINITION 3.1.  Suppose Sy, S; are sets, E C S} X S, and G is a group. A function
h: E — G is decomposable if there exist functions fi: S, — G ,i= 1,2, with

(10) h(sy, s2) :fl(S|)f2(S2), for all (sy,s2) € E.

Associated with the sets E, S}, S, we can define a bipartite graph (V, E') with vertices
= 8§, U Sy, and edges E' := {5152 | (s1,52) € E}. Corresponding to the function
h: E — G we can define a function

H:(S1U S2) % (S,U S») — G,
by

hu, )7L, ifu€ S, veES,

h(u,v), ifueS;,ves,,
H(u,v) =
e, otherwise,
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(where as before e is the identity). Now A’ is a potential difference exactly when there
exists a function p: §; U S, — G with #'(u,v) = p(u)~'p(v) for all edges uv. Simply by
making the identification

fils1) = p(s1)”", forsy €S,
f2(s2) = p(s2), for s € S5,

it is clear that & is decomposable if and only if /' is potential difference.

Suppose the connected components of the associated bipartite graph (V,E') are
(Vy,Ey), fory € T, s0V = UyerVy and E' = U, crE, are disjoint unions. For each
Yy €T, Vy = 8§ US), for some subsets S] C Si, 8] C S, and UyeyS] = Sy,
UyerS) = S are disjoint unions. If we write E” := {(s1,52) | s152 € E,}, then
E" C S] xS foreachy € T'and E = Uy crE’ is a disjoint union.

We call (5],5), E") the connected components of (S, S,, E). To define them directly,
define a relation L on E by (s, s7)L(t1,1;) for s,t € E if either s; = 1 or s = t,, and
then define an equivalence relation ~ on Eby s ~ t for s, t € E if there exists a sequence
st s%,...,s5in Ewiths' = 5, s = rand §Ls*! forj = 1,...,k — 1. The relation ~
partitions E into equivalence classes E”, forY € I, and we then define

(11) ST :={s1 €81 | (s1,52) € E” for some 5, € S, },
(12) S) :={s €8, | (s1,52) € E" forsome s; €S,}.

For each 51 € §; \ UyerS], we adjoin the triple ({s,},0,0), and similary for each
52 € 82\ UyerS) we adjoin (9, { 52}, 0). Together with the triples (S],5),E"),Y € I”,
these make up the connected components of (S}, 5>, E).

Corresponding to circuits in the associated bipartite graph are circuits in E. To describe
them directly we use the following definition.

DEFINITION 3.2. A circuitin E C Sy X S, is a sequence s's?s? - - - s?ks%*1 of points

§ = (sfi,s{,_) € E with s?! = ¢!, andsji = ﬁ“, AJZ A s’rl # sjr'z and s’;' = sg'z for
either all even j or all odd j in { I,...,2k}. (In other words, the component of s’ which
changes as we follow the circuit alternates between the first and second.)

The following results are exact translations of the corresponding results in § 2. In each
of them, E C §; X Sz, Gisagroup,and h: E — G.

THEOREM 3.3.  The function h is decomposable if and only if for every circuit in E,

shos2o . s2kgl

we have

h(sHA(?) T Th(sHRGH T h(sP) T = e

In this case the functions f;:S; — G, i = 1,2 in (10) are unique on each connected
component of (81,52, E) up to a constant multiple. In other words, if f],f; also satisfy
(10) then on each connected component (S‘{,Sg, E"), there exists gy € G with fits) =
fi(si)gy forall sy € S], and fy(s2) = g5 'fo(s2) for all s, € S3.

PROOF. Theorem 2.2 =

https://doi.org/10.4153/CJM-1992-030-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-030-9

472 J. M. BORWEIN AND A. S. LEWIS

COROLLARY 3.4. Suppose G is a topological group and (hy)aco is a net of de-
composable functions, hy: E — G, for « € ©. Suppose that h:E — G and hy, — h
pointwise: in other words,

limhy(p) = h(p), forallp € E.
[04

Then h is decomposable.

PrOOF. Corollary 2.3. n

It is worthwhile making the intuitive basis for the proof of this result clearer. For
simplicity, consider the case where G = (R, +) and the nets are sequences, and suppose
that (S, $», E) is connected. Thus we have, for all (s, s2) in E, f{'(s1) +£5(s2) — h(sy, s2).
The difficulty of course is that f{' and f7' may not converge themselves. However, it is
not difficult to see that the only way this can happen is if f{' = g} + k, and f}' = g} — k,
for some sequence of constants k,, where the functions g} and g5 do converge. To make
this precise, pick an arbitrary (51,5;) in E and define k, := f['(s1), g} := fI' — kn, and
g5 := f; + k,. Then the proof above translates immediately into a demonstration that g}
and g converge pointwise to the desired decomposition of 4.

COROLLARY 3.5. Suppose (f*)qco, i = 1,2 are sets of functions, f&: S; — R, that
ECS xS andh: E— R, and that

f (1) + 157 (s2) — h(sy, 82), forall (sy,s2) € E.

Then there exist functions f;: S; — Ry, i = 1,2, unique up to a constant on each con-
nected component (cf. Theorem 3.3), with

Si(s1) + fo(s2) = h(sy, 52), forall (s1,s2) € E.

PROOF. Corollary 2.5 and the following examples. ]
This resolves the opening questions in the introduction.

4. The multivariate case. We would naturally expect such results as Corollary 3.4,
which showed that pointwise limits of (bivariate) decomposable functions were decom-
posable, would extend to the multivariate case. In most of the circumstances in which we
are interested (for example G = (R, +)) this is indeed the case, as we shall see. Surpris-
ingly however, these results can fail in the multivariate case even with G = (Z,+). We
shall present an example of this. Beyond the two variable case such simple characteri-
zations as Theorem 3.3 are no longer possible, and rather than attempting to generalize
these, we will proceed directly to extensions of Corollary 3.4.

The proofs in this section, which could also be used in the bivariate case, are shorter
but less constructive than those used in the bivariate case. They are more restrictive on
the underlying group G, and provide no uniqueness information as in Corollary 3.5.
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We will use the following ideas from universal algebra (see [8]). Suppose G is an
abelian group, ® and A are two index sets,

a®xA—{-1,0,+1}

has the property that { ¢ € @ | a(p, ) #-0} is finite forall A € A, and b: A — G.
Consider a canonical set of linear equations, indexed by A, in variables x, € G for
p € D:

(13) > alp,MNx, = b(X), for A € A.

peD
It is easy to see in fact that systems of this form with arbitrary integer coefficients can be
reduced to this special case by adding extra variables.

DEFINITION 4.1. (i) System (13) is solvable if there exist variables x,,, for ¢ € ®
satisfying the system.

(i1) System (13) is finitely solvable if every finite subsystem of (13) (i.e. indexed by

A € Ay where Ay is a finite subset of A) is solvable.

(ii1) G is equationally compact if any system of the form (13) which is finitely solv-

able, is solvable.

It is easy to see, by Tychonoff’s theorem, that if G is a compact abelian group then
it is equationally compact: corresponding to any finite subsystem is a collection of pos-
sible solutions which clearly form a closed subset of the compact set G®, and which
furthermore have the finite intersection property.

DEFINITION 4.2.  An abelian group G is divisible if for any x € G and n € N, there
exists y € G with ny = x.
Thus, for example, (Q,+), (R, +) and (C, +) are divisible, but (Z, +) is not.

THEOREM 4.3. Any divisible abelian group is equationally compact.

PROOF. See for example (8, Appendix 6, by G.H. Wenzel]. n
Thus (Q,+), (R, +) and (C, +) are all equationally compact. The following example
shows that (Z, +) is not equationally compact.

EXAMPLE. Consider the system of equations in (Z, +)
(14) Xp+2x41 =1, n€eN.

Clearly (14) is finitely solvable but not solvable.

The proof of the following decomposition result in the case in which we are particu-
larly interested, where G is (R, +) (and equally when G is (C, +) or (Q, +)), proceeds in
two steps. The first step depends on the previous observation that for functions on finite
sets, decomposable functions form a subspace of a finite-dimensional vector space, so
are a closed set under pointwise convergence. We then use the equational compactness
of (R,+) (or (C,+) or (Q, +)) to extend to the infinite case. We shall use the notation that
fors € I, Siand I C {1,2,...,n}, s; € [lies Si is defined by (s;); = s;, fori € I.
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THEOREM 4.4. Suppose
VC H Si
i=1
G is a topological group, and h:V— G. Suppose § # I C {1,....n}, and f*:
[lies; Si — G are nets of functions indexed by a € O, for each j = 1,...,m. Suppose
that h:TT_, S; — G has the property that

(15) liam(fl"(s,, 5 (s1) . fx(s1,)) = hs), forall s € V.
Suppose finally that one of the following assumptions holds

(16) G is compact, or

a7 G=(Q,+),(R,+)or(C,+).

Then there exist functions fi: Tle, Si — G, j = 1,...,m, with,

(18) Fisi)a(sn) -+ fnlsy,) = h(s), foralls € V.

PROOF. Assume (16) first. By Tychonoff’s Theorem, for each j = 1,...,m, the
Cartesian product

F; = Gl ®

is compact (in the product topology). Since the net {f* | @ € ©} C F|, there exists
a convergent subnet {f{"' | a; € ©,} with f; := lim,, f{" € F). Selecting convergent
subnets in turn for each net {f} we eventually arrive at convergent subnets {f" |
a, € Om} with fj 1= limo,mjj"’" € Fj,each j = 1,...,m. The required conclusion, (18),
now follows from (15).

Secondly, suppose (17) holds. By equational compactness, in order to prove that (18)

is solvable for the functions fi, ..., f,, it suffices to show that (18) is finitely solvable.
We can therefore without loss of generality assume V is finite, and therefore that the sets
S1,...,8, are all finite.

We can now regard G" as a finite-dimensional vector space over G (where G is either
Q, R or C). Consider the following conditionon p € GV:

(19)  There exist fi: [[Si — G, j = 1,....m, with ) fi(s;)) = p(s), forall s € V.
iel; j=1
The set of p € GV satisfying (19) is clearly a subspace of GV, so is closed (under
pointwise convergence). From (15), 4 is a pointwise limit of functions satisfying (19),
so therefore p := h satisfies (19). But this is exactly (18). n

EXAMPLE (MEKLER). The following counterexample, due to [11], shows that the
result can fail with G = (Z,+). Let S}, = §, = N x {1,2,3}, and S35 = N. Define
V C S| X S X S3 as the set of all points of the form

(o)), 2r—=1)  ((r1),(r,2),2r) ((r2).(r1),2r)
((r,2),(r,3),2r — l) ((r,3),(r,2),2r+ 1) ((r,3),(r, 3),2r+ 2)
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as r ranges over N, and define h: V— Z by

h(s1.52.53) = {1, if (s1,52,53) = ((.3),(r,2),2r + 1), some r € N,
T 0, otherwise.

The condition that A is decomposable is then that there exist functions u,v:
N x {1,2,3} — Z, and w: N — Z such that for each r € N,

u(r,)+v(r,1)+wr—1)=0,
u(r, 1)+ v(r,2) + w2r) = 0,
(20) u(r,2) + v(r, 1)+ w(2r) = 0,
u(r,2) +v(r,3)+wr—1) =0,
w(r,3)+v(r,2) + wr+ 1) =1,
u(r,3)+v(r,3) + w2r+2) =0,

or equivalently,

u(r, 1)+ v(r,2) + w(2r) = 0,
w(r,2) +v(r,3) +w2r—1) =0,
21) u(r,3) +v(r,3) + w2r+2) =0,
wr, 1) —v(r,2) + w2r—1)—w(2r) =0,
wr,2)—v(r,3)+wRr+1)—wr+2) =1,
2(w@r— 1) —w2n) + (w2r+ 1) —w2r+2)) = 1.

Notice that having solved for w, the values of u and v may be found by back-substitution
in (21). It follows, by making the substitution

X, = w2r—1)—w(2r), eachr € N,
in the last equation in (21) and using the example after Theorem 4.3, that (21) (and

therefore (20)) is finitely solvable for the variables «, v, w, but not solvable. Thus 4 is not
decomposable.

However, since (20) is finitely solvable, we can find «/, v/, w' such that putting u :=
ul,v =, w:= wsolves (20) for all r = 1,2, ..., It then follows that

Ilim (u[(sl )+ VI(SQ) + WI(S3)) = h(sy, 52, s3), for all (sy,52,53) €V,
=00

s0 h is a pointwise limit of decomposable functions, but is not decomposable.
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5. The continuous case. In Section 3 we gave various conditions under which a
bivariate function was decomposable, or in other words could be written as a product
(or sum) of two univariate functions. In many circumstances the sets involved may have
additional topological or measure-theoretic structure, in which case it is natural to impose
the corresponding structure on the component functions. In the next two sections we
will consider first the case of continuous functions, and then measurable functions. We
will restrict attention to the bivariate case: the multivariate results will be analogous
extensions.

Throughout this section we will suppose S}, S are topological spaces, and for a subset
E C S| x S, we write for the projections

S¥ = {s1 €8, (s1,5) € E for some s, € S1},
S5 = {s€8,| (s1,52) € Eforsome s; € S,}.

(22)

Clearly if Eisopenin §; X S, S,E and Sf are open in S| and S, respectively. We shall
also suppose that G is a topological group, with identity e.

The first result shows that if A is continuous on an open set E, and is decomposable,
then it decomposes into a product of continuous functions.

PROPOSITION S5.1.  Suppose E C Sy X Sy is open, h: E — G is continuous, and
fiSE— G, i= 1,2, with

h(s1,$2) = fi(s1)f2(s2), forall (s, s2) € E.

Then fi and f> are continuous.

PROOF.  Suppose 5! € S¥, U C G open, and fi(s)) € U. Thus for some sJ € S&,
(s9,59) € E, 50 h(sY,59) = fits\fa(s9) € Ufa(sY). Since h is continuous, there exists an
open neighbourhood V of s in Sy, with

h(s1,53) = fi(s)f2(s9) € Ufr(sY),

or fi(sy) € U, forall sy € V with (sl,sg) € E. But since E is open there exists an open
neighbourhood W of s‘l’ in Sy, with (sq, sg) € E for all sy € W. Thus VN W is an open
neighbourhood of s{ in S; with fi(s;) € U forall s; € VN W, so f; is continuous.
Similarly, f; is continuous. =

An easy example shows that this result may fail if E is not open. For example, suppose
Sy := {1,2} (with the discrete topology), S := [0,1], G = (R, +) (with the usual
topologies), and E = {(1,0),(1, )} U ({2} x (0,1]), with h(1,1) = —1l and h = 0
elsewhere on E. Then defining fi(1) := 0, £(2) := 1, and

ifs, =0,

0»
L=V 20 g >0,

we have h(s1,s2) = fi(s1) + fo(s2) for all (sy,s2) € E, although £, is not continuous.
Furthermore, there is clearly no decomposition of 4 into continuous functions, as the
given decomposition is unique up to a constant.
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The other question of interest is that of uniqueness of decomposition. By Theorem 3.3,
this amounts to checking that the graph associated with E is connected. In this topological
setting we can be more concrete, using topological connectedness.

PROPOSITION 5.2.  Suppose fi: SE — G, i = 1,2 are continuous, with f(s1)f2(s2) =
e, for all (s, s2) € E. Suppose one of the following conditions holds:
(i) Sf is connected, and for all s1 € Sf, there exists s, € Sy and an open neighbour-
hood U of sy with U x {s,} C E.
(ii) S5 is connected, and for all s, € S%, there exists s; € S| and an open neighbour-
hood V of s, with{s|} x V C E.
(ii1) E is open and connected.
Then for some contantk € G, fi =k on S¥ and f, = k=" on SE.

PROOFE. (i) Suppose s{ € S¥. Pick s, € S, and an open neighbourhood U of s with
U x {52} CE.Thenforalls; €U,fi(s;)=fa(s2)"'. Thus £ is locally constant on S%,
s0 by connectedness is constant, [ 18, p. 105]. The result follows.
(ii) Similar.
(iii) This condition implies both (i) and (ii), since S¥ and S% are the continuous pro-
jections of E onto S| and S, respectively, so are connected [18, p. 97]. =
This result clearly resolves the uniqueness question since if

p1(s1)p2(s2) = q1(s1)ga2(s2), for all (s1,s52) € E,

then
(416507 P1(s)) (Pa(s2)ga(52) ™) = e,

so for some k € G,

ql(sl)*'pl(sl) = k,forall s, € Sf
pa(s2)ga(s2) " = k' forall s, € S5,

or qi(s1) = pi(sDk™" and g2(s2) = kpa(s2).

EXAMPLE. Suppose S| = S, = [0, 1] with the usual topology, and E C [0, 12 is
open with the main diagonal { (s,s) | s € [0, 1]} C E. Then it is easy to see (i) applies.

6. The measurable case. The previous section showed that if a bivariate function
was continuous and decomposable then it decomposed into continuous univariate func-
tions. We also showed uniqueness results. In this section we will develop the analogue
results for the measurable case. Again we will restrict our attention to the bivariate case:
extensions to multivariate results will be analogous.

We suppose (S;, i1 ) and (S2, py) are measure spaces, and G is a topological group with
identity e. We will take the Borel sets of a topological space to be the o-algebra generated
by the open sets (as in [15]) rather than the (possibly smaller) o-algebra generated by
the compact sets (as in [9]). In a locally compact, o-compact Hausdorff space (such as
R) the two will be the same (see [9, p. 219]).
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We shall suppose E C S| X Sy is pu; X uy - measurable and we will lose no generality
by assuming S¥ = S| and S£ = S, (defined as in (22)). Our first result is the analogue of
Proposition 5.1. We show that, under a simple condition on E, if a measurable function
on E is decomposable, then it decomposes into a product of measurable functions.

PROPOSITION 6.1.  Suppose E C S; X S is a countable union of measurable rectan-
gles, h: S X S, — G is measurable (u; X o), and fi: S| — G, fo: S» — G, with

h(s1,52) = fils)f2(s2), (1 X pp) -ae. on E.
Then f; is pu;-measurable, i = 1, 2.

PROOF.  Suppose E = U, (8, x §), where each S/ is j1;-measurable and non-null.
Then for each j,

h(si,52) = fils)fa(s2), (1 X f12) -ae. on ) x S,

so by [9, p. 147], for y;-almost all s, € Sjl,

h(s1,52) = fi(s1)f2(s2) 2 -ae. on S{)

In particular, there exists s; € §| with

f(s2) = (i) h(s),52),  pa-ae. on S,

$0 f| g is up-measurable, since 4 is measurable, and every section of a measurable func-
tion is measurable (cf. [9, p. 142]).
Now by assumption, U, S, = S,. Suppose U C G is open. Then

LW = U ()W)
which is measurable. Thus f> is measurable, and similarly, so is f;. L]

NOTE. At least when G = R it makes no difference whether we assume 4 is (y; X
w2)-measurable or measurable with respect to the completion () X 417), since in the
latter case there exists a (4 X up)-measurable function ' with h = K, (1 X p)-ae.
[15, p. 145].

Certainly not every measurable subset of S; X S, will be a countable union of mea-
surable rectangles. However, the following result gives a simple condition.

LEMMA 6.2. Suppose S\, S, are separable metric spaces, with Borel measures [,
and p; respectively. If E C Sy X S, is open then it is a countable union of measurable
rectangles.

PROOF. For each e = (e}, ;) in E choose open neighbourhoods S of e, and S5 of
ez with §7 x §5 C E. These measurable rectangles form an open cover of E, and since E
is Lindelof there is a countable subcover. u

We next prove a uniqueness result which is analogous to Proposition 5.2. We first
need an analogue of the result that a locally constant function on a connected space is
constant.
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LEMMA 6.3. Suppose S is a connected, locally compact, o-compact Hausdorff
space, and i is a Borel measure on S with full support, in other words every nonempty
open set in S has strictly positive measure. Suppose f: S — G is measurable and locally
a.e. constant: given any s € S there exists a neighbourhood of s on which f is constant
a.e. Then f is constant a.e. on S.

PROOF. Define a function F: S — G as follows. Given ¢t € S, there exists an open
neighbourhood U, of ¢ and a constant g, € G with f(s) = g, a.e. on U,: then define
F(1) := g;. The function F is well-defined, since if U’ is another neighbourhood of ¢ and
f(s) =g, ae. on U, then since y has full support, u(U,N U') > 0,s0g, = ¢'.

Now F is locally constant on S. To see this, suppose sy € S. By assumption, there
exists an open neighbourhood Uy of sy and gy € G with f(s) = go, a.e. on Uy, and then
F(so) = go. Suppose s; € Uyp. Then again by assumption, there exists a neighbourhood
U, of s; and g, € G with f(s) = g, a.e. on U}, and then F(s;) = g,. Since p has full
support, u(Up N Uy) > 0,50 go = g1. Thus F(s) = F(sp) for all s € Uy, as required.

It follows immediately that F is continuous, and therefore constant, since S is con-
nected. Suppose F(s) = k € G for all s € S. Thus f(s) =k, a.e. on U, for all t € S. Now
UsesU; is an open cover of S, and since S is o-compact it is Lindelof [10, p. 172] so there
exists a countable subcover Ujojl U, But f(s) = k, a.e. on each Uy, so f(s) = k, a.e. on
S. ]

THEOREM 6.4. Suppose S| and S, are locally compact Hausdorff spaces with Borel
measures py and p, respectively, each with full support. Suppose E is a measurable
subset of S| X Sy, f1i:S1 — G and f>: S, — G are measurable, and

Sis)fa(s2) = e,  (u1 X wp) -a.e. on E.

Suppose the following conditions hold:
(1) Sy is o-compact and connected.
(2) Foreach s\ € S| there exists s, € S, with (s|,s>) in the interior of E.
(3) p,l{S] € S I (s1,82) € E} > 0, ur -a.e. on S;.

Then for some constant k € G,

fils)) =k, pj-ae onS,

and

fz(Sz) = k_l, M2 -a.e. on Sz.

PROOF. Suppose t; € S;. By Condition (2), there exists t, € S, with (¢,1;) in the
interior of E, so for some open neighbourhoods U; and U, of t; and 1, respectively,
U, x U, C E. Now

fils)fa(s2) = e, (1 X p2) -a.e. on Uy X Us.
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Therefore by [9, p. 147], for almost all 5, € Us,
filsfals2) = e, py-ae. onUy.
Since p» has full support, so u(Usz) > 0, there exists sg € U, with
fils) = (A6, py -ae on Uy

Thus f; is locally a.e. constant, so constant a.e. on S, by Condition I and Lemma 6.3.
Thus for some k € G, fi(sy) = k, ) -a.e. on Sy.
Finally, by assumption,

(1 X p){ (s1,52) € E| fils)fa(s2) # e} =0,

so by [9, p. 147], for p,-almost all s, € S5,

wi{s1 €81 | (s51,8) €EE, fi(s))fr(s2) # e} = 0,

and thus by Condition 3,

pi{si € S1] (s1.8) €E, fils1)fo(s2) = e} > 0.

But fi(s;) = k, py -a.e. on §), so certainly there exists s? € S, with (s‘,), s7) in E,

filsHfa(s2) = e, and fi(s)) = k, so fo(s2) = k. Since this holds p; -a.e. on Sy, the
result follows. .
Just as in Section 5, this resolves the uniqueness question, since if

pi(spa(s2) = qi(s1)qa(s2), ae. on E,

then
(@1(50) ' pi(s))(pas2)ga(s2) ) = e, ae. on E,

so for some k € G,

@i(s) " 'pils)) = k, ae.onSy,

pa(s2)qa(s) ! = k', ae on Sy,

org, = p1k~', ae. and g, = kp, ae.
Clearly we could interchange S; and S, .
ExAMPLES. The conditions in the above result will hold in each of the following
cases.
(i) S; = S = I, aclosed interval in R with Lebesgue measure, E an open set in
I x I containing the main diagonal { (s,s) | s € I}.
(i1) Suppose S; is o-compact and connected, and

E = {(s1,%) | p(si;,s2) > 0},
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where p: S; X S, — R is lower semicontinuous (so E is open). Suppose there
exists surjective ¢: S| — S, with p(s,,q(sl)) > 0 for all s; € S;. Then the
conditions hold.

(iii) Sy =S, =10, 1] and p(s1,s2) = |51 — s2|. Then

si+4, s€(0,1),
gy =¢ 1Ty T 2]
51 3 S 6(5,1],

works in (ii).

We conclude with a discussion of a problem from the introduction. Suppose S; and S5
are compact metric spaces, with Borel measures p; and p, respectively, each with full
support, and suppose E C S; X S, is open. Consider the subspace D of L;(E, 1 X i)
consisting of these integrable functions #: E — R which can be written

h(s1,s2) = fi(s1) + f2(s2), a.e. on E,

where fi: S| — R and f>: S, — R are measurable. We shall show that D is closed.
Suppose therefore thath, € D,n = 1,2,... thath € Li(E, uy X u2), and || h,—hl|; —
0. Thus for some measurable functions f{' = §; — R and f}) = S, —» R,

l’ln(S|,Sz) Zf[n(S]) +f2n(52), ae.onkE.

By [15, 3.12], for some subsequence (1), k" — h pointwise a.e. on E. It now follows by
Corollary 2.4 that there exist functions fi: S; — R and f>: S — R with

h(s1,s2) = fi(s1) + f>(s2), ae.on E.

Since S; and S, are compact metric spaces they are separable, so Lemma 6.2 shows E is
a countable union of measurable rectangles. Now Proposition 6.1 applies to show f; and
J> are measurable, so h € D as required.

REFERENCES

1. C. Berge, Graphs and hypergraphs, North-Holland, Amsterdam, 1975.
2.]J. M. Borwein, A. S. Lewis and R. Nussbaum, Entropy and DAD problems, in preparation.
3.1. Csiszar, I-Divergence geometry of probability distributions and minimization problems, Annals of Prob-
ability 3(1975), 146-158.
4. A. Devinatz, Advanced calculus, Holt, Rinehart and Winston, New York, 1968.
5.G. M. Engel and H. Schneider, Cyclic and diagonal products on a matrix, Linear Algebra and its Applica-
tions 7(1973), 301-335.
6. M. v. Golitschek, Optimal cycles in doubly weighted graphs and approximation of bivariate functions by
univariate ones, Numerische Mathematik 39(1982), 65-84.
7.M.v. Golitschek and H. Schneider, Applications of shortest path algorithms to matrix scalings, Numerische
Mathematik 44(1984), 111-120.
8. G. Griitzer, Universal algebra, Springer-Verlag, New York, 1979.
9. P. R. Halmos, Measure theory, Van Nostrand, New York, 1950.
10. J. L. Kelley, General topology, Van Nostrand, New York, 1955.
11. A. Mekler, private communication, (1990).
12.R. D. Nussbaum, Hilbert’s projective metric and iterated nonlinear maps, A.M.S., Providence, R.I., 1988.
13. Iterated nonlinear maps and Hilbert's projective metric II, AM.S., Providence, R.1., 1989.

https://doi.org/10.4153/CJM-1992-030-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-030-9

482 J. M. BORWEIN AND A.S. LEWIS

14. U. R. Rothblum and H. Schneider, Characterizations of optimal scalings of matrices, Mathematical Pro-
gramming 19(1980), 121-130.

15. W. Rudin, Real and complex analysis, McGraw-Hill, New York, 1966.

16. M. H. Schneider, Matrix scaling, entropy minimization and conjugate duality I, existence conditions, Linear
Algebra and its Applications 114(1989), 785-813.

17. M. H. Schneider, Matrix scaling, entropy minimization and conjugate duality II, the dual problem, Math-
ematical Programming B 48(1990), 103-124.

18. W. A. Sutherland, Introduction to metric and topological spaces, Oxford University Press, Oxford, [975.

Department of Combinatorics & Optimization

University of Waterloo
Waterloo, Ontario, N2L 3G1

https://doi.org/10.4153/CJM-1992-030-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1992-030-9

