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Starting from three-dimensional non-linear elasticity under the restriction of
incompressibility, we derive reduced models to capture the behaviour of strings in
response to external forces. Our I'-convergence analysis of the constrained energy
functionals in the limit of shrinking cross-sections gives rise to explicit
one-dimensional limit energies. The latter depend on the scaling of the applied
forces. The effect of local volume preservation is reflected either in their energy
densities through a constrained minimization over the cross-section variables or in
the class of admissible deformations. Interestingly, all scaling regimes allow for
compression and/or stretching of the string. The main difficulty in the proof of the
T-limit is to establish recovery sequences that accommodate the non-linear
differential constraint imposed by the incompressibility. To this end, we modify
classical constructions in the unconstrained case with the help of an inner
perturbation argument tailored for 3d-1d dimension reduction problems.
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1. Introduction

Modern mathematical approaches to applications in materials science result in vari-
ational problems with non-standard constraints for which the classical methods
of the calculus of variations do not apply. Constraints involving non-convexity,
differential expressions and/or non-local effects are known to be particularly
challenging.

In the context of the analysis of thin objects, interesting effects may occur due to
the interaction between restrictive material properties and the lower-dimensional
structure of the objects. We mention here a few selected examples: thin (heteroge-
nous) films and strings subject to linear first-order partial differential equations,
which are general enough to cover applications in non-linear elasticity and micro-
magnetism at the same time, are studied in [28-30], cf. also [25,27]; pointwise
constraints on the stress fields appear naturally in models of perfectly plastic
plates [15,17]; for work on lower-dimensional material models that involve issues
related to non-interpenetration of matter and (global) invertibility, we refer for
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instance to [31, 39,41, 47]; physical growth conditions, which guarantee orientation
preservation of deformation maps, have been taken into account in models of thin
nematic elastomers [2] and von Kdrmén-type rods and plates [16, 37].

This paper is concerned with 3d-1d dimension reduction problems in non-linear
elasticity with incompressibility—a determinant constraint on the deformation
gradient, which ensures local volume preservation, and is ideal to model e.g. rubber-
like materials [38]. To be more specific, we provide an ansatz-free derivation of
reduced models for incompressible thin tubes by means of I'-convergence techniques
(see [8,14] for a comprehensive introduction). We take the limit of vanishing cross-
section, considering external loading of the order of magnitude that gives rise to
string-type models.

The analogous problem in the 3d-2d context, meaning for incompressible mem-
branes, was solved independently by Trabelsi [42] and Conti and Dolzmann [11]
based on different approaches. To overcome the difficulty of accommodating
the non-linear differential constraint when constructing recovery sequences, [11]
involves the construction of suitable inner variations. This idea has been applied in
the analysis of incompressible Kirchhoff and von Kdrmén plates [12, 34|, and lends
inspiration to this paper, where we adapt it for 3d-1d reductions.

The first results in the literature to use I'-convergence techniques to deduce
reduced models for thin objects go back to the 1990s, with the seminal works
by Acerbi et al. [1] on strings and Le Dret and Raoult [33] on membranes. Notice
that in both papers, the authors start from unconstrained energy functionals whose
energy densities satisfy standard growth. Before that, common techniques for gain-
ing quantitative insight into thin structures relied mostly on asymptotic expansion
methods, and were applied in the setting of linearized elasticity, see e.g. [10,43]. For
recent work on the (geometric) linearization of models involving energy densities
with local volume-preservation constraints, we refer to [26, 35].

Over the last two decades, the fundamental results in [1, 33] have been generalized
in multiple directions. This includes for instance the study of membrane theory with
Cosserat vectors [6, 7], curved strings [40], inhomogeneous thin films [9], thin struc-
tures made of periodically heterogeneous material [4,5,32], or junctions between
membranes and strings [22].

1.1. Problem formulation

For small e > 0, let Q. := (0, L) X ew with L > 0 and a bounded Lipschitz domain
w C R? represent the reference configuration of a thin unilaterally extended body.
Up to translation, we may always assume that the origin lies in w. In this paper,
we assume that p € (1, 00).

The starting point of our analysis is a three-dimensional model in hyperelasticity
with an energy functional (per unit cross section) of the form

1 1
)= [ W0 dy- 5 [ fovdy vewr@uRY);
13 Q. g Q.
here, f. € L” (Q;R3) with p’ := (p/(p — 1)) € (1,00) the dual exponent of p, are

external forces and W is a constrained stored elastic energy density enforcing
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incompressibility, precisely,

Wo(F) if det F =1,

0 otherwise,

W:R¥>3 —[0,00], F+s { (1.1)

with Wy : R3*3 — R a continuous function that is bounded from below and has
suitable growth behaviour. We give more details on the exact assumptions on W)
in § 2.2, see (H1)—(H3). In this model, the observed deformations of the thin object
in response to external forces correspond to minimizers (or, if the latter do not
exist, low energy states) of &..

To derive reduced one-dimensional models that capture the asymptotic behaviour
of these minimizers, it is technically convenient to work with functionals defined on
e-independent spaces, which can be achieved by a classical rescaling argument in
the cross-section. Indeed, let u(z) := v(y) for v € WP(Q.; R3) with the parameter
transformation y = (z1, exq, ex3) for € Q := Qy, and suppose for simplicity that
fe is independent of the cross-section variables. Then, Z. (u) = & (v), where

T.(u) ::/QW(VEU) dm—/ﬂfs~udx, u € WHP(Q;R3),

with Veu = (0yu|102u|10;u) the rescaled gradient of w.

In analogy to well-known facts in the context of compressible materials (see
e.g. [24]), here as well, the scaling behaviour of Z. depends strongly on the external
forces f.. Whenever f; is of order ¢ for some a > 0, then inf,cyw1.rmrs) Zec(u)
behaves like €7 with f = a if & < 2 and = 2o — 2 if o > 2. Depending on these
scalings, one has to expect qualitatively different limit models, falling into the cate-
gories of string theory (o = 0), rod theories (v = 2 and a = 3) or other intermediate
theories.

Since this article deals with the regimes o < 2 (the cases o > 2 are addressed in
a different work, see [19]), it is natural to consider in the following the rescaled
functionals Z% : WHP(Q;R?) — [0, 00] for a € [0,2) defined by

1
T8 (u) = g—a/QW(VEu) dz, we W'P(Q;R?); (1.2)

notice that one may, without loss of generality, omit here the term describing work
due to the external forces, for it is merely a continuous perturbation of the total
(rescaled) elastic energy.

1.2. Statement of the main results.

The new contribution of this paper is a complete characterization of the I'-limits
of sequences (Z%). as in (1.2) for € — 0.

To be more precise, we prove that under suitable assumptions, (Z¢). I'-converges
with respect to the weak topology in W1P(Q;R3) to Z%: WhP(Q;R?) — [0, o0]

https://doi.org/10.1017/prm.2020.70 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.70

1490 Dominik Engl and Carolin Kreisbeck
given for o = 0 by

L
|w|/ W (1)) dey if u € WhP(0, L R?),
0

7%(u) = (1.3)

00 otherwise.

and for a € (0,2) by
Toy =10 ifue WP (0, L; R?) with W* (' (1)) = 0 for a.e. 21 € (0, L),
~ |oo  otherwise,
(1.4)

respectively, cf. theorems 3.1 and 4.1 for all details.

The reduced energy density W results from minimizing out the cross-section
variables from W, that is,

w(e) = AIerﬁglm W((E‘A)) - AeR?’Xz{I}iiertl(f\A)=1

Wo((€l4)),  €e R\ {0},
cf. (2.3), while the convexification W* of W reflects a relaxation process.

The representation formulas (1.3) and (1.4) indicate that the two regimes o = 0
and « € (0,2) give rise to qualitatively different reduced one-dimensional models.
Whereas the latter admits only restricted deformations of the thin object, which
can however be obtained with zero energy, the former allows us for any deformation
of the string at finite energetic cost.

Despite their differences, both cases share a feature that may seem surprising
at first. In fact, the incompressibilty constraint imposed on the three-dimensional
elasticity models does not carry over to the reduced ones, in the sense that admissi-
ble deformations are not length preserving in general, but can undergo compression
and/or stretching, cf. remark 2.2 for a discussion of the zero-level sets of W*°. For
a similar observation in the context of incompressible membranes, see [11].

1.3. Approach and techniques

The proofs for the cases & = 0 and « € (0,2) can be found in §§ 3 and 4, respec-
tively. Overall, our idea is to combine tools from [11] on 3d-2d dimension reduction
for incompressible membranes and the references [1,40], where the authors derive
one-dimensional models for strings without volumetric constraints.

In both regimes, compactness and the liminf-inequalities are straightforward
to show, as they follow immediately from the corresponding results for the
unconstrained problems. However, the construction of recovery sequences is more
delicate.

The difficulty is to accommodate the incompressibility condition, while approx-
imating the desired limit deformation in an energetically optimal way. To achieve
this, we take the recovery sequences from the compressible case—i.e., the ones
from [1] if « = 0, and from [40] for a € (0,2)—as a basis, and modify them with
the help of an inner perturbation argument tailored for 3d-1d dimension reduction.
The latter, which is stated in lemma 2.5, is a key ingredient of the proof.

https://doi.org/10.1017/prm.2020.70 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.70

Asymptotic variational analysis of incompressible elastic strings 1491

In order to apply lemma 2.5, though, one needs sequences that are sufficiently
regular and whose rescaled deformation gradients have determinant close to 1 up to
a small, quantified error. Especially in the string regime a = 0, this requires some
technical effort. Indeed, with the help of Bézier curves, we establish a mollification
argument for piecewise affine functions of one variable, which, amongst other useful
properties, yields uniform bounds on the derivatives, see lemma 2.6. Moreover, we
construct tailored moving frames along the resulting smooth curves in order to
guarantee that fattening them to tubes results in deformed configurations that are
almost (with controlled errors) locally volume-preserving.

2. Preliminaries

To start with, we introduce notations and collect a few technical tools.

2.1. Notation

The following notational conventions are used throughout the paper: Let a-b
be the standard inner product of two vectors a,b € R?, and ey, ey, e3 the standard
unit vectors in R3. On the space R™*" of real-valued m x n matrices, we denote

the Frobenius-norm by |- | and write |F|, := (327", >0 lei - Fej|p)1/p with F €
R™*™ for any p > 1; naturally, there is a constant ¢(p) > 0 such that

Tl B <1 P < Vel B (2.1)

Moreover, the closure of a given set U C R™ is denoted by U, whereas U stands for
the convex hull of U. Accordingly, the convex envelope of a function f: R"™ — R is
f¢. For the zero level set of f, we use Lo(f). The partial derivative of v : U — R™,
where U C R" is open, with respect to the i-th variable is denoted by 0;v, and
gradients by Vov. If v depends only on one real variable, meaning if n =1, we
simplify ;v to v’. The rescaled gradient of v : U C R® — R? is given by

Vev = (81v|%82v|%8311). (2.2)

We employ standard notation for Lebesgue and Sobolev spaces as well as for
spaces of continuous and k-times continuously differentiable functions; in particular,
LP(U;R™), WLP(U;R™) and C*(U;R™) with k € Ny for an open set U C R™. We
shall equip the latter with the norm

& .
Hu||ck(U;Rm) =Y 0 max, i |Viu(z)]|.

To shorten notation, let LP(a,b;R™):= LP((a,b);R™) and WYP(a,b;R™) :=
Whe((a,b);R™) if U = (a,b) C R.

Furthermore, Apy (I; R™) with an open interval I C R is defined as the space of
continuous piecewise affine functions with values in R™.

If Q=(0,L) x w as in the introduction, without explicit mention, we identify
any u: (0,L) — R? with its trivial extension to a function on Q; in particular,
given sufficient regularity, d;u and v’ are used interchangeably. Finally, O(-) is the
well-known Landau symbol.

https://doi.org/10.1017/prm.2020.70 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.70

1492 Dominik Engl and Carolin Kreisbeck

2.2. Hypotheses and properties of Wy and W

Consider the following regularity and growth assumptions for the energy density
Wy : R3*3 = R:

(H1) Wy is continuous on R3*3;
(H2) there are constants Cy, ¢z > 0 such that
co| FIP — Cy < Wo(F) < Co(|FIP +1) for all F € R3*?;
(H3) there are constants C3, c3 > 0 such that
cz dist? (F,SO(3)) < Wo(F) < C3dist”(F,SO(3)) for all F € R3*3,

Clearly, (H3) implies (H2). Notice that hypotheses (H1) and (H2), which appear
in our proofs for the regimes o € [0,1/2) (cf. theorems 3.1 and 4.1), are standard
assumptions for energy densities—possibly with multi-well character—used in the
literature to describe thin elastic objects like strings and membranes (see e.g. [1, 33]
for the compressible and [11] for the incompressible setting). For technical reasons,
we replace (H2) in the intermediate regimes « > 1/2 (see theorem 4.1) with the
stronger condition (H3). The latter corresponds to a single-well type energy and is
common in the theory of rods and plates [12,23, 36, 40]. Recalling the definition of
W in (1.1), we define W : R? — [0, oo] by minimizing out the cross-section variables,
that is,

inf W A if 0,
WO = intW((el) = | acwves i T HEAO
AERx2 00 otherwise,

for & € R®. Notice that the hypotheses (H1) and (H2) guarantee that the infima
in (2.3) are attained. As we detail next, the convexification W* of W inherits growth
properties from Wj.

LEMMA 2.1. Let Wy satisfy (H1) and (H2). There are constants Cy,cq > 0 such
that

calélP — Co W () < Cu(|]P +1)  for all § € R®. (24)
In particular, W R — [0,00) is continuous as a finite-valued convex function.
Proof. Indeed, (H2), along with the observation that
(AP

min
A€ER3%2 det(£]A)=1

< c(p) min €17+ [af” + |yl” = c(p) (P +21¢[7%)  (2.5)

z,y€ER3 | (xxy)-£=1
for any &€ € R3\ {0}, cf. (2.1), allows us to infer that
eaf€l” = Co SW(E) < cp)Call€l” +21¢]75) + Cs (26)

for all £ € R3\ {0}, which after convexification gives rise to (2.4). O
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The following lemma collects a few basic properties of the zero level sets of W and
we.

REMARK 2.2. Suppose that Wy satisfies (H1) and (H2).

(a) The growth assumption (H3) implies immediately that Lo(W) = Lo(Wp) =
SO(3).

(b) If Wy is frame-indifferent, i.e., Wo(RF) = Wy(F) for all F € R3*3 and any
R € SO(3), then W (&) with ¢ € R? depends de facto only on [£], i.e., W (&) = f(|¢])
for £ € R3 with some f : [0,00) — R. Indeed, following the strategy in [1, theorem
4.1], we compute for any R € SO(3) and & # 0,

W(RE) = min{Wy((RE|A)) : A € R3*2 det(RE|A) = 1}
= min{Wy(R(£]A)) : A € R¥*2 det(R(£]A)) = 1}
= min{Wo((£]4)) : A € R>?, det(£]4) = 1} = W(E).

In this case, W = (|- ) and Lo(W ) LoW)e={¢€R3: |¢|< maxy>otero(f) t}-

(¢) A frame-indifferent single-well energy density Wy vanishing at the identity
has SO(3) as zero level set of Wy. Hence, Lo(W) = {¢ € R?: [¢] = 1} in light of
(b), and after convexification,

Lo(W*) = Lo(W)* = {¢ e R® : |¢] < 1}.

For illustration, we discuss two examples of energy densities with an incompress-
ibility constraint W from the mechanics literature. We provide explicit formulas
for the minimized and convexified densities W*, which fully determine the models
resulting from our 3d-1d dimension reduction analysis.

ExXAMPLE 2.3. (a) Consider the stored energy density of an incompressible homo-
geneous neo-Hookean solid, i.e.,

pTr(FTF —1d) if det F =1,

Fe R3><3
o0 otherwise, ’

W(F) = {

where p > 0 is a given shear modulus. With Wy(F) = pTr(FTF —1d) = u(|F|* —
3) for F € R3*3 which satisfies the assumptions (H1) and (H2) for p = 2 this
model fits into the framework of this paper for the scaling regimes « € [0, ) An
optimization argument as in (2.5) yields that W (&) = u(|¢|? + 2[¢|~1 — 3) for f €eR,
and thus, by convexification,

() - p(lE? +21¢17 =3) if[¢ > 1, -
0 if ¢ <1 '

Inserting this expression into the limit functionals Z% as in (1.3) and Z% in (1.4)
shows, in particular, that the one-dimensional string models allow for compression
(ie., [u/| <1 for u € W12(0, L; R?)) at no energetic cost.
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(b) A widely used material class where incompressibility constitutes a mechanical
key feature are rubber-like ones. Following the phenomenological description of
carbon-black-filled rubber introduced by Yeoh in [45,46] leads us to study the
energy density

3
Tr(FTF —1d)*  if det F =1
W(F) = I;ak( I'( )) 1 € ? F c R3X3,
00 otherwise,

with given material constants a1, ag, az > 0. In analogy to (a), the growth conditions
(H1) and (H2) hold with p =6, and we conclude in light of the monotonicity of
t — t* on [0,00) for k € N that

> k

D oan(lEP +2E7 -3)" if g =1,

WHE) == R
0

if [¢] < 1,

Here as well, the resulting lower-dimensional limit energies do not penalize
compression.

To conclude this subsection, we briefly comment on the connection between models
with and without incompressibility.

REMARK 2.4. Formally, three-dimensional models for incompressible elastic materi-
als arise through a limit passage from compressible ones with a suitable penalization
term that diverges whenever the Jacobian determinant of the deformation field
deviates from one.

Let us exemplify this idea in the context of this paper—on the basis of a simple
scenario. Suppose that & = 0, p > 3 and consider a continuous 1) : R — [0, 00) sat-
isfying ¥ (0) = 0 as well as standard g-growth and g-coercivity for some ¢ € [1,p/3].
For k € N, we define

72, (u) = | Wi(Vou) de, ue WLP(Q;R3),

where
Wk(F) = Wo(F) + Iﬁ/)(detF — 1)

for F € R3*3 with Wy : R®*3 — R satisfying (H1) and (H2). Notice that each W}
satisfies all the assumptions (in particular, standard p-growth and p-coercivity)
necessary for the classical analysis of compressible elastic strings in [1]. On the
other hand, it is straight-forward to verify that the sequence (Ig’k) r I'-converges
with respect to the weak topology in WP (Q; R3) to Z0 defined as in (1.2) for any
e >0.
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2.3. Technical tools

The following auxiliary result on inner perturbations is a key ingredient for the
construction of recovery sequences, both in the regimes a = 0 and « € (0, 2), since
it allows us to modify sequences subject to the incompressibility constraint in an
approximate sense into ones that satisfy it exactly. Analogous techniques applicable
to 3d-2d dimension reduction problems were first introduced in [11] and later
exploited in [12, 34]. We adapt the method to the 3d—1d context, where perturbing
one of the cross-section variables (instead of both) is enough to realize the desired
determinant condition.

LEMMA 2.5 Inner perturbation. Lety > 0 and J C J' C R be bounded closed inter-

vals such that 0 € J and J is compactly contained in the interior of J'. Further,
let Qp:=1[0,L] x J x J CR? and analogously, Q% :=[0,L] x J' x J', and define
U3:Qp — J by x— x3 for x € Qp. If (ve). C C?(Q; R?) is such that

[| det VEve — 1|1 (g, ) = O(7), (2.7)
then there exists a sequence (®.). C CH(Qr; Q%) with functions of the form
Pe(z) = (21,22, 0c(2)), = €Qu,
where p. € CH(Qr;J") for e > 0 is such that
lpe = Mallor(rms) = O7), (2.8)
and the perturbed sequence (u:). C CH(Qr;R?) defined by u. := v. o ®. satisfies
det Vfu. =1 everywhere in Qr for e > 0. (2.9)

Proof. We subdivide the construction of a sequence (p.). € C1(Qr;J’) satisfying
the conditions (2.8) and (2.9) into two steps. The arguments are strongly inspired
by the ideas and techniques of [11,12]. Note that according to (2.7), there is a
constant [ > 0 such that

|| det VSUEHCO(Q’L) = l (210)

for all € > 0 sufficiently small.

Step 1: Implementation of the determinant constraint. Recalling the definition
of the rescaled gradients in (2.2), we deduce from the chain rule that u. = v. o @,
satisfies

det Vfu, = det(Vve 0 &) det VEP, = 8% det(Vov. o @) det VO,

= det(Vv. 0 &.) det VO, = det(VTv. o P.)D3¢0,

on @Qr. Hence, condition (2.9) is fulfilled if . solves the following initial value
problem: For each x; € [0, L] and x5 € J,

1
= for x3 € J,
det Veu (a1, xa, e (x1, 22, x3)) s (2.11)

@5($1,x2,0) :07

03pc (1,2, 23)
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notice that in view of (2.10), the denominator on the right-hand of the differential
equation is in particular non-zero; also, the choice of initial conditions is indeed
admissible, considering that 0 € J.

The existence of a unique solution p. € C*(Qr;J’) to the initial value problem
in (2.11) with continuously differentiable dependence on the parameters z; and
xo follows from standard ODE theory. More precisely, the argument is based on
Banach’s fixed point theorem, see e.g. [44, III, §13, Satz IT and IV]; note that in
our case, the contraction may be defined on C°(Qpr;J’), since (2.7) implies that for
any ¢ € C%(Qr;J'") and x € Qp,

xrs3 1
ds e J’,
/o det Veuve (21, 22, ¢(21, 22, 5)) °

provided ¢ is small enough.
Step 2: Estimates for ¢.. To verify (2.8) for the previously constructed ¢., we
are going to show that

1030 = 1llco(g,) = O(E), (2.12)
e — M3llco(o,) = Oe7), (2.13)
[01¢cllco(@yy = O(e7) and  ||92clco(q,) = O7). (2.14)

Indeed, (2.12) follows from

| det(VEve o @) — 1]
e — 1| =
1950 | | det(VEv. o @)

1 1
< 7| det(Vv. 0 @) — 1| < 7” det Ve — 1lco(q,)
in combination with (2.7), and it suffices for (2.13) to observe that
x3
pela) ~asl < | [ duplar,ma,s) - Lds| < laalldue — Ueoiay  (215)
0

for any « € Q. For the proof of (2.14), it is convenient to rewrite (2.11) equivalently
in terms of the integral equation

e ()
/ det Vv (21, x0,8) ds = x5 for z € Qp. (2.16)
0
By the Leibniz integral rule, differentiating (2.16) with respect to x; leads to
pe(x)
/ O1[det Vv (21, 2, 8)] ds + O1pe(x) det Vv (21, 22, 9 () =0
0

for z € @1, and hence, along with (2.10),

l

In view of (2.15) and (2.7), this gives the first part of (2.14). The second part
involving 0. follows in the same way. O

; e fpe() :
|O1: ()] < i 1 det VEue (21, 22, 8) ds| < [V (det VEvo)l[co(o,)-
0
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The next lemma provides a technical tool that, intuitively speaking, allows us to
round off the corners of a piecewise affine curve in such a way that the resulting
mollification is a regular curve and still piecewise affine on most of its domain.
This can be achieved with the help of Bézier curves, see e.g. [20]. Although there
is a substantial literature on the subject, we have not been able to track down the
specific statement needed for the construction of a recovery sequence in theorem 3.1.
We present a self-contained proof in the appendix.

LEMMA 2.6 Mollification via Bézier curves. Letk € N, ¢ > 1 andu € A,y (0, L; R?).
Further, let T be the finite set of points in (0, L) where u is not differentiable, and
suppose that u' # 0 a.e. in (0, L). Then there exists a sequence (u;); C C*([0, L]; R?)
with the following three properties:

(i) (Uniform bounds) ¢ < |ui| < C in [0, L] for all i € N with constants ¢,C > 0
depending only on u;

(i) (Affinity) u; = w on [0, L)\ T; with T'; = {t € [0, L] : dist(¢,T") < 1/i} fori e
N large enough;

(iii) (Convergence) u; — u in WH4(0, L;R?) as i — oo.

3. The regime a« = 0

The first main result derives an effective one-dimensional model for incompressible
elastic strings via a I'-convergence analysis of the energies Z¢ with o =0 in the
limit of vanishing e. Its two main characteristics reflect an optimization over all
deformations of the cross-section at finite thickness and a relaxation procedure
minimizing the energy over possible microstructures.

THEOREM 3.1. For e >0, let I? as in (1.2), assuming that Wy satisfies (H1) and
(H2). Then, (I0). T-converges regarding the weak topology in W1P(Q;R?) to

L
10 WP (Q:R®) — [0,00),  ur ""'/o W i € WERO LD,

00 otherwise,

with W : R3 — [0,00) defined as in (2.3). Furthermore, every sequence (ue)e C
WP (Q; R?) with [, u. dz =0 and sup,oZ2(u:) < oo is relatively weakly compact.

Proof. The overall idea of the proof follows along the lines of [11], but the arguments
need to be suitably modified for this setting of 3d-1d reduction. This involves a
taylored mollification and frame construction for piecewise affine regular curves,
as well as elements from [1], see also [40]. The key ingredient for realizing the
volumetric constraint in the construction of the recovery sequence is lemma 2.5.
Part I: Lower bound and compactness. Let (u:). C WHP(Q;R3) be a sequence of
functions with zero mean value and uniformly bounded energy regarding (Z2).. Due
to W > Wy and the fact that, by assumption, Wy satisfies the necessary properties
to apply the compactness of the corresponding compressible problem (see e.g. [1,
theorem 2.1]), we conclude the existence of a subsequence of (u. ). converging weakly
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in WHP(Q;R3) to some u € WHP(0, L;R?). Since W* is convex, continuous and
bounded from below, the functional

LP(Q;R3) 2 v+ / W (v) da
Q
is LP-weakly lower semi-continuous (see e.g. [13, theorem 1.3]), and hence,

limiélflg(ue) = lir% W (Veu, hmlnf/ W (01ue) d
e— e— Q

/W (O1u) dx*|w\/ W " day,

which is the desired liminf-inequality.

Part II: Upper bound. Let u € WP(0, L;R3). For easier reading, we subdivide
the argument into several steps.

Step 1: Affine approzimation. Considering that A,y (0,L;R3) is dense in
W1tP(0, L; R3), one can find a sequence (9;); C Apy (0, L; R?) such that

o; —u in WHP(0, L; R?). (3.1)

Then, in light of the continuity of W and its p-growth (2.4), we can pass to the
limit via the Vitali-Lebesgue convergence theorem to obtain

lim W ) day = / W (u') day . (3.2)

Jj—00 0

Step 2: Relazation. Next, we will construct a sequence (vj); C Apw (0, L; R?) such
that v; — u in WHP(0, L; R3) and

lim W %) dry < / W) day; (3.3)
0

jHOO

in particular, this means that v # 0 a.e. in (0, L) for j € N. For j € N, let 9; be
the function from step 1, and denote the finitely many disjoint open subintervals
of (0, L) on which 9} is constant by fj(-") with n = 1,..., N;; notice that

(0, 0\~ M) =0

The idea is to modify ©; suitably on each I ](»"). To be precise, by classical arguments
in convex analysis and relaxation theory (see e.g. [13, theorem 2.35]), one can find
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functions ¢§") € W()l’p(f](n'); R3) N Apw (0, L; R?), such that

and

n 1 7(n
/i(n) 01 dan < 1) (3.4)
J

the add-on (3.4) follows via a simple refinement argument, just replace ¢§-n) with
a piecewise affine function that consists of multiple scaled copies of the latter.

Define v; := 0; + Zg;l qﬁgn)]lﬂnh where 1; for some I C R denotes the associated
J

indicator function with values 0 and 1. Then, [[v; — 0| zr(0,L;r8) < (Y/L/j) and

L N;
/ W (v}) day = Z/_( W@+ (67)) das
0 171"
N;
< (W) + I(")\ / W( dx1+—
n=1

Hence, letting j — oo implies (3.3) in view of (3.2), as well as v; — u in LP(0, L; R?)
due to (3.1). The observation that (v;); is uniformly bounded in W1?(0, L; R?) as
a consequence of the lower bound in (2.6) allows us to conclude the desired weak
convergence v; — u in W?(0, L; R3).

Step 3: Mollification of the piecewise affine approzimations. With the help of
lemma 2.6 applied to each v; from step 2 with ¢ = p and k = 3, and a diagonaliza-
tion argument, we obtain a sequence of functions (u;); C C3([0, L]; R®) with these
properties:

(i) forevery j € N there are 0 < I; < L; such that [; < [u| < L; in [0, L]; without
loss of generality, we may assume that [; < 1;
(ii) for every j € N there are finitely many disjoint open intervals I JQL) C [0, L] with
n = 1,..., N such that the restriction of u; to Ij(n) is affine and coincides with
Uj| 7
J

p

(iti) limj oo [T5|(LY +1; 2 +1) = 0, where T; := [0, L] \ Un 1 J ) for j € N;
(iv) uj —v; — 0 in WHP(0, L; R3), and hence by step 2,
uj —u in WHP(0, L; R?). (3.5)

Step 4: Taylored frame. For any curve u; with j € N as in the previous step, let
n; € C*([0, L]; R?) be a normal unit vector field along u;, meaning v - n; = 0 and
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Inj| = 1 everywhere in [0, L]; we may assume without restriction that n; is constant

whenever u; is. Moreover, define

2 LT3y
Ve e C*([0, L]; R?); (3.6)
indeed, the denominator in (3.6) is non-zero, because n; is orthogonal to u’; and u; a
regular curve by step 3 (7). By definition, the triple (u},n;,b;) forms an orthogonal
moving frame along the trajectory given by u;. Our aim in this step is to modify
this moving frame into a version that is well-suited for the construction of an
approximating sequence for u along which the energies converge as well, cf. step 5.

To this end, recall that u; is affine on each Ij(-n) with n =1,..., N; according to
step 3 (i), that is,

o = &M with € e R, (3.7)
Let Aﬁ") € R3%2 be such that
W((EMAM)) = min W((EM]4)) = W(E™); (3.8)
J J ACR3x2 J J ’

in particular, det(§§n)|A§-n)) =1, cf. (2.3). Moreover, for fixed 6,7 > 0 sufficiently

small, we consider compactly contained nested open subintervals I 1(7:5)77 C Ij(.)rg) cl J(")
with
NI <o and 10\ I <. (3.9)

Based on these definitions, we find 1; 5 € C%([0, L]; R?) with the properties that
ﬁj’5|1‘j =n; and ﬁj’5|1}}> = Ag")el forn=1,...,Nj,
as well as
75l < R;j and |uj x 75| > r; in [0, L], (3.10)
where R; := 2max{1, max;—1 . n;, |A§n)el|} and

1 7
i gl i 67 A7) >0

Geometrically speaking, we choose the free curve segments of n;s on I ](n)\
IJ(:S) in such a way that n;s lies within the ball around the origin of radius
2max{1, |A§")el\}, but in the complement of the cylinder centred in the origin
with axis pointing in the direction of fj(-n) and circular cross-section of radius
1/2 min{|(§§"))/(|§§") [) x Ag")el|, 1}. Such a choice is possible, because the selected

two radii guarantee that both the value of n; on I J(") and Ag.")el are contained in
the specified path-connected region, see figure 1 for illustration.
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g

x Ale, 1}

1
min
2 { | 5(") ‘

Figure 1. Sketch of the construction of n; 5 on Ij(n) \I](%).

As a customized replacement for b; from (3.6), we introduce b; 5., € C2([0, L]; R?)
given by

7,5n—b35+2¢]5n14(n b(n)
n=1

where w(n) : [0, L] — [0, 1] are smooth cut-off functions with compact support in

Ij(.ﬁ) satisfying 1/1( :5)71 =1on IJ(?,],

. (n) (n)
us X N x AY"e
J 9.0 and b(n) § s

bjs = ——"3 e
P g x 6l €5 x AVey |2

we remark that the last two quantities are well-defined due to (3.10) and the fact
that
det(€™1AM) = (€ % AMey) - Al ey 2 0.

Next, we collect a few useful properties of the newly constructed moving frames
(u],nj,;, 1577) Setting

Fjsn = (njslbjs.) € C*([0, L];R**?),
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we observe that

N;
det(u}|Fy5.9) = det(u} | slbs.5) + > w75, [det(el™|AM) — det(e{™ A ey [b1")]
n=1
(3.11)
= det(u;|ﬁj,5|l_)j,5) = 1,
and, in view of (2.1),
|Fjsnl” = c®)([j5]7 + [bj5.|") < c(p)C (L5 +1; % +1) (3.12)

with a constant C' > 0 independent of j,¢ and 7n; see again step 3, where the con-
stants L; and [; have been introduced. Indeed, to see (3.12), we infer from (3.10)
together with the estimate
6 % AT er || AT eal > | det(€ 1AV er | A er)| = 1 (3.13)
that
5] < Ry <2(1+ max_ [A™ey)), (3.14)

=L,V

and

T / — -1 (n) (n) (n) -1
|bj.6.0| < |uj % 714 +7l:I{}§§Nj(|Aj ea| + & x AV er| )

—1 (n) -1 (n) .
<ry+ 2n:r{1)%?7<Nj |A;ea| <2(0; + 2n:r{}?i(Nj |A; " eal);

in the last inequality, we have used in particular that
1

: : () -1y _ L. (n)_ \—1
rj>§m1n{lj,n min |A  ea }—imln{lj,(n_rlnax |A ea|) 7}

=1,...,N; =1,...,N;

due to (3.13). Due to (3.8) and the growth properties of W and W from (2.6) and
(H2), there exists a constant C' > 0 such that

n n n)-&
\A; )lp < C(‘fj( )|p_|_|§J(_ )| 2 4+1) (3.15)

for all n=1,...,N; and j € N. Hence, in view of (3.7) and step 3 (i), combin-
ing (3.15) with (3.13) and (3.14) eventually implies (3.12).
Step 5: Recovery sequence. Let J C J' C R as in lemma 2.5 and w C J x J. We

start by considering for fixed j € N and d,n > 0 the auxiliary sequence (v;,5,,c)s C
C?(Q;R3) given by

Vjome() = uj(z1) + exaiij s(v1) + exzbjs,(x1) for z € QF, (3.16)
cf. e.g. [1, proposition 3.3]. Clearly,
[vj,6me — Uillor@rsy =0 ase—0. (3.17)

Using (3.11) and the uniform boundedness of 71, 4, b; s, and their derivatives uni-
formly in [0, L], we obtain for the following terms involving the rescaled gradients
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of vj sy, that
| det Vo0 50e — Lllor @ = O), (3.18)
and
IWo(VEvjsm.e) = Wo (W) Fjan))llco@ — 0 ase—0. (3.19)

As a consequence of the choices in step 4, we find that (u}|Fjs,) = (§§7L)|A§-n)) on
I forallm=1,. .,N; and € > 0. Hence, along with (2.1), (2.3), (3.11), (3.8)

J:0,m
and (112),
| wo(l55,) do |MZW’MML|
T e(p)Colw] WP 4 B pl? 4+ 1y

0.L\NUNZ, 107,

L p
< Iw|/O W (v}) day + Clw|(IT5] + Njon) (L8 +1; 2 +1)
(3.20)

with C' > 0 dependent on p, but independent of j, §,n and ¢; in the last estimate, we
have exploited (3.7) in combination with step 3 (i7), as well as (3.12) and (3.9). What
prevents a suitably diagonalized version of (vjsn.c)- from being a valid recovery
sequence is its failure to satisfy the incompressibility constraint. This issue can be
overcome by modifying the sequence according to lemma 2.5, which is applicable due
0 (3.18). Precisely, one obtains (u;s,.c): C C1(Q;R3) such that det Veu, s, = 1
for every € > 0 and

llwj,6,me — Uj,&n,e”cl(ﬁ;ug?») = 0(*); (3.21)

the latter follows from (2.8) in combination with the special structure of v; s, .
n (3.16). Hence, w5y, — wu; uniformly on £ and

ﬁ%mﬁjL%W%mﬁﬂ

= / WO(Vsuj,(;,,,,E) dz — / WO(V%N,,,,E) dz — 0 (3.22)
Q Q

as € — 0. Joining (3.19) and (3.20) with (3.22), under consideration of (3.3), (3.9)
and step 3 (#i1), gives

lim sup lim sup lim sup lim sup Z2 (w; 5., c) < |w]| / W (u') day = Z°(u).
j—00 5—0 n—0 e—0

Together with (3.5), (3.17) and (3.21), we can finally extract a diagonal sequence
(ue)e in the sense of Attouch [3, lemma 1.15, corollary 1.16] such that

lim sup Z2(u.) < Z°(u)

e—0

and u. — v in W1P(Q; R?), which concludes the proof. O
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4. The regime 0 < a < 2

In the intermediate scaling regime a € (0,2), all admissible deformations for the
one-dimensional limit model can be realized with zero energy, as our next theorem
shows.

THEOREM 4.1. For € >0 and p > max{l,a}, let T with 0 < a <2 as in (1.2)
such that Wy satisfies (H1), as well as (H2) if « < 1, and (H3) if o > 5. Then,
(Z2). T-converges with respect to the weak topology in W1P(Q;R3) to

0 if u € WHP(0, L;R3) with u' € Lo(W)©
o WhP(QR?) — [0,00], u+— a.e. in (0,L),

oo otherwise,

where Lo(W) is the zero level set of W as in (2.3). Moreover, any (u.). C
WP(Q;R?) with [, ue dz =0 for all € >0 and sup,-Z&(ue) < oo is relatively
weakly compact.

REMARK 4.2. (a) Trivially, if the zero level set of W is empty, which is the case
when Lg(Wy) N S1(3) = @, the limit functional Z¢ takes the value oo everywhere.

(b) Recall Remark 2.2 ¢), which shows that if Wy is frame-indifferent and has a
single-well energy at SO(3), then,

W(€) = 0 if and only if |¢] < 1.

The interpretation of theorem 4.1 in this case is that no energy is required to com-
press the one-dimensional limit object. Stretching, on the other hand, has infinite
energetic cost and is therefore forbidden. It is interesting to observe that a com-
parison with [40, theorem 4.5], where no incompressibility constraint is imposed,
yields no difference for the resulting string models.

(c) By a slight adaptation (in fact, a simplification) of the proof below, the state-
ment of theorem 4.1 remains true if W is replaced with a continuous density W
that satisfies the growth assumption (H2) if « < 1 and (H3) if o > 1. This observa-
tion allows to weaken the hypotheses on the energy densities in [40, theorem 4.5],
where 3d—-1d dimension reduction is performed in the unconstrained case, for a < 1;
in particular, the result becomes applicable for energies of multi-well type.

Proof of theorem 4.1. Under consideration of lemma 2.5, the proof of the upper
bound comes down to a modification and generalization of the construction
in [40, theorem 4.5]. The compactness and lower bound follow as an immediate
consequence of the respective results for the case a = 0.

Part I: Lower bound and compactness. Let (u.). C WP (Q;R3) be a sequence of
functions with vanishing mean value. If (u.). has uniformly bounded energy, then
there is a constant C' > 0 such that

T0(u.) < Ce®
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for all € > 0. By theorem 3.1, a subsequence of (u.). (not relabelled) converges
weakly to some one-dimensional function u € W1?(0, L; R3) in WHP(Q; R3), and

L
0= limi(glflg(ug) > |w\/ W (u') day.
E— 0

Thus, v’ € Lo(W°) = Lo(W)€ in (0, L), which concludes the first part of the proof.
Part II: Upper bound. Let u € W1P(0, L; R?) and assume that v’ € Lo(W)® a.e. in
(0, L), otherwise there is nothing to prove. We proceed in two steps.

Step 1: Basic construction for piecewise affine functions. We address first the
special case when u € A,y (0, L;R?) and v’ € Lo(W) a.e. in (0, L). Let

0=t <t® <. <tW=D <) = [,
be a partition of the interval such that the restrictions of u' to the intervals
(t(»=1) (") are constant, with values £ € Lo(W), respectively. For any n =
1,..., N, weselect A € R3%2 to be a solution to the minimization problem in (2.3)
defining W (£(™), so that
det(€™[AM) =1 and W((™]AM)) =W (™) = 0. (4.1)

Next, we set M := SO(3) if & > 1 and M := SI(3) if a < 1, and exploit the fact
that M is a path-connected smooth manifold to obtain

P™ e ¢>=([0,1]; M)
such that P (0) = (¢ |A™) and P (1) = (€D AM+D)) forn =1,..., N — 1.
It is convenient to reparametrize P in the following way: Fix 0 < § < % (to be
specified later) and let ¢ € C°°([0,1]; [0, 1]) be a transition function that vanishes

in a neighbourhood of 0, takes the value 1 close to 1 and satisfies |¢)'| < 2. Fore > 0
sufficiently small, we set

P(t) = (P™ o) (B52)  for t € [t 40V 4 &P

forn=1,..., N — 1. Regarding the scaling behaviour of P. and its derivatives one
finds that

[Pllcoqr.msxsy = O(1),  ||Pllcoqr.msxs) = O(e™°)
and
1P lco(r, moxsy = O™, (4.2)
where T'; := Uf::ll [t () 4 P,

Now, let J C J' C R be closed and bounded intervals as in lemma 2.5 and @ C
J x J. With inspiration from [40, theorem 4.5], we define an auxiliary sequence
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(ve)e of functions on the cuboid Q) :=[0,L] x J' x J'; precisely, for £ >0 and

x € Qf,
(EM)AM) 2, G if 2, € [t©, D),
xy
/ P.(t)ey dt ifxy € [t(n)’t(n) + 6,8)
t(n)
ve(@) = + P(11)(ze —are) +d™ withn=1,...,N -1,
(EMAM)) 2, + b if 21 € [t &P ¢(ntD)
withn=1,...N —1;

here, . := (x1,ex2,ex3), and the translation vectors bé”’,dﬁ") € R3 are chosen in
such a way that v, is continuous. It is immediate to see that

Ve — U uniformly in Q as € — 0. (4.3)

Let us collect some further useful properties of the functions v.. In fact, v, is not only
continuous, but by construction even smooth, so in particular, v. € C?( " R3), and
a calculation of the rescaled gradients gives

(5(1)|A(1)) if 11 € [t(o),t(l))
P.(z1) if £ € [t (") 4 £8)
Ve (z) = + ePl(z1)(z2e2 + x3€3) @ €1 withn=1,...,N —1,
(£ Am) if 2, € [t 4 &P ¢(nt1)
withn=1,...,N — 1.

Since B < 3, the sequence (V<v.). is bounded in C°(Q;R3*?). Moreover, the
function v. satisfies the incompressibility condition exactly except on sets of small
measure, where det Veuv, is close to 1. To quantify this statement, we compute

det Vv (z) = 1 + e det(P.(z1) (w262 + z3e3) | P-(21)ea| Pe(21)e3)
forv € Q. :=T. x J x J', and observe that
det Vev. =1 on Q) \ Q.. (4.4)
Thus, it follows in view of (4.2) that

Idet Vev. = 1flco(qy) = O('~#) and || V(det VEv.)|ooqy gy = O(e'2).
(4.5)

Now, with (4.5) at hand, we are in the position to apply proposition 2.5 to the
sequence (ve). with v =1— 23 to obtain a modified sequence (u.). C C*(£;R3?)
that satisfies det Veu. = 1 everywhere in €2, namely

e () := v (21, 22, (), x€Q,

with . € C1(Qr;J’) such that (2.8) holds. Notice that the inner perturbation
defining u. corresponds to the identity map on @y, \ Q., since, due to (4.4), the
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ordinary differential equation in (2.11) reduces to d5¢. = 1 on this set; thus, along
with (4.1),

ue =v. and Vu. = V. € Lo(W) C Lo(Wy) on 2\ Q.. (4.6)
Furthermore, as a consequence of (2.8),

e — UaHCO(ﬁ;RB) = 0(52_25) and |[VFu. — VEUE||CO(§;R3X3) = 0(51_25)’
(4.7)

and therefore, also (Veu, ). is bounded in C°(2;R**3). Along with (4.3), it follows
that

ue —u in WHP(Q; R?).
We are now in the position to conclude the proof step 1 by showing that,

lim 7 (u.) = 0 = 7%(u). (4.8)

The two cases @ < 1/2 and o > 1/2, call for a different reasoning, which we will
detail next.

Step 1a: The case o > 1/2. Let 8 < min{1/2,(p — «)/(2p — 1)}. Then, joining
(H3), (4.6), (4.2) and (4.7) with the observations that |Q.| = O(¢”), det Veu, = 1
, and P. € SO(3) pointwise, gives rise to the following estimate,

I (ue) = /Wo fu.) dz < %/ dist? (VEu,.,SO(3)) dz
Q
p—1
< 2 Gy </ dist? (VEve, SO(3)) dx +/ Vv, — Veu, [P d:r)
e . QN0

2[)7103
< T <8p‘J|4|QE|“P£‘|%U(FE;R3X3) + Qe[ VFve — VsUeH’éo@Rgxg)>
_ O(Ep—a—ﬁ(p—l)) + O(gp—a—ﬁ(%—l)) — O(Ep—a—ﬁ(Zp—l))_

The choice of 3 yields (4.8).
Step 1b: The case a < 1/2. Let aw < 8 < 1/2. We invoke (4.6) and (H2), as well
as det Veu, = 1in Q, |Q.| = O(¢?), and the uniform boundedness of V=u, to infer

that
1
I (ue) = /Wo fue) do € — Wo(Veu.) da
€% Jg.na
[VEue P 41 da
5a Q-nNQ
< 02|Q8|6_a(Hvsuaugo(ﬁ;m{sxs) +1) =0(E"").

Step 2: Relaxation and approximation. To address the general case, let u €
WhP(0,L;R3) such that o € Lo(W)® ae. in (0,L). By standard tools from
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convex and asymptotic analysis (cf. e.g. Caratheodory’s theorem and the Riemann-
Lebesgue lemma), there is a sequence (u;); C Apy (0, L; R?) such that u) € Lo(W)
a.e. in (0, L) and

u; —u in WHP(0, L; R?).

Now, step 1 applied for each fixed j € N provides sequences (u; ). C C* (Q; R?) with
the properties that u; . — u; in WP (Q;R3) and lim. o Z(uj..) = 0. Extracting a
diagonal sequence (u.). with the help of a generalized version of Attouch’s diago-
nalization lemma (see e.g. [21, proof of proposition 1.11 (p. 449)]) finally gives the
sought after recovery sequence for u. O

Appendix

Proof of lemma 2.6. The idea of the proof is to mollify u using Bézier curves with
sufficiently many control points to ensure the desired C*-regularity. This way, the
mollified curve has derivatives that lie in the convex hull of two neighbouring slopes
of u. However, if the latter happen to be anti-parallel, then, by design, the derivative
of the mollified curve vanishes at some point. To circumvent this issue, we perturb
u via a suitable loop construction.

Since u € Apy (0, L; R3) is piecewise affine and u’ # 0 almost everywhere, there
is a partition 0 =: ¢(0 <M <. < tW=1 < (V) .= [, of the interval [0, L] and
vectors (") € R3\ {0} such that

u =& on (Y ™)) forn=1,...,N. (A1)

Step 1: The case without reversions. First, we will prove the statement under the
assumption that neither two £ and ¢*1 from (A.1) are anti-parallel. Without
loss of generality, it suffices to detail the case N = 2, where v’ takes only the two
values €M) and £3). For general N, one can simply repeat the same construction.

Step 1a: Definition of suitable Bézier curves. For n > 0 sufficiently small, we
choose 2k + 1 control points around u(t™")) by

U(tyy m) With t, , =t — (k — m)i form =0,...,2k. (A.2)
Then,

%é“ ifme{0,....k—1},

u(tym+1) — ultym) = (A.3)

%é” it me {k,... 2k —1).

Based on the control points in (A.2), we consider the Bézier curve B, : R — R3 by

2k
By(t) = > bmax(Dultym),  tER, (A.4)
m=0
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where b, s : R — R are the Bernstein polynomials, cf. lemma A.1. After suitable
reparametrization, (A.4) provides a mollification of u via

t—1y0
B ") for t € [t — n, tM + n] = [ty.0, ty.21],
(1) = "< 2 | Pt o),
u(t), otherwise,

(A.5)

see figure Al.
Step 1b: Regularity of u,. Next, we verify that u, as constructed in step la is
indeed k-times continuosly differentiable on [0, L]. Indeed, it is enough to check that

_ 1 _ 2
B (0) =2p¢M and B (1) = 2n¢®, (A.6)
and that for any j € N with 2 < j <k,

d’ d

As for (A.6), we obtain with the help of lemma A.l1a),c) and (A.3) that for all
t € R,

2k
By(t) =2k Y (bmn-1.25-1(t) = bm,2k—1 () ulty.m)
m=0

2k—1
=2k > bk 1(8) (ultymr1) = w(tym)) (A.8)
m=0

k—1 2k—1

=2n (Z bomok—1 (1)L + Z bm,2k1(t)§(2)>
m=0 m=k

= 2pA(DEM + (1= A\(1)EP),

where A(t) := an_:lo bm,2k—1(t) € [0,1] for ¢ € R. Due to lemma A.1b), A\(0) =1
and A(1) = 0, which yields (A.6). Similar calculations, invoking again the properties
of Bernstein polynomials, in particular lemma A.1d), give (A.7).

Step 1c: Uniform bounds and convergence of (u,),. As a consequence of (A.8),
the first derivative of u, stays within the line segment connecting £ M and €@, In

other words, it is a convex combination of these two vectors; formally,
up € (€M, ¢@] = {€ e R?: £ = XMW + (1 — N)¢@ with A € [0, 1]}

Since ¢ and ¢ are not antiparallel, it follows that 0 ¢ [¢(V), £(3)]. Hence, in
view of the compactness of the line segment [¢(1) ¢(?)] one can find constants
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ultyz) = u(t™h)

Figure Al. Illustration of uy; for the case k = 2.

¢, C' > 0 independent of 7 such that

¢ <|uy(t)| < C

for all ¢ € [0, L]. Moreover, along with (A.5),

L
| =yl e < 20C+ [0+ €21,
0

and therefore,
Uy — u in Wha(0, L;R3) as n — 0

by Poincaré’s inequality. After passing to a suitable discrete sequence, this com-
pletes the proof of statement under the assumption that the curve u is free of
reversion.

Step 2: The general case with reversions. The idea is to reduce the argument to
the situation of step 1 via a loop construction and to conclude with a diagonalization
argument.

In the following, let I stand for the index set consisting of all n € {1,..., N — 1}
such that £ and £"*1 are anti-parallel, that is,

e O

for some v,, > 0.

Step 2a: Loop construction. Without loss of generality, I is a singleton, say I =
{1}; otherwise the argument below can be performed analogously for all (finitely
many) elements in I. Besides, as in step 1, we take N = 2 to keep notations simple.

https://doi.org/10.1017/prm.2020.70 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.70

Asymptotic variational analysis of incompressible elastic strings 1511

u t(l)
a) @ b) A~

Figure A2. Illustration of (a) a curve u that reverses its path at the point ¢t(1); (b) the
modified curve ug resulting from the loop construction in the case vq # 1.

For § > 0 sufficiently small, define us € Apy (0, L; R?) via linear interpolation such
that

us=u on [0, =5 UM +60,L] and us(tD) = u(tD) + 6, (A9)

where 55_1) is a non-zero vector orthogonal to £, and ¢ = 1 if ; # 1 and o = % if
v =1, see figure A2. By design,

uh e (€W, 6@ ¢ 4 eV @ _ 1 a6 in 0,1,
so that in particular,
¢ < Jluglleoqo,Lyrsy < C, (A.10)

with constants ¢, C > 0 depending only on u, and thus, independent of §. Therefore,
since ug differs from u only on a set of measure 6(1 4 o), we conclude together with
Poincaré’s inequality that

us —u  in WH9(0, L;R?) as § — 0. (A.11)

Step 2b: Diagonalization. By applying the results of step 1 to each us and
accounting for (A.10) and (A.9), we obtain sequences (us;); C C*([0, L]; R®) such
that

(1)s ¢ < lugillooqo,ryrsy < C for all i € N and § >0 with constants ¢,C > 0
depending on u;

(ii)s us; =won [0, L] \T9;, where I'? :={t € [0, L] : dist(¢,I'°) < 1} for i suffi-
ciently large and T denotes the set of points in (0,L) where us is not
differentiable;

(iii)s wus; — us in WH9(0, L; R3) as i — oo;

In consideration of (A.11), (i¢)s and (ii)s, we can pick a diagonal sequence (u;); C
C*([0, L]; R3) with u; := Us(;),; such that Fggl) c Ty for all : € N, and u; — u in
Whe(0, L;R?) as i — oo by Attouch’s lemma, which proves the statement. O
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The next lemma gathers some basic facts about Bernstein polynomials, which
were an important ingredient in the definition of Bézier curves in the previous
proof. For more details, we refer the reader e.g. to [18,20].

LEMMA A.l. Forr € Z and s € N, let b, s : R — R be the corresponding Bernstein
polynomial, i.e.,

(S>(1 _t)s—rtr ZfO <r< s,
r

bys(t) = teR.
0 otherwise,
Then the following properties hold:
a) (binomial theorem,)
Z bm,s = 1;
m=0
b) (values at 0 and 1)
]_ ] pr— 1 ) pr—
b =L TTE0 g =t e
’ 0 ifr#0, ' 0 ifr+#s;

¢) (first derivative)

b;«ﬂs - p(brfl,sfl - br,sfl);
d) (higher-order derivatives)

By ! min{j,r}

&, Cpym+i(J .

m=max{0,r—s+j}
for any natural number j < s.
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