THEOREMS RELATING HANKEL AND MEIJER’S BESSEL
TRANSFORMS

by K. C. SHARMA
(Received 23 October, 1962)

In this note a theorem, giving a relation between the Hankel transform of f(x) and
Meijer’s Bessel function transform of f(x)g(x), is proved. Some corollaries, obtained by
specializing the function g(x), are stated as theorems. These theorems are further illustrated
by certain suitable examples in which certain integrals involving products of Bessel functions
or of Gauss’s hypergeometric function and Appell’s hypergeometric function are evaluated.
Throughout this note we use the following notations:

£((x); p} = j ® e P(x) d, 0

K, {000); p} = J ” PR)*K, () (x) d, @
0

B{(); ¥} = j " L) d, @)

T(a+b) =I'(a+b)[(a—b),
and zF,(a:tb; z)=2F1(a+b,a—b; c; z).
¢
We call (2) a Meijer’s Bessel function transform; it is a generalisation of (1), and

Ky {f(x); p} = (/) £{f(x); p}.
TheoreM 1. If f(x) € L(0, ), g(x) € L(0, ), B,{f(x); »} €L(0, 0), R(GLH) >0,
R(3+v)>0, R(p) >0, then
K,{f(x)g(x); p} = r B,{fx); y}8,{(px)*K (px)g(x); y} dy. 0]
Q

Proof. Since [1, p. 5]

f) = j " L NBI): v} dy, )
0

we have

(g (); p} = f " (K (p)g (x)Uw(xy)*Jv(xy)ﬁv{f(x); % dy] dx,

H2
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which on change of order of integration yields (4). Change of order of integration is admissible
under the conditions given in the statement of the theorem, since

VL xp)8,{f(x); y} ~ A cos (xy+a)B,{f(x); y} for large y,

~ By} B,{f(x); y} for small y,
and xK, (px)J (xy)g(x) ~ e~ % cos (xy +a)g(x) for large x,
~ x4 (x) for small x.

If we take u = 1% in Theorem 1, we obtain

THEOREM 1(a). Iff(x) and B,{f(x); y} € L(0, o), g(x) € L(0, o), and if R(3+v) > 0,
R(p) >0, then

£{f(x)g(x); p} = r B.{f(x); y} £{x (x»)g(x); ¥} dy. (6)
(1]
When we take g(x) = x* in Theorem 1, we obtain

TreoReM 1(8). I/ (x) and B,{f(x); y} € L(0, o), and if
R@G+v)> 0, RG14) > 0, RALp+v+2) > 0, R(p) > O,

then
5, 0); p) = j " B,{100; )0, ) dy, ™
where ’
0(p, ) = 2p~3-v-yt+r L {*‘f_(ff;)”“)} 3G Eutv+2); 14v; = y2p?],

since [3, p. 52]
J " XK (p) (%) dx = ()05, ¥),

o

JorR(p)>0, y>0, R(Afu+v+2)>0.
If we put u =4, then replace f(x) by x¥f(x), A by u—% and write y*8,{f(x); y} for
B,{x¥f(x); y}, we get the result given by Bhonsle [4], since [2, p. 129]

1t 111 1 1
Fl—cp—v,==Zp——v; 1—p; 1=\ =2"" 2Dz - p) Pt ,
2 1< o3 sH5Ys 1k zl) (z*=1)¥z7' T (1- p)Pi(2)
and 227 () (2 +3) = THT(22).

Similarly, if we take g(x) = x*~2J (ax), we get
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TueoREM 1(c). If f(x) and B,{f(x); y} both belong to L(0, o), and if R(3+v) >0,
R(Atu+v+p) >0, R(p)>0andais real, then
(20 (a0f ()3 p} = f B 7)6(, a3 9) dy, ®)
0
where

r#(Atp+v+p)} 2A-2gppt=a=v=p t+v
T +vwI'(1+p)

0(p,a; y)=

2 i
><F4[%(l—u+v+p),}(A+u+v+p); 14p, 1+v; —a—z, —Xi]
P p

F, being the fourth type of Appell’s hypergeometric function of two variables.

The above result is readily obtained from (4) when we evaluate §,{(px)*K,(px)g(x); ¥}
with the help of the result by Bailey [5, p. 38].

We now illustrate the above theorems by certain suitable examples and give below certain
integrals involving products of Bessel functions.

Example 1. If we start with f(x) = x*~***K (bx), then [3, p. 93]

2 . — "=1p0 —n—v-ir{i(xi“ia‘i’z)} ‘}(K+0’i[l+2). _Pj
K, {5(x); p} = 27167 e Fl( THD-0)

for R(p+b) >0, R(k+pu+o+2)>0; and [3, p. 52]

8,{f(x); y} =

T{3(v+x—Ata+2)}2" " Aytty F Y(v+x—Ato+2) . y?
1 y T T3
r(v+1)bv+x—).+2 1+4v b2 4
for R(b) >0, R(v+k—1+6+2)>0,y >0,

Therefore the result (7) gives us

© 2c—-1 asﬂ. _y2 '}’,5 ___yz
fo y 2F1( ¢’ p)zFx( ¢’ ? dy

i_{l"(c)}zl“(a +y— c)r(“ +6— C)F(B +y— c)I"(ﬂ +o— c)p2c— Zabla
D()CArHro)re+pg+y+06—2c)

2
sz,(a+y-—c,cx+6—c;oz+/3+y+6—2c; 1—%), ()]

for R(c) > 0, R(a+y—c) >0, R(@+5-¢c) >0, R(B+y—c) > 0, R(f+J5—c) > 0, and the result
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(8) gives us

on x* 1K, (px)K,(bx)J (ax) dx
V]

_TRO+x—A40+ DITFALp+v+0)}oe-2, fwyuzvzpl(‘l‘(v'*"“)-iﬂ"'m . _y’)

{Tv+1D)}T(L+p)p**r+e 0 v+1 o
xF4<'}(A—u+v+p),‘}(A+u+v+p); 1+p,14v; —%:-, —i-i) dy. (10)
Since
I(@)I'(B) oy 5 _ v Ia+nl@+r) . . 5.
l"(y) F4(d, AB’ ¥ 53 X, y) _'=° _T!Wx 2F1(a+r’ B+T, 6: y)s (11)

the integral on the right of (10) can be evaluated with the help of (9). On evaluating it and
then using the well known result

I (@)[(B)[(c—a)(c~b
INO)

=T (a)[(b)[(c—a—b),F,(a, b; a+b—c+1; 2)
+T(c—a)[(c—b)[(a+b—c)z"* %, F,(c—a,c~b; c~a=b+1; 2), (12)

)2F1(a, b;c; 1-2)

and interpreting it again with the help of (11), we get

f " @K (or)K (e dx = 2172 § CTCATE bt )
0 o, -a pP)C gt

2 2
xF4[%(k—u+a+p),%(x+u+0+p) 4o, e -2, ’:—] (13)

for R(kxu+o+p)>0,R(b+c)>0,a>0.
Also we know that

K@) =—2 I (-1} =3 T T(-aT(+e)l(2), (14)

sin (O'ﬂ) o, —a

and therefore, from (13), we get

- ez @O+ ot p+p)
X1 (@)l (bx)K (cx) dx = 2%~2 2
L Hanl(bx)K,(ex) dx T+ )L+ o) 7

2 2
><F4[%(K+6—u+p), Y(k+o+p+p); 1+p,1+0; —%, —2], (15)

for R(k+o+pu+p)>0,R(c—b)>0,a>0.
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When we compare (10) and (13), we get

j YL F (o, B; v; —by)F4(&, n; L, v; —ac, —cy) dy
(1]

- T} TB - (a+E =T (a+n—7)
“"p b*I()T (BT (I (n)

><F4<a+é—v,a+rl—v; {,a—B+1; —ac, —g), (16)

for R(a+&—y) >0, R(a+n—y) >0, R(B+&E—y) >0, R(B+n—y)>0, a, b, c > 0.

Example 2. 1f we start with f(x) = x*~*7 3K (ax)K,(bx) in (7), then, by virtue of (13),
we get

Jw x*~1K (ax)K,(bx)K (px) dx
0

-y 2*73°T(— o) {3 (k— A+ 0+ p+ V)T (AL u+v+2)}
g pl+v+2ax-l+v+a{r(1+v)}z

o 2 _ _ _ 2 32
x| yt*2,F, i(li#+v+2);_y_ F, Hx—A+o—p+v), 3(x '1+0+P+");_Y_,b_ dy
o 1+v p? 1+v,140 a* a*

-y 23 T(—o){3(k—A+otp+V)IT{F(ALu+v+2)}
o= pl+v+2a*—l+v+a{r(1+v}2

© v Atp+v+2 2
x| y'*2,F, Y(Atp ); _J_’_i
0 1+v D

3 Th 2

. 2 2
xF4<§(rc—l+a—p+v), Hx—A+o+p+v) ?_’ _yz) dy.
140,14V a a

The integral on the right, when evaluated with the help of (16), gives us
o
J x* 71K (ax)K,(bx)K (cx) dx
0

=Y Y I(—o(-w{3(k+p+atp)2**a™*"#"pc*

o, =0 p, —f

b2 2
><F4(%(K+u+a—p),%(k‘+u+a+p);1+a,1+u; — —c—2> (17)
a a

for R(kxpto+u)>0,R(a+b+c)>0.

The above result can also be obtained by the application of (14) to the result given by
Bailey [6].
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The results (13) and (15) help us in obtaining two more particular cases of the Theorem 1,
given below.

TreoreM 1(d). If£(x), B,{f(x); ¥} € L(0, o), and if
R(Atpu+v+0)>0, RE+v)>0, R(p—a)>0,
then

aT{3(A+otu+v)}
P TIT(L+ o)l (1 +p)

K, {x* 2 (ax)f(x); p} = 2*72

xr B,{f(0); y}y*“F4(i(l+a—u+v), Yo+ ut); 14y, 140; —g, :;) dy.  (18)
0

The above result is obtained when we take g(x) = x*~2I (ax) in (4) and use (15).
Similarly, when we take g(x) = x*~2K _(bx) in (4), then, by virtue of (13), we have
THEOREM 1(e). If f(x), B,{f(x); ¥} € L(0, ), and if
R(Atpuxp+v)>0, RE+v)>0, R(p+a)>0,
then
aT(=o)[{3(A+atu+v)}
pl+v+a—<}r(1+v)

K, {x* 72K (ax)f (x); p} = 2*73 z_:

XJ‘Q ¥HBR(); y}F4(}(l+a—u+v),}(}.+a+u+v); 1+v,1+40; —;v,—z, f;) dy. (19)

0
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