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Abstract We introduce an invariant, called the contact number, associated with each Euclidean subman-
ifold. We show that this invariant is, surprisingly, closely related to the notions of isotropic submanifolds
and holomorphic curves. We are able to establish a simple criterion for a submanifold to have any given
contact number. Moreover, we completely classify codimension-2 submanifolds with contact number �3.
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1. The contact number

Throughout this paper, manifolds are assumed to be connected and without boundary
and each Euclidean submanifold is of dimension �2. For a Riemannian manifold M , we
denote by UM the unit tangent bundle of M .

Let M be an n-dimensional submanifold in E
m. For a given point p ∈ M and a given

u ∈ UpM , there is a unique unit speed geodesic γu in M through p satisfying γu(0) = p

and γ′
u(0) = u. For the same pair (p, u), there is another canonical unit speed curve βu

associated with (p, u) which is called the normal section (see [7]) defined as follows. Let
E(p, u) be the affine (m−n+1)-subspace of E

m through p spanned by u and the normal
space T⊥

p M at p. The intersection of M and E(p, u) gives rise to a unit speed curve βu(s)
with βu(0) = p and β′

u(0) = u defined on an open interval containing 0. This curve βu is
called the normal section at (p, u).

Normal sections have been studied by many geometers (see, for example, [1,2,7,10–
15,17–21,25,26]). In particular, Sánchez et al . showed that normal sections play some
important roles in algebraic geometry as well as in differential geometry.
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The geodesic γu and the normal section βu at (p, u) are said to be in contact of order k

if γ
(i)
u (0) = β

(i)
u (0) for i = 1, . . . , k, where γ

(i)
u and β

(i)
u denote the ith derivatives of γu

and βu with respect to their arclength functions.
In this paper we introduce the notion of contact number as follows.

Definition 1.1. A submanifold M in a Euclidean space is said to be in contact of
order k if, for each p ∈ M and u ∈ UpM , the geodesic γu and the normal section βu at
(p, u) are in contact of order k. If the submanifold M is in contact of order k for every
natural number k, the contact number c#(M) of M is defined to be ∞. Otherwise, the
contact number c#(M) is defined to be the largest natural number k such that M is in
contact of order k and but not of order k + 1.

In this paper we show that the contact number is, surprisingly, closely related to
the notions of isotropic submanifolds and holomorphic curves. We prove that the con-
tact number of each submanifold is at least 2; and it is at least 3 (respectively, 4) if
and only if the submanifold is isotropic (respectively, constant isotropic). We also prove
that a surface in a Euclidean space has contact number 3 if and only if it is a non-
planar holomorphic curve in a complex 2-plane C

2. Also, we establish a simple criterion
for a submanifold to have any given contact number. Moreover, we completely classify
codimension-2 submanifolds with contact number �3. We also investigate surfaces in
E

6 with contact number �4. As a consequence, we obtain the first explicit examples of
non-spherical pseudo-umbilical surfaces in Euclidean spaces.

2. Basic notation and formulae

Let M be an n-dimensional submanifold in E
m. We choose a local field of orthonormal

frames {e1, . . . , em} in E
m such that, restricted to M , e1, . . . , en are tangent to M and

en+1, . . . , em are normal to M . We denote by ∇ and ∇̃ the Levi-Civita connections on M

and E
m, respectively. Let D denote the normal connection of M in E

m.
In the following, we use the following convention on the range of indices unless men-

tioned otherwise:

1 � i, j, k, � � n; n + 1 � r, s, t � m; 1 � A, B, C � m.

We denote by ω1, . . . , ωm the field of dual frames. The structure equations of E
m are

given by

∇̃eA =
∑

ωB
AeB , ωB

A + ωA
B = 0, (2.1)

dωA = −
∑

ωA
B ∧ ωB , dωA

B = −
∑

ωA
C ∧ ωC

B . (2.2)

Restricting these forms on M , we have ωr = 0, 0 = dωr = −
∑

ωr
i ∧ ωi. Thus, by applying

Cartan’s Lemma, we may write

ωr
i =

∑
hr

ijω
j , hr

ij = hr
ji. (2.3)

The second fundamental form h of M in E
m is given by h =

∑
hr

ijω
iωjer.
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For any two vectors x, y tangent to M and any vector ξ normal to M we have

∇̃xy = ∇xy + h(x, y), (2.4)

∇̃xξ = −Aξx + Dxξ, (2.5)

where Aξ is the shape operator of M in E
m with respect to ξ. The second fundamental

form and the shape operator are related by 〈Aξx, y〉 = 〈h(x, y), ξ〉.
The covariant derivative ∇̄h of h with respect to TM ⊕ T⊥M is defined by

(∇̄xh)(y, z) = Dxh(y, z) − h(∇xy, z) − h(y, ∇xz). (2.6)

Sometimes, we write (∇̄xh)(y, z) as (∇̄h)(y, z, x). We put ∇̄0h = h.
In general, the kth (k � 1) covariant derivative ∇̄kh of h is given by

(∇̄kh)(x1, x2, . . . , xk+2) = Dxk+2((∇̄k−1h)(x1, . . . , xk+1))

−
k+1∑
i=1

(∇̄k−1h)(x1, . . . ,∇xk+2xi, . . . , xk+1). (2.7)

It is clear that ∇̄kh is a normal-bundle-valued tensor field of type (0, k + 2). We simply
denote

(∇̄qh)(
q+2 times︷ ︸︸ ︷
x, . . . , x)

by (∇̄qh)(xq+2). From (2.6) and (2.7), we have

Dxh(x, x) = (∇̄h)(x3) + 2h(x,∇xx), (2.8)

D2
xh(x, x) = (∇̄2h)(x4) + 5(∇̄xh)(x,∇xx) + 2h(∇xx,∇xx) + 2h(x,∇2

xx). (2.9)

The equations of Gauss, Codazzi and Ricci are given, respectively, by

R(x, y, z, w) = 〈h(x, w), h(y, z)〉 − 〈h(x, z), h(y, w)〉, (2.10)

(∇̄xh)(y, z) = (∇̄yh)(x, z), (2.11)

RD(x, y, ξ, η) = 〈[Aξ, Aη](x), y〉, (2.12)

where R(x, y) = ∇x∇y − ∇y∇x − ∇[x,y] and RD(x, y) = DxDy − DyDx − D[x,y] are the
curvature tensors of the tangent and normal bundles.

3. Lemmas and examples

We recall the following definition from [22].

Definition 3.1. A submanifold M in a Riemannian manifold is said to be isotropic
if, for each point p ∈ M , the length λ = |h(u, u)| of the normal curvature vector h(u, u)
is independent of the choice of u ∈ UpM . If λ = |h(u, u)| is also independent of p ∈ M ,
then M is said to be constant isotropic.
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We need the following result for later use.

Lemma 3.2 (see [22]). A submanifold M is isotropic if and only if we have

〈h(u, u), h(u, v)〉 = 0 (3.1)

for orthonormal vectors u, v tangent to M at each point.
For isotropic submanifolds, we also have

〈h(u, u), h(v, v)〉 + 2〈h(u, v), h(u, v)〉 = |h(u, u)|2, (3.2)

〈h(u, u), h(v, w)〉 + 2〈h(u, v), h(u, w)〉 = 0 (3.3)

for orthonormal vectors u, v, w tangent to M at each point.

We also need the following lemma for constant isotropic submanifolds.

Lemma 3.3. An isotropic submanifold M is constant isotropic if and only if we have

〈A(∇̄h)(u3)u, v〉 = 0 (3.4)

for orthonormal vectors u, v tangent to M at each point.

Proof. Assume that M is an isotropic submanifold, so we have |h(u, u)|2 = λ2(p) for
each unit vector u ∈ TpM . For any orthonormal vectors u, v in TpM , we extend u and
v to orthonormal vector fields X and Y on some open neighbourhood of p such that
∇uX = ∇uY = ∇vX = 0 at p. Since M is isotropic, we obtain from (2.6) and (2.11)
that

vλ2 = v(|h(X, X)|2) = 2〈Dvh(X, X), h(X, X)〉
= 2〈(∇̄vh)(u, u), h(u, u)〉 = 2〈(∇̄uh)(u, v), h(u, u)〉
= 2〈Duh(X, Y ), h(X, X)〉 = −2〈Duh(X, X), h(X, Y )〉
= −2〈(∇̄uh)(u, u), h(u, v)〉. (3.5)

Since dimM is at least two, (3.5) implies the lemma. �

Similarly, we also have

uλ2 = 2〈(∇̄uh)(u, u), h(u, u)〉, (3.6)

for any isotropic submanifold.

Lemma 3.4. An isotropic submanifold M is constant isotropic if and only if we have

A(∇̄h)(u3)u = 0 (3.7)

for any vector u tangent to M at each point.
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Proof. If M is constant isotropic, then (3.6) implies

〈A(∇̄uh)(u,u)u, u〉 = 0. (3.8)

Combining Lemma 3.3 and (3.8) gives (3.7). The converse follows from Lemma 3.3. �

A Euclidean submanifold M is said to have geodesic normal sections if every normal
section on M is a geodesic (see [10]). All submanifolds M in E

m with geodesic normal
sections satisfy c#(M) = ∞. A Euclidean submanifold M is called helical if geodesics of
M , considered as curves in E

m, have all Frenet curvatures constant and independent of
the chosen geodesic. Helical immersions have been studied extensively (see, for example,
[18,24]).

Chen and Verheyen proved the following results for submanifolds with geodesic normal
sections.

Theorem A (see [10]). Every submanifold in E
m with geodesic normal sections is

constant isotropic.

Theorem B (see [10,26]). A submanifold in E
m has geodesic normal sections if and

only if it is helical.

Example 3.5. Let M be a compact Riemannian manifold. Then M has a unique kernel
of the heat equation: K : M × M × R

+
0 → R. Let δ denote the distance function on M .

Then M is called a strongly harmonic manifold if there exists a function Ψ : R
+×R

+
0 → R

such that K(x, y, t) = Ψ(δ(x, y), t) for x, y ∈ M and t ∈ R
+
0 . Compact symmetric spaces

of rank one are known examples of strongly harmonic manifolds [3, p. 158].
Let λk be the kth non-zero eigenvalue of the Laplacian ∆. Denote by Vk be the

eigenspace of ∆ with eigenvalue λk. On Vk we define an inner product by 〈〈f, g〉〉 =∫
M

fg ∗ 1 for f, g ∈ Vk. Vk together with 〈〈·, ·〉〉 is a finite-dimensional Euclidean space.
Let ϕ1

k, . . . , ϕm
k be an orthonormal basis of Vk. Then the mapping

ϕk : M → E
m : x 
→ ck(ϕ1

k(x), . . . , ϕm
k (x))

defines a helical isometric immersion for some suitable constant ck. Such submanifolds
satisfy c#(M) = ∞.

In particular, if M = S2(
√

3/a) denotes the 2-sphere with constant sectional curvature
3/a2, then ϕa

2 : S2(
√

3/a) → S4(1/a) ⊂ E
5 is given by

ϕa
2 = a

(
1√
3
yz,

1√
3
xz,

1√
3
xy,

1
2
√

3
(x2 − y2),

1
6
(x2 + y2 − 2z2)

)
, (3.9)

where x2 + y2 + z2 = 3. This isometric minimal immersion of S2(
√

3/a) into S4(1/a) is
called a Veronese surface.

Example 3.6. Let ψj : M → E
mj (j = 1, . . . , s) be s isometric immersions with

geodesic normal sections. For any real numbers c1, . . . , cs with c2
1 + · · · + c2

s = 1, the
diagonal immersion,

(c1ψ1, . . . , c�ψs) : M → E
m1+···+ms : p 
→ (c1ψ1(p), . . . , csψs(p)),

satisfies c#(M) = ∞.
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4. Relations between contact number and isotropy

Theorem 4.1. For every submanifold M in a Euclidean space, we have

(1) the contact number c#(M) of M is at least 2, i.e. c#(M) � 2;

(2) M is isotropic if and only if c#(M) � 3 holds;

(3) M is constant isotropic if and only if c#(M) � 4 holds.

Proof. Let M be a submanifold of dimension n � 2 in E
m. Then, for any unit speed

curve α = α(s) in M , we have

α′(s) = T, (4.1)

α′′(s) = ∇T T + h(T, T ), (4.2)

α′′′(s) = ∇2
T T + h(T, ∇T T ) − Ah(T,T )T + DT h(T, T ), (4.3)

αiv(s) = ∇3
T T − 3Ah(T,∇T T )T − ∇T (Ah(T,T )T ) − A(∇̄T h)(T,T )T

+ h(T, ∇2
T T ) + DT h(T, ∇T T ) − h(T, Ah(T,T )T ) + D2

T h(T, T ), (4.4)

where T = α′(s) is the unit vector field tangent to α and ∇2
T T = ∇T ∇T T, . . . , etc.

Using (2.6), (2.8) and (2.9), Equation (4.4) can be rewritten as

αiv(s) = ∇3
T T − 3Ah(T,∇T T )T − ∇T (Ah(T,T )T ) − A(∇̄T h)(T,T )T + (∇̄2h)(T 4)

+ 6(∇̄h)(T, T, ∇T T ) − h(T, Ah(T,T )T ) + 4h(T, ∇2
T T ) + 3h(∇T T, ∇T T ). (4.5)

Let γu(s) and βu(s) denote, respectively, the unique geodesic and the unique normal
section associated with a point p ∈ M and a vector u ∈ UpM so that γu(0) = βu(0) = p

and γ′
u(0) = β′

u(0) = u. For the geodesic γu, we have ∇T T = 0 along γu, with Tγ(s) =
γ′

u(s). Thus we obtain from (4.2) and (4.3) that

γ′′
u(0) = h(u, u), (4.6)

γ′′′
u (0) = −Ah(u,u)u + (∇̄uh)(u, u). (4.7)

On the other hand, for the normal section βu with βu(0) = p and β′
u(0) = u, we obtain

from (4.2) that

∇uTβ = 0, Tβ = β′
u(s), (4.8)

β′′
u(0) = h(u, u), (4.9)

since β′′
u(0) lies in E(p, u), which is spanned by u and the normal space T⊥

p M .
Comparing (4.6) and (4.9), we find γ′′

u(0) = β′′
u(0). Hence, M is in contact of order at

least 2. This proves statement (1).
Now, suppose that the contact number of M is at least 3. Then we have γ′′′

u (0) = β′′′
u (0).

Since β′′′
u (0) lies in E(p, u), we obtain from (4.7) that Ah(u,u)u lies in E(p, u). Hence, we

obtain 〈h(u, u), h(u, v)〉 = 0 for any orthonormal vectors u, v ∈ TpM . Because this is true
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for any point p and any orthonormal vectors u, v at p, Lemma 3.2 implies that M is
isotropic.

Conversely, if M is isotropic, Lemma 3.2 implies that

Ah(u,u)u = λ0u (4.10)

for some number λ0. Hence, we obtain from (4.7) that

γ′′′
u (0) = −λ0u + (∇̄uh)(u, u). (4.11)

For the normal section βu, we obtain from (4.3), (4.8) and (4.10) that

β′′′
u (0) = ∇u∇Tβ

Tβ − λ0u + (∇̄uh)(u, u). (4.12)

Since β′′′
u (o) lies in E(p, u), (4.12) implies

〈∇u∇Tβ
Tβ , v〉 = 0 (4.13)

for orthonormal u, v ∈ TpM . On the other hand, we find from (4.8) that

2〈∇u∇Tβ
Tβ , u〉 = u(Tβ〈Tβ , Tβ〉) − 2〈∇uTβ ,∇uTβ〉 = 0. (4.14)

Combining (4.13) and (4.14) yields

∇u∇Tβ
Tβ = 0. (4.15)

Using (4.11), (4.12) and (4.15), we obtain γ′′′
u (0) = β′′′

u (0), which implies that the contact
number is at least 3. This proves statement (2).

Now, let us assume that M is an isotropic submanifold. Then we have

Ah(u,u)u = λ0u, (4.16)

where λ0 is independent of the choice of u ∈ UpM for each p ∈ M .
From (4.5), (4.16) and ∇Tγ Tγ = 0, we know that the geodesic γu satisfies

γiv
u (0) = −(uλ0)u − A(∇̄uh)(u,u)u + (∇̄2h)(u4) − λ0h(u, u). (4.17)

If c#(M) is at least 4, we have γiv
u (0) = βiv

u (0). Since βiv
u (0) lies in E(p, u), (4.17) implies

that 〈A(∇̄h)(u3)u, v〉 = 0 for orthonormal vectors u, v ∈ TpM . Hence, Lemma 3.3 implies
that M is constant isotropic.

Conversely, assume that M is constant isotropic. Then, by Lemma 3.3, we have

A(∇̄h)(u3)u = λ1u (4.18)

for any unit vector u tangent to M at each point, where λ1 is a function on M .
For βu, we obtain from (4.5), (4.8), (4.10), (4.15) and (4.18) that

βiv
u (0) = ∇u∇2

Tβ
Tβ − (uλ0)u − λ1u + (∇̄2h)(u4) − λ0h(u, u). (4.19)

Since βiv
u (0) lies in E(p, u), (4.19) implies that ∇u∇2

Tβ
Tβ is parallel to u.
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On the other hand, since s = 0 is a critical point of |∇Tβ
Tβ |2 by (4.8), we find

u〈∇2
Tβ

Tβ , Tβ〉 = u{Tβ〈∇Tβ
Tβ , Tβ〉 − |∇Tβ

Tβ |2} = 0. (4.20)

Using (4.8) and (4.20) we get

〈∇u∇2
Tβ

Tβ , u〉 = u〈∇2
Tβ

Tβ , Tβ〉 − 〈∇2
Tβ

Tβ ,∇uTβ〉 = 0. (4.21)

Hence, we get ∇u∇2
Tβ

Tβ = 0. Combining this with (4.17) and (4.19) yields γv
u(0) = βv

u(0).
Thus, c#(M) is at least 4. This proves statement (3). �

5. Classification of codimension-2 submanifolds with c#(M) � 3

Theorem 5.1. Let M be an n-dimensional submanifold of E
n+2. Then c#(M) � 3

holds if and only if one of the following three cases occurs.

(1) c#(M) = 3, n = 2, and M is a complex curve lying linearly fully in C
2, where C

2

denotes E
4 endowed with some orthogonal complex structure.

(2) c#(M) = ∞ and M is an open portion of an n-plane.

(3) c#(M) = ∞ and M is an open portion of a hypersphere lying in a hyperplane
of E

n+2.

Proof. Suppose that c#(M) � 3. Then M is isotropic according to Theorem 4.1.
Thus, we have |h(u, u)| = λ(p) for every u ∈ UpM .

Case (a). h(u, v) = 0 for any orthonormal vectors u, v tangent to M . In this case, M

is totally umbilical. So, we have either Case (2) or Case (3) (cf. [6]).

Case (b). h(u, v) = 0 for some orthonormal vectors u, v tangent to M . We put

U = {p ∈ M : h(u, v) = 0 for some orthonormal vectors u, v ∈ TpM}.

Clearly, U is a non-empty open subset U which is non-totally umbilical at every point.
On U , let e1 = u and en = v. We extend e1, en to a local field of orthonormal frames
e1, . . . , en. So, by Lemma 3.2, we may put

h(e1, e1) = λen+1, h(e1, en) = µen+2, λ, µ > 0. (5.1)

If h(e1, ej) = 0 for some j ∈ {2, . . . , n−1}, then (3.1), (3.2) and the isotropic condition
imply that h(ej , ej) = λen+1.

If h(e1, ej) = 0 for some j ∈ {2, . . . , n}, then (3.1) implies that h(e1, ej) is parallel
to en+2; and hence h(ej , ej) is parallel to en+1. Thus, by (3.2) and the isotropy, we get
h(ej , ej) = −λen+1 and h(e1, ej) = ±λen+2. Without loss of generality, we may assume
that

h(e1, e2) = · · · = h(e1, e�) = 0, h(e1, ej) = ±λen+2, j = � + 1, . . . , n, (5.2)
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for some � ∈ {2, . . . , n − 1}. If h(e1, en−1) = 0, then (3.1) and (3.2) imply that

h(en−1, en−1) = −λen+1 and h(en−1, en) = 0

on U . Hence, by (3.3), we find 〈h(e1, en−1), h(e1, en)〉 = 0, which is a contradiction. Thus,
we obtain

h(e1, e2) = · · · = h(e1, en−1) = 0, h(e1, en) = λen+2,

h(e1, e1) = · · · = h(en−1, en−1) = λen+1, h(en, en) = −λen+1.

}
(5.3)

Suppose that n � 3. Then (3.2) and (5.3) imply that h(e2, en) = ±λen+2 on U . On the
other hand, by (3.3) and (5.3), we get 〈h(e1, en), h(e2, en)〉 = 0, which is a contradiction.
Therefore, we obtain n = 2.

With respect to the orthonormal frame e1, e2, the shape operator satisfies

A3 =

(
λ 0
0 −λ

)
, A4 =

(
0 λ

λ 0

)
(5.4)

on U . Hence, U is a minimal surface. Since each point in the complement M − U of U

is totally umbilical, continuity and (5.4) imply that each point in M − U is a totally
geodesic point. Hence, the whose surface M is a minimal surface.

When c#(M) � 4, M is constant isotropic. So, the equation of Gauss and (5.4) imply
that M has constant Gauss curvature. Thus, by applying a result of [5,23], M is totally
geodesic, which is a contradiction. Hence, we get c#(M) = 3. Moreover, since M is
minimal and non-totally geodesic, λ vanishes only at isolated points.

Let V be an oriented 2-plane through the origin in E
4 and u, v an oriented orthonormal

basis of V . Then u∧v is a decomposable 2-vector of norm one which gives an orientation
on V . Conversely, every decomposable 2-vector of norm one determines a unique 2-plane
in E

4 through the origin. So, if we denote by G(2, 4) the Grassmannian consisting of all
oriented 2-planes through the origin of E

4, then G(2, 4) can be identified naturally with
the decomposable 2-vectors of norm one in the Euclidean 6-space Λ2E4. Notice that the
inner product on Λ2E4 is given by

〈u ∧ v, w ∧ z〉 = 〈u, w〉〈v, z〉 − 〈u, z〉〈v, w〉.

Let φ : M → E
4 be an isometric immersion of M in E

4. Consider the Gauss map:
ν : M → G(2, 4); p 
→ e1(p) ∧ e2(p) of φ which carries each point p ∈ M to the 2-plane
obtained from TpM via parallel translation. Since φ is minimal and non-totally geodesic,
ν is a regular map except at some isolated points on which λ vanishes. It follows from
(5.4) that the induced metric G on the Gauss image ν(M) is given by

G = 2λ2g, (5.5)

where g is the original metric on M . After a direct computation, we see that the second
fundamental form hν of ν : (M, G) → Λ2E4 satisfies

hν(ν∗(e1), ν∗(e1)) = 2λ2(e3 ∧ e4 − e1 ∧ e2),

hν(ν∗(e1), ν∗(e2)) = 0,

hν(ν∗(e2), ν∗(e2)) = 2λ2(e3 ∧ e4 − e1 ∧ e2).

⎫⎪⎬
⎪⎭ (5.6)
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It follows from (5.5), (5.6) and the equation of Gauss that the Gauss curvature K̃ of
the Gauss image (ν(M), G) is 2 at every point. Thus, it follows from Theorem 6.3 of [16]
that M is a complex curve lying fully in C

2, where C
2 denotes E

4 endowed with some
orthogonal complex structure. The converse is easy to verify. �

Corollary 5.2. Let M be a hypersurface of Euclidean (n + 1)-space E
n+1. Then one

of the following three cases must occur.

(1) c#(M) = 2.

(2) c#(M) = ∞ and M is an open portion of a hyperplane.

(3) c#(M) = ∞ and M is an open portion of a hypersphere.

Proof. This follows immediately from Theorem 5.1. �

The following result is a very simple characterization of complex curves in C
2.

Corollary 5.3. A surface M in E
4 satisfies c#(M) = 3 if and only if it is a non-planar

holomorphic curve with respect to some orthogonal complex structure on E
4.

Proof. This follows trivially from Theorem 5.1. �

A surface M in C
2 is called Lagrangian if the complex structure J of C

2 interchanges
each tangent space of M with its corresponding normal space.

Corollary 5.4. Every non-planar minimal Lagrangian surface M in the complex
Euclidean plane C

2 satisfies c#(M) = 3.

Proof. This follows from Theorem 5.1 and a result of [9] which states that every
minimal Lagrangian surface in C

2 = (E4, J) is a complex curve with respect to some
orthogonal complex structure on E

4. �

6. A simple criterion for submanifolds to satisfy c#(M) = k

Theorem 6.1. A submanifold in a Euclidean space is in contact of order k (k � 3) if
and only if each u ∈ UM is an eigenvector of A(∇̄jh)(uj+2) for j = 0, . . . , k − 3.

Proof. When k = 3, this follows from Lemma 3.2 and Theorem 4.1. When k = 4, this
follows from Lemma 3.3, Lemma 3.4 and Theorem 4.1. So, we only need to prove this
theorem for k � 5. In order to do so, let us prove the following.

Lemma 6.2. If M is in contact of order k � 5, then, for each u ∈ UM , we have

A(∇̄jh)(uj+2)u = λju, j = 0, . . . , k − 3, (6.1)

for some functions λj on UM .
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Proof of Lemma 6.2. Let us assume that M is in contact of order k, k � 5. Then
Lemmas 3.2 and 3.4 and Theorem 6.1 imply that

Ah(u,u)u = λ0u, A(∇̄h)(u3)u = 0 (6.2)

for each u ∈ UM , where λ0 is constant. It follows from (4.5) and (6.2) that the geodesic
γu with γu(0) = p and γ′

u(0) = u satisfies

γiv
u (s) = −λ0h(Tγ , Tγ) + (∇̄2h)(T 4

γ ). (6.3)

Differentiating (6.3) and applying (2.11) and (6.2) yields

γv
u(s) = λ2

0Tγ − A(∇̄2h)(T 4
γ )Tγ − λ0(∇̄h)(T 3

γ ) + (∇̄3h)(T 5
γ ). (6.4)

Since M is in contact of order k � 5, we have γv
u(0) = βv

u(0). Because βv
u(0) is contained

in the linear subspace E(p, u) spanned by u and T⊥
u (M), (6.4) implies that u is an

eigenvector of A(∇̄2h)(u4), say A(∇̄2h)(u2)u = λ2u. So, we obtain Lemma 6.2 for k = 5.
In order to prove Lemma 6.2 for any k > 5 by induction, let us assume that M is in

contact of order � (� > 5) and Lemma 6.2 is true for k < �. From our assumption we
have

Ah(u,u)u = λ0u, A(∇̄h)(u3)u = 0, (6.5)

A(∇̄jh)(uj+2)u = λju, for j = 2, . . . , � − 4, (6.6)

γ�
u(0) = β�

u(0). (6.7)

By differentiating (6.4) and by applying (2.7), (6.5) and (6.6), we find

γvi
u (s) = f6Tγ − A(∇̄3h)(T 5

γ )Tγ + g0,6h(Tγ , Tγ) − λ0(∇̄2h)(T 4
γ ) + (∇̄4h)(T 6

γ ), (6.8)

where

f6 = −λ′
2, λ′

2 = Tγ(λ2), g0,6 = λ2
0 − λ2, (6.9)

and λj(s) = λj(γ′
u(s)) is the restriction of λj along the unit tangent vector field Tγ of γu.

Continuing such procedures � − 6 times and applying (6.6), we obtain

γ�−1
u (s) = (f�−1 − λ�−4)Tγ + g0,�−1h(Tγ , Tγ) + · · ·

+ g�−7,�−1(∇̄�−7h)(T �−5
γ ) − λ0(∇̄�−5h)(T �−3

γ ) + (∇̄�−3h)(T �−1
γ ), (6.10)

where

f�−1 = f�(λ0, λ2, . . . , λ�−5),

gt,�−1 = gt,�−1(λ0, λ2, . . . , λ�−5−t), t = 0, . . . , � − 7,

are functions depending on the λ′
j and their derivatives with respect to Tγ . From (6.5),

(6.6) and (6.10), we find

γ�
u(s) = f�Tγ − A(∇̄�−3h)(T �−1

γ )Tγ + g0,�h(Tγ , Tγ) + · · ·

+ g�−6,�(∇̄�−6h)(T �−4
γ ) − λ0(∇̄�−4h)(T �−2

γ ) + (∇̄�−2h)(T �
γ), (6.11)
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where

f� = (f�−1 − λ�−4)′ + λ0λ�−5 −
�−7∑
t=0

λtgt,�−1,

g0,� = f�−1 − λ�−4 + g′
0,�−1,

gt,� = gt−1,�−1 + g′
t,�−1, t = 1, . . . , � − 7,

g�−6,� = g�−7,�−1.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6.12)

Using (6.11), (6.12) and the fact that β�
u(0) lies in E(p, u), we conclude that u is an

eigenvector of A(∇̄�−3h)(u�−1). Thus, we obtain Lemma 6.2 for k = � as well. So, we have
proved Lemma 6.2 by induction. �

Next, let us prove the converse of Lemma 6.2.

Lemma 6.3. Let M be a submanifold in a Euclidean space. If each u ∈ UM is an
eigenvector of A(∇̄jh)(uj+2) for j = 0, . . . , k − 3, then M is in contact of order k.

Proof of Lemma 6.3. We already have this lemma for k = 3, 4 according to Lem-
mas 3.2 and 3.4 and Theorem 4.1. Now we shall prove this lemma for k = 5. In order to
do so, let us assume

Ah(u,u)u = λ0u, A(∇̄h)(u3)u = 0, A(∇̄2h)(u4)u = λ2u, (6.13)

where λ0 is constant. We only need to show that γ5
u(0) = β5

u(0).
From (4.5) and (6.13) we have

βiv
u (s) = ∇3

T T − 3Ah(T,∇T T )T − λ0∇T T − λ0h(T, T ) + 4h(T, ∇2
T T )

+ 3h(∇T T, ∇T T ) + 6(∇̄h)(T, T, ∇T T ) + (∇̄2h)(T 4), (6.14)

where T = Tβ . Hence, by differentiating (6.14), we find

βv
u(s) = ∇4

T T − λ0∇2
T T + λ2

0T − λ2T − 3∇T (Ah(T,∇T T )T )

− 6A(∇̄h)(T,T,∇T T )T − 4Ah(T,∇2
T T )T − 3Ah(∇T T,∇T T )T + h(T, ∇3

T T )

− 3h(Ah(T,∇T T )T, T ) − λ0h(T, ∇T T ) + DT ((∇̄2h)(T 4)) − λ0DT h(T, T )

+ 6DT ((∇̄h)(T, T, ∇T T )) + 4DT h(T, ∇2
T T ) + 3DT h(∇T T, ∇T T ),

(6.15)

where λj(s) = λj(β′
u(s)) is the restriction of λj along β′

u. Using (2.6) and (2.7), (6.15)
can be restated as

βv
u(s) = ∇4

T T + (λ2
0 − λ2)T − λ0(∇̄T h)(T, T ) + (∇̄3h)(T 5) + φ5, (6.16)

φ5 = −λ0∇2
T T − 3(∇T Ah(T,∇T T ))T − 3Ah(T,∇T T )(∇T T ) + · · · , (6.17)

where each term of φ5 is a vector bundle-valued tensor involving at least one of ∇T T ,
∇2

T T , ∇3
T T .
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On the other hand, from the proof of Theorem 4.1, we have

(i) ∇uTβ = ∇u∇Tβ
Tβ = 0;

(ii) ∇u∇2
Tβ

Tβ = 0, whenever M is constant isotropic.

Using (6.17), (i) and (ii), we get φ5(0) = 0. Hence, (6.16) reduces to

βv
u(0) = ∇u∇3

Tβ
Tβ + (λ2

0 − λ2)u − λ0(∇̄h)(u3) + (∇̄3h)(u5). (6.18)

Since βv
u(0) lies in the linear subspace E(p, u), (6.18) implies that

〈∇u∇3
Tβ

Tβ , v〉 = 0 (6.19)

for v ∈ TpM perpendicular to u. On the other hand, by (i) and (ii) we also have

〈∇u∇3
Tβ

Tβ , u〉 = u〈∇3
Tβ

Tβ , Tβ〉
= u{Tβ〈∇2

Tβ
Tβ , Tβ〉 − 〈∇2

Tβ
Tβ ,∇Tβ

Tβ〉}
= 1

2u{T 3
β 〈Tβ , Tβ〉 − 3Tβ〈∇Tβ

Tβ ,∇Tβ
Tβ〉}

= −3〈∇u∇2
Tβ

Tβ ,∇uTβ〉 − 3〈∇u∇Tβ
Tβ ,∇u∇Tβ

Tβ〉 = 0. (6.20)

Combining this with (6.19) together with (i) and (ii) gives

∇u∇�
Tβ

Tβ = 0, � = 0, 1, 2, 3. (6.21)

Therefore, we have γv
u(0) = βv

u(0) by applying (6.4), (6.18) and (6.21). Hence, we have
proved Lemma 6.3 for k = 5.

Next, we will prove Lemma 6.3 for general k by induction. In order to do so let us
assume that, for any given � > 5, Lemma 6.3 is true for k < � and we also have

A(∇̄jh)(uj+2)u = λju, j = 0, . . . , � − 4. (6.22)

By differentiating (6.16) with respect to T = Tβ and by applying (2.11) and (6.22), we
find

βvi
u (s) = ∇5

T T −(λ′
2+λ3)T +(λ2

0−λ2)h(T, T )−λ0(∇̄2
T h)(T, T )+(∇̄4h)(T 6)+φ6, (6.23)

where φ6 is a function such that each term of φ6 is expressed in terms of a vector
bundle-valued tensor involving at least one of ∇T T , ∇2

T T , ∇3
T T , ∇4

T T . Notice that all
of the coefficients of T , (∇̄T h)(T, T ), (∇̄2

T h)(T, T ) and (∇̄4
T h)(T, T ) in Equation (6.23)

are exactly those coefficients in γvi
u (0) given in (6.8).

Repeating such a procedure � − 6 times yields

βt
u(s) = ∇t−1

T T + (ft − λt−3)T + g0,th(T, T ) + · · ·
+ gt−6,t(∇̄t−6h)(T t−4) − λ0(∇̄t−4h)(T t−2) + (∇̄t−2h)(T t) + φt, (6.24)
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for t = 6, . . . , �, where ft, g0,t, . . . , gt−6,t are defined inductively as in (6.12) and each term
of φt involves at least one of ∇T T, . . . ,∇t−2

T T . Since βt
u(0), t = 6, . . . , �, lie in E(p, u),

(6.24) implies that

〈∇u∇t−2
T T, v〉 = 0, t = 5, . . . , �, (6.25)

for each v ∈ TpM perpendicular to u.
Next, we claim that (6.25) together with (i) and (ii) implies that

∇u∇t−2
T T = 0, t = 2, . . . , �. (6.26)

We can prove this claim inductively as follows: conditions (i) and (ii) imply that (6.26)
holds for � = 2, 3, 4. Let us assume that � � 5 and

∇u∇t−2
T T = 0, t = 2, . . . , q, (6.27)

holds for some integer q ∈ [4, � − 1]. From these we find

〈∇u∇q−1
T T, u〉 = u〈∇q−1

T T, T 〉 = u(T 〈∇q−2
T T, T 〉)

= u(T 2〈∇q−3
T T, T 〉) = · · · = u(T q−1〈T, T 〉) = 0. (6.28)

Combining this with (6.25) gives ∇u∇q−1
T T = 0. Thus, we obtain (6.26) by induction.

Applying (6.24) and (6.26) we find

β�
u(0) = (f� − λ�−3)u + g0,�h(u, u) + · · ·

+ g�−6,�(∇̄�−6h)(u�−4) − λ0(∇̄�−4h)(u�−2) + (∇̄�−2h)(u�). (6.29)

By comparing (6.11) and (6.29) and by applying (6.22), we have γ�
u(0) = β�

u(0), which
implies that M is in contact of order �. This proves Lemma 6.3. �

Now, Theorem 6.1 follows immediately from Lemmas 6.2 and 6.3. �

Theorem 6.1 immediately implies the following.

Corollary 6.4. Every isotropic submanifold with parallel second fundamental form
in a Euclidean space satisfies c#(M) = ∞.

Remark 6.5. Not every Euclidean submanifold M with parallel second fundamental
form satisfies c#(M) = ∞. For instance, a circular cylinder R × S1 in E

3 has parallel
second fundamental form, but its contact number is 2, not ∞.

We apply Theorem 6.1 to show that the following torus has contact number 4.

Example 6.6. Consider the isometric immersion τa : E
2 → E

6 defined by

τa(u, v) =
2√
6a

(
cos

au√
2

cos
√

3av√
2

, cos
au√

2
sin

√
3av√
2

,
1√
2

cos
√

2au,

sin
au√

2
cos

√
3av√
2

, sin
au√

2
sin

√
3av√
2

,
1√
2

sin
√

2au

)
. (6.30)
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Then τa induces an isometric embedding τ̂a : T 2
a → E

6 of a flat torus T 2
a into E

6 with
contact number 4, which can be seen as follows.

Let e1 = ∂/∂u and e2 = ∂/∂v. Then we have

g = du2 + dv2, ω2
1 = 0. (6.31)

We put

e3 = −aφ,

e4 =
−1√

3

(
cos

au√
2

cos
√

3av√
2

, cos
au√

2
sin

√
3av√
2

,−
√

2 cos
√

2au,

cos
au√

2
sin

√
3av√
2

, sin
au√

2
sin

√
3av√
2

,−
√

2 sin
√

2au

)
,

e5 =
(

sin
au√

2
sin

√
3av√
2

,− cos
au√

2
sin

√
3av√
2

, 0,

− cos
au√

2
sin

√
3av√
2

, cos
au√

2
cos

√
3av√
2

, 0
)

,

e6 =

√
2
3

(
cos

au√
2

sin
√

3av√
2

, sin
au√

2
sin

√
3av√
2

,
−1√

2
sin

√
2au,

− cos
au√

2
cos

√
3av√
2

,− cos
au√

2
sin

√
3av√
2

,
1√
2

cos
√

2au

)
.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(6.32)

The connection forms of T 2
a in E

6 are given by⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 aω1 − a√
2
ω1 a√

2
ω2 0

0 0 aω2 a√
2
ω2 a√

2
ω1 0

−aω2 −aω2 0 0 0 0

a√
2
ω1 − a√

2
ω2 0 0 0 aω1

− a√
2
ω2 − a√

2
ω1 0 0 0 aω2

0 0 0 −aω1 −aω2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (6.33)

which implies that

h(eθ, eθ) = e3 − 1√
2

cos 2θe4 +
1√
2

sin 2θe5, (6.34)

where eθ = cos θe1 + sin θe2. Thus, τ̂a is an isotropic immersion. After applying (2.6),
(2.11), (6.31) and (6.33) we get

(∇̄h)(e3
θ) = −a cos 3θ√

2
e6, (∇̄2h)(e4

θ) =
a2 cos 3θ√

2
(cos θe4 + sin θe5). (6.35)
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It follows from (6.33) and (6.35) that

A(∇̄h)(e3
θ)eθ = 0, A(∇̄2h)(e4

θ)eθ = 1
2a3 cos 3θ(sin 2θe2 − cos 2θe1). (6.36)

Thus, by applying Theorem 6.1, we obtain c#(T 2
a ) = 4.

Remark 6.7. There exist many Euclidean submanifolds whose contact numbers are
natural numbers greater than 4. Here we provide such an example.

Example 6.8. Consider a map ψ : E
2 → E

8 defined by

ψ(x, y)

= 1
2

(
cos

(√
1
2 (2 +

√
2)x +

√
1
2 (2 −

√
2)y

)
, cos

(√
1
2 (2 +

√
2)ax −

√
1
2 (2 −

√
2)y

)
,

sin
(√

1
2 (2 +

√
2)x +

√
1
2 (2 −

√
2)y

)
, sin

(√
1
2 (2 +

√
2)x −

√
1
2 (2 −

√
2)ay

)
,

cos
(√

1
2 (2 −

√
2)x +

√
1
2 (2 +

√
2)y

)
, cos

(√
1
2 (2 −

√
2)x −

√
1
2 (2 +

√
2)ay

)
,

sin
(√

1
2 (2 −

√
2)x +

√
1
2 (2 +

√
2)ay

)
, sin

(√
1
2 (2 −

√
2)x −

√
1
2 (2 +

√
2)y

))
.

(6.37)

It is easy to verify that ψ is an isometric immersion. Moreover, a direct long compu-
tation shows that its shape operator satisfies

Ah(eθ,eθ)eθ = 3
2eθ, A∇̄h(e3

θ)eθ = 0, A∇̄2h(e4
θ)eθ = − 1

4eθ,

A∇̄3h(e5
θ)eθ = 0, A∇̄4h(e6

θ)eθ = 1
4eθ − 1

8 ((cos 7t)e1 − (sin 7t)e2)

}
(6.38)

for any eθ = cos θe1 + sin θe2. Hence, this surface has contact number 6 according to
Theorem 6.1.

7. Surfaces in E
6 with c#(M) � 4

A submanifold M is called pseudo-umbilical if its shape operator AH at the mean cur-
vature vector is proportional to the identity map.

Theorem 7.1. Let M be a surface in E
6 with constant mean curvature or constant

Gauss curvature. If c#(M) � 4, then either c#(M) = ∞ or c#(M) = 4 holds. Moreover,
we have the following.

(1) If c#(M) = ∞, M is one of the following three surfaces.

(a) An open portion of a 2-plane.

(b) An open portion of an ordinary 2-sphere lying in a 3-plane of E
6.

(c) An open portion of the Veronese surface S2(
√

3/a) contained in S4(1/a) which
lies in a hyperplane of E

6.

(2) If c#(M) = 4, then M is one of the following two surfaces.
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(a) M is an open portion of a flat torus T 2
a for some a > 0 and its immersion is

congruent to

ϕ(u, v) =
2√
6a

(
cos

au√
2

cos
√

3av√
2

, cos
au√

2
sin

√
3av√
2

,
1√
2

cos
√

2au,

sin
au√

2
cos

√
3av√
2

, sin
au√

2
sin

√
3av√
2

,
1√
2

sin
√

2au

)
. (7.1)

(b) M is an open portion of S2(
√

3/a) immersed linearly fully in E
6 as a pseudo-

umbilical surface with non-parallel mean curvature vector.

Proof. Let M be a surface in E
6 with constant mean curvature or constant Gauss

curvature. Assume that c#(M) � 4 holds. Then M is constant isotropic by Theorem 4.1.
If M is minimal in E

6, then M is totally geodesic (cf. [5,23]). Thus, M is an open
portion of a 2-plane whose contact number is ∞.

From now on, let us assume that M is non-minimal in E
6.

Case (i). M is flat. Since M is assumed to be non-minimal, locally we may choose
e3 so that H = ae3, a = |H|. Because M is flat, there exists a local coordinate system
{x, y} such that the metric tensor of M is given by g = dx2 + dy2. If we put e1 = ∂/∂x

and e2 = ∂/∂y, we get ω2
1 = 0. Let us choose e4 to be a normal vector field such that

h(e1, e1) = ae3 + be4. Since M is constant isotropic, we have 〈h(e1, e2), h(e1, e1)〉 =
〈h(e1, e2), h(e2, e2)〉 = 0. Thus, there is a unit vector field e5 so that h(e1, e2) = δe5 for
some function δ. Because h(e2, e2) = 2H −h(e1, e1) and |h(e1, e1)| = |h(e2, e2)|, we have
h(e2, e2) = ae3 − be4. Hence, we get

h(e1, e1) = ae3 + be4, h(e2, e2) = ae3 − be4, h(e1, e2) = δe5. (7.2)

Since M is constant isotropic, (7.2) implies δ = ±b. By using the flatness and the
equation of Gauss, we get a2 = 2b2. Consequently, we may choose an orthonormal frame
e1, . . . , e6 so that

h(e1, e1) = ae3 − a√
2
e4, h(e2, e2) = ae3 +

a√
2
e4,

h(e1, e2) =
a√
2
e5, ω2

1 = 0,

⎫⎪⎬
⎪⎭ (7.3)

where a = |H| is a positive constant due to constant isotropy. From (2.6), (7.2) and (7.3)
we find

(∇̄ej h)(e1, e1) = a

6∑
r=3

(
ωr

3(ej) − 1√
2
ωr

4(ej)
)

er, (7.4)

(∇̄ej h)(e1, e2) =
a√
2

6∑
r=3

ωr
5(ej)er, (7.5)

(∇̄ej
h)(e2, e2) = a

6∑
r=3

(
ωr

3(ej) +
1√
2
ωr

4(ej)
)

er, j = 1, 2. (7.6)
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Using (7.4)–(7.6) and the equation of Codazzi, we find

ω3
5(e1) = ω4

3(e2), ω4
5(e1) =

√
2ω4

3(e2), ω5
4(e2) =

√
2ω5

3(e2),

ω3
5(e2) = ω3

4(e1), ω4
5(e2) =

√
2ω4

3(e1),
√

2ω5
3(e1) = ω4

5(e1),

which imply that ω4
3 = ω5

3 = ω5
4 = 0. Moreover, (7.4)–(7.6) and the equation of Codazzi

also imply that
√

2ω6
3(e2) − ω6

4(e2) = ω6
5(e1),

√
2ω6

3(e1) + ω6
4(e1) = ω6

5(e2). (7.7)

If we put

ω6
3 = µω1 + ϕω2, ω6

4 = ψω1 + ηω2, ω6
5 = pω1 + qω2, (7.8)

then (7.7) and (7.8) give
√

2ϕ − η = p,
√

2µ + ψ = q. (7.9)

By taking the exterior derivatives of ω4
3 , ω5

3 , ω6
3 , ω5

4 , ω6
4 , ω6

5 and applying (7.2), (7.9),
ω4

3 = ω5
3 = ω5

4 = 0 and structure equations, we find

µη = ψϕ, µq = ϕp, qψ − pη = a2, (7.10)
∂ϕ

∂x
=

∂µ

∂y
,

∂η

∂x
=

∂ψ

∂y
,

∂q

∂x
=

∂p

∂y
. (7.11)

Case (i)(a). η, q, ϕ = 0. In this case, the first two equations in (7.10) imply that
µ/ϕ = ψ/η = p/q. So, we get pη−qψ = 0, which contradicts the third equation in (7.10).
So, this case is impossible.

Case (i)(b). ϕ = 0. In this case, (7.9) and (7.10) imply η = −p and µη = µq = 0. If
µ = 0, we obtain η = q = 0, which contradicts the third equation in (7.10). So, we must
have µ = 0. So, we obtain from (7.9) that ψ = q. Hence, the third equation in (7.10)
yields p2 + q2 = a2. Moreover, from (7.11), we also have

∂q

∂x
=

∂p

∂y
,

∂q

∂y
= −∂p

∂x
. (7.12)

Since p2 + q2 = a2, we may put p = a cos θ(x, y), q = a sin θ(x, y) for some θ. Hence, θ

is constant due to (7.12). Thus, the connection forms of M are given by⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 aω1 − a√
2
ω1 a√

2
ω2 0

0 0 aω2 a√
2
ω2 a√

2
ω1 0

−aω2 −aω2 0 0 0 0

a√
2
ω1 − a√

2
ω2 0 0 0 qω1 − pω2

− a√
2
ω2 − a√

2
ω1 0 0 0 pω1 + qω2

0 0 0 −qω1 + pω2 −pω1 − qω2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(7.13)

for some constants p, q.

https://doi.org/10.1017/S0013091503000038 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091503000038


The contact number of a Euclidean submanifold 87

Now, let us consider a new field of orthonormal frame {ē1, . . . , ē6} by

ē1 = cos
(

θ

3
− π

6

)
e1 + sin

(
θ

3
− π

6

)
e2,

ē2 = − sin
(

θ

3
− π

6

)
e1 + cos

(
θ

3
− π

6

)
e2,

ē3 = e3,

ē4 = cos
(

2θ

3
− π

3

)
e4 − sin

(
2θ

3
− π

3

)
e5,

ē5 = sin
(

2θ

3
− π

3

)
e4 + cos

(
2θ

3
− π

3

)
e5,

ē6 = e6.

The connection forms of the surface with respect to this new frame are given by⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 aω1 − a√
2
ω1 a√

2
ω2 0

0 0 aω2 a√
2
ω2 a√

2
ω1 0

−aω2 −aω2 0 0 0 0

a√
2
ω1 − a√

2
ω2 0 0 0 aω1

− a√
2
ω2 − a√

2
ω1 0 0 0 aω2

0 0 0 −aω1 −aω2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (7.14)

Since the surface T 2
a in Example 6.6 and the surface M above are both flat and they

share the same connection forms, we conclude from the uniqueness theorem of submani-
folds that M is congruent to an open portion of T 2

a in E
6. It is known from § 6 that the

contact number of T 2
a is 4.

Case (i)(c). η = 0. In this case, (7.10) implies ψϕ = 0, qψ = −a2 = 0. Thus, we have
ϕ = 0. Thus, this case reduces to Case (i)(b).

Case (i)(d). q = 0. In this case, the last two equations in (7.10) imply ϕp = 0,
pη = a2 = 0. Thus, ϕ = 0. So, this reduces to Case (i)(b) as well.

Case (ii). M is non-flat. Since M is constant isotropic, we may choose e1, . . . , e6 as
in Case (i) so that

h(e1, e1) = ae3 + be4, h(e2, e2) = ae3 − be4, h(e1, e2) = be5 (7.15)

for some functions a, b. It follows from constant isotropy and (7.15) that a2 + b2 is
constant. Thus, the hypothesis ‘the mean curvature or Gauss curvature is constant’
implies that a, b are constant. So, M has constant mean curvature and constant Gauss
curvature. Also, since M is assumed to be non-minimal, we have a = 0.
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Case (ii)(a). b = 0. In this case, the surface is totally umbilical. Hence, M is an open
portion of an ordinary 2-sphere in E

6 which has contact number ∞.

Case (ii)(b). b = 0. In this case, the first normal space Im h is spanned by e3, e4, e5.
On the other hand, since a, b are constant, (2.6) and (7.15) imply that

(∇̄ej
h)(e1, e1) =

m∑
r=3

(aωr
3(ej) + bωr

4(ej))er − 2bω2
1(ej)e5, (7.16)

(∇̄ej h)(e1, e2) =
m∑

r=3

bωr
5(ej)er + 2bω2

1(ej)e4, (7.17)

(∇̄ej h)(e2, e2) =
m∑

r=3

(aωr
3(ej) − bωr

4(ej))er + 2bω2
1(ej)e5, j = 1, 2. (7.18)

From (7.16)–(7.18) and the equation of Codazzi, we find

ω3
5(e1) = ω3

4(e2), bω4
5(e1) + 2bω2

1(e1) = aω4
3(e2), aω5

3(e2) + bω5
4(e2) = 2bω2

1(e2),

ω3
5(e2) = ω4

3(e1), bω4
5(e2) + 2bω2

1(e2) = aω4
3(e1), aω5

3(e1) + 2bω2
1(e1) = bω5

4(e1),

which imply

ω4
3 = ω5

3 = 0, ω5
4 = 2ω2

1 . (7.19)

Moreover, from (7.16)–(7.18) and the equation of Codazzi, we also have

aω6
3(e2) + bω6

4(e2) = bω6
5(e1), (7.20)

aω6
3(e1) − bω6

4(e1) = bω6
5(e2). (7.21)

Case (ii)(b)(1). DH = 0. In this case, M is immersed as a minimal surface in a
hypersphere of E

6, because M is pseudo-umbilical with parallel mean curvature vector
(see [6]). Since M is non-flat, the Gauss curvature of M is positive (cf. [4]). So, M is
immersed as a Veronese surface lying in a hypersphere of a hyperplane in E

6 according
to Theorem 1.6 of [4]. The Veronese surface has contact number ∞.

Case (ii)(b)(2). DH = 0. In this case, we have ω6
3 = 0. So, by differentiating ω4

3 = 0
and applying (7.15) and (7.19), we get ω6

3 ∧ ω6
4 = 0, which implies that

ω6
4 = ψω6

3 (7.22)

for some function ψ. Similarly, by differentiating ω5
3 = 0 and applying (7.15) and (7.19),

we get ω6
3 ∧ ω6

5 = 0. Thus, we also have

ω6
5 = φω6

3 (7.23)

for some function φ. On the other hand, by differentiating ω5
4 = 2ω2

1 , we find

ω6
4 ∧ ω6

5 = 2(a2 − 3b2)ω1 ∧ ω2. (7.24)
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Combining (7.22), (7.23) and (7.24), we obtain a2 = 3b2, which implies that M has
constant Gauss curvature K = a2/3.

Replacing e4, e5 by −e4, −e5 if necessary, we have

h(e1, e1) = ae3 +
a√
3
e4, h(e2, e2) = ae3 − a√

3
e4, h(e1, e2) =

a√
3
e5. (7.25)

If we put ω2
1 = pω1 + qω2, ω6

3 = λω1 + µω2, we obtain from (7.19), (7.22) and (7.23)
that

ω2
1 = pω1 + qω2, ω4

3 = ω5
3 = 0, ω6

3 = λω1 + µω2,

ω5
4 = 2pω1 + 2qω2, ω6

4 = ψλω1 + ψµω2, ω6
5 = φλω1 + φµω2.

}
(7.26)

Using (7.20), (7.21) and (7.26) we find
√

3µ + ψµ = φλ,
√

3λ − ψλ = φµ, (7.27)

which implies that

ψ =
√

3(λ2 − µ2)
λ2 + µ2 , φ =

2
√

3λµ

λ2 + µ2 . (7.28)

From (7.16)–(7.18) and (7.26), we find

(∇̄h)(e1, e1, e1) = aλ

(
1 +

ψ√
3

)
e6, (∇̄h)(e1, e1, e2) =

aφλ√
3

e6,

(∇̄h)(e1, e2, e2) =
aφµ√

3
e6, (∇̄h)(e2, e2, e2) = aµ

(
1 − ψ√

3

)
e6.

⎫⎪⎪⎬
⎪⎪⎭ (7.29)

Using (2.7), (7.26) and (7.28), we obtain

h1111 = −(
√

3 + ψ)λ2E3 + {(
√

3 + ψ)e1λ + λe1ψ − 3pλφ}E6,

h1121 = −φλ2E3 + {φe1λ + λe1φ − 2pφµ + (
√

3 + ψ)pλ}E6,

h1221 = −φλµE3 + {φe1µ + µe1φ + 2pφλ − (
√

3 − ψ)pµ}E6,

h2221 = (ψ −
√

3)λµE3 + {(
√

3 − ψ)e1µ − µe1ψ + 3pµφ}E6,

h1112 = −(
√

3 + ψ)λµE3 + {(
√

3 + ψ)e2λ + λe2ψ − 3qλφ}E6,

h1122 = −φλµE3 + {φe2λ + λe2φ − 2qφµ + (
√

3 + ψ)qλ}E6,

h1222 = −φµ2E3 + {φe2µ + µe2φ + 2qφλ − (
√

3 − ψ)qµ}E6,

h2222 = (ψ −
√

3)µ2E3 + {(
√

3 − ψ)e2µ − µe2ψ + 3qµφ}E6,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(7.30)

where

E3 =
a√
3
(e3 + ψe4 + φe5), E6 =

a√
3
e6 and hijk� = (∇̄2h)(ei, ej , ek, e�).
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Thus
A(∇̄2h)(e4

1)
e1 = − 1

3a2λ2(
√

3 + ψ)((
√

3 + ψ)e1 + φe2),

A(∇̄2h)(e4
1)

e2 = 1
3a2µ2(ψ −

√
3)((

√
3 + ψ)e1 + φe2).

}
(7.31)

If c#(M) � 5, (7.31) and Theorem 6.1 imply ψ = ±
√

3. When ψ =
√

3 holds, (7.28)
yields µ = φ = 0. Similarly, if ψ = −

√
3 holds, we obtain λ = φ = 0.

Suppose that ψ =
√

3 and µ = φ = 0 hold. Then (7.30) becomes

h1111 = −2
√

3λ2E3 + 2
√

3(e1λ)E6,

h1121 = 2
√

3pλE6,

h1221 = h2221 = h1222 = h2222 = 0,

h1112 = 2
√

3(e2λ)E6,

h1122 = 2
√

3qλE6.

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(7.32)

Hence, we may obtain from (7.25) and (7.32) that

A(∇̄2h)(e4
θ)eθ = −4a2λ2 cos5 θe1, eθ = cos θe1 + sin θe2.

Thus, by Theorem 6.1, we get λ = 0, which is a contradiction. Similarly, we also obtain
a contradiction (given by µ = 0) if ψ = −

√
3 holds. Consequently, we have c#(M) = 4

when M has non-parallel mean curvature vector. It is obvious that every surface given
in (2)(b) lies fully in E

6. �

8. Classification of surfaces of Case (2)(b) in Theorem 7.1

The following result classifies surfaces of Case (2)(b) in Theorem 7.1.

Theorem 8.1. Let a > 0 and let {λ(u, v), µ(u, v)} be non-trivial solutions of the
system of partial differential equations

λv =
(

µ cos
(

au√
3

))
u

, (8.1)

λ2µv + cos
(

au√
3

)
λuµ2 − 2a√

3
sin

(
au√

3

)
λµ2 − 2λλvµ =

a√
3

sin
(

au√
3

)
λ3 (8.2)

defined on a simply connected open set V a
λ,µ. Let Ua

λ,µ be the open subset of S2(
√

3/a)
with metric g = du2 + cos2(au/

√
3) dv2 defined on V a

λ,µ. Then, up to rigid motions, there
exists a unique pseudo-umbilical isometric immersion ψa

λ,µ : Ua
λ,µ → E

6 with contact num-
ber 4, constant mean curvature a, and whose mean curvature vector satisfies

D∂/∂uH = aλξ, D∂/∂vH = aµ cos
(

au√
3

)
ξ, (8.3)

where ξ is a unit normal vector field orthogonal to the first normal bundle of ψa
λ,µ.

Conversely, every surface in E
6 with contact number 4, constant mean curvature, and

non-parallel mean curvature vector is given by a pseudo-umbilical immersion of an open
portion of S2(

√
3/a) which is congruent to a ψa

λ,µ obtained in the way described above.
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Proof. Let S2(
√

3/a) be the 2-sphere with constant curvature 3/a2. We choose a local
coordinate system {u, v} on S2(

√
3/a) such that the metric tensor is given by

g = du2 + cos2
(

au√
3

)
dv2. (8.4)

Assume that {λ, µ} are non-trivial solutions of system (8.1), (8.2) defined on a simply
connected open set V a

λ,µ. Let E be a four-dimensional Riemannian vector bundle over
Ua

λ,µ and h be an E-valued symmetric (0, 2)-tensor on Ua
λ,µ defined by

h

(
∂

∂u
,

∂

∂u

)
= ae3 +

a√
3
e4, h

(
∂

∂u
,

∂

∂v

)
=

a√
3

cos
(

au√
3

)
e5,

h

(
∂

∂v
,

∂

∂v

)
= a cos2

(
au√

3

)
e3 − a√

3
cos2

(
au√

3

)
e4,

⎫⎪⎪⎬
⎪⎪⎭ (8.5)

where e3, e4, e5, e6 are orthonormal cross-sections of E. We define a linear connection
D on E by

D∂/∂ue3 = λe6,

D∂/∂ve3 = µ cos
(

au√
3

)
e6,

D∂/∂ue4 =
√

3λ(λ2 − µ2)
λ2 + µ2 e6,

D∂/∂ve4 = − 2a√
3

sin
(

au√
3

)
e5 +

√
3µ(λ2 − µ2)
λ2 + µ2 cos

(
au√

3

)
e6,

D∂/∂ue5 =
2
√

3λ2µ

λ2 + µ2 e6,

D∂/∂ve5 =
2a√

3
sin

(
au√

3

)
e4 +

2
√

3λµ2

λ2 + µ2 cos
(

au√
3

)
e6,

D∂/∂ue6 = −λe3 −
√

3λ(λ2 − µ2)
λ2 + µ2 e4 − 2

√
3λ2µ

λ2 + µ2 e5,

D∂/∂ve6 = −µ cos
(

au√
3

)
e3 −

√
3µ(λ2 − µ2)
λ2 + µ2 cos

(
au√

3

)
e4 − 2

√
3λµ2

λ2 + µ2 cos
(

au√
3

)
e5,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(8.6)

For each cross-section η of E, we define Aη by g(AηX, Y ) = 〈h(X, Y ), η〉, where 〈·, ·〉 is
the fibre metric. A direct long computation shows that (Ua

λ,µ, g, E, D, h, A) satisfies the
equations of Gauss, Codazzi and Ricci. Hence, by the existence theorem of submanifolds,
there exists an isometric immersion ψa

λ,µ from (Ua
λ,µ, g) into E

6 whose normal bundle,
second fundamental form, shape operator and normal connection are given, respectively,
by E, h, A and D (see [6]).

It follows from (8.5) and (8.6) that ψa
λ,µ is a pseudo-umbilical immersion with constant

mean curvature a and whose mean curvature vector satisfies (8.3) with ξ = e6. Clearly, ξ

is perpendicular to the first normal space at each point. Also, we know that the contact
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number of ψa
λ,µ is 4 by applying an argument similar to the one given in the proof of

Theorem 7.1.
Conversely, let z : M → E

6 be a surface with constant mean curvature, contact
number 4, and non-parallel mean curvature vector. Then z is constant isotropic and,
moreover, according to Theorem 7.1, it is an open portion of S2(

√
3/a), a > 0, immersed

fully in E
6 as a pseudo-umbilical surface with a as its mean curvature. Thus, there exist

orthonormal normal vector fields e3, . . . , e6 such that

A3 =

(
a 0
0 a

)
, A4 =

(
b 0
0 −b

)
, A5 =

(
c k

k −c

)
, A6 = 0 (8.7)

for some functions b, k with respect to e1 = ∂/∂u, e2 = sec(au/
√

3)∂/∂v. Because M is
constant isotropic, we get c = 0 and b = ±k. Hence, (8.7) reduces to

A3 =

(
a 0
0 a

)
, A4 =

(
b 0
0 −b

)
, A5 =

(
0 b

b 0

)
, A6 = 0 (8.8)

after replacing e5 by −e5 if necessary. Since M has constant Gauss curvature 3/a2, we
obtain from (8.8) that b = a/

√
3. Therefore, we get

h(e1, e1) = ae3 +
a√
3
e4, h(e2, e2) = ae3 − a√

3
e4, h(e1, e2) =

a√
3
e5. (8.9)

By applying (2.6) and (8.9), we find

(∇̄ej h)(e1, e1) =
6∑

r=3

(
aωr

3(ej) +
a√
3
ωr

4(ej)
)

er − 2a√
3
ω2

1(ej)e5,

(∇̄ej h)(e1, e2) =
6∑

r=3

a√
3
ωr

5(ej)er +
2a√

3
ω2

1(ej)e4,

(∇̄ej h)(e2, e2) =
6∑

r=3

(
aωr

3(ej) − a√
3
ωr

4(ej)
)

er +
2a√

3
ω2

1(ej)e5, j = 1, 2.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(8.10)

We obtain from (8.10) that

ω4
3 = ω5

3 = 0, ω5
4 = 2ω2

1 , ω2
1 =

a√
3

tan
(

au√
3

)
. (8.11)

Moreover, using (8.10) and the equation of Codazzi, we have
√

3ω6
3(e2) + ω6

4(e2) = ω6
5(e1), (8.12)

√
3ω6

3(e1) − ω6
4(e1) = ω6

5(e2). (8.13)

Since the mean curvature vector is non-parallel, we get ω6
3 = 0. Thus, by differentiating

ω4
3 = 0 and applying (8.9) and (8.11), we discover that ω6

3 ∧ ω6
4 = 0. So, we have

ω6
4 = ψω6

3 (8.14)
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for some function ψ. Similarly, by differentiating ω5
3 = 0 and applying (8.9) and (8.11),

we get ω6
3 ∧ ω6

5 = 0. So, we also have

ω6
5 = φω6

3 (8.15)

for some function φ. If we put ω6
3 = λω1 + µω2, then (8.12), (8.14) and (8.15) give

ω4
3 = ω5

3 = 0, ω5
4 = − 2a√

3
tan

(
au√

3

)
ω2,

ω6
3 = λω1 + µω2, ω6

4 = ψλω1 + ψµω2, ω6
5 = φλω1 + φµω2,

⎫⎪⎬
⎪⎭ (8.16)

Using (8.12), (8.13) and (8.16) we find

√
3µ + ψµ = φλ,

√
3λ − ψλ = φµ. (8.17)

Now, by differentiating the last three equations in (8.16), we obtain

e2λ − e1µ = − a√
3
µ tan

(
au√

3

)
, (8.18)

λe2ψ − µe1ψ = − 2a√
3
λφ tan

(
au√

3

)
, (8.19)

λe2φ − µe1φ =
2a√

3
λψ tan

(
au√

3

)
. (8.20)

Since λ2 + µ2 = 0, (8.17) gives

ψ =
√

3(λ2 − µ2)
λ2 + µ2 , φ =

2
√

3λµ

λ2 + µ2 . (8.21)

Substituting (8.21) into (8.19) and (8.20) yields

λµ{µ(µe1λ − λe2λ) − λ(µe1µ − λe2µ)} =
aλ2µ√

3
(λ2 + µ2) tan

(
au√

3

)
, (8.22)

(λ2 − µ2){µ(µe1λ − λe2λ) − λ(µe1µ − λe2µ)} =
aλ√

3
(λ4 − µ4) tan

(
au√

3

)
. (8.23)

Since λ2 + µ2 = 0, (8.18), (8.22) and (8.23) imply that

λv =
(

µ cos
(

au√
3

))
u

, (8.24)

3λ2µv +
(

3 cos
(

au√
3

)
λu − 2

√
3a sin

(
au√

3

)
λ

)
µ2 − 6λλvµ =

√
3a sin

(
au√

3

)
λ3. (8.25)
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Combining (8.9), (8.16), (8.21), (8.24) and (8.25), we see that the connection forms of
z : M → E

6 are given by⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 qω2 aω1 a√
3
ω1 a√

3
ω2 0

−qω2 0 aω2 −a√
3
ω2 a√

3
ω1 0

−aω1 −aω2 0 0 0 λω1 + µω2

−a√
3
ω1 a√

2
ω1 0 0 2qω2 ψλω1 + ψµω2

−a√
3
ω2 −a√

2
ω1 0 −2qω2 0 φλω1 + φµω2

0 0 −λω1 − µω2 −ψλω1 − ψµω2 −φλω1 − φµω2 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(8.26)
where q = −(a/

√
3) tan(au/

√
3), λ, µ are non-trivial solutions of (8.24), (8.25), and φ, ψ

are given by (8.21).
By comparing connection forms (8.26) of z with that of ψa

λ,µ obtained from (8.4)–
(8.9), we conclude that ψ is congruent to ψa

λ,µ by applying the uniqueness theorem of
submanifolds. �

9. Some explicit solutions of system (8.1), (8.2)

The partial differential system (8.1), (8.2) admits infinitely many non-trivial solutions.
Here we provide some explicit solutions of this system.

Example 9.1. Suppose that λ = λ(u). Then (8.1) gives

µ = sec
(

au√
3

)
k(v) (9.1)

for some function k = k(v). Substituting this into (8.2) gives

√
3λ2(u)k′(v) +

{√
3λ′(u) − 2a tan

(
au√

3

)
λ(u)

}
k2(v) = 1

2a sin
(

2au√
3

)
λ3(u). (9.2)

Differentiating (9.2) with respect to v gives

√
3λ2(u)k′′(v) + 2

{√
3λ′(u) − 2a tan

(
au√

3

)
λ(u)

}
k(v)k′(v) = 0, (9.3)

which implies

k′′(v)
2k(u)k′(u)

=
2a tan(au/

√
3)λ(u) −

√
3λ′(u)√

3λ2(u)
= c (9.4)
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for some constant c. Thus we have

k′′(v) = 2ck(v)k′(v), (9.5)

2a tan
(

au√
3

)
λ(u) −

√
3λ′(u) =

√
3cλ2(u). (9.6)

If c = 0, (9.5) and (9.6) imply

λ(u) = c1 sec2
(

au√
3

)
, k(v) = c2v + c3, (9.7)

for some constants c1, c2, c3.
If c = 0, we get from (9.6) and (9.7) that

λ(u) =
a sec(au/

√
3)

ac1 cos(au/
√

3) +
√

3c sin(au/
√

3)
, (9.8)

and

k(v) =
1

c1 − cv
or c2 tan(cc2v + c3) or − c2 tanh(cc2v + c3). (9.9)

So, after applying a suitable translation in v, we have either

(i) c = 0 and

λ(u) = c1 sec2
(

au√
3

)
, k(v) = c2v, (9.10)

for some constant c1; or

(ii) c = 0 and

λ(u) =
a sec(au/

√
3)

ac1 cos(au/
√

3) +
√

3c sin(au/
√

3)
, (9.11)

k(v) =
1
cv

or c2 tan(cc2v) or − c2 tanh(cc2v) (9.12)

for some constant c2.

If (9.10) occurs, then (9.2) and (9.10) give c1 = c2 = 0. Thus, we have

λ = 0, µ = b sec
(

au√
3

)
(9.13)

for some constant b = c3.
If (9.11) and k = 1/(cv) hold, then we obtain from (9.2) that c = 0, which is a

contradiction. If (9.11) and k = −c2 tanh(cc2v) hold, then (9.2) implies that a = 0,
which is also impossible.
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If (9.11) and k = c2 tan(cc2v) hold, then (9.2) implies c1 = 0 and c2 = a/
√

3c. So, we
obtain

λ =
2a√
3c

csc
(

2au√
3

)
, µ =

a√
3c

sec
(

au√
3

)
tan

(
av√

3

)
. (9.14)

Consequently, if λ = λ(u), then, up to a suitable translation in v, the solutions of sys-
tem (8.1), (8.2) are given by

λ = 0, µ = b sec
(

au√
3

)
, (9.15)

λ =
2a√
3c

csc
(

2au√
3

)
, µ =

a√
3c

sec
(

au√
3

)
tan

(
av√

3

)
, (9.16)

for some non-zero constants b and c.

10. Explicit examples of non-spherical pseudo-umbilical surfaces

Consider the solution of system (8.1), (8.2) given by

λ = 0, µ = b sec
(

au√
3

)
. (10.1)

From (8.6) we have

ω2
1 = − a√

3
tan

(
au√

3

)
ω2,

ω4
3 = ω5

3 = ω6
5 = 0,

ω6
3 = b sec

(
au√

3

)
ω2,

ω5
4 = − 2a√

3
tan

(
au√

3

)
ω2,

ω6
4 = −

√
3b sec

(
au√

3

)
ω2.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(10.2)

Thus, (8.9) and (10.2) imply that the immersion ψ of S2(
√

3/a) into E
6 satisfies

ψuu = ae3 +
a√
3
e4,

ψuv = − a√
3

tan
(

au√
3

)
xv +

a√
3

cos
(

au√
3

)
e5,

ψvv =
a

2
√

3
sin

(
2au√

3

)
xu + a cos2

(
au√

3

)(
e3 − 1√

3
e4

)
,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎭

(10.3)
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∂e3

∂u
= −axu,

∂e3

∂v
= −axv + be6,

∂e4

∂u
= − a√

3
xu,

∂e4

∂v
=

a√
3
xv − 2a√

3
sin

(
au√

3

)
e5 −

√
3be6,

∂e5

∂u
= − a√

3
sec

(
au√

3

)
xv,

∂e5

∂v
= − a√

3
cos

(
au√

3

)
xu +

2a√
3

sin
(

au√
3

)
e4,

∂e6

∂u
= 0,

∂e6

∂v
= −be3 +

√
3be4.

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(10.4)

By taking the derivative of the first equation in (10.3) with respect to u and v, respec-
tively, and by applying (10.4), we obtain

ψuuu + 4
3a2ψu = 0, (10.5)

ψuuv + 2
3a2ψv = − 2

3a2 sin
(

au√
3

)
e5, (10.6)

ψuvv +
a2

3
ψu = −a2

6
sin

(
2au√

3

)
(
√

3e3 − 3e4), (10.7)

ψvvv +
a2

6

(
5 + 3 cos

(
2au√

3

))
ψv = a2 sin

(
au√

3

)
cos2

(
au√

3

)
e5 + 2ab cos2

(
au√

3

)
e6.

(10.8)

Also, by differentiating (10.6) with respect to u, we have

9ψuuuv − 6
√

3aψuuv − 4
√

3a3
(

tan
(

au√
3

)
+ cot

(
au√

3

))
ψv = 0. (10.9)

On the other hand, solving (10.5) gives

ψ = A1(v) sin
(

2au√
3

)
+ A2(v) cos

(
2au√

3

)
+ A3(v) (10.10)

for some functions A1, A2, A3. Substituting (10.10) into (10.9) gives A′
2(v) = A′

3(v).
Thus, we obtain A3(v) = A2(v) + c for some constant vector c. We may assume that
c = 0 by applying a suitable translation if necessary. Hence, (10.10) yields

ψ = A1(v) sin
(

2au√
3

)
+ 2 cos2

(
au√

3

)
A2(v). (10.11)
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From (10.3) we find

e3 =
1
6a

{
3ψuu + 3 sec2

(
au√

3

)
ψvv −

√
3a tan

(
au√

3

)
ψu

}
. (10.12)

Solving (10.3) and (10.8) for e4, e5, e6 and using (10.4) yields

e4 =
1
2a

{√
3ψuu −

√
3 sec2

(
au√

3

)
ψvv + a tan

(
au√

3

)
ψu

}
, (10.13)

e5 =
1
a

sec
(

au√
3

)(√
3ψuv + a tan

(
au√

3

)
ψv

)
, (10.14)

e6 =
1

24ab
sec2

(
au√

3

){
4a2

(
4 + 3 cos

(
2au√

3

))
ψv + 18 cos2

(
au√

3

)
ψuuv + 12ψvvv

}
.

(10.15)

Also, differentiating (10.6) with respect to v and applying (10.4) and (10.11) gives
3A′′

1(v) + a2A1(v) = 0. Hence, we have A1(v) = c1 cos(av/
√

3) + c2 sin(av/
√

3) for some
constant vectors c1, c2. Therefore, (10.11) yields

ψ(u, v) = c1 sin
(

2au√
3

)
cos

(
av√

3

)
+c2 sin

(
2au√

3

)
sin

(
av√

3

)
+2 cos2

(
au√

3

)
A2(v). (10.16)

Differentiating (10.8) with respect to v and applying (10.4) and (10.16) gives

3Aiv
2 (v) + 4(a2 + 6c2)A′′

2(v) + 8a2c2A2(v) = 0.

Thus, we have

A2 = 1
2 (c3 cos(

√
β + δv)+c4 sin(

√
β + δv)+c5 cos(

√
β − δv)+c6 sin(

√
β − δv)) (10.17)

for some constant vectors c3, c4, c5, c6, where

β = 2
3 (a2 + 6c2), δ = 2

3

√
a4 + 6a2c2 + 36c4. (10.18)

Therefore, (10.16) becomes

ψ(u, v) = c1 sin
(

2au√
3

)
cos

(
av√

3

)
+ c2 sin

(
2au√

3

)
sin

(
av√

3

)

+ cos2
(

au√
3

)
(c3 cos(

√
β + δv) + c4 sin(

√
β + δv)

+ c5 cos(
√

β − δv) + c6 sin(
√

β − δv)). (10.19)
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So, after choosing some suitable initial conditions, we obtain from (10.19) that

ψ = cos2
(

au√
3

)(√
3

a
tan

(
au√

3

)
cos

(
av√

3

)
,

√
3

a
tan

(
au√

3

)
sin

(
av√

3

)
,

(3δ + 3β − 4a2) sin(
√

β − δv)
6δ

√
β − δ

+
(3δ − 3β + 4a2) sin(

√
β + δv)

6δ
√

β + δ
,

√
2ac sin(

√
β − δv)

δ
√

β + δ
−

√
2ac sin(

√
β + δv)

δ
√

β − δ
,

(2a2 − 3β − 3δ) cos(
√

β − δv)
4aδ

− (2a2 − 3β + 3δ) cos(
√

β + δv)
4aδ

,

(2a2 + 3β + 3δ) cos(
√

β − δv)
4
√

3aδ
− (2a2 + 3β − 3δ) cos(

√
β + δv)

4
√

3aδ

)
.

(10.20)

For any a, c > 0, it is easy to verify that ψ is a constant isotropic pseudo-umbilical
immersion of an open subset of S2(

√
3/a) into E

6. Such immersions have con-
stant mean curvature a and non-parallel mean curvature vector. Moreover, because
〈ψ, ψ〉 = 3 cos2(au/

√
3)/a2, such immersions are non-spherical.

Remark 10.1. The above examples illustrate that the class of surfaces of Case (2)(b)
in Theorem 7.1 is large.

Remark 10.2. The surfaces given by (10.20) are the first explicit examples of pseudo-
umbilical surfaces in Euclidean spaces which are neither minimal nor minimal in any
hypersphere.

Remark 10.3. For further examples of surfaces in Euclidean spaces with contact
number �5 and their characterization, see [8].
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